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In the supplementary material the proofs of Theorem 1 and Theorem 2

are given.

S1 Proofs

In the proofs of Theorem 1 as well as in the proof of Theorem 2 we will need

two auxiliary lemmas. In order to formulate our first auxiliary result, we

need the notion of covering numbers. Denote by N1(ε,G, xn1 ) the size of the

smallest L1 norm ε-cover of a set of functions G on xn1 = (x1, . . . , xn) ∈ Rd,

where a L1 norm ε-cover is a finite collection of functions g1, . . . , gN :

Rd → R with the property that for every g ∈ G there exists a j = j(g) ∈
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{1, . . . , N} such that

1

n

n∑
i=1

|g(xi)− gj(xi)| < ε.

S1.1 Auxiliary Lemmas

Lemma 1. Let n ∈ N, let Zt1 , . . . , Ztn be independent random variables with

values in Rd, ti = i/n for i = 1, . . . , n and some sequence (εn)n∈N ∈ R+\{0}.

Let Gn be a set of functions g : [0, 1]× Rd → [0, Bn] such that

1

n

n∑
i=1

g(ti, xi) ≤ νn (g ∈ Gn, (t1, x1), . . . , (tn, xn) ∈ [0, 1]× Rd) (S1.1)

for some sequences (Bn)n∈N, (νn)n∈N ∈ R+\{0}. Set

(t̄, Z̄) = ((t1, Zt1), (t2, Zt2), . . . , (tn, Ztn)) .

Then n ≥ 8Bnνn/ε
2
n implies

P

{
∃g ∈ Gn :

∣∣∣∣∣ 1n
n∑
i=1

g(ti, Zti)− E

{
1

n

n∑
i=1

g(ti, Zti)

}∣∣∣∣∣ > εn

}
≤ 8 · sup

(t̄,z̄)∈([0,1]×Rd)n
N1

(εn
8
,Gn, (t̄, z̄)

)
· e−

n·ε2n
128·Bn·νn .

In Lemma 1 there may be some measurability problems because the

supremum is taken over a possible uncountable set. In order to avoid that

the notation becomes too complicated, we will ignore these problems and

refer to van der Van der Vaart and Wellner (1996), where such problems

are handled very elegantly by using the notion of outer probability. In the



S1. PROOFS3

proof we extend the arguments of the proof of Theorem 9.1 in Györfi et al.

(2002).

Proof of Lemma 1.

Step 1: Symmetrization by a ghost sample.

Choose random variables Z ′t1 , . . . , Z
′
tn , such that Zti , Z

′
ti

are identically dis-

tributed for i = 1, . . . , n and Zt1 , . . . , Ztn , Z
′
t1
, . . . , Z ′tn are independent. Set

Z̄ ′ = (Z̄ ′t1 , . . . , Z̄
′
tn). Let g∗ be a function g ∈ Gn, such that

∣∣∣∣∣ 1n
n∑
i=1

g(ti, Zti)− E

{
1

n

n∑
i=1

g(ti, Zti)

}∣∣∣∣∣ > εn,

if there exists any such function, and let g∗ be an arbitrary function in Gn,

if such a function does not exist. By Chebyshev’s inequality we have

P

(∣∣∣∣E{ 1

n

n∑
i=1

g∗(ti, Z
′
ti

)

∣∣∣∣ Zn
1

}
− 1

n

n∑
i=1

g∗(ti, Z
′
ti

)

∣∣∣∣ > εn
2

∣∣∣∣ Zn
1

)
≤ 4

ε2nn
2
·

n∑
i=1

Var{g∗(ti, Z ′ti) | Z
n
1 }

≤ 4 ·Bn

ε2nn
2
· E
{ n∑
i=1

g∗
(
ti, Z

′
ti

) ∣∣∣∣ Zn
1

}
≤ 4 ·Bn · νn

ε2n · n
,

where we have used the independence of Z ′t1 , . . . , Z
′
tn , the upper bound Bn

of the functions g ∈ Gn and assumption (S1.1). Consequently, we have for
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n ≥ 8Bnνn/ε
2
n:

P

(
∃g ∈ Gn :

∣∣∣∣ 1n
n∑
i=1

g(ti, Zti)−
1

n

n∑
i=1

g(ti, Z
′
ti

)

∣∣∣∣ > εn
2

)
≥ P

(∣∣∣∣ 1n
n∑
i=1

g∗(ti, Zti)− E

{
1

n

n∑
i=1

g∗(ti, Z
′
ti

)

∣∣∣∣ Zn
1

}∣∣∣∣ > εn,∣∣∣∣ 1n
n∑
i=1

g∗(ti, Z
′
ti

)− E

{
1

n

n∑
i=1

g∗(ti, Z
′
tti)

∣∣∣∣ Zn
1

}∣∣∣∣ ≤ εn
2

)
= E

{
1{∣∣ 1

n

n∑
i=1

g∗(ti,Zti )−E
{

1
n

n∑
i=1

g∗(ti,Z′ti
)

∣∣ Zn1}∣∣>εn}
·P
(∣∣∣∣ 1n

n∑
i=1

g∗(ti, Z
′
ti

)− E

{
1

n

n∑
i=1

g∗(ti, Z
′
ti

)

∣∣∣∣ Zn
1

}∣∣∣∣ ≤ εn
2

∣∣∣∣ Zn
1

)}
≥ 1

2
·P
(∣∣∣∣ 1n

n∑
i=1

g∗(ti, Zti)− E

{
1

n

n∑
i=1

g∗(ti, Z
′
ti

)

∣∣∣∣ Zn
1

}∣∣∣∣ > εn

)
=

1

2
·P
(
∃g ∈ Gn :

∣∣∣∣ 1n
n∑
i=1

g(ti, Zti)− E

{
1

n

n∑
i=1

g(ti, Zti)

}∣∣∣∣ > εn

)
.

Step 2 (introduction of additional randomness by random signs) and

Step 3 (conditioning and introduction of a covering) are analogously to

Step 2 and Step 3 of the proof of Theorem 9.1 in Györfi et al. (2002). We

will only state the results of these steps. For independent and uniformly over

{−1, 1} distributed random variables U1, . . . , Un, which are independent of
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Zt1 , . . . , Ztn , Z
′
t1
, . . . , Z ′tn , we have

P

(
∃g ∈ Gn :

∣∣∣∣ 1n
n∑
i=1

g(ti, Zti)−
1

n

n∑
i=1

g(ti, Z
′
ti

)

∣∣∣∣ > εn
2

)
≤ 2 · sup

(t̄,z̄)∈([0,1]×Rd)n
N1

(εn
8
,Gn, (t̄, z̄)

)
· max
g∈Gn, εn8

P

(∣∣∣∣∣ 1n
n∑
i=1

Ui · g(ti, zti)

∣∣∣∣∣ > εn
8

)
,

where Gn, εn
8

is an L1
εn
8

-cover on (t̄, z̄) of minimal size.

Step 4: Application of Hoeffding’s inequality.

