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Abstract: In varying coefficient models, three types of variable selection problems
are of practical interests: separation of varying and constant effects, selection of
variables with nonzero varying effects, and selection of variables with nonzero con-
stant effects. Existing variable selection methods in the literature often focus on
only one of the three types. In this paper, we develop a unified variable selection
approach for both least squares regression and quantile regression models with pos-
sibly varying coefficients. The developed method is carried out by using a two-step
iterative procedure based on basis expansion and a double adaptive-LASSO-type
penalty. Under some regularity conditions, we show that the proposed procedure
is consistent in both variable selection and the separation of varying and constant
coefficients. In addition, the estimated varying coefficients possess the optimal con-
vergence rate under the same smoothness assumption, and the estimated constant
coefficients have the same asymptotic distribution as their counterparts obtained
when the true model is known. Finally, we investigate the finite sample perfor-
mance of the proposed method through a simulation study and the analysis of the
Childhood Malnutrition Data in India.
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1. Introduction

Suppose (Y;, X;,U;), i = 1,...,n, is an independent and identically dis-
tributed (i.7.d.) sample. We consider the following varying coefficient (VC) model

Y; = XlTa(UZ) + e;, (1.1)

where a(u) = {ap(u),...,a,(u)}T is a (p + 1)-vector of unknown smooth func-
tions, X; is the (p+1)-dimensional design vector with the first element X i(o) =1,
U; € R! is the univariate index variable such as the measurement time, and e; is
the random error.

The varying coefficient model (), first proposed by Hastie and Tibshirani
(1993), provides more flexibility than the parametric linear models by allowing
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the regression coefficients to depend on some covariate U. In the last decade,
many estimation and hypothesis testing methods have been developed for VC
models; see for example Wu and Chiang (2000), Huang. Wu. and Zhou (2007)
and Kim (2007). Similar to parametric models, variable selection in VC models
is equally important and even more complex, since ignoring important predic-
tors can lead to biased results, while including irrelevant predictors or modeling
constant coefficients as nonparametric can over-fit the data and lead to efficiency
loss. In this paper, we aim to develop a unified variable selection method for VC
models.

To summarize, three types of variable selection problems are of practical in-
terests in VC models: (i) separation of varying and constant coefficients (Huang]
Wu, and Zhou (2002)); Wang, Zhu. and Zhou (2009)); (ii) selection of vari-
ables with nonzero varying coefficients (Cai, Fan, and Li (2000), Qu and Li
(2006)); (iii) selection of variables with nonzero constant coefficients (Fan and
Huang (2005), Wang, Zhu, and Zhou (2009)). The existing variable selection
methods for VC models often focus on only one of the above problems, and
are confined to least squares regression. For selecting between constant and
varying coefficients, Xia, Zhang, and Tong (2004) proposed a stepwise cross-
validation-based procedure; Leng (2009) developed a penalization method in the
framework of smoothing spline ANOVA models; Hu and Xia (2010) proposed
a penalized procedure via the LASSO (least absolute shrinkage and selection
operator, [Iibshirani ([996)) penalty, where the varying coefficients were approx-
imated by kernel smoothing and the penalty was applied to the Ls norm of
{ax(U2) — ap(Ur),...,05(Uy) — ax(Un—1)}, k =1,...,p. For selecting variables
with nonzero varying coefficients, Wang, Li, and Huang (2008) and Wang and Xia
(2009) developed penalization methods via the SCAD (smoothly clipped abso-
lute deviation, Fan"and T (2001)) penalty and the LASSO penalty, respectively.
Assuming a partially linear varying coefficient model where the varying and con-
stant coefficients are separated a priori, Zhao and Xud (2009) proposed methods
for selecting variables in the parametric components and in the nonparametric
components separately.

In this paper, we propose a unified approach that solves all the three types of
variable selection problems for varying coefficient models, in both least squares
and quantile regressions. To our best knowledge, this is a first attempt to do so.
We estimate the varying coefficients in the VC models using the method of basis
expansion because of its computational simplicity and stability; see illustrations
in Huang, Wu, and Zhou (2002) and Wang, Zhu, and Zhou (2009). To conduct
variable selection, we adopt the adaptive LASSO penalty (Zou (2006)) for both
least squares and quantile regressions. The variable selection method is carried
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out by using a two-step iterative procedure. We show that, under some regularity
conditions, the penalized estimators are consistent in both variable selection and
the separation of varying and constant coefficients. In addition, the resulting
varying coefficient estimates possess the optimal convergence rate under the same
smoothness assumption, and the constant coefficient estimates have the same
asymptotic distribution as their counterparts obtained when the true model is
known.

The rest of the paper is organized as follows. In Section 2, we describe the
proposed variable selection method, and give the computational algorithms for
both least squares regression and quantile regression. In Section 3, we present
the theoretical results, including consistency in variable selection, the convergence
rate of the nonzero varying coefficient estimates, and the asymptotic normality
of the nonzero constant coefficient estimates. We assess the finite sample perfor-
mance of the proposed method through an extensive simulation study in Section
4, and in the analysis of the Childhood Malnutrition Data in India in Section 5.
All proofs are deferred to the Appendix.

2. The Proposed Variable Selection Method
2.1. The penalized estimation via adaptive LASSO

Throughout the paper we use superscript 7' to denote matrix transpose.
Without loss of generality, we assume that the index variable U € [0, 1].

Let k,, be the number of uniform internal knots, and A be the degree of the
polynomial, A = 1 corresponds to linear splines, A = 2 corresponds to quadratic
splines and so on. Let k, =k, + 1, ' = h— 1, and I,,; = [(j — 1)/kn,j/kn) for
1 <3< kn, L&, = [(kp — 1)/kn,1]. Let F, denote the collection of functions
f on [0,1] such that (i) the restriction of f to I,; is a polynomial of degree h
(or less) for 1 < j < ky; (ii) f is F/-times continuous differentiable on [0, 1].
Let 7(-) = (B1(-), - -+, Br,+nr1())T be a set of normalized B-spline basis for F,;
see Schumaked (981, Chap. 4) for details on the construction of B-spline basis
functions. From now on, we write ¢, = k, + o + 1.

Recall that our interest lies in selecting variables with nonzero varying and
constant effects. By Schumaker (T981, Chap. 4), there exists a transformation
matrix G such that G&(u) = (1,7?(u)T)T = m(u), where each component of
7(u) depends on u. Therefore, we can approximate each ay(u) by ap(u) ~
m(u) T ye = 1 + 7(u) ype. Here v, = (,1,74)7T is the kth spline coefficient
vector, where v, 1 corresponds to the constant part of the coefficient functional,
and Y« = (Vr,2, - - - ,Pyk,qn)T corresponds to the varying part. To fix notation, we

take v = (4., )T, T(w, X) = (XOx()7,..., XOr(w)T)", m = =(U),
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and II; = II(U;, X;), i = 1,...,n. With the B-spline approximation, (Ill) can
be rewritten as

Y, ~ Tl vy +e;. (2.1)

If ||Vl Ly = D" || = 0, it means that the kth covariate has only a constant
effect and, if in addition 7;; = 0, then the kth covariate has no effect at all.
Therefore, v« can be treated as a group.

