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Abstract: We propose a two-stage estimation method for random coefficient ordi-
nary differential equation (ODE) models. A maximum pseudo-likelihood estimator
(MPLE) is derived based on a mixed-effects modeling approach and its asymptotic
properties for population parameters are established. The proposed method does
not require repeatedly solving ODEs, and is computationally efficient although it
does pay a price with the loss of some estimation efficiency. However, the method
does offer an alternative approach when the exact likelihood approach fails due to
model complexity and high-dimensional parameter space, and it can also serve as a
method to obtain the starting estimates for more accurate estimation methods. In
addition, the proposed method does not need to specify the initial values of state
variables and preserves all the advantages of the mixed-effects modeling approach.
The finite sample properties of the proposed estimator are studied via Monte Carlo
simulations and the methodology is also illustrated with application to an AIDS
clinical data set.
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1. Introduction

Ordinary differential equation (ODE) models are widely used in such scien-
tific fields as engineering, physics, econometrics, and, recently, biomedical sci-
ences. ODE models have been applied to quantify HIV viral dynamics and have
led to many important findings for AIDS pathogenesis in the past two decades
(Ho_et_all (1995)), Perelson et al. (1996)), [Perelson et all (1997), Perelson and
Nelsonl (1999), Wu_et_all (1999), Wu and Ding| (1999), Nowak and May] (2000),
Tan_and Wul (2005)), and Wul (2005)).

In this paper, we use a two-stage method to estimate the random coefficient
parameters in ODE models for longitudinal data. In the first stage, we estimate
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the state variables and time-varying covariates, as well as their derivatives, by us-
ing local polynomial smoothing for the nonparametric mixed effects models (Wu
and Zhang| (2002))). In the second stage, a maximum pseudo-likelihood (MPL)
estimation is developed to estimate the unknown parameters, including both the
population and individual coefficients in a random coefficient ODE model. The
asymptotic properties of the proposed estimator for population parameters are
established. The spirit of two-stage method was initiated by [Varahl (1982)) who
used a cubic spline to smooth the data in the first stage, and employed the least
squares method for parameter estimation in the second stage. [Ellner, Seifu, and
Smithl (2002)) fitted the dynamic models to time series data using the local poly-
nomial regression. [Liang and Wu| (2008)) established the theoretical properties
of the method for ODE models by applying the local polynomial smoothing in
the first stage. They proved that the two-step estimator has strong consistency
and asymptotic normality. [Brunel (2008)) obtained similar asymptotic results by
using regression splines. [Chen and Wul (2008alb)) adopted a similar two-stage
method for ODE models with time-varying coefficients and also obtained the
asymptotic results for the proposed estimators. However, this literature deals
only with cross-section iid data.

Longitudinal dynamic systems (random coefficient ODE models) have been
suggested by [Putter et al. (2002), [Huang and Wu| (2006]), and Huang, Liu, and Wu
(2006), in which the hierarchical Bayesian approach was used to estimate dynamic
parameters in HIV dynamic models from longitudinal clinical data. Lahiril (2003))
proposed a spline-enhanced population model to study pharmacokinetics using a
random time-varying coefficient ODE model. |Guedj, Thiébaut, and Commenges
(2007) used the maximum likelihood approach directly to estimate unknown
parameters in random coefficient ODE models.

In this paper, we extend the two-step estimation method (Varahl (1982),
Liang and Wu| (2008)) to longitudinal dynamic systems by adopting the mixed-
effects modeling approach. The extension is not trivial. When the nonparametric
mixed-effects (NPME) modeling approach is used in the first step, we need to
resort to asymptotic independence and a pseudo-likelihood idea to derive the
parameter estimates in the second step. The asymptotic theories for the proposed
pseudo-likelihood estimator are established. We also demonstrate, via Monte
Carlo simulations, that the NPME modeling approach in the first step provides
a good estimate for the state variables and their derivatives. Thus, the proposed
method preserves the advantages of both the mixed-effects modeling approach
and the two-step estimation method for ODE models: it avoids repeatedly solving
the ODE numerically so that it is computationally efficient; it does not require
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initial values of state variables; and implementation is easy compared to the exact
maximum likelihood method for ODE models.

The remainder of this paper is organized as follows. The two-stage esti-
mation procedure is described in Section 2. The theoretical properties for the
population estimates are established in Section 3. In Section 4, we fit a viral
dynamic model to a longitudinal HIV dynamic data from an AIDS clinical study
to further illustrate the usefulness of the proposed method. In Section 5, we con-
duct simulation studies to evaluate the performance of the proposed estimates.
We conclude our paper with some discussion in Section 6. The proofs of the
theoretical results are provided in the Appendix.

2. Estimation Procedure

The proposed method is motivated by a HIV dynamic study with a popular
ODE model:

%TU(t) =\ —pTy(t) —nt)Ty )V (L),
LT1(0) = )Ty OV (1) — 5T1 (1), (2.1)
d

%V(t) = NoTy(t) — cV (t),

where Ty (t) is the concentration of uninfected target T cells, T;(¢) is the con-
centration of infected cells, and V() is the concentration of plasma virus (viral
load) at time ¢. The functions V' (t), Ty (t), and T7(t) are called state variables.
Parameter A represents the rate at which new T cells are continuously generated,
p is the death rate of uninfected T cells, n(t) is the time-varying infection rate of
T cells, d is the death rate of infected cells, ¢ is the clearance rate of free virus,
and N is the average number of virus produced from each infected cell.

