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Supplementary Material

This supplementary material contains: (¢) the optimization algorithm for the edge-out model

(section [SI); (ii) proofs for Theorem and in the main manuscript (section [S2)); (i)
comparisons between hubNet and other popular methods (section; (iv) comparisons between

the edge-out model and hglasso (section .

S1 Optimization for the edge-out model

We consider the objective function (2.7). The diagonal elements of B are
fixed at zero. Let X ; and X _; denote the ¢th column of X and X with ¢th
column removed, and let B_; _; denote B with ith row and column both

removed. Let S(z,t) = sign(z)(|x| — t)+ be the soft-thresholding operator.
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We use the following blockwise coordinate descent algorithm similar to

that of |Peng et al.| (2010):

1. Initialize B = 0.

2. Iterate over i € {1,2,...,p} until convergence:

(a) Compute the 1 x (p — 1) vector r; _; = X7(X _; — X _,B_; ).
(b) Compute the elementwise soft-thresholded vector 5; _; = S(r; _;, 6).

(c) Update the ith row of B:

5 0 18i—ill2/1X.ill3 < 0(L —~)v/p— 1

0(1—v)/p—1
(= ) B 1Biillol X ill3 > 001 =)V =T

It can be shown that, fixing all entries of B not in row ¢, the above update
expression exactly minimizes the objective over B; _;,. Then this proce-
dure is a blockwise coordinate descent algorithm, applied to an objective
whose non-differentiable component is separable across blocks, and hence

converges to the solution.



S52. PROOF OF THEOREMS 4.5 AND THEOREMS 4.9

S2 Proof of Theorems 4.5 and Theorems 4.9

Denote by Xg and Xgc the submatrices of X consisting of predictors in .S

and S¢, and define
o JR— o |
ESS = EXSXS, ZSCS = EXScXS, W = Xsc — XSF

Note that by (2.6)), W is independent of Xg with independent Gaussian

entries of variance at most 1. The following lemma collects probabilistic

statements involving Xg and W its proof is deferred to Section

Lemma 1. Suppose n,p — 00, 1 < s <p, and s < n. If Apin(Ess) > Crin
for a constant Cyn > 0, then each of the following statements holds with

probability approaching 1:

m’éf X ;]1? < 2n+6logp (S2.1)
J:
max | X j* < 2n (52.2)
]:

IZ58]2 < 20,4, (52:3)

1258 oo < 1254100 + 3(s + v/5log )/ (Coninv/7)

(S2.4)

IZ58XEW 2 < V/Anp/Crain (52.5)

WX 5354 ]loo2 < V/4n(s + 310 p)/Crnin (52.6)

WP (Idxs — X5t XEW o2 < 20+ /3np + /6plog p. (S2.7)
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Proof of Theorem [4.5]

Our proof draws upon a similar analysis of support recovery in the mul-
tivariate regression setting by (Obozinski et al| (2011). Let us introduce

0, = 0/p — 1/n and write the edge-out estimate (in the case v = 0) as

. . 1 &
B.,= argmin %||X—XB||§+97LZZIHBZ,H2. (S2.8)

BeRP*P: B;;=0V1
Consider the restricted problem over B € R**P where each predictor is

regressed only on Xg:

A

. 1
Buostriced = argmin_ || X — XsBl[F 40, [IBill.  (S2.9)

BeRsxP: B;;=0Vi icS
The subgradient conditions for optimality of Beo and Erestricted imply the

following sufficient condition for recovery of S, whose proof we defer to

Section

Lemma 2. IfX%:XS 18 tnvertible, then the solution B .= Bresmcted to

1s unique. If furthermore this solution satisfies

1 .
max — || X”;(X = XsB)|l2 < 0,, (S2.10)

jese n

in || B, 2.11
min |[Bi, [l > 0, (52.11)

then the solution Be, to 18 unique, with the first s rows non-zero and

equal to B and remaining rows equal to 0.
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Through the remainder of this section, let B = Brestricted € R%*P be
the solution to the restricted problem (52.9). As s < n and ¥gg is non-
singular, X% X is invertible with probability 1. Hence, to prove Theorem

it suffices to show that (52.10) and (S2.11]) hold with high probability.