Since U1 · g(t1, Zt1), . . . , Un · g(tn, Ztn) are independent random variables

with

−g(ti, zti) ≤ Ui · g(ti, zti) ≤ g(ti, zti) for i = 1, . . . , n,

we obtain by using Hoeffding’s inequality, the upper bound of g ∈ Gn and

(S1.1)

P

(∣∣∣∣∣ 1n
n∑
i=1

Uig(ti, zti)

∣∣∣∣∣ > εn
8

)
≤ 2·exp

− 2 · n ·
(
εn
8

)2

1
n

n∑
i=1

|g(ti, zti)− (−g(ti, zti))|2



≤ 2·exp

− 2 · n ·
(
εn
8

)2

4Bn
n
·
n∑
i=1

g(ti, zti)


≤ 2·exp

(
− nε2n

128Bnνn

)
.

All four steps considered, the assertion of the lemma is proven. �
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Lemma 2. Let

Ḡn :=

{̄
g : [0, 1]×Rd → [0, dn] : ḡ(u, x) = cu ·1{m(u,x)≤y} ·K

(
t−u
hn,1

)
((u, x) ∈ [0, 1]× Rd), t ∈ [0, 1], y ∈ R

}
,

where cu ∈ [0, dn] for all u ∈ [0, 1] and dn ∈ R+. Let the kernel K and m

be defined as in Theorem 2. Then for any (un1 , x
n
1 ) ∈ Rn×Rn and 0<εn<

dn ·K(0)/2 it holds

N1(εn, Ḡn, (un1 , xn1 )) ≤ c13 · n ·
(
dn
εn

)8

for some constant 0 < c13 <∞.

In the proof of Lemma 2 we need the notion of VC–dimension. Denote by

VA the VC–dimension of a class of subsets A 6= ∅ of Rd, which is defined by

VA = sup{n ∈ N : S(A, n) = 2n},

where S(A, n) is the n-th shatter coefficient of A, i.e.

S(A, n) = max
{z1,...,zn}⊆Rd

|{A ∩ {z1, . . . , zn} : A ∈ A}|.

Proof of Lemma 2. The proof is based on parts of the proof of Lemma 3.2

in Kohler, Krzyżak and Walk (2003). First, we observe that

N1(εn, Ḡn, (un1 , xn1 )) ≤ N1

(
εn
dn
,Gn, (un1 , xn1 )

)
, (52)
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where Gn is a set of functions defined as

Gn :=

{
g : [0, 1]× Rd → [0, K(0)] : g(u, x) = 1{m(u,x)≤y} ·K

(
t− u
hn,1

)

((u, x) ∈ [0, 1]× Rd), t ∈ [0, 1], y ∈ R

}
.

Let g1, . . . , gN : R × Rd → R be an minimal εn-cover of Gn, i.e. for every

g ∈ Gn there is a j = j(g) ∈ {1, . . . , N} such that

1

n

n∑
i=1

|g(ui, xi)− gj(ui, xi)| < εn.

Then ḡ1, . . . , ḡN : R× Rd → R, where

ḡj(u, x) = cu · gj(u, x) for all (u, x) ∈ R× Rd, j = 1, . . . , N,

is an δn-cover of Ḡn for δn = dn · εn, since

1

n

n∑
i=1

|ḡ(ui, xi)− ḡj(ui, xi)| =
1

n

n∑
i=1

|cui · g(ui, xi)− cui · gj(ui, xi)|

≤ dn ·
1

n

n∑
i=1

|g(ui, xi)− gj(ui, xi)|

< dn · εn.

Hence, we have proven (52). Next, we bound N1

(
εn
dn
,Gn, (un1 , xn1 )

)
. Since

the functions are bounded, the proof of Lemma 16.5 in Györfi et al. (2002)

implies that

N1

(
εn
dn
,Gn, (un1 , xn1 )

)
≤ N1

(
εn

2dn
,Gn,1, un1

)
·N1

(
εn

2dn ·K(0)
,Gn,2, (un1 , xn1 )

)
(53)
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for

Gn,1 =

{
g1 : R→ [0, K(0)] : g1(u) = K

(
t− u
hn

)
(u ∈ R), t ∈ [0, 1]

}
,

Gn,2 =

{
g2 : [0, 1]×Rd → [0, 1] : g2(u, x) =

(
1(−∞,y]◦m

)
(u, x)

((u, x)∈ [0, 1]×Rd), y∈R
}
,

where 1(−∞,y] ◦ m is the composition of the indicator function and the

function m. Next, we show

N1

(
εn

2 · dn
,Gn,1, un1

)
≤ 3 ·

(
6e · dn
εn

)8

. (54)

By Lemma 9.2 und Theorem 9.4 Györfi et al. (2002) we obtain

N1

(
εn

2 · dn
,Gn,1, un1

)
≤ 3 ·

(
4e·dn
εn
· log

(
6e·dn
εn

))max

{
2,VG+n,1

}

≤ c13

2
·
(
dn
εn

)2·max

{
2,VG+n,1

}

for some constant c13 > 0, where VG+n,1 is the VC-dimension of the class of

all subgraphs of Gn,1, i.e., of

G+
n,1 = {{(u, s) ∈ R× R, g1(u) ≥ s} : g1 ∈ Gn,1} .

Thus, it suffices to bound the VC-dimension of G+
n,1. For this purpose

we use the fact that K is left-continuous as well as monotonically decreasing

on R+ and has a compact support, and get for s > 0

K

(
t− u
hn

)
≥ s ⇐⇒

∣∣∣∣t− uhn

∣∣∣∣ ≤ φ(s) ⇐⇒ t2− 2ut+u2−φ2(s) ·h2
n ≤ 0
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for φ(s) = sup{z ∈ R : K(z) ≥ s}. Consider the set of functions

G̃n,1 = {gα,β,γ,δ : R× R→ R, gα,β,γ,δ(u, v) = αu2 + βu+ γv2 + δ,

(u, v) ∈ R× R, α, β, γ, δ ∈ R}.

If for a given collection of points {(ui, si)}i=1,...,n, where si > 0 for i =

1, . . . , n, the set {(u, s) : g1(u) ≥ s} for g1 ∈ Gn,1 chooses the points

{(ui1 , si1), . . . , (uil , sil)}, i.e.

{(u, s) : g1(u) ≥ s} ∩ {(ui, si)}i=1,...,n = {(ui1 , si1), . . . , (uil , sil)},

then there exist α, β, γ, δ ∈ R such that for gα,β,γ,δ ∈ G̃n the equality

{(u, s) : gα,β,γ,δ(u, s) ≥ 0} ∩ {(u1, φ(s1)), . . . , (un, φ(sn))}

= {(ui1 , φ(si1)), . . . , (uil , φ(sil))}

holds. Therefore,

VG+n,1 ≤ V{{(u,v): gα,β,γ,δ(u,v)≥0}: g∈G̃n} ≤ 4,

where we have used Theorem 9.5 from Györfi et al. (2002) in the last in-

equality. The proof of (54) is complete.

Next, we observe that for

Gn,3 =
{
g3 : R→ [0, 1] : g3(w) = 1(−∞,y](w) (w ∈ R), y ∈ R

}
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it holds

N1

(
εn

2dn ·K(0)
,Gn,2, (un1 , xn1 )

)
= N1

(
εn

2dn · 2K(0)
,Gn,3, vn1

)
,

where vi ∈ vn1 is defined as vi = m(ui, xi) for i = 1, . . . , n.