In the dynamic system (2.1]), viral load V' (¢) and total CD4+ T cell counts
T(t) = Ty (t)+T7(t) can be measured in AIDS clinical studies. Using some simple
algebra, [Liang and Wu| (2008) transformed the system (2.I]) into a single ODE
model:

VI(t) = ap + o T(t) + aT'(t) — cV (1), (2.2)

where V'(t) = dV (t)/dt and T'(t) = dT'(t)/dt, and parameters ag = —NN/(p —
0), 1 = —Nbp/(p—9) and e = N6 /(p — ). Model (2.2) can be extended into
a random coefficient ODE model as

V/(tij) = aoi + a1iTy(tiz) + i T (ti5) — ciViltij), (2.3)
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with subject index ¢ = 1,...,n and the measurement index for the ith subject
j=1,...,n; In general, model (Z3]) can be written as

X{(t”) = F(Xl(tzj), Zi(ti]’), Z{(tij),ei)T, 7= 1, e,y j = 1, ey Ny, (24)

where X is a vector of state variables for the ith subject. The vector Z;(t;;) =
(Zi1(tij), - .. Zig(tij))" is a k x 1 vector of input variables (covariates) and Z/(t;;)
denotes its derivative (the notation “7” stands for transposition). F(-) = (Fi(-),

.., F4(-))" is a known linear or nonlinear function vector. The random coefficient
(unknown parameter) vector can be written as §; = 6 + bg;, where 0 (¢ x 1)
is the population parameter vector and by;’s are random components of the
parameters that are independent and identically distributed (i.i.d.) with mean
0 and covariance matrix Dy. For simplicity, we only consider the case that X;
is a univariate state variable and the ODE model (24) is linear for unknown
parameters 6;, i.e., the linear mixed-effects ODE model

X-,(tij) = F(X,L(t”), Zi(tij)7ZZ‘,(tij))Tei, = 1, N S ] = 1, e, Ny (25)

7

Note that (2.5) has no closed-form solution in general. Although the theoret-
ical results are difficult to establish and the computation is more costly, our
methodologies are applicable to general nonlinear mixed-effects ODE models
(models with nonlinear for unknown parameters). In this paper, for simplicity,
our methodology and theoretical development focus on model (Z3]).

In model (Z]), the state variable X;(¢) and input variables Z;(t), for 1 <

[ <k, are observed longitudinally, i.e., fori =1,....,n, j =1,...,n
Yi(tij) = Xi(tiy) + eiltyy), Xi(ti;) = utey) + vi(tey), (2.6)
Su(ti) = Zu(tij) + ealtij), Zu(ti;) = w(ti;) +va(ti;), (2.7)
where u(t) and u;(t) are the population mean (fixed-effect) functions of the lon-

gitudinal data; v;(¢) and v;(t), which are the subject-specific effects or random-
effect functions, model the departure of the i-th individual effect from the pop-
ulation mean functions wu(t) and wu;(t), respectively, and €;(t) and €;(t) are the
measurement error functions, respectively. Models (2.6) and (2.7) can be con-
sidered as nonparametric mixed-effects (NPME) models (Shi, Weiss, and Taylor
(1996), Rice and Wul (2001)), and [Wu and Zhang| (2002} 2000))).

In the following subsections, we introduce the two-stage estimation procedure
for the random coefficient ODE model (2.5]). The basic idea is to apply a non-
parametric smoothing approach to (2.6 and (2.7) to estimate the time-varying
state variables and input variables (covariates) as well as their derivatives in the
first stage, and then substitute the estimates from the first stage to model (2.5)
to form a parametric regression model to estimate unknown parameters in the
second stage.
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2.1. Stage I: nonparametric estimation of state variables and their
derivatives

In the first stage, we fit the NPME model (2.6) and (Z7) to obtain the
estimates of the time-varying state variables, X;(¢), and the input variables, Z;(t),
as well as their derivatives for each individual subject using the local polynomial
approach (Wu and Zhang| (2002)). Here we only present the results for the state
variable X;(t), it is the same for the input variable Z;(¢). For convenience, we
assume that the unobserved random-effect functions v;(t) are i.i.d. sampling
trajectories of the underlying Gaussian process (GP) with mean function 0 and
a covariance function 7(s,t). We also assume that the measurement errors ¢;(t)
are i.i.d. copies of a GP €(t) with mean 0 and a covariance function (s, t) =
o%(t)I(s =t), where I(-) is an index function. For i = 1,...,n, we have

v; ~ GP(0,7), € ~ GP(0,7). (2.8)

Let t;;,5 = 1,...,n; be the design time points for the ith individual subject.
The model (2.6 can be rewritten as

Yij = u(tij) + ’U@'(tij) + Ei(tij), 1=1,....,n, j=1,...,n;. (2.9)

Assume that u(t) and v;(t) are smooth functions and have up to (p + 1)-order
continuous derivatives at each time point within some interval of interest, UZ-(T) (t)
with covariance function v, (t, s), for each = 1,...,p. Then, for each t;;, u(t;;)
and v;(t;;) can be approximated by p-th degree polynomials within a neighbor-
hood of ¢, i.e.,

/ U(P)(to) D T

U(tij) [ u(t()) +u (to)(ti]’ - t()) + ...+ T(tij - t()) = Hij’p(to)ﬁ, (210)
, o (to) .

Ui(tij) ~ 'Ui(to) + 'Ui(to)(tij - to) + ...+ o) (tij — to)p = Hijm(to)bi, (2.11)

where Hijp(to) = (1, (tij — to), ey (t,;j — to)p)T, and

u® (£)17 P
3= [u(to),u'(to),..., pgto)} , b= [Ui(to),vg(to),..., L p(‘to)

]T. (2.12)

Thus, within a neighborhood of ¢y, the NPME model (2.9]) can be approximated
by a LME model
YU :ng7p(t0)ﬁ—|—ng7p(to)bi—i—Eij, 1=1,....,n, jg=1,...,n, (2.13)

where ¢;; include the measurement and approximation errors, and b; are the
random effects. Let Kj(-) = K(-/h)/h, K a kernel function and h denoting
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bandwidth. For model (ZI3]), [Wu and Zhang (2002) used a local likelihood
method to give the estimator of G and predictor of b;. Also they pointed out that
their method is equivalent to fitting the standard LME model

Vi = H[(to)B+ H(to)bi + €5, i=1,...,n, j=1,....,n, (2.14)
where }71-]- = K,ll/Z(tij — t9)Y;; is the response variable, fIij7p(t0) = Ki/Q(tij —
to)Hijp(to) are fixed-effects and random-effects covariates. Standard statistical
software packages such as the R Ime function or SAS procedure PROC MIXED
can be used to fit (2I4]).