Let the loss function be g(t) = t? for least squares regression, and g(t) = {7 —
I(t < 0)}t for quantile regression at a given quantile level 0 < 7 < 1. While mean
regression is confined to estimating the mean function of the response, quantile
regression offers a systematic strategy for examining how covariates influence the
location, scale, and shape of the entire response distribution. Fitting data at a
set of quantiles provides a more complete description of the response distribution
than does the mean.

Since quantile regression involves a non-differentiable and asymmetric L
loss function, computation is challenging when penalizing the Lo norm of g,
though it is more commonly used in the literature for group selection (Yuanand
Lin (2008), Wang, Li, and Huang (2008)). This motivated us to consider the
penalization based on group L; norm, for which standard linear programming
can be employed to solve the optimization problem. To conduct unified variable
selection, we minimize the penalized objective function

n p
()= 9(Yi =TI y) +nXin > kel yiell 2
i=1

k=1

p
+nAan Z@k,lm,l
=1

I ([lellz, = 0), (2.2)

where A1, and A, are the penalization parameters, wy, and @y, 1 are the adap-
tive weights, [[Vk«llz, = 221" [v.j] is the Li-norm of k.. The second term of
l[(7) aims to separate varying and constant effects by penalizing the L; norm of
the varying parts of each varying coefficient. To select variables with nonzero
constant coefficients, we include the indicator function in the third term of I(-y)
to penalize only those variables that tend to have constant effects. Therefore, if
the variable X*) has a constant effect, then all components of i« are shrunk
exactly to zero. On the other hand, if the variable X (%) has no effect at all,
both ~p« and 7%, are shrunk to zero. In practice, with the indicator function
involved, it is very difficult to minimize the penalized objective function (7).
Motivated by (E22), we propose an alternative two-step iterative procedure that
is computationally convenient. Following arguments used for proving Theorems
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1 and 2 in the Appendix, it can be shown that the minimizer of (222) and the
estimator from our iterative two-step procedure are asymptotically equivalent.
However, in finite samples, the iterative procedure does not necessarily converge
to the minimizer of (272).

We use notations V', C and Z to denote the subsets of covariates with vary-
ing effects, nonzero constant effects and zero effects, respectively. The full model
assigns all the covariates to V. In the following, for ease of representation, we
do not distinguish the estimators from quantile regression and least squares re-
gression wherever this is clear from the context. The proposed procedure is as
follows.

Step 1. Obtain the penalized estimator 4V¢ by minimizing

n p
h(v) =gV =T ) + 0 Y el vkl 2y (2.3)
=1 k=1

with respect to 7y, where @y, are the adaptive weights. In (23), we penalize
each varying coefficient in a group manner by assigning the same penalty to
each component of v, for £k = 1,...,p. Note that our proposed method dif-
fers from the group LASSO of Yuan and Lin (P006), in which the penalty is
applied to the Lo norm of each coefficient group. We use Wy, = H'?k*Hle, where
A = (&k,l,’ygﬂ*)T = (Fk1s--->Vkq) ' as the unpenalized estimator obtained by
minimizing I;(y) with A\;, = 0. With this penalization, the -, are shrunk
toward zero if the kth covariate has a constant effect, leading to an automatic
separation of the varying and constant effects. We move the kth covariate from
V to C if |[42.C]|, = 0, otherwise retain it in V. After Step 1, the full model is
reduced to a partially linear varying coefficient model.

Step 2. For each k = 1,...,p, we take v} = (%,1,0:{”,1)T if X ¢ ¢, and
'y,i =, if X*) € V', where C and V are the covariate subsets obtained after the
previous step, and y! = ('yng, 'yllT, . ,’y;T)T. We obtain the estimator ¢ by
minimizing

n p
b(y") =Y g(¥i —TA") +ndon Y dralviall (191, =0)  (24)

i=1 k=1
with respective to the unknown parameters in ~', where the adaptive weights
are set as w1 = W}‘g/? —1. Since 'S/,L/*C is obtained in the previous step, the second
term in (22) correéponds to an adaptive L; penalty. In this step, we aim to
exclude the irrelevant variables by assigning the adaptive LASSO penalty only
to the terms that have been determined to be constant. We move any X ) that

is assigned to C' in the previous step to Z if the corresponding mclz | = 0.
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Step 3. Iterate Steps 1 and 2 to convergence. We take the estimator at con-
vergence as 4/, Throughout the iteration, the covariates assigned to C' have
only constant effects, and those assigned to Z are excluded from the model. In

the end, for each k = 0,1,...,p, ax(u) can be estimated by dy(u) = w(u)T’y,fmal
if it is chosen as a varying coefficient, and by ’y,{ll" if it is chosen as a nonzero

constant.

Remark 1. With the current iteration procedure, if the varying parts i, are
not shrunk to zero in Step 1, no penalty is applied to the constant parts ~y 1
in Step 2. Consequently, after Step 2, a redundant variable may be selected to
have a constant effect, and a constant coefficient may be selected as varying.
However, such over-fitting affects only the efficiency of the subsequent steps, and
a non-varying coefficient still may be shrunk to a constant or zero as the iteration
continues. On the other hand, if one varying coefficient is incorrectly shrunk as
a constant in Step 1, due to over-shrinkage, the coefficient is selected as either
a constant or zero at convergence. As a result, when the procedure under-fits
the model at convergence, it is more likely to select a varying coefficient to be
constant. As suggested by one referee, we investigated the estimator obtained
by flipping the orders of Steps 1 and 2. The resulting estimator has the same
asymptotic properties as the proposed estimator. However, numerical results
for finite samples suggested that flipping the orders of Steps 1 and 2 introduces
unnecessary bias to the varying coeflicient estimates.

2.2. Computational algorithms

In this subsection, we describe the variable selection algorithms for least
squares and quantile regression VC models, respectively.

For least squares regression, the minimization of (E23) involves quadratic
loss and a LASSO-type penalty. We propose an iterative algorithm based on the
local quadratic approximation of Fan_and i (2001), which performs well and is
computationally simple.

Suppose we have an initial value 4(?) that is close to the minimizer of (223).
For example, we can choose v(©) as the unpenalized estimator

n _1.n
~O = ( Z Hil_[iT) Z ILY;.
i=1 i=1
By the local quadratic approximation, for k =1,...,p,l =2,...,¢qp,

(713,1 - 71&01)2»

)

0 . 0 0 0 1
Vet Ivli,l)l + sign <7,§,l)) (w - vé,)) ~ Ivli,l)! + 5
2‘7/.3,5 |
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where sign(-) is the sign function. Except for a constant term, (E33) can be
approximated by

n p qn ,y’%l
D (Vi = TL)? +mhin > e >~
=1 k=1 =2 2‘ k ‘

Then, we can obtain 4¥¢ by iteratively conducting the following ridge regression
to convergence

AU (ZHH + A QU 1) an,

=1

where

—1) __ 7 T T
QU = diag {0l 0T ;1\, 0L, 1},

with Q j—1) = (Z)k*{(), (2|’y,§f271)]> ' <2|'yk]qn1)\) ' }T for k=1,...,p, and
'y,(gl_l) is the estimate of 7;; at the (j-1)th iteration with j > 1. During the
iteration, once ||7,Ei) |z, < € we set 4/.C = 0, where € > 0 is a small positive
value. In our implementation, we use € = 1074

The algorithm for minimizing (24) is similar and thus is omitted.