Define

U .= (IdSXS %ﬁ]géxgw) € RSP,

B" = (Om p> e R,

~

D = diag (B, [5", -, B, |7') € R,

XT(X,; — XsB.,) i=j
A ERYP A, =

v

0 otherwise,

[ ] o Zi,. = ]f)z%]gz if ”BzH2 >0
Z:=KZe|-11]°":

Zm‘ =0 and ||ZZ,||2 S 1 if ||]A31’||2 =0

The subgradient condition for optimality of B for 1) implies the follow-

ing, whose proof we also defer to Section [S2.1]

Lemma 3. There exists Z. € Z such that

Using these lemmas, we now verify conditions (S2.10]) and (S2.11)):
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Lemma 4. Suppose Assumptions [4.3, and [{.4 hold, and 0, satisfies

. Then with probability approaching 1, (52.11|) holds and
HB - B*Hoo,2 < 29n|’2§é‘”oo

Proof:

By Lemma 3], for some Z € Z,
IB = B2 < [[Ulloo2 + 0nl|B55Z] ooz + 1 12554 loc 2

For the first term, (S2.5) and the definition of U imply, with probability
approaching 1,

[Ulloo2 <1+ v/4p/(Cruinn).
For the second term, (S2.4) and the observation ||Z|| 2 < 1 imply, with
probability approaching 1,
12552002 < X5 llocl|Zllc.2 < [B55lloc < 1Z55l1+3(s+v/slogn) /(Cuninv/n)-
For the third term, note that for all j =1,...p,
A < I1X 117 (52.12)

for otherwise

A

IX.; — XsB 12— [X.;)? = (2X_; — XsB_;)"(-XsB.;) > 0,

implying that the objective 1} would decrease upon setting ]A3] =0 and

contradicting optimality of B. Then, as A is diagonal, 1) and 1’
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imply, with probability approaching 1,
155 Ao < 1555 loc.2 miax | A5 < (|55l max X 15 < 4n/Crain.

Noting that | Zgsllee > [1Z55ll2 = 1/ Amin(Sss) > 1 by our normalization

3;; = 1 for all j, we have under the given assumptions
max (1, \/p/n, 0,5/, 0,\/s/nlogn, < 0, X5slc0 < Cmin-
Then with probability approaching 1, |B — B*||s.2 < 26, ]| 234l and
min B2 > min [|Bf > — 20,12 55llo0 = Cmin — 20, X550 > 0.
|

Lemma 5. Suppose Assumptions [4.3, and[{.4 hold, and 0,, satis-

fies (4.10). Then holds with probability approaching 1.

Proof: By Lemma , it suffices to consider the event where HBZ ]2 >0
for all i € S, and hence Z = DB in Lemma On this event, writing

X = (X5, XsI'+ W) = (Xg, W) + XgB* and applying Lemma 3]

CIXE(X = X5B)llaz = [ XEe (X, W) + XEcXs(B*  B) s
< [ XEe(Xs, W) — XEeXs Ul + 0 SsesT5DB s + S0 55508
(52.13)
For the first term of , recalling the definition of U, noting that

XL(1d— %XsﬁlgéXg) = 0, and applying 1 , with probability approach-
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ing 1,

IXe (X, W) = XgeXsU w2 = [ XGe (1d — 2XsB55XE) W oo,z

= [WT(Id - 1Xs3giXEWlea < 20+ /3np + /6plogp < nb,,.

For the third term of (S2.13)), applying (52.12), (4.11)), (S2.2)), and (S2.6)),

with probability approaching 1,
~ A ~ A s 1 Sy S
12505554002 < [[Zs05358]lo0,2 max | A = —|(XsI" + W) X5 3 55]loo.2 max | A

16 31
o o,

1 & s
< (07l + SIWT XS ) X1 <

mln mln

It remains to bound the second term of . Let D be as in As-
sumption [4.2] and write
YcsEiDB =TTDB* + I'"D(B — B*) + I'"(D — D)B + (25053355 — I'T)DB
= I+II+III+1V.
By Assumption [£.2] and the definition of B*,
Wz = IT7DL) ez < 10
By Lemma [4, with probability approaching 1,

oz < [T JloeDB-B")lloc2 < T oo Trin IB-B"lloc.2 < 20T |oc Ly | Sslloc < 1.