Denote the final estimation of the state variable for individual subjects as
Xi(t) = a(t) + ;(t) and its derivative as X!(t) = @/(t) + 9}(t). By Proposition 1
in Wu and Zhang| (2002), we have

a(t) = eT{X 1 (I + GiD)'G7 't x Y20 (I 4 GiD) ™y,
W/ (t) = e3{> 1 (I + G:D) LGy 1y x Yo (I + GiD) Yy,

(2.15)
%(t) =e]D(I + G;D) g,
oi(t) = e} D(I + G; D) 'g;,
where €] is a (p + 1) vector with 1 at the kth element and 0 otherwise;
54,0 Si,1 s Sip %’,0 39i,0
i1 Si2 ot Siptil Pi1 9i,1
Gi= : : . : Wi=| . [e= . |5 (216)
Sip+l  Sip+2 o Si2p Vigp Yi,p
"
LK (ti; — ) (t; —t)"
Sig = h“Jg)“J ), r=0,...,2p; (2.17)
ot o?(tij)
n
S Kt —t)(ti; — )Y,
pip = Yo Tl z)(ﬁ Y 0 (2.18)
=1 o? (i)
. .
: [Yi; — HJ; . (t)0]
i = Z;Kh(tij —t)(tij —t)" TR 0,...,p. (2.19)
]:

Here we use local linear smoothing (p = 1) to estimate the curve functions wu(t)
and v;(t) and local quadratic kernel (p = 2) to estimate the derivative functions
u'(t) and v}(t). Similarly we can obtain the estimates of the input variable and
its derivative, Z;(t) and Z!(t).
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For bandwidth selection, there are the criteria of leave-one-subject-out cross
validation (SCV, Rice and Silvermanl (1991])) and leave-one-point-out cross vali-
dation (PCV).Wu and Zhang| (2002)) compared four bandwidth selection strate-
gies. They concluded that when estimating the individual curve, the best method
is the bias-corrected hybrid bandwidth (BCHB) and the second best is the hybrid
bandwidth (HB) method, i.e., using SCV for population curve estimate and PCV
for random-effects curve estimate. Readers are referred to[Wu and Zhang| (2002)
for details. Due to the heavy computational burden of BCHB, we prefer the HB
method here. That is, we select hop for u(t) by SCV and choose ﬁog, the band-
width for the random effects curves v;(t), by PCV. The consistency of SCV has
been proved by Hart and Wehrly| (1993). Thus the ho1 is of order N=/% where
N = Y1 ng, and ﬁoz is of order ni_l/ . However, our asymptotic theories in Sec-
tion 3 (Condition C8) requires the bandwidth to be of order O,(n~'/a,,), where
a, is a sequence going to 0 with a slower rate than log='(n). Thus, to meet this
requirement, we need to use modified bandwidths, hg; = il()l x n~ Y20 x /g,
and hoy = hog x n~Y* x m'/Sa,, where m = n/ 3" (1/n;), which is at the
same order as n;, and a, = log~(n) with ¢ being a positive number less than
1. Since the constants in the limiting bandwidths are unknown, the asymptotic
order of the bandwidths just provides us with a rough guideline for determin-
ing the practical bandwidths. Besides, for estimation of derivatives of a curve
under the framework of a nonparametric mixed-effects model, the issue of band-
width selection is not well resolved. It is an interesting research topic worthy
of more attention in the future. We adopt an ad hoc approach: apply the local
quadratic polynomial approach to fit the NPME model, and use the SCV and
PCV method to choose the bandwidths, say ﬁn and 512, to optimize the esti-
mates of u(t) and v;(t). Then, to satisfy condition (C8), we use the modified
bandwidths, hi; = ﬁll x n~1/20 % rhl/5an and hig = 512 x n~1/4 x m1/5an to es-
timate «'(t) and v}(¢). Similar ideas of partially data-driven bandwidth selection
were also used in [Carroll et al.| (1997) and [Stute and Zhul (2005)) for cross-section
iid data.

2.2. Stage II: ODE parameter estimation

The idea for ODE parameter estimation in the second stage is simple. We
substitute the estimates of X;(t), X/(t), Zi(t), and Z/(t) from the first stage
into the ODE model, say model (2.5), to formulate a regression-like model for
unknown parameters, and then apply regression approaches to obtain the param-
eter estimates. However, the justification for the estimator may not be trivial
since the formulated regression models are not standard, instead both sides of the
models are functions of the nonparametric estimates from the first stage rather
than the measurement data. The theoretical properties for the final estimator
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need to be rigorously established. In this subsection, we derive the maximum
pseudo-likelihood estimation (MPLE) method.

First we employ the linear mixed-effects regression approach (Davidian and
Giltinanl (1995), Vonesh and Chinchillil (1996)) to derive the parameter estimates
for model (Z5). We assume that the X/(t;;) are obtained by the local polynomial
mixed-effects (LP-MIX) approach from the first stage, as introduced in the last
subsection. We substitute X/(t;;) into (Z3) and it follows that

X{(tw) :F(Xi(tij),Zi(tij),Zl{(tij))Tei+Ai(ti]‘), 7= 1,...,77,, _] = 1,...,n,~,
(2.20)
where 6; = 6 + bg ;; we assume that by; ~ N (0, Dp). By (2.13)), the error term is

Aq(tij) = X{(tiy) — X(t7)

n
=ep{) (I+GD) "G}
i=1
n
X Z(I + GZD)_I@Z)Z + e;D(I + GiD)_lgi — u'(tij) — Uz/‘(tij)- (221)
i=1
In order to derive the estimates of the unknown parameters in model (2.20),
we need to study the properties of the error term A;(t). Let D = {t;;,i =
1,...,n,5 =1,...,n;} denote the collection of design time points. Let B(K) =
[K@)t*dt, V(K) = [ KX(t)dt, BE(K) = [ K(t)t'dt, C(K) = [ K?(t)t?dt. We
prove the following lemma in the Appendix.

Lemma 2.1. Under conditions (C1) to (C9) in Section 3, we have

2 43
ElADID] = " S o (i), (222)
B 2(t)C(K) ‘ _
Var [A;(t)|D] = nih3, B2(K) f(t) + Op[(nlh:b) 1]7 (2.23)

where hi1 and hia denote the bandwidths for estimating the derivatives u'(t) and
vi(t), respectively.

Let 72(t) = (¢, t) +02(t). Note that the v;(t)’s and ¢;(t)’s are mutually inde-

pendent Gaussian processes. The random vector (Yi1,...,Yin,, -, Yo1,-- -, Yon,,
v}(ti;))7 is normally distributed. Let A; = (Ai(ti1), ..., Ai(tin,))7, by (221)) a lin-
ear transformation of (Yi1,...,Yin,, ..., Y1, .., Yan,, vi(ti;)7, so A; is normally

distributed. For i # j, A; and A; are not independent, but are asymptotically
independent, defined as follows (Lahiril (2003), Hiirlimannl (2004), Draisma et al.
(2004)).
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Definition 2.1. Two sequences of random vectors {U,, } in RP and {W,} in RY,
defined on a common probability space, are asymptotically independent if there
exist constants [, > 0, s, > 0, and vectors u, € RP and w, € R? such that
the random vector (1,,[Uy, — pin]™, $n[Wn —wp]™) converges in distribution to some
random vector (U, W), and U and W are independent.