Finally, we boundN1

(
εn

2dn·K(0)
,Gn,3, vn1

)
using the n-th shatter coefficient

S(A, n) of the set A. Since Gn,3 is a set of indicator functions 1A with

A ∈ A = {(−∞, y] : y ∈ R}, we have

N1

(
εn

2dn ·K(0)
,Gn,3, vn1

)
≤ S(A, n) ≤ n+ 1 ≤ 2n

for n ∈ N, where the last two inequalities follow from Theorem 9.3 and

Example 9.1 in Györfi et al. (2002). The assertion is implied by (53), (54)

and the last result. �

S1.2 Proof of Theorem 1

To prove Theorem 1, we need three auxiliary lemmas.

Lemma 3. Assume that GYt(qYt,α) = α and that the kernel K is defined

as in Theorem 1. Furthermore, assume that (2.6) holds and that t1, . . . , tn

are equidistant in [0, 1]. Then we have on the event that Y
(t1)

1 ,. . . ,Y
(tn)
n are



S1. PROOFS11

pairwise disjoint that for any t∈ [0, 1] it holds

|GYt(qYt,α)− ĜYt(q̂Yt,α)| ≤ c14

n · hn

for some constant c14 > 0 and n ∈ N sufficiently large.

Proof of Lemma 3. On the event that Y
(t1)

1 , . . . , Y
(tn)
n are pairwise disjoint

ĜYt is a cdf. with n jumps, and the jumps sizes are bounded from above by

K(0)∑n
j=1 K

(
ti−tj
hn

) (i = 1, . . . , n).

By assumption (2.4), Lemma 5 from Bott et al. (2017) and assumption

(2.6), we have

n∑
j=1

K

(
t− tj
hn

)
≥ c15 · n · hn (t ∈ [0, 1]),

for some constant c15 > 0 and sufficiently large n ∈ N. This implies

α ≤ ĜYt(q̂Yt,α) ≤ α +
c14

n · hn

for some constant c14 > 0 and n large enough. Using GYt(qYt,α) = α we get

the assertion.

Lemma 4. Assume that the kernel K is nonnegative and satisfies assump-

tion (2.4) of Theorem 1. Assume further that the function t 7→ GYt(y)

for y ∈ R is Hölder continuous with Hölder constant C > 0 and Hölder

exponent p ∈ (0, 1], i.e.

|GYs(y)−GYt(y)| ≤ C|s− t|p for all s, t ∈ [0, 1] and all y ∈ R,
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and assume that

n · hn →∞ for n→∞. (S1.2)

Then for any t ∈ [0, 1] and equidistant t1, . . . , tn ∈ [0, 1] we have

sup
y∈R

∣∣∣GYt(y)− E{ĜYt(y)}
∣∣∣ ≤ c16 · hpn

for some constant c16 > 0 and sufficiently large n ∈ N.

Proof of Lemma 4. We have

sup
y∈R

∣∣∣GYt(y)− E{ĜYt(y)}
∣∣∣

= sup
y∈R

∣∣∣∣∣∣GYt(y)−

∑n
i=1 E

{
1(−∞,y](Y

(ti)
i )

}
·K
(
t−ti
hn

)
∑n

j=1K
(
t−tj
hn

)
∣∣∣∣∣∣

= sup
y∈R

∣∣∣∣∣∣GYt(y)−

∑n
i=1 GYti

(y) ·K
(
t−ti
hn

)
∑n

j=1K
(
t−tj
hn

)
∣∣∣∣∣∣

≤ sup
y∈R

∑n
i=1 |GYt(y)−GYti

(y)| ·K
(
t−ti
hn

)
∑n

j=1K
(
t−tj
hn

)
≤

∑n
i=1C · |t− ti|p ·K

(
t−ti
hn

)
∑n

j=1K
(
t−tj
hn

)
≤ c16 · hpn

for some constant c16 > 0 and n ∈ N sufficiently large. Here the case 0/0

does not occur for n sufficiently large, since we get with assumption (S1.2)

0 ≤ lim sup
n→∞

sup
t∈[0,1]

min
j=1,...,n

|t− tj|
hn

≤ lim sup
n→∞

1

n · hn
≤ α.

�
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Lemma 5. Assume that the kernel function K is defined as in Theorem 1.

Let t1, . . . , tn be equidistant in [0, 1]. Assume further that (2.5) and (2.6)

hold. Then there exist constants c17, c18, c19 > 0 such that

P

 sup
t∈[0,1], y∈R

∣∣∣ĜYt(y)− E{ĜYt(y)}
∣∣∣ > c17 ·

√
log (n)

nhn


≤ c18 · n9 · exp(−c18 · log(n)).

Proof of Lemma 5. By the definition of ĜYt(y) and the fact that K is

nonnegative, we get

P

 sup
t∈[0,1], y∈R

∣∣∣ĜYt(y)− E{ĜYt(y)}
∣∣∣ > c17 ·

√
log (n)

nhn



= P

sup
t∈[0,1],
y∈R

∣∣∣∣∣∣∣∣
n∑
i=1

(
1(−∞,y](Y

(ti)
i )−E

{
1(−∞,y](Y

(ti)
i )
})
K
(
t−ti
hn

)
n∑
j=1

K
(
t−tj
hn

)
∣∣∣∣∣∣∣∣ > c17

√
log (n)

nhn


≤ P

(
sup

t∈[0,1], y∈R

∣∣∣∣∣ 1n
n∑
i=1

(
1(−∞,y](Y

(ti)
i )−E

{
1(−∞,y](Y

(ti)
i )

})
K

(
t−ti
hn

)∣∣∣∣∣
> inf

t∈[0,1]
c17 ·

√
log (n)

nhn
· 1

n

n∑
j=1

K

(
t−tj
hn

))
(S1.3)

for some constant c17 > 0. Using that K is bounded from below by an

uniform kernel and Lemma 5 from Bott et al. (2017), we obtain

inf
t∈[0,1]

n∑
i=1

K

(
t− ti
hn

)
≥ inf

t∈[0,1]
c2

n∑
i=1

1[−α,α]

(
t− ti
hn

)
≥ c2 · (αnhn − 2)

≥ c18 · nhn (S1.4)
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for some constant c18 > 0 and n ∈ N sufficiently large, where the last

inequality follows from assumption (2.6). Hence, the probability on the

right-hand side of (S1.3) can be bounded from above by

P

(
sup

t∈[0,1], y∈R

∣∣∣∣∣ 1n
n∑
i=1

(
1(−∞,y](Y

(ti)
i )− E

{
1(−∞,y](Y

(ti)
i )

})
K

(
t− ti
hn

)∣∣∣∣∣
> c17 · c18 ·

√
log (n)

nhn
· hn
)

= P

(
∃g ∈ Gn :

∣∣∣∣∣ 1n
n∑
i=1

g
(
t̄(i), Ȳ(i)

)
− E

{
g
(
t̄(i), Ȳ(i)

)}∣∣∣∣∣
> c17 · c18 ·

√
log (n)

nhn
· hn
)

(S1.5)

for sufficiently large n ∈ N,

(t̄, Ȳ ) =
(

(t1, Y
(t1)

1 ), (t2, Y
(t2)

2 ), . . . , (tn, Y
(tn)
n )

)
and

Gn =

{
g :R×R→ [0, K(0)] : g(u, x) =K

(
t−u
hn

)
1(−∞,y](x)

((u, x)∈R×R),t ∈ [0, 1], y∈R
}
.

