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S1 Proof of Proposition 1
By using the fact that P(G = a|X € Sp) = P(G =n|X € 51) =0, we can have

P(Y1=1,X € So) = E[pixI(X € So)] > E[max(0, p1x — pox)I(X € So)]

P(Yi=1,X €50) = P(Yi = 1,G € {a,b}, X € So) = P(Y1 =1,G = b, X € So)
=PYo=0,Y1=1,X € Sy) < Emin(pix,1 — pox)I(X € So)]

P(Yo=0,X € 51) = E[(1 —pox)I(X € 51)] > E[max(0,p1x — pox)I(X € S1)]

PYy=0,X€S)=PYo=0,Ge{bn},XeS)=PY=0,G=bX € 51)

=PY,=0,Y1=1,X € 1) < Emin(pix,1 —pox)I(X € S1)]

Thus,

Ly = P(Yl =1,X € So) +P(Yo =0,X € 51) +E[max(0,p1x 7pox)I(X € SQ)]
> Elmax(0, prx — pox)I(X € So)] + E[max(0,p1x — pox)I(X € S1)]
+ E[max(0, pix — pox)I(X € S2)]

= E[max(0,p1x — pox)]
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Up = P(Y1=1,X € So) + P(Yo = 0, X € S1) + Emin(pix,1 — pox)I(X € S»)]
< E[min(pix, 1 — pox)I(X € So)] + E[min(pix,1 — pox)I(X € S1)]
+ Emin(p1x,1 — pox)I(X € S2)]
= E[min(pix,1 — pox)]

Similarly, we can have

Uh S E[min{pox, 1 —p1x}], Lh Z E[maX{O,pOX —plx}]. (Sl'l)

So the “LE” bounds for TBR and THR can not be worse than the covariates adjust-
ed simple bounds. What’s more, these two kinds of bounds are equivalent if and only if

P(XGS())-{-P(XESl):O‘ O

S2 Proof of Theorem 2

Let pgr = P(X, = 1|G = g), we can have the following equations:

PX1=1,X,=1,Xs=1,Y=1T=1)-P(X;=1,Xa=1,X3=1,Y =0[T =0)

= PalPa2Pa3Ta — Pnl1Pn2Pn3Tn,
PX1=1,X=1Y=1T=1)—P(X; =1,Xo=1,Y = 0|T = 0) = pa1pa2Ta — pPriPn2Tn,
PX1=1,Xs=1Y=1T=1)—P(X; =1,X5 =1,Y = 0|T = 0) = pa1pasTa — Pn1Pn3Tn,
PXo=1,X3=1LY=1T=1)-P(X2=1,X5=1Y =0|T = 0) = pa2pa3Ta — Pn2Pn3Tn,
PX1=1Y =1T=1)—P(X; =1,Y = 0|T = 0) = pa1Ta — pniTn,
P(Xo=1,Y =1T=1)—P(Xa=1,Y = 0|T = 0) = pa2Ta — pn2Tn,

P(X3=1,Y =1T=1) = P(X3=1,Y = 0|T = 0) = pasTa — pnsn,

P(Y =1T =1)— P(Y = 0|T = 0) = 74 — .



S2. PROOF OF THEOREM 2

Let us define the following notations:
pr1=PX1=1,X=1,X3=1Y=1T=1)-P(X1=1,Xo=1,X35=1Y =0T =0),
po=P(X1=1,Xo=1,Y=1T=1)-PX1=1,X2=1,Y =0T =0),
p3=P(X1=1,X3=1,Y=1T=1)-P(X:=1,X3=1,Y =0T =0),
p1=P(Xy=1,Xs=1Y=1T=1)—P(Xy=1,X3=1,Y =0|T =0),
¢ps=P(X1=1,Y=1T=1)-P(X1=1,Y =0T =0),

b6 =P(Xy=1Y =1T=1)— P(Xo=1,Y =0T = 0)
¢pr=P(X3=1Y=1T=1)-P(X3=1Y =0T =0)

¢s =P(Y =1|T =1) — P(Y = 0|T = 0),

T1 = Ta, T2 = Pal, T3 = Pa2; T4 = Pa3, T5 = Tn, T6 = Pnl, T7 = Pn2, I8 = Pn3-
With these notations, we can rewrite the equations above as follows:
¢1 = T1T2T3%4 — T5TETTTS,
(P2 = T1XT2X3 — T5T6L7,
¢3 = T1X2T4 — T5T62s,
¢4 = T1T3T4 — T5T7T8,
(S2.2)
¢5 = T1%2 — T5T6,

¢6 = T1T3 — T5X7,

¢7 = X124 — T5X8,

¢8 = x1 — Ts.

Some arrangements can lead to the following equations:

”

P2—PeT2 __ P1—Paly Pr—ets __ P1—¢as
P5—Psw2 P3—ras P5—Psws P3—Prws’
{ G2—dsx3 _ P1—¢3x3 br—¢ss __ P1—¢3T6
Pe—¢sx3  Qa—oraz ) Ps—psrs  Pa—¢rxe’
P3—¢58s4 __ 1=y P3—¢ss __ P1—Paxs
\ Q7 ¢sT4 Ga—Pexs br—Psxs Ga—exs”



YUNJIAN YIN, XIAO-HUA ZHOU, ZHI GENG, AND FANG LU

Thus we can get the following equations:

(Ped7 — Pagps)a3 + (drbs + Pads — dacbr — Pabe) T2 + P2¢3 — d1ps = 0,
(P6d7 — Pags )l + (D108 + Pads — daibr — P3e) T + P2¢3 — d1ps = 0,
(9567 — P3¢8)a3 + (D1 + P36 — dacbs — P267) T3 + P20 — d1bs = 0,
($5¢7 — 3¢8)77 + (0185 + d3ds — dadbs — p2ibr) w7 + P24 — P16 = 0,
(9506 — P2¢8)a% + (D1 + P207 — dacbs — Pade)Ta + P3¢pa — d1p7 = 0,

(p56 — p2008)x3 + (P10 + P27 — Pacds — Pace) s + Pspa — p1p7 = 0.