HOO min

111 satisfies the same bound, as

B[z — IIBi.. 2|

" < T |oo| DB=B")loo,2-
||Bz||2

T lc.2 < T7 [l [(D=D)Blloc,2 = [T o max
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Finally, using Xgc = XgI' + W and applying (S2.6), with probability

approaching 1,

. . 1 o
TVl = [1(3X 5 X 5355 — T )DB|lc2 = E||WTXSE§§DB||0072

4s(s + 3logp)

< 1.
Cminn

1 . L S .
< LW XD DB s < VWX S5 e < \/

n
Combining the above yields ||ZgcggiDBlos < 1 — /2 with probability

approaching 1, which together with (S2.13)) implies (52.10). R

Theorem [4.5] follows from Lemmas [2] [, and [f

Proof of Theorem [4.9]

We verify the conditions of Lemma 8.2 of [Zhou et al.| (2009)) under the given

assumptions and in our asymptotic setting with random design. By (S2.1))

and (S2.3]), with probability approaching 1,

||XJ||2 610gp & C’min
— == < 4/2 Amin (2 > .
max T S\t (Bss) 2 =3

(S2.14)

[t remains to verify the weighted incoherency condition (8.4a) of Zhou et al.

(2009). Define D,, g = diag(wy, ..., ws) € R*** and D;}gc = diag(w,y, ..., w;t) €

P

R(S—p)X(S—p) Where wlgl = O 1f W = 0Q. Then

Winax (

_ _ S o o
D 5o X5 Xs(XEXs) D e < 5 IXEX B3 < £XEXeE5 o

min (
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Writing Xgc = XsI' + W and applying (4.11)) and (S2.6]), with probability

approaching 1,

s
£||X CXSESS||<>02 < Vs|ITT o2 + £||VVTXSESS

/ \/43 s+ 3logp) < B <1+ 12logp
mm mm C'rnin n

Hence under Assumption 4.7, with probability approaching 1,

1 .
X XS5 <

ID, e X e Xs(X§Xs) 'Dysllee <1—n—0(1) <1—n/2.  (S2.15)
Conditional on X, on the event where (52.14]) and (S2.15) hold, our con-
clusion follows from Lemma 8.2 of |Zhou et al. (2009)). Then the conclusion
also follows unconditionally.

S2.1 Proofs of supporting lemmas

In this section, we prove Lemmas [T} 2| and [3]

Proof of Lemma 1]

Our normalization X;; = 1 implies || X ;||3 ~ x2 for each j = 1,...,p. We

use the chi-squared tail bound
P[x2 > n+ 2vnt + 2t] < exp(—t) (52.16)

for all ¢ > 0, from Lemma 1 of Laurent and Massart| (2000)). Then

||<x>2

+ 0(1)> :

P[HXng > 2n+6logp|] < P[HXng > n+24/2nlog p+4log p| < exp(—2logp),
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and a union bound over j = 1,...,p yields (S2.1). Also, P[||X ;||3 > 2n] <

exp(—n/8), and as s < n, a union bound over j = 1,..., s yields (S2.2).

For (52.3)) and (S2.4)),

S _ —1/2 1/2&— 1/2 —1/2 _
IZ5i-25kl < 1858 o IZYe S5iBe —1d|| | 58?2 < O

min

1355—1d]J2

where S L 1277 for 7 € R™<S having i.i.d. standard Gaussian entries.

Corollary 5.35 of |Vershynin (2012) implies

- e )

with probability approaching 1. As s < n, this implies for any § > 0, with

2
) S )\min(iSS) S )\max(ESS’) S (1

probability approaching 1

_ Vs +logn
558 - 1l < (2+4.0) (L8R,

Then ($2.3) follows from || X535l < |58 — Sgtl + [ Zssll2 < 20,14, and
(62.4) from

3(s+ +/slogn)
C1min\/ﬁ

For the remaining three statements, denote S = diag(cjt1,...,0,) €

IB55llo < 1B55— 55/l 155000 < V5 E55—5sllatIE5slle < HIE 551l

RP=3)x(P=5) 50 W = ZS where Z € R™ =% is independent of Xg with

i.i.d. standard Gaussian entries. Denote P = \/iﬁf];éﬂxg, so that PTP is

the projection in R™ onto the column span of Xg. With probability 1, this

column span is of rank s, so P is an orthogonal projection from R" to R®.
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Applying o; <1 for each j,

|255XEW |2 = Vil 255 "PZS 2 < Vit B "PZ o
Conditional on Xg, the columns of Egé/ *PZ are independent and dis-
tributed as N (0, f]gé), so each tth row of f);;/ *PZ consists of independent
Gaussian entries with variance (£51); < ||2g4ll2. Then by (S2.16)),