Next, we will apply Lemma 1 to the last probability in (S1.5). The assump-

tions of Lemma 1 are satisfied for νn = c19 ·hn, εn = c17 · c18 ·
√

log (n)hn
n

and

Bn = K(0):
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Since K satisfies (2.4) and lim
n→∞

nhn =∞ follows from assumption (2.6), we

have according to Lemma 5 from Bott et al. (2017) for all g ∈ Gn

n∑
i=1

g
(
t̄(i), Ȳ(i)

)
≤ sup

t∈[0,1]

c3 ·
n∑
i=1

1[−β,β]

(
t− ti
hn

)
≤ c3 · (2βnhn + 1)

≤ c19 · n · hn

= n · νn,

for some constant c19 > 0 and sufficiently large n ∈ N. Furthermore, we

have

n ≥ c21 ·
n

log(n)
=

8Bnνn
ε2n

for some constant c21 > 0 and n ∈ N sufficiently large. By Lemma 1 we

obtain

8 · sup
(t̄,ȳ)∈([0,1]×R)n

N1

(εn
8
,Gn, (t̄, ȳ)

)
· exp

(
− n

Bn

· ε2n
128νn

)
, (S1.6)

as an upper bound for the last probability in (S1.5). Using Lemma 2 (with

cu = 1 = dn) we can bound the covering number in (S1.6) by

sup
(t̄,ȳ)∈([0,1]×R)n

N1

(εn
8
,Gn, (t̄, ȳ)

)
≤ c13 · n ·

(
1

εn

)8

= c22 · n ·
(

n

log(n) · hn

)4

for some constant c22 > 0 and sufficiently large n ∈ N. Since assumption

(2.6) implies hn > 1/n for sufficiently large n ∈ N, this can be bounded
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further by

c22 · n ·
(

n

log(n) · hn

)4

≤ c22 · n ·
(

n2

log(n)

)4

≤ c23 · n9

for some constant c23 > 0 and sufficiently large n ∈ N. Therefore, the term

on the right-hand side of (S1.6) can be bounded further from above by

c23 · n9 · exp

(
− n

Bn

· ε2n
128νn

)
= c23 · n9 · exp

(
−c

2
17 · c2

18

c19

· log (n)

)
,

for some constant c23 > 0. If we choose in the beginning constant c15 such

that c2
17 · c2

18/c19 ≥ 10, the right-hand side converges to zero as n goes to

infinity. �

Proof of Theorem 1.

In the first step of the proof we show for some constant c4 > 0 that

P

(
sup
t∈[0,1]

|GYt(q̂Yt,α)−GYt(qYt,α)| > c1

2
·
(√

log(n)

nhn
+ hpn

))
→ 0 (n→∞)

(S1.7)

implies

P

(
sup
t∈[0,1]

|q̂Yt,α − qYt,α| > c4 ·

√
log(n)

nhn
+ hpn

)
→ 0 (n→∞). (S1.8)

Set εn = c4 ·
(
(log(n)/(nhn))(1/2)+hpn

)
for n ∈ N and assume that for

t? ∈ [0, 1] it holds

|q̂Y ?t ,α − qY ?t ,α| > εn. (S1.9)
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Because of assumption (2.5) and (2.6) we have

√
log(n)

nhn
+ hpn → 0 (n→∞).

W.l.o.g. assume that

q̂Y ?t ,α − qY ?t ,α > εn.

The case qY ?t ,α − q̂Y ?t ,α > εn can be shown analogly. Since Yt has a density

with respect to the Lebesgue–Borel measure, the cdf. GYt is differentiable

on R for any t ∈ [0, 1]. Inequality (S1.9), the Mean-Value Theorem and

assumption (2.1) ensue

sup
t∈[0,1]

|GYt(q̂Yt,α)−GYt(qYt,α)| ≥ |GY ?t
(q̂Y ?t ,α)−GY ?t

(qY ?t ,α)|

= GY ?t
(q̂Y ?t ,α)−GY ?t

(qY ?t ,α)

≥ GY ?t
(qY ?t ,α + εn)−GY ?t

(qY ?t ,α)

= g(t?, ξ) · εn

≥ c1

2
· εn (S1.10)

for some ξ ∈ (qY ?t ,α, qY ?t ,α + εn). Thus, we have shown that (S1.9) implies

(S1.10), which yields the assertion of the first step.
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In the second step of the proof we show (S1.7). Since we have

sup
t∈[0,1]

|GYt(qYt,α)−GYt(q̂Yt,α)|

≤ sup
t∈[0,1]

|GYt(qYt,α)− ĜYt(q̂Yt,α)|+ sup
t∈[0,1]

∣∣∣ĜYt(q̂Yt,α)− E
{
ĜYt(q̂Yt,α)

}∣∣∣
+ sup

t∈[0,1]

∣∣∣E{ĜYt(q̂Yt,α)
}
−GYt(q̂Yt,α)

∣∣∣
= T1,N + T2,n + T3,n,

it suffices to show

P

(
Ti,n >

c1

6
·
(√

log(n)

nhn
+ hpn

))
→ 0 (n→∞) (S1.11)

for i = 1, 2, 3. For i = 1 this follows directly from Lemma 3. Here

GYt(qYt,α) = α is guaranteed, since Yt has a density with respect to the

Lebesgue-Borel measure. Furthermore, Yt1 , . . . , Ytn are pairwise disjoint,

since they are independent and the corresponding cdf. are continuous. For

i = 2 the assertion (S1.11) follows from Lemma 5 and for i = 3 this follows

from Lemma 4. �

S1.3 Proof of Theorem 2

Let Cn be the event that

sup
t∈[0,1]

|q̂Yt,α − qYt,α| < ηn and sup
t∈[0,1]

|mn(t, x)−m(t, x)| < βn.
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In the first step of the proof we show for arbitrary t ∈ [0, 1] that if y ∈ R

satisfies

|y − qYt,α| ≤ 2βn + 2ηn, (S1.12)

then we have on the event Cn

E?
t

{
1{m(t,Zt)≤y}

}
=

1

ct
· (GYt(y)− bt),

where in E?
t the expectation is computed with respect to PZt .

To do so, we modify arguments of the proofs of Lemma 1 and Lemma 2 in

Kohler et al. (2018). Set

An = {x ∈ Kn : mn(t, x) < q̂Yt,α − 3βn − 3ηn},

Bn = {x ∈ Kn : mn(t, x) > q̂Yt,α + 3βn + 3ηn}

for n ∈ N. Then h(t, x) is given by

h(t, x) =
1

ct
· 1{x/∈An∪Bn} · f(t, x).