For quantile regression, with the aid of slack variables, the minimization of
(23) and (Z4) can be easily cast as a linear programming problem, then solved
by using existing linear programming packages such as the R package quantreg.

2.3. Selection of tuning parameters

To implement the proposed method, we have to choose the tuning parame-
ters, the degree of B-splines h, the number of interior knots k,, and the penal-
ization parameters \;,, j = 1,2.

For varying coefficient models, since the effect of splines is multiplicative,

higher degree splines induce complicated interactions of the form zu, zu?, zu?,

zut,-- -, and collinearity between variables in the model. Therefore, we suggest
using lower degree splines such as linear, quadratic, or cubic splines. In our
numerical studies, we use h = 3 corresponding to cubic splines, but lower orders
can also be used if we believe the functional coefficients are less smooth.

At each iteration of the two-step procedure, we choose k, and Ai,, A2,
by minimizing the Schwarz-type Information Criterion (SIC, Schwarz (T978)) as
described below. The locations of the interior knots are taken equally spaced on
[0, 1].
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Suppose that after the mth iteration, we have reduced the full varying coef-
ficient model to a partially linear varying coefficient model. We use V,,,, C),, and
Zm to denote the subsets of covariates with varying effects, nonzero constant ef-
fects, and zero effects, and use v,,, ¢;,, and z,, to denote the number of covariates
in these subsets, respectively. Let v;" = ~;, if Xk e v, Y= (Y1, Oan_l)T if
Xk e, and it = 0g, if Xk ez,

In Step 1, we first choose k,, as the minimizer of

SICy(k logz ( 1’ymk) log {vm(k+h+1)+cm}

where o = 1 and 2 for least squares regression and quantile regression, respec-
tively, and 4, j is the minimizer of

n p
B = g (Yi = T A™) 4 A Y G I 2 (2.5)
=1 k=1
with respect to the unknown components of 4" with k, = k and A\, = 0;
see Wang, Zhu, and Zhou (2009). for a similar criterion for knots selection.
Conditional on the selected k,,, we take A\, as the minimizer of

" . logn
STO\ () =log Y g (i =TT Fynn, ) + =0 ey,
=1

where 4, », is the minimizer of (225) with respect to the unknown components of
™ with A, = A, Qs = ||:y,’;'}<|]£11, with 4™ being the unpenalized estimator
obtained by minimizing [; (4™) with Ay, = 0. For least squares regression, edf,
is defined as the total number of varying and nonzero constant coefficients (Wang
and Xia (2009)). For quantile regression, edf; is the number of interpolated Y;’s,
e., the number of zero residuals (Koenker, Ng, and Portnoy (1994)), which
provides a measure of the effective dimensionality of the fitted model.
In Step 2, we first replace v}, with Og, 1 in 4™ if 4y, 5, ..k« = 0, and take
the new coefficient vector to be 4"™2. Conditional on YA @ function of Ay,
obtained in Step 1, we select \g,, as the minimizer of

" R logn
SI1C(A2) = 108“29(3@' - H;’F’Ym,xz) + Qg edf s,
=1

where 4, ), is the minimizer of

n p
la(y™?) = Z (Y oy m2) + n)\2,n2@m,k,1

i=1 k=1

I (IWm s mibsllLy = 0)
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with respect to the unknown components of 42, where Wkl = "AYm,M,n;k,l ]*1,
and edf, is defined similarly as edf; in SIC}.

Even though the implementation seems complicated, the computational cost
is not great as the algorithm often converges within two iterations. For Example
3 with n = 500 and p = 50 variables, we generated 100 replicates and searched
kn, A n, A2,n on a 3-point, 40-point, 40-point grid. The simulation was carried
out using R on a computer with 2.40GHz CPU and 4.00GB RAM. The average
computing time (and standard error) are 61.85 (4.69) and 129.00 (0.33) seconds
for median regression and least squares regression, respectively.

3. Asymptotic Properties

Throughout this paper, we use a, ~ b, to mean that a, and b, have the
same order as n — oco. Suppose that there are s true relevant covariates in model
(M), in which v of them have varying effects on the response, and s—v covariates
have constant effects. Without loss of generality, assume {ax(u),k =1,...,v} are
the varying coefficients, {ag(u) = ag,k =v +1,...,s} are the nonzero constant
coefficients, and ay(u) = 0,k = s+ 1,...,p. Let ) = (w1, - .,a)T be the
true constant coefficient vector. To establish the asymptotic results in this paper,
we make the following assumptions.

Al. ag(u) € Hy k= 0,1,...,v, for some r > 3/2, where H, is the collection
of all functions on [0, 1] whose dth order derivative is Hélder of order v,
r=d+v.

A2. The random design vectors {X;,7 = 1,...,n} are uniformly bounded in
probability. The eigenvalues of the matrix n~' X7 X are bounded away
from zero and infinity in probability, where X = (X1,..., X,)’.

A3. The density function of U;, fy(u), is continuous and bounded away from
zero and infinity on [0,1].
A4. The penalization parameters satisfy nI/Qk}q/2 max{ A1 n, A2} — 0 and
—3/2 .
nky, " " min{ Ay, Ao p } — 00.

Theorems 1 and 2 state the asymptotic properties of the penalized least
squares estimator & (u)’® and the penalized quantile regression estimator é(u)@F,
respectively, both obtained by the two-step iterative procedure.

Theorem 1. Suppose A1—A4 hold and k, ~ n'/@+D_ Assume that e; are
independent with zero conditional mean given (X;,U;), and there exists positive
constants M and 6 such that max}_, E(e?'M) < M. Then we have

(a) with probability approaching 1, & (u)“S are nonzero constants for k = v +

1,....s, and ép(u)™ =0 fork=s+1,...,p;
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(b) n ' 0y {an(U)S — a(Ui)}* = 0, (n2/CrH0) k= 0,1,...,0;

(c) MNY2R, {d{g - a(c)} — N(0,Is—,), where dﬁg is the penalized least squares

estimator of o), and K. and Ay, are defined as in (BT3) in the Appendiz.

Theorem 2. Suppose A1—A4 hold and k,, ~ n'/™ V) For a given quantile level
0 < 7 <1, assume that e; are independently distributed with zero conditional T-th
quantile given (X;,U;), and the conditional density function of e; given (X;, U;),
fi(+), is uniformly bounded from infinity, and continuous and bounded away from
zero in a neighborhood of zero. Then we have

(a) with probability approaching 1, éx(u)®f are nonzero constants for k = v +
1,....s, and ap(w)® =0 fork=s+1,...,p;

(b) nt 0 {aR(U)9F — i (U} = 0, (n=2/@r D)) k= 0,1,...,v;

(c) A;*I/QKH* {64%[z - a(c)} — N(0,Is_,), where d(?f 1s the penalized quantile
regression estimator of & (cy, and Apx and Kn. are defined as in (BTT) in the
Appendiz.