Lemma 2.2. Under the observation design D and conditions (C1) to (C9) in
Section 3, A; and Aj are asymptotically independent for i # j.

By Lemmas 2.1 and 2.2, {A;,i = 1,...,n} are normal vectors which are
mutually and asymptotically independent with asymptotic mean 0. Let X; =
(Xi(tin), -, Xi(tin,))7, Fo = {F(Xi(tir), Zi(tar), Zi(tir)), - - -, F(Xi(tin,), Zi(tin, )
ZZ/(tlm))}T» Zz = (Zi(ti1)7 ey Zi(tmi))T, and Z; = (Z{(til), P ZZ/(tml))T Since
{A;,i = 1,...,n} are asymptotically independent, we define the pseudo-likeli-
hood for model (2:20) as the product of the likelihoods for A;’s:

PL(A;, by 4| X})

n n 1 . .
= (271')7” H ‘Ri‘il/Q H exp {—2[X; — FZH — Fibgyi]TRi_l[X; — FZQ — Fibgyi]}
=1 =1

n
_ 1.
(Dol /2 T exp = 567,05 bo.: ) (2.24)
1=1

where Dy = Var (bg;) and R; = Var (A;). The pseudo-likelihood idea has been
used under different frameworks by others (Besag| (1974, [1977), [Troxel, Lipsitz,
and Harrington| (1998))), in which the correlations among dependent variables are
ignored.

If X;, Z;, and Z are exactly known, the estimate of # and the predictor of
bg; are the maximizers of (2.24]), that can be obtained as

. " -1 N
6= (ZF{V;lFi) Y FIVIIX, (2.25)
i=1 i=1
by.; = DyFIV;1(X] — F,0). (2.26)

However, in the above expressions, the X;, Z;, and Z} are not exactly known
but measured with error. Then we can substitute their estimates from the first
stage, X;, Z; and Z/ into (2Z:25) and (2.28). The final maximum pseudo-likelihood
estimates (MPLE) are

. e N S
b= (ZF;V;lFi) N ETVIIX, (2.27)
i=1 =1

bo,i = DeF] V' (X} — Fif), (2.28)
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where ¥; = {F(X;(ta), Zi(tn), Z{(ti1)), - ., F(Xi(tin,), Zi(tin,), Z{(tin;))}" and
V,; = F;DgF] +R,;. This plug-in approach for unknown state variables and their
derivatives is similar to the estimation procedure in|Gong and Samaniegol (1981)),
Liang, Wu, and Carroll (2003), Wu and Liang| (2004), and [Liang and Wul (2008)).
The computation procedure is the same as that to obtain 0 and IA)(M as the
maximum likelihood estimation for the standard LME model. For implementa-
tion, we can directly use R function Ime or SAS procedure PROC MIXED for

the model
X =F0+Fbg, + Ay i=1,...,n (2.29)

Note that we call our estimate the maximum pseudo-likelihood estimate
(MPLE). The word “pseudo” has a two-layer meaning here: the likelihood func-
tion is formulated using the concept of asymptotic independence instead of exact
independence; the unknown time-varying functions are replaced by their non-
parametric estimates.

3. Asymptotic Properties

In this section, we study the asymptotic properties of the MPLE of the
population parameters. For notational simplicity, we ignore the input or covariate
variables Z;(t) in the theoretical development, i.e., we consider the model

Xi(tij) = F(Xi(tij)) (0 + ;). (3.1)

Results still hold and the proofs are similar when the model contains the input
or covariate variables Z;(t;;) and their derivatives Z/(t;;). First we introduce the
following conditions.

C1 The design points t;5, j = 1,...,n;, ¢ = 1,...,n are i.i.d. variables with a
density function f(t).
C2 The time point ¢ is in the interior of f where f(t) # 0 and f/(¢) exists.

C3 The curves of the fixed and random effects u(t) and v;(t),i = 1,...,n, have
third order continuous derivatives at .

C4 The covariance functions ~y(s,t) of v;(t) and 7i(s,t) of v}(t) have twice-
continuous derivatives in s and ¢.

C5 The variance function of the measurement error o2(t) is continuous at ¢.

C6 The kernel function K is a bounded symmetric density function with sup-
port [—1,1] satisfying [*, K (¢)dt =1, [' K (t)dt = 0. If B(K) = [ K(t)t%dt,
V(K) = [ K*(t)dt, E(K) = [ K(t)t'dt, C(K) = [ K*(t)t?dt, then B(K),
V(K), C(K) and E(K) < +oc.

C7 Asn— +o0, n; — +00, nihi)’z — 400, niho2 — +00.
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C8 The bandwidths hg1, hg2, h11, and hqe are of order Op(n*1/4an) for the
LP-MIX estimate in Stage I, where a,, is a sequence tending to 0 at a rate
slower than log=!(n).

C9 D is a diagonal matrix, say D = diag(d3(t),d3(t)) when p = 1 and D =
diag(d3(t), d3(t),d3(t)) when p = 2, with d2(t) > 0 for r = 1,2, 3.

C10 The matrices F; and ]?‘Z are of full rank in column. The first and second
derivatives of the function F, F(z)/0x and 0?F(x)/0x? exist and are
continuous for z in its domain x. There exists a positive constant M, for
x € x, with

OF (x)
Ox

sup < M.

TEX

The conditions (C1) to (C6) and (C10) are commonly used. Conditions (C7)
and (C8) guarantee the asymptotic normality of @ in Theorem 3.2. Condition
(C9) is set for technical convenience. By (C7) and (C8), we can see that if we
have n; = O(n*), then w > 3/4.

Lemma 3.1. For the LP-MIX estimator in the first stage, under (C1) to (C9)

we have

_TMV(K)
nihoz f(t)

B )o) = 1o GLES

+op(hiy), Var [A(t)|D] +op[(niho2) ],
where T2(t) = ~(t,t) + o2(t) and A;(t) = Xi(t) — Xi(t).