Using (S1.12) we obtain for x ∈ An on the event Cn

y ≥ qYt,α − 2βn − 2ηn > q̂Yt,α − 2βn − 3ηn > mn(t, x) + βn ≥ m(t, x)

which implies

1{m(t,x)≤y} · 1{x∈An} = 1{x∈An}.
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Moreover, (S1.12) and x ∈ Bn imply on the event Cn

y ≤ qYt,α + 2βn + 2ηn < q̂Yt,α + 2βn + 3ηn < mn(t, x)− βn ≤ m(t, x),

which implies

1{m(t,x)≤y} · 1{x∈Bn} = 0.

Therefore, the assertion of Step 1 follows from

E?
t

{
1{m(t,Zt)≤y}

}
=

∫
R
1{m(t,x)≤y}PZt(dzt)

=

∫
R
1{m(t,x)≤y} · h(t, x)dx

=
1

ct
·
∫
R
1{m(t,x)≤y} ·

(
1− 1{x∈An} − 1{x∈Bn}

)
· f(t, x)dx

=
1

ct
·
(∫

R
1{m(t,x)≤y} · f(t, x)dx−

∫
R
1{x∈An} · f(t, x)dx

)
=

1

ct
· (GYt(y)− bt) .

In the second step of the proof we show that we have on the event Cn

inf
t∈[0,1]

ct ≥ c24 · (βn + ηn), (S1.13)

sup
t∈[0,1]

ct ≤ c25 · (βn + ηn) (S1.14)

for some constants c24 > 0, c25 > 0 and n ∈ N sufficiently large.

First, we show (S1.13) using the definition of the event Cn, assumption
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(2.1) and the fact that βn and ηn go to zero as n goes to infinity

inf
t∈[0,1]

ct ≥ inf
t∈[0,1]

∫
Rd

(
1{q̂Yt,α−3βn−3ηn≤mn(t,x)≤q̂Yt,α+3βn+3ηn}

)
· f(t, x)dx

≥ inf
t∈[0,1]

∫
Rd

(
1{qYt,α−2βn−2ηn≤m(t,x)≤qYt,α+2βn+2ηn}

)
· f(t, x)dx

≥ inf
t∈[0,1]

P
(
m(t,Xt) ∈ (qYt,α − 2βn − 2ηn, qYt,α + 2βn + 2ηn)

)
≥ inf

t∈[0,1]

(
inf

u∈En,t
g(t, u)

)
· (4βn + 4ηn)

≥ c24 · (βn + ηn)

for Et,n = (qYt,α−2βn−2ηn, qYt,α+2βn+2ηn), some constant c24 > 0 and

n∈N sufficiently large. Analogously, one can prove inequality (S1.14) using

assumption (3.8) instead of (2.1). Inequality (S1.14) is implied by

sup
t∈[0,1]

∫
Rd
I{x/∈Kn}f(t, x)dx = sup

t∈[0,1]

P(Xt /∈ Kn)

≤ P(∃t ∈ [0, 1] :Xt /∈ Kn)

≤ c34(βn+ηn)

for some constant c34 > 0 and n ∈ N sufficiently large, where the last step
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holds by assumption (3.5), and by the fact that on Cn we have

sup
t∈[0,1]

∫
Rdd

I{x∈Kn : q̂Yt,α−3βn−3ηn≤mn(t,x)≤q̂Yt,α+3βn+3ηn} · f(t, x)dx

≤ sup
t∈[0,1]

∫
Rd
I{x∈Kn : qYt,α−4βn−4ηn≤m(t,x)≤qYt,α+4βn+4ηn} · f(t, x)dx

≤ sup
t∈[0,1]

P
(
qYt,α − 4βn − 4ηn ≤ m(t,Xt) ≤ qYt,α + 4βn + 4ηn

)
≤ sup

t∈[0,1]

sup
x∈Ft,n

g(t, x) · |8βn + 8ηn|

≤ c35 · (βn + ηn),

for Ft,n=[qYt,α−4βn−4ηn, qYt,α+4βn+4ηn] and some constant c34>0, because

of (3.8).

For t ∈ [0, 1] define the sets

Ht,n = {y ∈ R : |y − qYt,α| ≤ βn + ηn},

It,n = {y ∈ R : |y − qYt,α| ≤ 2βn + 2ηn}.

In the third step of the proof we prove that on the event Cn we have

sup
t∈[0,1], y∈Ht,n

∣∣∣E?
t1,...,tn

{
Ĝ

(IS)
Yt

(y)
}
−GYt(y)

∣∣∣ ≤ C2 · βp · hpn,1

for large enough n ∈ N, where the expectation E?
t1,...,tn

is defined with re-

spect to PZt1 ,...,Ztn
.

First, we observe that by the Theorem of Fubini and the independence
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of Zt1 , . . . , Ztn we have

E?
t1,...,tn

{
cti · 1{m(ti,Zti )≤y} + bti

}
= cti · E?

ti

{
1{m(ti,Zti )≤y}

}
+ bti . (S1.15)

Next, we observe that y ∈ Ht,n yields y ∈ Iti,n for every i ∈ {1, . . . , n}

that satisfies K
(
ti−t
hn,1

)
6= 0 (which implies |ti − t| ≤ β · hn,1 because of

assumption (2.4)) for n ∈ N sufficiently large, since

|y − qYti,α| ≤ |y − qYt,α |+ |qYt,α − qYti,α|

≤ βn + ηn + C1 · |t− ti|q

≤ βn + ηn + C1 · βq · hqn,1

≤ 2βn + 2ηn,

for n ∈ N sufficiently large, where we have used that the function t 7→ qYt,α

is Hölder continuous and that assumption (3.13) holds. Thus, (S1.15) and

Step 1 yield for y ∈ It,n and for n ∈ N sufficiently large

E?
t1,...,tn

{
Ĝ

(IS)
Yt

(y)
}

=

n∑
i=1

(
cti · E?

ti

{
1{m(ti,Zti )≤y}

}
+ bti

)
·K
(
t−ti
hn,1

)
n∑
j=1

K
(
t−tj
hn,1

)

=

n∑
i=1

GYti
(y) ·K

(
t−ti
hn,1

)
n∑
j=1

K
(
t−tj
hn,1

) .

Here the case 0/0 does not occur for n ∈ N sufficiently large, since

0 ≤ lim sup
n→∞

sup
t∈[0,1]

min
j=1,...,n

|t− tj|
hn,1

≤ lim sup
n→∞

1

n · hn,1
≤ α,
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where the last step holds because of (3.12), and thus
n∑
j=1

K
(
t−tj
hn,1

)
> 0 for

equidistant t1, . . . , tn ∈ [0, 1] and n ∈ N large enough. Using this, the fact

that K is nonnegative and satisfies (2.4) and that the function t 7→ GYt(·)

is Hölder continuous, we get

sup
t∈[0,1], y∈Ht,n

∣∣∣E?
t1,...,tn

{
Ĝ

(IS)
Yt

(y)
}
−GYt(y)

∣∣∣
= sup

t∈[0,1], y∈Ht,n

∣∣∣∣∣∣∣∣
n∑
i=1

GYti
(y) ·K

(
t−ti
hn,1

)
n∑
j=1

K
(
t−tj
hn,1

) −GYt(y)

∣∣∣∣∣∣∣∣
≤ sup

t∈[0,1], y∈Ht,n

n∑
i=1

∣∣GYti
(y)−GYt(y)

∣∣ ·K ( t−ti
hn,1

)
n∑
j=1

K
(
t−tj
hn,1

)

≤ sup
t∈[0,1], y∈Ht,n

n∑
i=1

C2 · |ti − t|p ·K
(
t−ti
hn,1

)
n∑
j=1

K
(
t−tj
hn,1

)

≤ sup
t∈[0,1], y∈Ht,n

n∑
i=1

C2 · βp · hpn,1 ·K
(
t−ti
hn,1

)
n∑
j=1

K
(
t−tj
hn,1

)
= C2 · βp · hpn,1

for n ∈ N sufficiently large, which yields the assertion of the third step.