The theorems establish the asymptotic properties of the proposed estima-
tors. Part (a) suggests that the proposed penalized procedure provides consistent
variable selection and automatic separation of different types of effects. Part (b)
states that the estimated varying coefficients achieve the optimal nonparametric
convergence rate under the smoothness assumption Al (Sfon€ (I982)). Part (c)
shows that the estimated constant coefficients have the same asymptotic distri-
bution as their counterparts obtained when the true model is known.

Remark 2. Asymptotically, even without iteration, the estimator 4% at the
second step already possesses the same asymptotic properties as 47", However,
our experience suggests that iteration provides finite-sample improvement when
some covariates either have no effects or have constant effects. One explanation
is that, for sparse models, the first two steps lead to more efficient penalized
estimators than the 4 obtained under the full model. Therefore, the adaptive
weights based on the penalized estimators shrink the effects of irrelevant covari-
ates more effectively toward zero. In our work, convergence is often achieved
within two iterations.

4. Simulation Study

In this section, we assess the finite sample performance of the proposed
method through three simulation examples.
Example 1. We compare the performance of the proposed method for least
squares regression (referred to as LSR) to two existing methods, the modified
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cross-validation-based method (mCV) of Kia, Zhang, and Tong (2004) and the
component selection and smoothing operator (COSSO) of Leng (2009). The
COSSO was first studied by Lin and Zhang (2006) for additive models, and it was
extended by Leng (2009) to varying coefficient models. Both mCV and COSSO
were designed to determine which coefficients are varying, but neither is able to
select variables with nonzero constant effects. Therefore, for fair comparison, we
focus on the separation of variables with varying and constant effects.

As in Xia, Zhang, and Tong (2004) and Leng (2009), 100 replicates were
randomly generated from

6
Y; = ao(U:) + a1 (U)X + aas (U)X + 3" an(U) X" + o0es, i =1,...,m,
k=3

where U; ~ Uniform(0,1), and Xi(l), e ,Xi(6) and e; are independent N(0,1)
variables. The coefficient functions ay(u) were ag(u) = exp{—32(u — 0.5)%},
a(u) = sin(2mu), as(u) = cos(2ru), ag = l,ay = —1,a5 = 1, and ag =
0. The parameter a determines the extent to which as(u) varies with u. The
parameter og controls the signal-to-noise level. For fair comparison, we make
a slight modification to our algorithm, so that the intercept term agp(u) is also
penalized, as in the other two competing methods.

Table 1 summarizes the automatic separation results. The results of mCV
and COSSO are from Xia, Zhang, and Tong (2004) and Leng (2009). When the
variability of the varying coefficient ag(u) is small (a = 0.3) and the noise is large
(o0 = 0.5), COSSO seems to perform the best, while our method is comparable
to it. However, for data sets with larger variability of aa(u) or smaller noise, our
method performs similarly to mCV, and both are clearly better than COSS0O
in terms of separating the constant and varying coefficients. Note that, in this
example, Xl-(G) has no effect on Y; and thus is redundant. Our method is able to
select the exact true model with high proportion; see the last column of Table 1.
However, neither mCV nor COSSO can eliminate XZ-(G) in the final model.
Example 2. In this example, we investigate the performance of the proposed
method for least squares regression (LSR) and median regression (MR). We gen-
erated 1,000 replicates, each consisting of n = 500 observations obtained as

10
Y, = CYO(UZ') + Zak(Ui)Xi(k) + e,
k=1

where U; ~ Uniform(0,1), and Xi(k),k = 1,...,10, are independent N (0,1)
variables. Here X' )

ik), k = 1,2, have varying effects, Xi(lC ,k = 3,4, have nonzero
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Table 1. Frequencies that ay(u),k = 0,1,...,6 are selected to be constant
in 100 replicates.

a 09 n  Method ayp a1 a9 as oy a5 ag Md. Oracle
0.3 0.5 100 LSR 1 0 25 88 93 90 90 52 52
mCV 0 0 66 99 99 100 100 34 /

CcOSSO 2 0 18 91 93 87 91 57 /

200 LSR 0 0 2 95 96 97 95 84 82

mCV 0 0 33 100 100 100 100 67 /

CcOSSO 0 0 0 9 96 93 98 87 /

0.2 100 LSR O 0 7 97 98 98 98 86 86
mCV 0 0 2 99 99 100 100 97 /

CcOSSO 0 0 0 98 100 95 97 90 /

200 LSR 0 0 1 100 100 100 100 99 99

mCV 0 0 0 100 100 100 100 100 /

CcOSSO 0 0 0 9% 94 95 98 86 /

5n"1/2 0.5 100 LSR 2 0 3 95 97 94 94 81 78
mCV 0 0 14 99 100 100 100 85 /

cOSSO 2 0 0 9 94 8 90 68 /

200 LSR O 0 2 98 100 100 100 96 94

mCV 0 0 10 100 100 100 100 90 /

CcOSSO 0 0 0 9 95 93 98 86 /

0.2 100 LSR 0 0 0 100 100 99 100 99 99
mCV 0 0 0 99 99 100 100 99 /

CcOSSO 0 0 0 9 96 90 93 74 /

200 LSR 0 0 0 100 100 100 100 100 100

mCV 0 0 3 100 100 100 100 97 /

CcOSSO 0 0 0 94 93 94 99 83 /

Md.: frequency that the varying and constant coefficients are separated correctly; Oracle:
frequency that the true model is selected.

constant effects, and the others are redundant variables. We took two distri-
butions for generating the random error e;: standard normal and ¢(3), the t-
distribution with 3 degrees of freedom. We set ap(u) = 15+20sin(mu/2), oy (u) =
2 — 3cos{(6u — 5)m/3}, aa(u) = 6 — 6u, az(u) = 1.5, au(u) = 2, and ag(u) =0
for k= 5,...,10.

Table 2 summarizes the results for the normal error and the #(3) error. For
comparison, we also include the results of median regression and least squares
regression obtained under the true model, referred to as Oracle.M and Oracle.LS,
respectively. Parts (I) and (I’) show the variable selection results, including the
percentage of correctly selecting the true model (Oracle Perc.), the average num-
ber of effects (excluding the intercept) that are selected as varying (Aver.v), and
the average number of redundant variables that are incorrectly selected (Aver.r).
The ideal values of Aver.v and Aver.r are 2 and 0, respectively. Parts (II) and
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(I’) summarize the estimation results, including the mean squared error (MSE)
of &y, conditional on the models where oy, is selected as constant, k = 3,4, and
the integrated mean squared error (IMSE) of éx(u), k= 0,1, 2, defined as

1,000 100

IMSE {a(w)} = {505 Z 1002{04;” ua) — ap(ua) }?,

where {ug,a = 1,...,100} is a grid equally spaced on [0.02,0.98], Ay i(uq) =
'Sf,rgir(ua), and 4, are the estimates of aj(uq) and 4, in the ith replicate, re-
spectively. The values in parentheses are the Monte Carlo standard errors of the
MSE and IMSE estimates.

Simulation results have the estimates of MR and LSR close to those of their
oracle counterparts. For normal errors, MR and LSR perform similarly in terms
of variable selection, but LSR is slightly more efficient for estimating the nonzero
constant and varying coefficients. However, when the error distribution has heavy
tails, MR produces not only more accurate variable selection, but also much more
efficient estimation than LSR.