S—1/2 o
Pll(S55""P2)s. |13 > 20]Z53ll2 | Xs] < exp(-p/8).
and ([S2.5|) follows by taking a union bound overi = 1, ..., s, recalling s < p,
and applying (52.3). Similarly, [[W7XsE 5 sz < vVallZTPTE 6?0,
and conditional on Xg each row of ZTPT35! is distributed as N (0, 351).
Then ((S2.16|) implies
PlI(Z"PTS55);. /15 > (25 + 6log p)l| X582 | Xs] < exp(~2logp),
and (S2.3]) and a union bound over j = s+ 1,...,p yields (S2.6). Finally,
[WT(Id — 21X 255X 5)Wloo 2 < [|Z7(Id = PTP)Z|| o 2,

and conditional on Xg, Z7(Id — PTP)Z is equal in law to Z7Z where
7Z € RO=9%(=9) has i.i.d. standard Gaussian entries. Writing ||Z7Z||s02 <
|1Z"|| s 2]| Z||2, Corollary 5.35 of Vershynin| (2012) implies || Z||2 < v2n+,/p
with probability approaching 1, while 1' implies ||Z||§O2 <2n+6logp
with probability approaching 1. Then follows from combining these

bounds and observing nlogp < np.
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Proof of Lemma [2]

Denote by J.,(B) the objective function in and by Jrestricted (B) the
objective function in (S2.9). (The former is a function of B € RP*P .
B;; = 0 and the latter of B € R**? : B;; = 0.) If X Xg is invertible,
then Jiestrictea 1S strictly convex and |Jiestrictea(B)| — o0 as [|B|lp — oo,
hence there is a unique solution ]:%restricted to . Denote by d.J., and
O Jrestrictea the subdifferentials of J., and Jiespicted- Note that || X — XBJ|%
is differentiable in B and the penalty decomposes across rows of B, hence
0Jeo(B) = Dy(B) x - -+ x D,(B), where D;(B) is the set of vectors of the

form

1 Bi_i/[|Bi il B, ;#0
—-X"(X i —XB._) + 0,
n 9

{Zi—i : |Zi ]2 <1} B;_i =0
where X _; and B__; denote X and B with ith columns removed. Similarly,
O Jrestricted(B) = D1(B)" X - -+ X Dy(B)" where D;(B)’ is the set of vectors of

the form

1 B i/[|Bi il B, #0
——X,Ti(X.,fi — XSB.,—i) + 4,
n 9

{Z,_; : |Z; ]| <1} B,_;, =0.
As XB@O = XSBrestrictE(b we have Di(Beo) = Di(Brestricted)/ for each i € S.

By Optlmahty of Brestricted for " 0 € aJrestricted(]iD)restricted)7 hence 0 €
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8Di(]§restricted)’ = Dl-(]i%eo) for each i € S. On the other hand, condition
(S2.10) implies 0 € 6’Di(]§eo) for each i € S¢. Then 0 € 8Jeo(]:3>eo), SO
B., solves 1} In fact, the strict inequality in condition implies
that 0 is in the interior of Di(Beo) for each ¢ € SC. If B is any solution
to , then Tr DT(B — ]:3)60) < 0 for any D € (’3J60(Beo), which implies
(B — Bao)l = BZ-“ =0forallie SC. As Brestricted is the unique solution to

g

1} this implies B = Beo, so B,, is the unique solution to 1)

Proof of Lemma [3]

Let D,-(B)' for i € S be as in the proof of Lemma 2| above. Optimality of

B implies 0 € Di(B)’ for each 7 € S, i.e. for some Z € Z,
11 - 11 -
0=-—-X,(X-XsB)+6,Z;, +-X,(0,...,0,X ; — XsB ;,0,...,0).

Combining this condition across i € S and recalling X = (Xg, XsI'+ W) =

(Xs, W) + XsB*,
1op A 1 1op . . @ 1
0= —EXS(X—XsB)—i—@nZ—FEA = —EXS(XS,W)—ESS(B —B)+9HZ+EA.

The lemma follows by rearranging and substituting the definition of U.
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S3 Comparisons between hubNet and other methods

S3.1 Comparisons of simulation results between hubNet, lasso,

elasticNet and adaptive lasso

We first compare performance under different settings between four meth-
ods: hubNet, lasso, elastic net and the adaptive lasso with weights set to
the inverse absolute values of the univariate regression coefficients.