In the fourth step of the proof we observe that because of the assump-

tions (3.3) and (3.4) as well as the independence of the data sets Dn,1 and
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Dn,2 we have

P(Cn)→ 1 for n→∞.

In the fifth step of the proof we show for some constant c26 > 1 the

convergence

P

({
sup

y∈R, t∈[0,1]

∣∣∣Ĝ(IS)
Yt

(y)− E?
t1,...,tn

{
Ĝ

(IS)
Yt

(y)
}∣∣∣

> c26 · (βn + ηn) ·

√
log(n)

nhn,1

}
∩ Cn

)
→ 0 for n→∞.

Using (S1.15), assumption (2.4) as well as the nonnegativeness of the

kernel K and Lemma 5 of Bott et al. (2017), we get for

δn = c26 · (βn + ηn) ·

√
log(n)

nhn,1
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the inequality

P

({
sup

y∈R, t∈[0,1]

∣∣∣Ĝ(IS)
Yt

(y)− E?
t1,...,tn

{
Ĝ

(IS)
Yt

(y)
}∣∣∣ > δn

}
∩ Cn

)

= P


sup

y∈R,
t∈[0,1]

∣∣∣∣∣∣∣∣
n∑
i=1

ctiK
(
t−ti
hn,1

)[
1{m(ti,Zti )≤y}−E

?
ti

{
1{m(ti,Zti )≤y}

}]
n∑
j=1

K
(
t−tj
hn,1

)
∣∣∣∣∣∣∣∣>δn

∩ Cn


≤ P

({
sup

y∈R, t∈[0,1]

∣∣∣∣∣
n∑
i=1

ctiK

(
t− ti
hn,1

)
·
[
1{m(ti,Zti )≤y} − E?

ti

{
1{m(ti,Zti )≤y}

}]∣∣∣∣∣
> inf

t∈[0,1]

n∑
j=1

K

(
t− tj
hn,1

)
· δn

}
∩ Cn

)

≤ P

({
sup

y∈R, t∈[0,1]

∣∣∣∣∣
n∑
i=1

ctiK

(
t− ti
hn,1

)
·
[
1{m(ti,Zti )≤y} − E?

ti

{
1{m(ti,Zti )≤y}

}]∣∣∣∣∣
> c2 · (α · n · hn,1 − 2) · δn

}
∩ Cn

)

≤ P

({
sup

y∈R, t∈[0,1]

∣∣∣∣∣
n∑
i=1

ctiK

(
t− ti
hn,1

)
·
[
1{m(ti,Zti )≤y} − E?

ti

{
1{m(ti,Zti )≤y}

}]∣∣∣∣∣
>

1

2
· c2 · α · n · hn,1 · δn

}
∩ Cn

)
(S1.16)

for sufficiently large n ∈ N, where we have used assumption (3.12), which

implies that n ·hn,1 goes to infinity as n goes to infinity, for the last inequal-

ity. In order to apply Lemma 1, we define a set

Ḡn :=

{
g : [0, 1]× Rd → [0, c25 ·(βn+ηn)·K(0)] :

g(u, x) = cu · 1{|cu|≤c25·(βn+ηn)} · 1{m(u,x)≤y} ·K
(
t− u
hn,1

)
((u, x) ∈ [0, 1]× Rd), t ∈ [0, 1], y ∈ R

}
,
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where on the event Cn the inequality |cu| ≤ c25 · (βn + ηn) is satisfied for all

u ∈ [0, 1] and n ∈ N sufficiently large according to Step 2, set

(t̄, Z̄) = ((t1, Zt1), (t2, Zt2), . . . , (tn, Ztn))

and rewrite the probability on the right-hand side of (S1.16) as

P

(
sup
g∈Ḡn

∣∣∣∣∣ 1n
n∑
i=1

g(t̄(i), Z̄(i))− E?
ti

{
g(t̄(i), Z̄(i))

}∣∣∣∣∣ > 1

2
·c2 ·α·hn,1 ·δn

)

= P

(
sup
g∈Ḡn

∣∣∣∣∣ 1n
n∑
i=1

g(t̄(i), Z̄(i))− E?
ti

{
g(t̄(i), Z̄(i))

}∣∣∣∣∣ > εn

)
, (S1.17)

for εn = 1
2
· c2 · c26 ·α · (βn + ηn) · (log(n) · hn,1/n)(1/2) and n ∈ N sufficiently

large. Next, we show that for this εn, νn = c27 · (βn + ηn) · hn,1 and Bn =

c25 · (βn + ηn) · K(0) with some constants c27, c25 > 0, the assumptions of

Lemma 1 hold:

Since (2.4) holds, we obtain by Lemma 5 of Bott et al. (2017)

1

n

n∑
i=1

g(ti, xi) ≤ sup
t∈[0,1]

c25 · (βn + ηn) · c3 ·
1

n

n∑
i=1

1[−β,β]

(
ti − t
hn,1

)
≤ c27 · (βn + ηn) · hn,1 = νn

for arbitrary x1, . . . , xn ∈ R, some constants c25, c27 > 0 and n ∈ N suffi-

ciently large, where we have used assumption (3.12) in the last inequality.

Furthermore, we have

8 ·Bn · νn
ε2n

=
c28 · (βn + ηn)2 · hn,1[

(βn + ηn) ·
√

log(n)·hn,1
n

]2 =
c28 · n
log(n)

≤ n
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for some constant c28 > 0 and n ∈ N sufficiently large. Thus, assumption

(S1.1) and n ≥ 8 ·Bn · νn/ε2n are satisfied. By Lemma 1, we get

8 · sup
(t̄,z̄)∈([0,1]×Rd)n

N1

(εn
8
, Ḡn, (t̄, z̄)

)
· exp

(
− n · ε2n

128 ·Bn · νn

)
(S1.18)

as an upper bound for (S1.17). The covering number can be bounded by

sup
(t̄,z̄)∈([0,1]×Rd)n

N1

(εn
8
, Ḡn, (t̄, z̄)

)
≤ c29 · n ·

(
βn + ηn
εn

)8

(S1.19)

for some constant c29 > 0, using Lemma 2. Using (S1.16) to (S1.19), we

obtain

P

({
sup

y∈R, t∈[0,1]

∣∣∣Ĝ(IS)
Yt

(y)− E?
t1,...,tn

{
Ĝ

(IS)
Yt

(y)
}∣∣∣

> c26 · (βn + ηn) ·

√
log(n)

n · hn,1

}
∩ Cn

)