Example 3. In this example, we considered the performance of the proposed
method with high dimensional covariates. We generated 1,000 replicates, each
consisting of n = 500 observations obtained as

50
Ui) + Z ak(Ui)Xi(k) + e,
k=1

where the index variable U; ~ Uniform(0,1), and Xi(k), k=1,...,50, are in-
dependent N(0,1) variables. Here Xi(k),k: = 1,2, have varying effects on the
response, Xi(k), k =3,...,6, have nonzero constant effects, and the others are re-
dundant variables. As in Example 2, we considered two distributions for generat-
ing the random error e;: standard normal and ¢(3). We set ax(u),k =0,1,...,4,
as in Example 2, a5(u) = —1, ag(u) = 1, and ag(u) =0 for k = 7,...,50. We
used cubic splines, therefore the dimension of spline coefficients to estimate was
50(ky,, + 4) with k;, selected as 2 or 3, comparable to the sample size, n = 500.
Table 3 summarizes the results for the normal error and the #(3) error. Over-
all, we can see that the proposed MR and LSR methods perform quite well even
when the dimension of spline coefficients is comparable to the sample size, and
the results are similar to Example 2. It is surprising that the estimated varying
coefficients of LSR have smaller IMSE’s than the oracle estimators obtained un-
der the true model. Further investigation shows that the smaller IMSE of LSR is
mainly due to the smaller bias, which is possibly caused by the under-shrinkage
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Table 2. Variable selection and estimation results in Example 2.

Methods MR Oracle.M LSR Oracle.LS
(I): variable selection results for N(0,1) error

Oracle Perc. 86.8 100 83.1 100

Aver.v 2.07 2 2.18 2

Aver.r 0.14 0 0.14 0
(IT): estimation results for N(0,1) error

102x IMSE

ap(u) 20.29 (0.38) 20.31 (0.38) 19.64 (0.35) 19.86 (0.35)

aq (u) 7.71 (0.12)  7.70 (0.12)  7.06 (0.10)  7.08 (0.10)

as(u) 3.11 (0.06)  3.12 (0.06)  2.33 (0.04)  2.35 (0.04)

10>x MSE

as 3.43 (0.16)  3.39 (0.15)  2.24 (0.10)  2.11 (0.10)

ay 3.26 (0.15)  3.25 (0.15)  2.40 (0.11)  2.31 (0.11)

Methods MR Oracle.M LSR Oracle.LS
(I’): variable selection results for ¢(3) error

Oracle Perc. 85.3 100 99.9 100

Aver.v 2.11 2 2.60 2

Aver.r 0.13 0 0.47 0
(IT’): estimation results for ¢(3) error

10°>x IMSE

ao(u) 21.00 (0.40) 21.00 (0.41) 21.95 (0.44) 22.05 (0.44)

a (u) 847 (0.14)  8.45 (0.14)  9.50 (0.17)  9.50 (0.18)

as(u) 3.68 (0.07)  3.67 (0.07)  5.01 (0.14)  4.91 (0.13)

103x MSE

as 429 (0.19)  4.14 (0.19)  5.98 (0.28)  5.67 (0.29)

Qy 4.04 (0.18)  3.90 (0.17)  6.09 (0.30)  5.98 (0.28)

Oracle.M: median estimation obtained under the true model; Oracle.LS: least
squares estimation obtained under the true model; Oracle Perc.: the percentage
of replications that the exact true model is selected; Aver.v:
of varying effects selected (excluding the intercept); Aver.r: average number of
redundant variables that are incorrectly selected; IMSE: integrated mean squared
error; MSE: mean squared error. The values in parentheses are the Monte Carlo
standard error of the IMSE and MSE estimates.

average number

of the varying coefficients but over-shrinkage of the constant coefficients. Conse-
quently, the MSE’s of LSR for constant coefficients are much larger than those
of Oracle.

5. Application to the Childhood Malnutrition Data in India

We apply the proposed method to a subset of the Childhood Malnutri-
tion Data in India, to study risk factors for early childhood malnutrition. The
data is based on the Demographic and Health Surveys data from 2005-2006,
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Table 3. Variable selection and estimation results in Example 3.
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Methods MR Oracle.M LSR Oracle.LS
(I): variable selection results for N(0,1) error
Oracle Perc. 78.9 100 77.3 100
Aver.v 2.10 2 2.30 2
Aver.r 0.28 0 0.28 0
(IT): estimation results for N(0,1) error
102x IMSE
ap(u) 20.34 (0.38) 20.33 (0.38) 17.82 (0.35) 19.63 (0.36)
aq (u) 7.97 (0.13)  8.00 (0.13)  6.75 (0.10)  6.96 (0.11)
as(u) 3.26 (0.06)  3.24 (0.06) 223 (0.04)  2.40 (0.04)
10>x MSE
as 3.14 (0.16)  2.83 (0.13)  2.50 (0.12)  2.09 (0.10)
ay 3.35 (0.15)  3.26 (0.15)  2.13 (0.10)  1.87 (0.08)
as 3.78 (0.16)  3.32 (0.14)  3.04 (0.14)  2.15 (0.10)
ae 3.65 (0.17)  3.18 (0.14)  3.12 (0.14)  2.18 (0.11)
(I’): variable selection results for ¢(3) error
Oracle Perc. 79.1 100 47.4 100
Aver.v 2.17 2 3.23 2
Aver.r 0.26 0 1.25 0
(IT’): estimation results for ¢(3) error
10%x IMSE
ao(u) 21.02 (0.38) 21.02 (0.38) 20.70 (0.46) 22.22 (0.43)
ay (u) 8.62 (0.14)  8.63 (0.14)  9.61 (0.20)  9.74 (0.21)
as(u) 3.76 (0.07)  3.74 (0.07)  5.12 (0.17)  5.15 (0.15)
103x MSE
as 4.19 (0.19)  3.94 (0.18)  8.56 (0.44)  6.19 (0.33)
Qy 4.36 (0.21)  3.99 (0.18)  7.05(0.37)  6.23 (0.41)
as 485 (0.22)  3.93 (0.16) 11.29 (0.50)  6.52 (0.32)
ae 488 (0.23)  4.20 (0.16) 10.75 (0.47)  5.73 (0.27)

Oracle.M: median estimation obtained under the true model; Oracle.LS: least
squares estimation obtained under the true model; Oracle Perc.:
of replications that the exact true model is selected; Aver.v: average number
of varying effects selected (excluding the intercept); Aver.r: average number of
redundant variables that are incorrectly selected; IMSE: integrated mean squared
error; MSE: mean squared error. The values in parentheses are the Monte Carlo
standard error of the corresponding estimates.

the percentage

available free of charge for research purposes at http://www.measuredhs. com/
countries/start.cfm. [Fenske. Kneib, and Hothorn (2009), and Koenker (20110)
analyzed the whole data set by fitting nonparametric additive models. The two
papers focused on nonparametric estimation instead of variable selection. Here
we analyze a subset of the data including 606 children from New Delhi City be-
tween the ages of 0 and 5. Similar to Koenken (2010), we used child height as
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the response variable, child age as the index variable, with 16 covariates. A brief

description of the variables is as follows; more detailed information can be found
in Koenker (2010).