We experimented with the following four scenarios:

(a) A favorable model:
Y =XgB8+e€ =1, e~ N(0,1)
X;=Xgl'j+€, jeT, T'jj ~N(0,4), ¢, ~ N(0,1)
X;=¢,7¢T, ¢ ~N(0,1)
The set S contains the first s features, and T contains 20% of the

remaining features. Hence the model (2.6)) is correct but with only

20% of non-core features depending on Xg.
(b) An adversarial model:
Y =Xg+e€ =1, e~ N(0,1)
X; =Xgl'j+e€, jeT, T'y; ~N(0,0.25), ¢ ~ N(0,1)
X;=¢€,j¢5UT
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Sy contains the first s features and T' contains 20% of the remaining
features, of which s belong to S;. Hence a core set Sy influences T,

but Y is explained directly by certain features in 7" rather than Xg,.

(¢) An extreme adversarial model:

Y =Xg0+¢€ =1, e~ N(0,1)
Xj = XSQFJ‘ + €5, ] ¢ SQ, Pij ~ N(0,025), €5~ N(07 1)
Xj = Gj, j € SQ
Sy contains the first s features and S; contains the next s features.

This setup is the same as in (b) above, except T' is now the set of all

features outside Ss.

(d) A neutral model:

Y =Xs8+¢ =1, e~ N(0,1)

X ~ N(0, %)

S contains the first s features, and ¥ is a random positive-definite co-
variance matrix (generated using the R function genPositiveDefMat)

with the ratio of largest to smallest eigenvalue set to 10.

For each scenario, we consider (n,p, s) = (100,500, 10) and (200, 1000, 20),

and we also scale each feature to have variance 1 before applying each of
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the four methods. For hubNet, the edge-out tuning parameter 6 is set by
minimizing GCV, and we fix v = 1/2. For the elastic net, we also fix
a = 1/2. The main tuning parameter A in all four methods (corresponding
to the tuning parameter for the adaptive lasso step in hubNet) is set by
10-fold cross-validation.

We evaluate performance using the proportion of falsely detected fea-
tures (FP), the proportion of true features that are undetected (FN), the
cross-validation mean square prediction error in the training set (cvm),
mean square prediction error in the test set, and the total number of se-
lected features. A summary of these values averaged across 100 repetitions
of each scenario is presented in Tables [I] to [, with standard deviations
reported for cvm and test error.

HubNet outperforms the other three methods in scenario (a) as ex-
pected. Perhaps surprisingly, it also seems to outperform the other methods
under scenarios (b) and (d). In the extreme adversarial scenario (c), hub-
Net performs worse than the other methods, although this can be detected
in cross-validation.

In Figure (1] ,we track FP and FN along the solution paths of the various

methods as A varies. The results are in line with the above.
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Table 1: Comparison of hubNet with other methods in scenario (a)

(n, p, s) = (100,500, 10)

cvin(se) FN FP  features test.error(se)
lasso 1.555(0.297) 0.94 0.98 27.44 1.634(0.313)
elasticNet 1.599(0.298) 0.90 0.97 40.69 1.685(0.317)
adaptiveLasso 1.251(0.21) 093 0.97 24.31 1.497(0.268)
hubNet 1.199(0.201)  0.00 0.25 1555  1.3(0.227)
(n,p, s) = (200,1000, 20)

cvin(se) FN FP  features test.error(se)
lasso 1.55(0.196) 0.94 0.98 58.33 1.631(0.242)
clasticNet 1.564(0.183) 0.91 0.97 72.76  1.638(0.239)
adaptiveLasso 1.279(0.136) 0.94 0.97 36.65 1.421(0.193)
hubNet 1.174(0.12) 0.00 0.19 25.83 1.256(0.153)
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Table 2: Comparison of hubNet with other methods in scenario (b)

(n,p, s) = (100,500, 10)

cvin(se) FN FP  features test.error(se)
lasso 5.479(2.233) 0.03 0.85 66.33 4.588(2.239)
elasticNet 7.017(2.156) 0.05 0.86 7294 6.14(2.563)
adaptiveLasso 4.878(1.773)  0.16 0.79 41.65 5.867(2.623)
hubNet 3.716(1.405) 0.01 0.77 44.37 3.247(1.394)
(n,p, s) = (200, 1000, 20)

cvim(se) FN FP  features test.error(se)
lasso 15.277(4.159) 0.13 0.85 126.80 12.611(5.519)
elasticNet 17.328(3.555) 0.15 0.86 126.91 15.485(4.568)
adaptiveLasso 12.125(2.536) 0.22 0.76 67.57 13.183(3.658)
hubNet 6.685(3.369) 0.02 0.67 61.82 6.011(3.117)
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Table 3: Comparison of hubNet with other methods in scenario (c)