≤ c30 · n ·
(
βn + ηn
εn

)8

· exp

(
− c2

2c
2
26

512 ·K(0) · c25 · c27

· log(n)

)
≤ c31 · n ·

(√
n

log(n) · hn,1

)8

· exp

(
− c2

2c
2
26

512 ·K(0) · c25 · c27

· log(n)

)
≤ c32 · n9 · exp

(
− c2

2c
2
26

512 ·K(0) · c25 · c27

· log(n)

)
≤ c32 · n9 · exp (−10 · log(n)) (S1.20)

for constants c30, c31, c32 > 0 and n large enough, where we have used that

(3.12) implies hn,1 > 1/n for n large enough and where c26 was chosen at

the beginning of Step 5 large enough. Since the right-hand side of (S1.20)

goes to 0 as n goes to infinity, Step 5 is shown.
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Let Jn be the event that

sup
t∈[0,1]

∣∣∣q̂(IS)
Yt,α
− qYt,α

∣∣∣ ≤ 1

2
· (βn + ηn).

In the sixth step of the proof we prove that

P(Jn ∩ Cn)→ 1 for n→∞.

Let Kn be the event that

sup
t∈[0,1]

Ĝ
(IS)
Yt

(
qYt,α −

1

2
· (βn + ηn)

)
< α

and Ln be the event that

inf
t∈[0,1]

Ĝ
(IS)
Yt

(
qYt,α +

1

2
· (βn + ηn)

)
≥ α.

We observe that on the event Kn ∩ Ln we have for all t ∈ [0, 1]

q̂
(IS)
Yt,α
∈
[
qYt,α −

1

2
· (βn + ηn), qYt,α +

1

2
· (βn + ηn)

]
.

Thus, the event Kn∩Ln∩Cn implies the event Jn∩Cn for sufficiently large

n ∈ N. In the following we will show that on the event Cn, we have

Kn ∩ Ln

⊇

sup
t∈[0,1],
y∈R

∣∣∣Ĝ(IS)
Yt

(y)−E?
t1,...,tn

{
Ĝ

(IS)
Yt

(y)
}∣∣∣ ≤ c26(βn+ηn)

√
log(n)

nhn,1

 (S1.21)

for n ∈ N sufficiently large, which implies the assertion by Step 4 and Step 5.
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To show (S1.21), we first observe that on the event Cn the inequality

sup
t∈[0,1]

∣∣∣∣E?
t1,...,tn

{
Ĝ

(IS)
Yt

(
qYt,α −

1

2
(βn + ηn)

)}
−GYt

(
qYt,α −

1

2
(βn + ηn)

)∣∣∣∣
≤ C2 · βp · hpn,1 (S1.22)

holds by Step 3, since qYt,α− 1/2 · (βn + ηn) ∈ Ht,n. Additionally, we obtain

by the Mean-Value Theorem for an arbitrary t ∈ [0, 1]

GYt(qYt,α)−GYt

(
qYt,α −

1

2
· (βn + ηn)

)
= g(t, ψt)·

(
qYt,α −

(
qYt,α −

1

2
· (βn + ηn)

))
>

c1

2
· (βn + ηn) (S1.23)

for ψt ∈ [qYt,α − 1/2 · (βn + ηn), qYt,α], some constant c1 > 0 and n ∈ N

sufficiently large, where we have used assumption (2.1) and that βn and ηn

converge to zero as n goes to infinity. Using α = GYt(qYt,α), which holds

because Yt has a density which is bounded away from zero in a neighborhood

of qYt,α, the inequalities (S1.22) and (S1.23) as well as the assumptions (3.12)
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and (3.13), we get on the event Cn

Kn

=

{
sup
t∈[0,1]

Ĝ
(IS)
Yt

(
qYt,α −

1

2
(βn + ηn)

)
< α

}

⊇

{
sup
t∈[0,1]

(
Ĝ

(IS)
Yt

(
qYt,α −

1

2
(βn+ηn)

)
− E?

t1,...,tn

{
Ĝ

(IS)
Yt

(
qYt,α −

1

2
(βn+ηn)

)})
+ sup

t∈[0,1]

(
E?
t1,...,tn

{
Ĝ

(IS)
Yt

(
qYt,α−

1

2
(βn+ηn)

)}
−GYt

(
qYt,α−

1

2
(βn+ηn)

))
+ sup

t∈[0,1]

(
GYt

(
qYt,α −

1

2
(βn + ηn)

)
−GYt(qYt,α)

)
< 0

}

⊇

{
sup
t∈[0,1]

(
Ĝ

(IS)
Yt

(
qYt,α −

1

2
(βn + ηn)

)
− E?

t1,...,tn

{
Ĝ

(IS)
Yt

(
qYt,α −

1

2
(βn + ηn)

)})

<
c1

2
(βn + ηn)− C2 · βp · hpn,1

}

⊇

{
sup
t∈[0,1]

(
Ĝ

(IS)
Yt

(
qYt,α −

1

2
(βn + ηn)

)
− E?

t1,...,tn

{
Ĝ

(IS)
Yt

(
qYt,α −

1

2
(βn + ηn)

)})

< c26(βn + ηn)

√
log(n)

nhn,1

}

⊇

 sup
t∈[0,1],
y∈R

∣∣∣Ĝ(IS)
Yt

(y)− E?
t1,...,tn

{
Ĝ

(IS)
Yt

(y)
}∣∣∣ < c26(βn+ηn)

√
log(n)

nhn,1

 (S1.24)

for n ∈ N large enough. Analogously to (48) one can show for any t ∈ [0, 1]

GYt

(
qYt,α +

1

2
· (βn + ηn)

)
− α = GYt

(
qYt,α +

1

2
· (βn + ηn)

)
−GYt(qYt,α)

>
c1

2
· (βn + ηn) (55)

for some constant c1 > 0 and n ∈ N large enough. Using (47) and (55) as
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well as the assumptions (23) and (24), we get on the event Cn

Ln

=

{
inf
t∈[0,1]

Ĝ
(IS)
Yt

(
qYt,α +

1

2
(βn + ηn)

)
≥ α

}
⊇
{

inf
t∈[0,1]

(
Ĝ

(IS)
Yt

(
qYt,α+

1

2
(βn+ηn)

)
− E?

t1,...,tn

{
Ĝ

(IS)
Yt

(
qYt,α+

1

2
(βn+ηn)

)})
+ inf
t∈[0,1]

(
E?
t1,...,tn

{
Ĝ

(IS)
Yt

(
qYt,α+

1

2
(βn+ηn)

)}
−GYt

(
qYt,α+

1

2
(βn+ηn)

))
+ inf
t∈[0,1]

(
GYt

(
qYt,α +

1

2
(βn + ηn)

)
− α
)
≥ 0

}
=

{
− sup
t∈[0,1]

(
E?
t1,...,tn

{
Ĝ

(IS)
Yt

(
qYt,α +

1

2
(βn+ηn)

)}
− Ĝ(IS)

Yt

(
qYt,α +

1

2
(βn+ηn)

))
− sup
t∈[0,1]