Y: Child’s height (cm); U: Child’s age (months);

X1: Breastfeeding (months); X2: Mother’s Body Mass Index(BMI);
X3: Mother’s age (years); X4: Mother’s education (years);

X5: Father’s education (years); Xg: Child’s sex, 1=Female, 0=Male;

X7: 1=First child in the family, 0=not; Xg: 1=Mothe is employed, 0=not;
Xg: 1=Religion not Hindu, 0=Hindu; Xj¢: 1=Rich family, O=not;

X11: 1=Has radio, O=not; X19: 1=Has television, 0=not;
X13: 1=Has refrigerator, 0=not; X14: 1=Has bicycle, 0=not;
X15: 1=Has motorcycle, 0=not; Xi16: 1=Has car, O=not.

We applied least squares regression and quantile regression to the data at
two quantile levels 7 = 0.1 and 0.5, since we are not only interested in the typical
nutrition in terms of the mean and median, but also in severe malnutrition. In
median regression, our approach selects the model

Y = ap(u) + Z ap(u) Xy + Z ap X + €.
ke{1,15} ke{3,4,5,6,7,14}

The quantile regression approach at 7 = 0.1 selects the model

Y = ap(u) + Z a(u) Xy + Z ap Xy + €.
ke{1,11,15} ke{3,4,8,14}

The least squares regression selects the model

Y =ap(u) + Z ag(u) Xy + Z arp Xy + €.
ke{1,2,4,15} ke{3,5,7,10,14}

Of those selected, we see something in common: X; and X5 have varying effects,
and X3 and X714 have nonzero constant effects.

Table 4 summarizes the estimates of the nonzero constant coefficients, where
the standard error in parenthese is obtained by using the bootstrap method with
200 bootstrap estimates obtained under the selected model. Figure 1 shows the
estimated varying coefficients in the median regression, the 0.1th quantile regres-
sion, and the least squares regression. The shaded areas are the 90% pointwise
confidence bands for the least squares estimates, obtained by using the bootstrap
method based on 200 bootstrap samples with the bias being ignored.

From Table 4, we see that mother’s age and education have positive effects on
the child’s height at both the lower quantile and the center. In contrast, father’s
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Table 4. Nonzero constant estimates and their standard errors (values in the
parenthese) for the Childhood Malnutrition Data in India.

Variable arsgr QMR a1

X, \% % 1%

X, 4 0 () 0()

X3 0.158 (0.060) 0.231 (0.064) 0.227 (0.091)
Xy \% 0.139 (0.051) 0.349 (0.074)
X5 0.104 (0.055) 0.142 (0.061) 0 ()

X 0(-) -0.856 (0.509) 0(-)

X7 —-0.943 (0.471)  —1.302(0.553) 0(-)

Xg 0(-) 0(-) —2.306 (1.027)
X 0(-) 0(-) ( )

X0 0.876 (0.582) 0 () )

X1 0(-) 0(-) V

X2 0(-) 0 () 0(-)

X13 0(-) 0(-) 0()

X4 1.326(0.463) 1.377(0.531) 1.630(0.853)
X5 \% \% v

Xi6 0() 0() 0()

Notation: arsr: estimates from least squares regression; ayr: estimates from
median regression; ap.1: estimates from the 0.1th quantile regression; V: varying
effect.

education has positive effect only on the mean and the median of child’s height.
Girls are shorter than boys at the median and, on average, the first born child
is taller than younger siblings. For the child with severe malnutrition, working
mother has a negative effect on the response. The mean height is larger in
families with higher household economic status. Bicycle ownership is associated
with better health.

From Figure 1, we see that breastfeeding has a positive effect for new born
children, and the effect decreases quickly as the children grow, reaching zero
at around 10 months. However, this positive effect lasts longer for children
with severe malnutrition; breastfeeding is the most important, maybe the only,
nutrition for these children. The mother’s BMI has positive effect as the child
grows. The effect of radio is positive on the children with severe malnutrition
only when they are young enough, but is negative later on. If we ignore the
boundary region, the effect of the motorcycle is negative for children aged 2 to
20 months, but positive for children aged 25 to 45 months.
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Appendix
A.1. Some useful lemmas

We first provide some useful lemmas that facilitate the proofs of Theorems
1 and 2. The method used in the proof of Lemma A.l is similar to that used
in Theorem 4 and Proposition 4 of Chenl (I991). Lemma A.2 follows directly
from Corollary 6.21 of Schumaker (9%, Chap. 6). Lemma A.3 is a special case
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of Lemma A.3 in Wang, Li, and Huang (2008). Lemma A .4 is a special case of
Lemma A.7 in Huang, Wu, and Zhou (2004). Lemma A.5 follows from Theorem
2 of Heand Shi (1994) and Theorem 2 of Huang, Wu, and Zhou (2002). We omit
the proofs of these lemmas.

Lemma A.1. Suppose A1-A3 hold and k,, ~ nl/(%“'l), the eigenvalues of n= 'k, V;,
are uniformly bounded away from zero and infinity in probability, where
V= (..., 7)) (e, ..., )T

Lemma A.2. Suppose A1—A3 hold, then there exists a spline coefficient vector
~0 = (’ygT,'y?T, . ,’ygT)T, and some positive constants aj, as, and €1, such that

Q) oL, >e if ke {1,...,v}, 71271:04k>’)’18*:0kn+h if ke{r+1,...,s},

and ) =0, if k€{s+1,...,p} (A.1)

(ii) sup T (u, X)T~Y — 2Ta(u)| < ark,";
(u,X)€[0, 1] xRP+1

(i) sup |ag(u) — W(U)T’)/]g‘ <agk,",k=0,1,...,v,
u€(0,1]

where ) = (7271,723)T, k=0,1,...,p.

For simplicity, we adopt the notation

Y =(Y1,...,Y,)T, I = (Iy,.... IL)T, e= (e1,...,en)T,
X§°)n{,...,Xi(”>wf)T, Tl = (Xf”“’,...,X.(P))T,

2

Y1) = (’YoT, s ,’YZ)T7 Y2) = (Vo115 77p,1)T7 Ye) = (V41,15 - - ,’Ys,l)T,
0 oT oT\T .0 0 0 \T T AT T

Yy = (% - m ) Y2 = (g1 W) = (0, 05,)",

'783) =0 = (041/+17 ) as)Ta

Dy =T — X a(U;), Dy = (Dniy. .., Dun)ts dpir = 7l 42 — an(Us).

By (i) and (iii) of Lemma A.2, it is easy to see that max;|Dyi| < aik,”,
IDnllL, = Op(n'/?k;"), max; |dnir| < ak,”, and dpj = 0 for k > v. By

Lemma A.5 of Kim (2007), max]" , HH(l)iHL2 = 0p(1).

Lemma A.3. Suppose A1—A3 hold and k, ~ n'/(2"+1) | then we have

‘UTHTe’
n~1/? sup

| — —CWEY
veR(P+Dan HUHLQ b
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Lemma A.4. Suppose A1—A3 hold and k,, ~ n*/ 1) Let Y; = EY)| X, Uy),
Y =M,...,Y,)7", and 4 = (W )" 'TI7Y. Then || —v°||1, = Op(n~2ky,).