So x; and x;44,i=2,3,4 are both the solutions to the same quadratic equation, Assumption 5 can
ensure that there exists at least one i € {2,3,4} so that x; # x;4+4. Without loss of generality,
let x4 # xs, so x4 and xg are the two different solutions of the last quadratic equations above,
denoted root1 and roots. But it is still unknown which is x4 and which is xs. There are two

cases for possible values for x4 and xs:

( (1)

1 _ _ (2) _ (2) _
Ty’ =rooty, xg’ = roots, or T, =roota, xg

= rooty.

And from (S2.2) we can get the following equations: z; = ¢;;f’2§8 , L5 = ¢;;fi;”4 . So the two

cases for x4 and xg are corresponding to the following two cases for z1 and zs:

21 — dr—¢grooty m(2) _ $7—¢groots
1 7 rooti—rooty ’ 1 7 rooti—rooty ’
or
(1) _ ¢7—¢grooty (2) _ p7—¢grooty
x = x = .
5 rooty—rooty 5 root1 —rooto

1 2 1
0= a2 ) = -

We can see that if « m(IQ). So if the first case is true, the second case must
be invalid since x1 and zs must be positive, and vice versa. Then there should be only one
valid case for x4 and zs. Thus, TBR and THR are identified.

In addition, for x4 and zg, we have proved they are identified if x4 # xs. If 24 = x5, we
can obtain from the last two equations from equations (S2.2) that: x4 = xs = ¢7/¢s. So xa

and xs can be identified. Similarly, we can identify {x2,x3,x6,27}. Thus, 0 = (2;,i = 1,...,8)

can be identified.



S3. THE TABLE OF THE ESTIMATED “LE” BOUNDS FOR TBR AND THE
UNDER DIFFERENT VALUES OF M, AND M,

This complete a proof of Theorem 2.

O

S3 The table of the estimated “LE” bounds for TBR

and THE under different values of my and m;

Table 1: The “LE” bounds for TBR and THR

bounds bounds
mo | ™M1 mo | mi
TBR THR TBR THR

0 1 [0.680, 0.680] [0.221, 0.221] 0 2 [0.680, 0.680] [0.221, 0.221]
0 3 [0.680, 0.680] [0.221, 0.221] 0 4 [0.641, 0.680] [0.182, 0.221]
0 5 [0.576, 0.680] [0.117, 0.219] 0 6 [0.550, 0.680] [0.091, 0.221]
0 7 [0.498, 0.680] [0.039, 0.221] 0 8 [0.472, 0.680] [0.013, 0.221]
0 9 [0.472, 0.680] [0.013, 0.221] 1 2 [0.706, 0.706] [0.221, 0.221]
1 3 [0.706, 0.706] [0.221, 0.221] 1 4 [0.667, 0.695] [0.182, 0.221]
1 5 [0.602, 0.706] [0.117, 0.219] 1 6 [0.576, 0.706] [0.091, 0.221]
1 7 [0.524, 0.706] [0.039, 0.221] 1 8 [0.498, 0.706] [0.013, 0.221]
1 9 [0.498, 0.706] [0.013, 0.221] 2 3 [0.681, 0.681] [0.259, 0.259]
2 4 [0.642, 0.681] [0.220, 0.233] 2 5 [0.577, 0.681] [0.155, 0.219]
2 6 [0.551, 0.681] [0.129, 0.259] 2 7 [0.499, 0.681] [0.077, 0.259]
2 8 [0.473, 0.681] [0.051, 0.259] 2 9 [0.473, 0.681] [0.051, 0.259]
3 4 [0.695, 0.695] [0.233, 0.233] 3 5 [0.630, 0.695] [0.168, 0.219]
3 6 [0.604, 0.695] [0.142, 0.233] 3 7 [0.552, 0.695] [0.090, 0.233]
3 8 [0.526, 0.695] [0.064, 0.233] 3 9 [0.526, 0.695] [0.064, 0.233]
4 5 [0.723, 0.723] [0.219, 0.219] 4 6 [0.697, 0.723] [0.193, 0.219]
4 7 [0.645, 0.723] [0.141, 0.219] 4 8 [0.619, 0.723] [0.115, 0.219]
4 9 [0.619, 0.723] [0.115, 0.219] 5 6 [0.725, 0.725] [0.283, 0.283]
5 7 [0.673, 0.725] [0.231, 0.270] 5 8 [0.647, 0.725] [0.205, 0.282]
5 9 [0.647, 0.725] [0.205, 0.283] 6 7 [0.740, 0.740] [0.270, 0.270]
6 8 [0.727, 0.740] [0.257, 0.270] 6 9 [0.714, 0.740] [0.244, 0.270]
7 8 [0.831, 0.831] [0.282, 0.282] 7 9 [0.831, 0.792] [0.282, 0.282]
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