The proofs of next results are in the Appendix.
Theorem 3.1. Under the conditions (C1) to (C10), the population parameter
estimator 0 is a consistent estimator of the parameter 6.

Theorem 3.2. Under the conditions (C1) to (C10),
V(- 6) <% N(0, Dy), (3.2)

where Dy = Var (bg ;).

Remark 3.1. The convergence rate of the proposed MPL estimator in Theorem
3.2 is the standard root-n, where n is the number of subjects or clusters in
the longitudinal study. This rate is the same as that of the standard LME
model (Vonesh and Chinchillil (T996))), but here we assume that the number of
measurements for each individual subject or cluster — oco. This, combined with
our model feature of the same covariate for both population parameters and
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random components of the parameters, results in a simpler asymptotic variance-
covariance matrix compared to that of the standard LME model (see details of
the proof in Appendix). Theorem 3.2 indicates that the asymptotic variance of
the proposed MPL estimator of the population parameters only depends on the
between-subject variation of the longitudinal data.

Remark 3.2. Note that if additional input variables or covariates, Z;(t;;) and
Z!(t;j) exist as in model (1)), the above results still hold. We only need to
make similar assumptions to (C3) and (C4) for Z;(t;;), and obtain the estimates
of Z;(t) and Z!(t) by using the LP-MIX with bandwidths of order n~'/4a,, as
specified in the condition (C8). The proofs of the consistency and asymptotic
normality of the parameter estimates are similar.

4. Data Analysis

We fit the random coefficient ODE model (23]) to an AIDS clinical data set
to further illustrate the usefulness of the proposed methods. The viral load and
numbers of CD44 T cells from four patients were frequently measured in this
study after initiating an antiretroviral regimen. Viral load was measured at 13
time points during the first day, 14 measurements from day 2 to week 2, and then
one measurement at each of every four weeks, for all subjects. The measurements
of total CD4+ T cell counts were also scheduled at week 2 and every four weeks.
Note that the observed viral load and concentration of CD4+ T cells are modeled
by ‘/Z(t”) and T’z(tzy) with

Vitij) = V(tij) + V" (tij) + e1i(tiy), Ti(tij) = T(tij) + T; (tij) + e2i(tij), (4.1)

fori=1,...,nand j =1,...,n;, where V(¢) and T'(¢) model population-specific
mean functions, V;*(¢) and 77" (t) model subject-specific variations from the mean
curve functions, and €1;(t) and €9;(t) are measurement errors.

In order to estimate the dynamic parameters in the original model (1), we
first apply the nonlinear regression approach and the model suggested in [Perelson
et all (1996) to estimate the parameters ¢; and ¢; for all subjects. Then we assume
that these two parameters are known and we focus on the estimation of param-
eters A, p, and N in model (Z3]). Assume that the underlying decomposition of
random coefficients «ag;, aq;, and ao;, are, respectively,

o, = o + bOia a1, = o1 + bli, Qg; = Qg + b2i7 (42)

where ag, ag, and s are fixed effects, and bgy;, b1;, and by; are random effects.
From (2.3]), we first estimate the population parameters ap, a1, and as and
individual parameters «g;, a1;, and asg; using the proposed MPL method. Then



A TWO-STAGE ESTIMATION METHOD 1157

Table 1. The estimates (95% confidence intervals) of \;, p; and N; for
individual patients and the fixed effects A, p, and N using the MPL method.
Patient A; cells/day p; day 1 N; virions/cell

1 37.8 (29.43, 272.37) 0.043 (0.034, 0.308) 497.2 (63.53, 776.38)

2 21.9 (13.17, 157.56) 0.043 (0.026, 0.323) 447.9 (24.16, 981.60)

3 43.5 (21.78, 296.14) 0.047 (0.022, 0.324) 553.6 (45.96, 1189.65)

4 28.8 (21.69, 224.34) 0.047 (0.035, 0.323) 474.4 (33.44, 713.35)

fixed effects A p N
33.5 [22.83, 215.27] 0.045 [0.030, 0.291] 497.2 [33.44, 740.45]

we recover the estimates of (A, p, N) using the relationships (Liang and Wul
(2008)): /A\Z = —&Qi/dzi, ,51 = CAkli/in, Nl = &11/51 — dgi, and for population
parameters = —&/be, p=d1/da, N = a1/ — Go.

Some outliers and the early data due to the shoulder effect (Wu and Ding
(1999)) were excluded from the model fitting. We report the estimation results
for both population (fixed-effects) and individual parameters in Table 1. The
95% bootstrap confidence interval estimates are also given in the table.

From Table 1, we can see that the MPL estimates for individual patients are
close to each other, which is not surprising since the mixed-effects model shrinks
the estimates toward the mean. The estimation results show that the proliferation
rate of uninfected CD4+ T cells is about 34 cells per day per ml blood, the death
rate of uninfected CD4+ T cells is some 0.045 with a corresponding half-life of
about 15 days, and the virus burst size (the number of virions produced per
infected cell) is about 497. These results are consistent with some of the earlier
estimates in the literature (Hellerstein et all (1999), [Haase et all (1996))). To
our best knowledge, investigators have not been able to estimate the HIV viral
dynamic parameters from clinical data directly. Liang and Wul (2008)) have made
an effort to estimate the parameters from two patients of this study, but they were
not able to estimate these parameters for all patients due to insufficient data and
convergence problem for some patients. In contrast, the proposed method allows
us to borrow information across-subjects using mixed-effects modeling approach
so that we can estimate these parameters for all patients in the study. This is
important for individualizing treatment and supporting clinical decisions.

5. Simulation Study

In this section, we report on the evaluation of the performance of the pro-
posed MPL estimate using Monte Carlo simulations based on the HIV dynamic
model (Z3)). To evaluate the estimation performance, we take the average relative
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Table 2. The AREs (%) of the MPL estimates for individual parameters
Qp;, 14, ao; and fixed effects ag, aq, ag for the first simulation scheme in
Section 5. (n =4,n; = 36).

SEEe ) Q5 Qaq; Q2 Qg Qg o%)
100 10 5.68 34.17 2293 4.81 3217 22.84
400 10 5.61 34.12 2299 4.89 32.73 22.89
100 20 6.37 35.22 2236 5.74 34.43 22.62
400 20 6.30 35.18 22.42 5.67 34.80 22.32

estimation error (ARE) of 6 as

1 O 16— 0
ARE = N; 7 x 100%,
where 6 is the estimate of 6 and N is the number of simulation runs. Two
simulation schemes were designed as suggested by the referee.