(
GYt

(
qYt,α +

1

2
(βn+ηn)

)
− E?

t1,...,tn

{
Ĝ

(IS)
Yt

(
qYt,α +

1

2
(βn+ηn)

)})
+ inf
t∈[0,1]

(
GYt

(
qYt,α +

1

2
(βn+ηn)

)
−GYt(qYt,α)

)
≥ 0

}
⊇

{
− sup
t∈[0,1]

(
E?
t1,...,tn

{
Ĝ

(IS)
Yt

(
qYt,α+

1

2
(βn+ηn)

)}
− Ĝ(IS)

Yt

(
qYt,α +

1

2
(βn+ηn)

))

≥ −c1

2
(βn+ηn) + C2β

phpn,1

}

⊇

 sup
t∈[0,1],
y∈R

(
E?
t1,...,tn

{
Ĝ

(IS)
Yt

(y)
}
−Ĝ(IS)

Yt
(y)
)
≤ c1

2
(βn + ηn)−C2β

phpn,1


⊇

 sup
t∈[0,1],
y∈R

∣∣∣E?
t1,...,tn

{
Ĝ

(IS)
Yt

(y)
}
−Ĝ(IS)

Yt
(y)
∣∣∣ ≤ c26(βn + ηn)

√
log(n)

nhn,1

 (S1.25)

for n ∈ N sufficiently large. Since (S1.24) and (S1.25) imply (S1.21) for n

large enough, we have shown the assertion of Step 6.
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In the seventh step of the proof we show the assertion of the theorem.

First, we observe that on the event Jn by the Mean-Value Theorem

and (2.1) ∣∣∣q̂(IS)
Yt,α
−qYt,α

∣∣∣ =
1

g(t, ψt)
·
∣∣∣GYt

(̂
q

(IS)
Yt,α

)
−GYt(qYt,α)

∣∣∣
≤ c33 ·

∣∣∣GYt

(̂
q

(IS)
Yt,α

)
−GYt(qYt,α)

∣∣∣
holds, for some ψt ∈ (qYt,α− 1/2 · (βn + ηn), qYt,α + 1/2 · (βn + ηn)) and some

constant c33 > 0. Let θ > 0 be arbitrary. Using the definition of q̂
(IS)
Yt,α

the

right-hand side of the above inequality can be bounded further from above

by

c33

∣∣∣GYt

(
q̂

(IS)
Yt,α

)
−GYt (qYt,α)

∣∣∣
≤ c33

∣∣∣GYt

(
q̂

(IS)
Yt,α

)
− Ĝ(IS)

Yt

(
q̂

(IS)
Yt,α

)∣∣∣+ c33

∣∣∣Ĝ(IS)
Yt

(
q̂

(IS)
Yt,α

)
− α

∣∣∣
= c33

∣∣∣GYt

(
q̂

(IS)
Yt,α

)
− Ĝ(IS)

Yt

(
q̂

(IS)
Yt,α

)∣∣∣+ c33

(
Ĝ

(IS)
Yt

(
q̂

(IS)
Yt,α

)
− α

)
≤ c33

∣∣∣GYt

(
q̂

(IS)
Yt,α

)
− Ĝ(IS)

Yt

(̂
q

(IS)
Yt,α

)∣∣∣+ c33

(
Ĝ

(IS)
Yt

(̂
q

(IS)
Yt,α

)
− Ĝ(IS)

Yt

(̂
q

(IS)
Yt,α
− θ
))

≤ c33

∣∣∣GYt

(
q̂

(IS)
Yt,α

)
− Ĝ(IS)

Yt

(
q̂

(IS)
Yt,α

)∣∣∣+ c33

∣∣∣Ĝ(IS)
Yt

(
q̂

(IS)
Yt,α

)
−GYt

(
q̂

(IS)
Yt,α

)∣∣∣
+c33

∣∣∣GYt

(
q̂

(IS)
Yt,α

)
−GYt

(
q̂

(IS)
Yt,α
− θ
)∣∣∣

+c33

∣∣∣GYt

(
q̂

(IS)
Yt,α
− θ
)
− Ĝ(IS)

Yt

(
q̂

(IS)
Yt,α
− θ
)∣∣∣ . (S1.26)

Since GYt(·) is Lipschitz-continuous with Lipschitz constant c9 for all t ∈

[0, 1] on Ht,n for n ∈ N sufficiently large, which follows from assumption
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(3.8), we have

sup
t∈[0,1]

∣∣∣GYt

(
q̂

(IS)
Yt,α

)
−GYt

(
q̂

(IS)
Yt,α
− θ
)∣∣∣ ≤ c9 · θ.

Using this, inequality (S1.26) and the fact that on the event Jn we have

q̂
(IS)
Yt,α
∈ Ht,n as well as q̂

(IS)
Yt,α
− 1

2
· (βn + ηn) ∈ Ht,n, we get on the event Jn

sup
t∈[0,1]

∣∣∣q̂(IS)
Yt,α
− qYt,α

∣∣∣ ≤ sup
y∈Ht,n, t∈[0,1]

3c33 ·
∣∣∣GYt (y)− Ĝ(IS)

Yt
(y)
∣∣∣ .

for n ∈ N sufficiently large. Therefore, we obtain for

sn = 3c33 · c26 ·

(
(βn + ηn) ·

√
log(n)

nhn,1
+ C2 · βp · hpn,1

)

the following inequality

P

(
sup
t∈[0,1]

∣∣∣∣q̂(IS)
Yt,α
− qYt,α

∣∣∣∣ > sn

)
≤ P({Jn ∩ Cn}C) + P

({
sup
t∈[0,1]

∣∣∣∣q̂(IS)
Yt,α
− qYt,α

∣∣∣∣ > sn

}
∩ {Jn ∩ Cn}

)
≤ P({Jn ∩ Cn}C)

+P

({
sup

y∈Ht,n, t∈[0,1]

3c33 ·
∣∣∣∣GYt(y)−Ĝ

(IS)
Yt

(y)

∣∣∣∣ > sn

}
∩ {Jn ∩ Cn}

)
.
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By applying Step 3 the right-hand side can be bounded by

P
(
{Jn ∩ Cn}C

)
+P

({
sup

y∈R, t∈[0,1]

∣∣∣E?
t1,...,tn

{
Ĝ

(IS)
Yt

(y)
}
− Ĝ(IS)

Yt
(y)
∣∣∣

+ sup
y∈Ht,n, t∈[0,1]

∣∣∣E?
t1,...,tn

{
Ĝ

(IS)
Yt

(y)
}
−GYt(y)

∣∣∣ > sn
3c33

}
∩ Cn

)
≤ P

(
{Jn ∩ Cn}C

)
P

({
sup

y∈R, t∈[0,1]

∣∣∣E?
t1,...,tn

{
Ĝ

(IS)
Yt

(y)
}
− Ĝ(IS)

Yt
(y)
∣∣∣

> c26 · (βn+ηn)·

√
log(n)

nhn,1

}
∩ Cn

)
(S1.27)

for sufficiently large n ∈ N. Since the right-hand side of (S1.27) converges

to zero as n goes to infinity because of Step 5 and Step 6, the proof is

complete. �
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