Lemma A.5. Let 4 be the minimizer of (223) with Ay, = 0. Then if A1—-A3
hold and k,, ~ nt/2"+1) we have, for both quantile and least squares regressions,
17 = 20llr. = Op(n™"?ky).

Let v = (’yOT, .. ,7E)T be any given (p + 1)g,-vector, with ~; = (’Yk,h’)’;i)T
and Yex = (7’6,27 v 7/Yk,Qn)T‘

Lemma A.6. Under the conditions of Theorems 1 and 2 we have, for both
quantile and least squares regressions, |¥"¢ —~%||1, = Op(n~/?k,), where 4V ¢
is the minimizer of (223).

Proof. Combining (A™) and Lemma A.5, there exist some positive constants by
such that ||Yg«||z, > b, and therefore Wy, = H'?k*Hzll < b ', hold in probability

for k =1,...,v. By routine calculation, ||y« —v2, |1, < q}/zH'y—'yOHLQ. Assume
that ||y —~°|z, = Cin~'/?k, and C is large enough. Then combining (A)
and A4,

P
nAin ) Gk (vl — Iielzy)

k=1
> _n>\l,n Z(Dk* (H’Yk* - 7/2*”[/1)
k=1
~0, (ml,n 3 b,;lq;ﬂcln—l/?kn) = oy (k). (A.2)
k=1

Let Bu(y) = Y1y [9(¥ — T7) — g(¥; = T72°)] = Y0, [g(es —TI7 (v —
%) — Dyi) — g(e; — Dm)} . For quantile regression, by Lemma 3.2 and the argu-
ments used for proving Lemma 3.3 in He_and Shi (1994),

P( inf Bu(v) > k:n) L (A.3)
Iy =2°llLy=Cin=1/ 2k,

For least squares regression, by decomposing v as (v —~°) + (v° — %) + 4, and
facilitated by Lemmas A.1, A.3, and A.4, we can prove that there exists a positive
constant C9 such that

P inf Bn(v) > C2Clkn ) — 1. A4
(7—70||L201"1/2kn TL('Y) 241 n) ( )
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By the definition of By(-),

P
L(y) = h(Y°) = Ba(y) + nAin D Gk (Iviellzy = Wlln) - (A5)
k=1
Equations (A2), (A=3), (E4), and (A3) together suggest that i1 (v) —11(y°) > 0
in probability for both quantile and least squares regressions. By the convexity
of I1(v) and the fact that I;(4V¢) — I1(7°) < 0, there exists some C,,, for any
61 > 0, such that as n — oo,

P (H’?VC o ’70HL2 < C§1n_1/2kn> >1—q.
Therefore, Lemma A.6 is proved.

In the following, we prove Theorem 1 and Theorem 2 with &(u) estimated
from 4%, the estimator obtained after Step 2 of the first iteration, as 4% and
the estimator at convergence 47 have the same asymptotic properties. For
ease of representation, we omit the statement “with probability approaching one”
whenever it is clear. For example, the statement 9;; = 0 means that 43; = 0
with probability approaching one. We give the proof for Theorem 2. The proof
of Theorem 1 is similar and thus is not given in detail.

A.2. The Proof of Theorem 2 in four steps

(I) Proof of the first part of Theorem 2(a): as n — oo, with probability
approaching 1, 'S/,i/f =0,k=v+1,...,p, therefore éx(u) is constant. We prove
this using the Karush-Kuhn-Tucker conditions (Yuan and Lin (P006), Huang]
Horowitz, and Wei (2010)).

If M(~) is the derivative of {1 () with respect to =,

Ol (v =
M(~) = 5(7 ) _ > = (Vi = I NI + nd (K2 KD KD,
=1

where 9. (t) =7 — I(t <0), Ky, = 0q,, and

aH'Yk*”Ll
Mk

According to the Karush-Kuhn-Tucker conditions, a necessary and sufficient

condition for (&XCT,'S/YCT, e ,’?Z‘,/CT)T to be the minimizer of [;(7y) is that

K, = 0y = W (0,sign(y.2), - - -, sign(wwn))T , k=1,...,p.

n
=3 (0 =AY X P+ nh Kgye =0 for any |47, £0, k>0,
=1

< AW for any H'A)IX;CHL? =0, k>1.
Lo

> (Vi - T4V x P,
i=1
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To prove the first part of Theorem 2(a), we only need prove that for k =
V+17"'7p7 ‘Zz 1'¢T( HT VC)X(k) ‘L Sn/\l,na)k*'
2

Let Sp = > ¢r(e)IL; and Sy () = 30, ¢7(Y; — II74)IL;. By Lemma
1, we can easily establish that ||SY||., = Op(n1/2k51/2). Since 4V¢ — 40 =
Op(nfl/ 2k,), similar to the lines used in the proof of Lemmas 8.4, 8.5, and
Theorem 4.1 in Wei and Hé (2006), with Lemma A.1 we can show that ||S,,(4"¢)
=5, (1), = 0p(n'/?).

Note that S, (") = Yo ¥r(ei — Dyi)IL; and max; | Dyl < ark;,,”. We want
to point out that

192(+") = Sull,

=0y (HE [Sa(¥") = Salll ., + {E [50(7%) = 827 [Su(+?) — 5] }1/2> |

Let H, => 1 HiHZT, then by Lemma A.1, the maximum eigenvalue of H,,,
Amax(Hp) = Op(n/ky). By the Cauchy-Schwarz inequality,

Lo

1B [50(r) = 2|, = | Do TLE [ (ei = Du) = s (e2)] |
=1

=0(| s, )

< Op (NMZ(H) (k7 2)12) = Op(n*/?). (A.6)

max

By the independence of e; and Lemma A.l, there exists a large enough
positive constant C3 such that

E[Su(7%) = 89" [Sn(7°) — SY]

<Y TTILE [¢r(es) — (e — Dpi))?

=1
+ Z Z HTH E wT 621) 1/1r(€z‘1 - Dnnﬂ EWT(%) - wr(% - Dnu)]
i1=11d27i1
<, [(n/kn)alkgr n nAmax(Hn)k;QT} = 0,(n). (A7)

Combining (A8) and (A7), we have ||S,(7%) — 52HL2 = 0,(n'/?). There-
fore,

1503 lze < 153" ) = Sn () lLo 1150 (Y°) = Spll o+ 1153 1 2, = Op(n?).
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For k= v+ 1,...,p, it follows by Lemma A.5 that |[§x|z, = Op(ky/*n=12ky),
which indicates that @, = ||’yk||zl1 > Cyn'/2ky, % for some positive constant Cy.
By assumption A4,

M n@ie > (CanAi k322 > 19,3V L,

n

> | imm ~174Y )X P (A-8)
=1

Lo

(IT) Proof of Theorem 2(b): the optimal convergence rate of the varying
coeflicient estimates.