Simulation Scheme 1. To get the performance of the proposed MPL
estimate in the application in Section 4, the first simulation experiment mimics
the study. We used the estimated parameters and the estimated initial values
V;(0) and T;(0) for individual subjects in Section 4 to generate data. Since we can
only estimate T;(0), we assumed that the ratio of Ty;(0) and T7;(0) is 1 : 10 to
obtain the initial values for Ty7;(0) and 77;(0). The time varying infection rate n(t)
of T cells was set at 9 x 107°(1 — 0.9 cos(t/100)). The measurement errors e1;(t)
and €9;(t) were independently generated from normal distributions with means
zero and variances 7.1 (t,t) = 400 and 100 and 7e2(t,t) = 20 and 10, respectively.
We generated our data by numerically solving the ODE system (ZI]) via the
fourth-order Runge-Kutta algorithm, and then measurement errors were added
to the simulated data V;(t) and T;(t). For simplicity, we took 36 measurements for
each of the four patients as designed by this application study. We simulated 500
data sets and applied the proposed MPL estimation method to these simulated
data sets. Note that the Epanechnikov kernel K (u) = (3/4)(1 — u?)I(|u| < 1)
and the bandwidth selection method proposed in Section 2.1 were used in the
estimation. The fixed-effect parameters «g, a1, as and the individual parameters
api, 0, g in ([A2]) were estimated and their ARE’s are reported in Table 2.

From Table 2, we can see that the AREs of the MPL estimates for fixed
effects and individual parameters, ranging from 5% to 35%, are quite reasonable.
This suggests that our estimates of these kinetic parameters for these patients
are reliable.

Simulation Scheme 2. To further illustrate the performance for different
sample sizes, we designed the second simulation scheme as follows. First we
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chose the fixed-effect parameters as (ap, a1, a2) = (45,918, -138, -1,276), then
the random effects of parameters (bo;, b14, ba;) were generated independently from
a multivariate normal distribution with mean 0 and variance diag(104,4,36),
based on the data analysis results in Section 4. Thus the parameters aq;, a1,
ag;, and ¢; for individual subjects in model (23]) were obtained by adding the
fixed effects and random effects, together as in (£2]) . Secondly, we calculated
the parameters A;, p;, and N; for the i-th individual in original ODE model
([21)) based on their relationships with ag;, a4, ag; and ¢; (see Section 4). The
fixed effects of initial values for the state variables (Ty7(0),77(0), V(0)) were set
as (30,600, 10%). The random effects of initial values (by;(0), b7;(0), by;(0)) were
independently generated from a multivariate normal distribution with mean 0
and variance diag(4,40,10%). The time-varying infection rate of T cells for each
individual was 7;(t) = 9 x 107°(1—0.9 cos(7t/1,000)). The death rate of infected
CD4+ T cells is fixed as §; = 0.5/day and the clearance rate of virus is fixed as
¢; = 3 based on the estimates from the literature (Perelson et all (1996)). The
measurement errors €1;(t) and €y;(t) are independently generated from normal
distributions with means zero and variances 7. (¢, t) = 75[1 + 0.75 cos(t/40)] and
Ye2(t,t) = 1 [1+0.1sin(t/80)] with ~; = (50, 200) and v5 = (10, 40), respectively.
Finally, we simulated our data by numerically solving the ODE system (2.1]) via
the fourth-order Runge-Kutta algorithm, and then the measurement errors were
added to the simulated data V;(t) and T;(t).

We chose three different sample sizes for the simulated data: a) n = 8,
n; = 304Poisson(8); b) n = 8, n; = 60+Poisson(16); and c) n = 16, n; =
30+Poisson(8), where a Poisson distribution was used to mimic the unbalanced
data for individual subjects. The observation time points were equally-spaced
for simplicity: ¢;; = 0.1 x j with j = 1,2,...,n;. We carried out N, = 500 sim-
ulation runs. Similarly, we used the proposed MPL to estimate the fixed-effect
parameters (g, a1, a2) and individual parameters (i, o1i, c2;). We report the
ARE’s of these estimates in Table 3. From Table 3, we can see that the overall
performance for both population parameter estimates and individual parame-
ter estimates were reasonably good for the proposed MPL method. For larger
sample sizes, the performance of the estimator of fixed effects was better. Also,
with n; larger, the ARE’s of the MPL estimator for both fixed and individual
parameters are smaller, which suggests the importance of the sample size for
individual subjects for the proposed method, since it is necessary to obtain good
nonparametric estimates for the state variables in the first stage. The ARE’s
of individual parameter estimates are generally larger than those of fixed effects
estimates, as expected. Additional simulations were performed for the data with
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Table 3. The AREs (%) of the MPL estimates for individual parameters
Qp;, 14, a; and fixed effects ag, aq, as for the second simulation scheme
in Section 5.

n n; " Qp; ay; a; Qg a Qg
8 30+POiSSOH(8) 50 10 11.23 14.03 10.51 7.56 11.85 8.85
200 10 11.33 14.43 10.80 7.53 12.15 9.12
50 40 18.63 25.01 19.73 13.39 20.57 17.10
200 40 18.67 25.26 20.29 13.53 21.26 17.97
8 60+POiSSOH(16) 50 10 4.98 11.43 6.44 3.85 9.52 5.71
200 10 4.99 11.44 6.43 3.83 9.58 5.74
50 40 8.55 18.43 9.04 7.06 15.48 7.34
200 40 8.65 18.66 9.18 7.16 15.59 7.42
16 30+Poisson(8) 50 10 7.51 10.00 8.27 5.99 9.59 7.46
200 10 7.73 9.95 8.27 6.34 9.56 7.52
50 40 9.14 17.38 11.69 6.59 15.76 9.75
200 40 9.25 17.71 11.93 5.68 15.85 9.64

missing completely at random (MCAR) and with outliers, the results and con-
clusions are similar to the data with random early drop-out. These simulation
results are not shown here.

6. Discussion

Differential equation models have been widely used to describe dynamic
processes. However, the statistical literature is scant on the problems of param-
eter estimation and statistical inference for ODE models. Recently this field
has started to attract more attention from the statistical research community
(Putter et all (2002), Lahiri (2003)), Huang, Liu, and Wyl (2006), |Guedj, Thiébaut,
and Commenges (2007)) [Ramsay et al.| (2007), [Chen and Wul (2008allb)) Liang and!
Wul (2008); Miao et al.l (2009)). However, the statistical research for ODE models
is still in its infancy and there are many unresolved methodological problems. In
particular, the theory is not well established for many proposed statistical meth-
ods. We have extended the two-stage approach (Varahl (I982), [Chen and Wul
(2008alb)), Liang and Wul (2008])) to fit longitudinal data to random coefficient
ODE models. We derived the maximum pseudo-likelihood estimator (MPLE)
and established its asymptotic properties.

The proposed method has some advantages that have been listed in the
Introduction, but our approach also inherits some limitations of the two-stage
methods. These include a reduced estimation efficiency since the estimated state
variables from the first stage, instead of the data, are used in the ODE parameter
estimation in the second stage. This is the price that the proposed method has
to pay in order to achieve computational efficiency. In fact, the proposed method
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can be combined with the exact maximum likelihood approach (Guedj, Thiébaut,
and Commenges| (2007)) to improve the estimation efficiency, which is a worthy
topic for future research.

We have worked under the assumption that the second stage parametric
model is linear in unknown parameters so that the linear mixed-effects (LME)
model can be used. However, the proposed estimation procedure is applicable to
a general nonlinear model in the second stage. In this case, however, the nonlin-
ear mixed-effects model (Davidian and Giltinanl (1993)), Davidian and Giltinan
(1995)), Vonesh and Chinchillil (1996)) instead of LME model, should be fitted in
the second stage. The theoretical development is also more tedious in the nonlin-
ear model case. We considered a single ODE model for notational simplicity and
computational convenience, but our method can be generalized to multivariate
ODE models. It is still an open question how to use the two-stage approach
to deal with latent (unmeasurable) state variables. In this paper, we employed
the local polynomial nonparametric approach in the first stage. In fact, many
other nonparametric smoothing methods such as regression splines, smoothing
splines, and penalized splines (Wu and Zhang| (2006)) can be used to fit the non-
parametric mixed-effects model in the first stage. Also note that the standard
regression estimation for each individual subject, instead of a mixed-effects re-
gression model, can be used to estimate the unknown parameters in the second
stage, though this may fail if the data from some individual subjects are too
sparse. Our methodological development is motivated by HIV dynamic studies,
but we also expect that our method can be applied to other ODE models with
longitudinal data.
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Appendix

Proof of Lemma 2.1. For estimating the derivatives «/(¢) and v.(¢), a local
quadratic (p = 2) linear mixed-effects (LME) model is used, i.e.,

$i,0 Si,1 Si,2 () g 0 nih?B(K)
Gi = Si,l Si,g Si,g = B} 0 nZhQB(K) 0
54,2 Si,3 Si4 7 (t) nthB(K) 0 nzh4E(K)
x[1 4 O,((n;h)~1/?)]. (A1)

Since (C9), D = diag(d3(t),d3(t), d3(t)), it follows that

BE(K)d2(t)
oy [ mEE-BRy O mhtB(K)
Gipen o) o B0 0
i 10) mheBR) @)
n:h?B(K) 0 A ER-BIR)

When different bandwidths, h1; and hi2, are used to estimate u/(¢) and v}(t), the
h in (AJ) and (A22) can be replaced by hi; and hi2. We prove the lemma in the

following three steps.
Step 1. By the proof of Theorem 1 in [Wu and Zhang] (2002), we have

" 1
es{d (I+GD)'G;"} ' x (I+G;D)"'G; = [+ Op(n;H)lel. (A.3)
k=1

Recall the expression for 4(t) in (2.15). We have

i'(t) — ' (t)

I Kh 1ty —t)
I 1 T ) J
= { g g e2G H;j;o 02—(t)

=1 j=1

L A\2
< [utg) —utt) — (b — 1y (1)~ L]

12295G YHijo(t W[w(tij)Jrei(tij)]}[l+0p(1)]

=1 j=1

hllu( )( ) ol th

SB(K [1+0p(1)]. (A.4)

The {&1;(t),i = 1,...,n} are independent. Here H;jo(t) = (1, (tij —t), (tij —t)*)"
and Kh,ll(') = hl_llK(~/h11>.
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Step 2. By the proof of Theorem 1 in [Wu and Zhang| (2002)), we have e D(I +
G;D)7'G; = el + 0,(1). Then, based on 9'(t) given in (ZIF) in Section 2, we
obtain that

K 1o(tii —t
Ze G Hyy (1 h,122( j—t)
o (tij)

1111

{ZGEG Hij2 M[W@ij%ﬂi%)]

o?(tij)

_1 ZZQEG 1Hzg2 Kh 12( Z] t) [Ui(tij)+€i(tij)]}[1+0 (~ —1)]

== o*(t)
|:£21 —*Zﬁzz ]1+0p 1]

Step 3. In summary,

2 W
0= [hh 3!3(25)(1() FEai(t) il 12512 - *2‘521

[140p(1)],

where {£15(t),s = 1,...,n} and {&(t),i = 1,...,n} are series of i.i.d. random
variables with mean 0. We have

_ T*(t)C(K) _
Var (§2i(1)[D) = d%(t) + nih?QBZ(K)f(t) + Op[(”ihi’Q) 1]- (A.5)
Consequently, Var (n™2 3" &9, () —n ™1 300, &:(1)|D) = Op[(nn;h3)~1]. Under

(C7), similarly, n=t 31 &i(t) — n7 Y00 €9i(t) = Op[(nn;h®)~1/2]. On the
other hand,

T*()C(K)
nih$y B2 (K) f(t)

Var (&2i(t) — vi(t|D) = + 0p[(nihy) "1/, (A.6)
Therefore, by (C7), n= 13" &i(t) — n~ 1 D0 | &i(t) is of higher order than
&2i(t) — vi(t). Finally,

hi ul® () B(K)

Ai(t) = STB(K) + &2i(t) — Vj(t) + op[hd) + (nikiy) 7, (A7)
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By (A7) and (A.6), we conclude that
W) () B(K)
3!B(K)
*()C(K)
nihi, B2(K) f(t)
This completes the proof of Lemma 2.1.

E[A;(t)|D] = +op(hiy),
(A.8)

Var [A;(t)[D] = +opl(nihiiy) 7.