In Lemma A.6 and (I), we have proved that, when n — oo, with probability
approaching 1, |4Y.6]L, > 0,k < v and |[9)/C|l, = 0,k > v. Recall the
definitions of v(;) and (), and ~! in the iteration estimation procedure. For the
quantile regression, with probability approaching 1, we have

n p
l(y) ZZ,OT (Yi—H(Tl)nu)—H{g)ﬂ@))Jrn)\z,n Z Opalveal = b2 (vay Ye) -
i1 h—pt1

For k = v+1,...,s, by (A1) and Lemma A.6, there exists some positive
constant b such that |5/¢| > b; therefore w1 = |5)/¢|~* < b~! holds in proba-
bility. Similar to the pr(;of of Lemma A.6, there exists some C,,, for any ¢ > 0,
such that as n — oo,

’AY(Z) - '7(02)HL2 < C<2n_1/2k71/2> > 11—,
(A.9)

T
where ('Aya),‘y(z;» is the minimizer of Iy (7(1),7(2)). By the definition of ~!,
(A9) indicates that

(

where ,?(C{)Z is the corresponding sub-vector of 4. It is easy to see that, for
k=0,1,... v,

P ([ -ty < Conh

S -, < ngn—l/gkn) S (A.10)

1< 2 — . 9 2 <
=~ @ (U) = an(U)]* < =3 [m (7 =]+ = dna
=1 =1 i=1
2 J 2 —4ZT
< ST =T Va(EE = ) + 203k,

As ky, ~ n'/@ ) by Lemma A.1 and (AI0) we have proved Theorem 2(b).
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(IIT) Proof of the second part of Theorem 2(a): the sparsity of the penal-
ized estimator.

In (I), we proved the constancy of dy(u) for kK = v+ 1,...,p. To prove
ar(u) = 0,k = s+ 1,...,p, we only need to prove that %CIZ = 0. Similar to
(I), by the Karush-Kuhn-Tucker conditions, it suffices to prove that nAs k1 >

n (k) T A T A
HZ#M%w%E_Hmﬂm_H®ﬂ®NM
Following similar lines as in (I), we obtain that

= 0,n 7K},

Hi;ﬂm%(n_ﬂaﬁm—ﬂ@ﬁm)

Lo

Combining (BT) and Lemma A.6, ﬁ,‘c/lc = Op(n_l/zkz,l/Z), and then there exists

some positive constant Cs such that w1 > Csn'/2k;, /2 The result follows from
assumption A4.

(IV) Proof of Theorem 2(c): the asymptotic normality of the constant coef-
ficient estimates. For simplicity, we omit C'Z from 4Z and its sub-vector.
Let

v

) B B )
P =11y, (10, Bl ) 100, B, T, = (1 P)TL,
I o

By (I) and (III), as n — oo, with probability approaching 1, g, = 0,k =
v+1,...,sand 4 =0,k = s+1,...,p. Therefore, with probability approaching
1, we have

I (Yay Y2) = Z pr <Yz -0y - H(Tc)ﬂ(c)>
=1
+nlop Z Oealveal =l () Ye) -
k=v+1

Let

C(Wu»V«ﬂ==<§;>

A2 Ko (00 =)

“1/2 5 1/2 o L
kn '“Hy, (’7(1) - ’7?1)) + ki “H, 1H(T1)BH(C) <’Y(c) - ’Y?C)>

Y
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¢ = C(BupAe) = (EF.CNT, where A2 = k,IT% B, and ( A% )
O

is the minimizer of Io ('7(1),7(6)). From (B), |4 HL2 = Op(n _1/2k: n)s
[4e) = ¥l = Opl(n=12k/®); therefore [|€]|1, = O <k”2>
Let (& = 1/21'IT JUr(e), where 9,(e;) = 7 — I(e; < 0) and 9,(e) =

{¢T(61),...,¢T(en)}T. By Lemmas 1 and 2 in Wang, Zhu, and Zhou (2009),
¢ is asymptotically normal distributed with variance-covariance matrix I,_, .
Therefore, to prove part (c) of Theorem 2, we only need to prove |1 — |z, =

op(1).
By the definition of ¢; and ¢}, there exist two positive constants Cs and C7

such that P (Hé;‘HLQ < (16) 1 and P (Hé’lllL2 < C7k,1/2> 1. Let
Ui(¢1. €)= pr <6¢ — ¢ — Ty — Dm)
—Pr (ei - ffTﬁ(c)i - ézTﬁu)i - Dm’) )

where 1:I(1) kl/QHn_ll_I(l)l-, fl(c)i = A}LGKJ*IIZI(CM. By Lemmas 8.1 and 8.3 of
Wei and Hd (2006) and the orthogonality of ﬁ(l) and ﬁ(c)*, for any given 1 > 0,

sup (U3¢, + (G = €T githr () — BUL(G1, €D | =0p(1),
[¢1=CT o< |i=1
sup ZEU (cl,cl)—f(c N KNG =GP R E ) =op(1),
1 =C5 o< | i=1

By the definition of é’i“ and IZI(C)Z-,
(G1 = DI ytir(e) = (G — ¢ ARG AL,

. - T
where II ) = (H(C)l, e ,H(C)n> . Therefore,

ZU ¢, ¢7) + (61— €D T - (e)

=1

sup
”Cl Cl ||L2 <n

o (MR G - G INLG)

= swp | Y UG E) - 1/2(6 - ETALEINE (G - &)
IC1—CillLy<n i=1
= 0,(1). (A.12)
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Let 'Q/Ekc) = (’71t+1,1v ‘e 7%,1) = 1A1/2C1 + '7 (©) Then by A4, the definition of
@1, and the fact that max{”CluLw ulea} = Ou/2)
nAZ’n Z wk,l("?k@‘ - "7;,1‘) 2 _n)\2,n Z ‘%,1(‘%,1 — A i )
k=v+1 k=v+1
=0, (nAg,n K IAYE(E - &) > =0, (nl/zk;/mgm) —0,(1). (A.13)

When [|¢1 — ¢z, > m, (G —E5)7(¢G — &) > 0. Combining (AT2) and
(BET3),

lim P( inf Z Or (ei —CleI(C)Z- —éQTIZI(l)Z- —Dm‘) +nXo Z Wi 1 H’(c)|
n—roo ||C1*C{||L2 2N 5= k=v+1

s

> Z pr (ei — ¢TI — {0y, — Dm> +nA2n Z %,1\’7{0)\) =1.(A.14)
i=1 k=v+1

By the Convexity of l2(+), the definition of éf and the fact that Iy (7(1),7(6)) is

minimized at (¥, Yy '7(6)) . (BI4) implies that for any >0, P(||¢—CE |z, >n) — 0,

that is, ||¢1 — €|z, = 0p(1). This completes the proof of part (c) of Theorem 2.

A.3. The Proof of Theorem 1
Let

o, =n"1 Z H(1)z‘H(T1)Z-7 U, =n"" Z H(l)iH%;)i’
i=1 i=1
TH-1
H(c)*i = H(c)z’ -V, o, H(l)i’

n n
i=1 i=1
where 01-2 is the conditional variance of e; given (X;, U;).

The proof of Theorem 1 can be obtained in four similar steps as in the proof
of Theorem 2. Lemmas A.4, A.5, and A.6 are needed in the first step, Lemmas
A.1 and A.6 are needed in the second and the third steps, and the fourth step
follows similar arguments as used in the proof of Theorem 3 in Zhao and Xiie
(2009). We omit the details.
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