Proof of Lemma 2.2. By (A1) in the proof of Lemma 2.1, it is easy to de-
rive that Cov(A;(t1), Aj(t2)|D) = 0,[(nih3y) 7. Let u(t) = (3!B(K)1)h} E(K)
u®(t). Note that A;(t;) and Aj(t2) are normal vectors. Thus

(/o) = el 162 ~ ()]

K 2(t) T3t
AN (0, CQ( ) diag (T ( 1),T (2))>
B*(K) f(t) " f(t2)
By Definition 2.1, under the design ©, A;(¢1) and Aj(t2) are asymptotically
independent for ¢ # j. Then it is obvious that the vectors A; and A; are
asymptotically conditionally independent.

Proof of Lemma 3.1. Let H;;:(t) = (1,t;; —t)7. Similar to proof of Lemma
2.1, we have

Ailt) = { >° Y €67 i) = [u(t) — (o) - (1~ 00 (1)
=1

+ &3i(t) — vi(t) [ [1 + op(1)],

2
where
A Kppo(tij — 1)
ailt) = Y €T Gy Hyyn () — 5~ —[ui(tij) + ei(tij)].
=1 o?(tis)
Obviously E(&3:(t)|®) = 0, and the conditional variance of &3;(t) is
_ T(V(K)

Var (&3(t) — vi(1)|D) + op[(nihoz) ™'].

niho2 f(t)

So in summary, we find

13,u® (1) B(K)
2

E(A@)|D) = +0p(hfy),
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_ TV(K)

nihoa f(t)
The proof of Lemma 3.1 is completed.
Proof of Theorem 3.1. Note that 0 =2 F[Y;lf‘j]*l[g?ﬂ FIV;1X/] in
(m, where Fz = (F(Xl(tll)), ey F(Xl(tlnl)))T, ‘7Z = FngFZ— + Rz FiI‘St, for
the matrix, V 1 we have

Var(Ai(t)D) + 0p[(niho2) 1.

Vit =R;'-R;'Fy(D, +FIR;'F,)'FIR; L (A.9)
Then
FTVE,
=F/R;'F; - F]R; 'F; {De‘l + F{R;ll?i}fl FIR;'F;
=F/R;'F; — (F/R; 'F)"?
x { (BTR; B~ Dy A (BT RR) T2 + I}_l (FTR;F;)Y/2,(A.10)
and furthermore,
[(B7R; "By) /2D, 2D, A (BT R ) 2 1)
— I (B[R 2D, V2 14 Dy TR E) D, ]
x Dy P (BTR TR, (A11)

Substitute into (A.10). Note that R; is the variance-covariance matrix of
A; and each element of R; is 0,(1). F is a n; X ¢ matrix. So each element of
(FTR; 'F;)~! goes to +00 as n; — +oo. With (FTR; 'F;)~! = 0,(1), we have

A A ~ ~ ~ -1
FIVUR = D, 14+ Dy A ER R D, A Dy
= D;1/2[1+ Op(l)]le;1/2 _ Dg_l + Op(l). (A].Q)

Similarly, F]V;'F; = D, ' +0,(1). So we have 31| FTV1F; = nDy ! +0,(n).
For notation simplicity, we use b; to represent the random component of ;.
Moreover, we have

n
S FIVIIX) =) FIV U F 4+ Fbi + Al
=1 =1

=[nDy'0+ Dy > b+ > FTVTA[1+0,(1)].
=1 =1
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Consequently, it is obvious that
6={D;" +0p(1)}
1
{ D, 0+ D, Zb + = ZFTV 1A}[1+0p(1)] (A.13)
=1
By a similar procedure from (A10) to (AI2),
1= e 1 ¢ . L
Y FIVIIA; =) DAFREF)TIRRAN 1)].
nZZ:; 7 7 HZ_: 0 ( 7 ) 7 [ +OP( )]

By Lemma 2.1, E(A;|®) = O,(h?,), one has

ZD (F;R;'F)TI'FRAD) = Oy(h3,). (A.14)

By Lemma 2.2, A; and A are asymptotically independent. Since (FZR; Ig)-1
= op(1),

1 1 L L frr e 1 1 e
Var(;ZDo (FTR; ') 'FR; Aim)_nz;pe (FTR;'F,) ' D;
= op(n ). (A.15)
Then based on ([A.14) and (A.15),
1 n frire -
S TEIVIIAL = Oyl + op(n ). (A.16)
i=1

On the other hand, n=' 31" | b; = Op(n~'/?). Then by (AI3), 0 =0+ op(1),
and 6 is a consistent estimator of 6.

Proof of Theorem 3.2. First, we can rewrite § = [n~! Sy FZV;lf‘z]_l
[n=1 3" FIV X/, By (AI2), we have

6—0 (A.17)
—1ZFTV g _1ZFTV 1)(’—n—lZFTV 1F0)
= =1
=D, + 0,(1)]” *1ZFTV (F; — F)H—HleFTV A,
=1

IZFT 1Fb
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n 1 <X . A /
=n! Z b; + Op(nfl/Q) + Dy n Z FIViiA; - n Z F VAR
i=1 =1 =1
X[1+ 0,(1)], (A.18)

where F;k = (F(Xz(tzl) =+ ¢i1 * Az’(til)); ... 7F(X7,(tznl) + ¢zn, * Az(tznl)))Ta F:{,
denotes the derivative of F}, and {¢i1, ..., ¢in, } is a series of numbers between
0 and 1. A; = diag(Ai(ti1)), ..., Ai(tin;))). Then by (AI6]), we can obtain that

I~ -
S DFTV A= 0y(hhh) + op(n ),
i=1
Similarly, we find

1 — . ,
= DRV AF; 0 = Oy(hgy) + 0p(n~1/?).
n

=1

Under condition (C8), hoy = 0,(n""/4), h11 = 0,(n=*), so

1 & . _ 1 — N o _
w2 DIV A= o™, 03 DoFiVIIAFTO = opn”2)

Thus, under (C8) and based on (AIR), we represent 6 — 6 as
R 1 &
b—0=-> b —1/2),
n Zz; + op(n )

It is assumed that {b;,;i = 1,...,n} are i.i.d. random vectors with mean 0 and

variance matrix Dg. By Central Limit Theorem, we get /n(0 — 6) 4N (0, Dy),
the conclusion of Theorem 3.2.
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