(n,p, s) = (100,500, 10)

cvin(se) FN FP  features test.error(se)
lasso 2.619(0.821)  0.00 0.82 57.68 2.531(0.807)
elasticNet 3.53(1.183) 0.00 0.86 71.89 3.143(0.984)
adaptiveLasso 5.988(1.889) 0.19 0.79 40.86 6.258(2.086)
hubNet 4815(1.988) 0.08 053 19.77  4.751(2.288)
(n,p, s) = (200, 1000, 20)

cvim(se) FN FP  features test.error(se)
lasso 2.776(0.525) 0.00 0.77 86.72 2.866(0.642)
elasticNet 3.915(0.809) 0.00 0.80 99.71 3.664(0.877)
adaptiveLasso 13.466(2.344) 0.24 0.80 77.10 13.135(2.883)
hubNet 21.302(4.784) 0.78 0.85 23.26 21.209(5.111)

20




S3. COMPARISONS BETWEEN HUBNET AND OTHER METHODS

Table 4: Comparison of hubNet with other methods in scenario (d)

(n,p, s) = (100,500, 10)

cvin(se) FN FP  features test.error(se)
lasso 2.486(0.515) 0.00 0.80 54.21 2.683(0.779)
elasticNet 3.948(1.111) 0.00 0.85 69.60 3.649(1.323)
adaptiveLasso 2.038(1.632) 0.01 0.70 37.96 3.085(2.723)
hubNet 1.717(0.356) 0.00 0.72 39.00 2.16(0.619)
(n,p, s) = (200,1000, 20)

cvm(se) FN FP  features test.error(se)
lasso 2.38(0.364) 0.00 0.80 104.40 2.668(0.623)
elasticNet 3.374(0.694) 0.00 0.84 126.78 3.317(0.889)
adaptiveLasso 3.475(1.825) 0.02 0.49 41.74 4.615(2.687)
hubNet 1.647(0.207) 0.00 0.69 66.77 2.137(0.416)
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Figure 1: False positive and false negative paths under four generating models.
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S3. COMPARISONS BETWEEN HUBNET AND OTHER METHODS

Table 5: Comparisons between hubNet , PCR and sparse PCR on two real data sets.

cvm(se) Num. features test error
Kidney Cancer Data hubNet 9.98(0.40) 1 0.008
p = 14814 PCR 11.1(0.33) 10 0.36
Ngrain = 88, Ngest = 89 | SPCR(10 non-zeros) | 10.3(0.60) 7 0.456
SPCR(50 non-zeros) | 10.1(0.40) 1 0.564
SPCR(100 non-zeros) | 10.0(0.40) 1 0.137
cvm(se) Num. features test p-value
DLBCL-patient Data | hubNet 10.9(0.36) 21 0.020
p = 7399 PCR 11.1(0.33) 0 -
Ntrain = 156, Ntest = 79 | SPCR(10 non-zeros) 11.01(0.40) 18 0.738
SPCR(50 non-zeros) | 11.06(0.35) 7 0.829
SPCR(100 non-zeros) | 11.07(0.26) 1 0.473

S3.2 Comparisons of hubNet, PC regression and sparse PC re-

gression on real datasets

The comparisons between hubNet, PCR and sparse PCR are summarized
in Table 5] and plots of test p-values versus number of non-zero features
are given in Figures [2] and [3, The model trained using hubNet has much
better performance on the test data set, and it uses original features which

are easier to interpret and validate.
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S4. RECOVERY OF HUB NODES AND SPEED COMPARISONS

S4 Recovery of hub nodes and speed comparisons

In this section, we compare the edge-out method with the hglasso method

of [Tan et al.| (2014) in terms of computational speed and recovery of the

underlying hub structure. We also compare the edge-out procedure with

individual lasso regressions to show that the grouped /5 penalty can signif-

icantly improve the identification of hub predictors.

We generate X according to three settings:

1. For a core set S of size s, let A € {0, 1}P*P have all diagonal entries 1,
all entries in row ¢ and column 7 equal to 1 for all i € S, and remaining

entries 0. Define
0 Aij — O
Unif([—0.15, —0.015] U [0.015,0.15])  otherwise,

E=1{E+E"), and ' =E + (0.2 — \yin(E))Id, and generate the

rows of X from N(0,3).

2. For two predictor sets S; and Sy of sizes s/2, let
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with A, Ay generated as above with core sets S7,.5;. Construct X

from A in the same way as above.

3. For a core set S of size s, generate I' € R**(P=%) with i.i.d. entries
distributed as N(0,4) truncated above and below at +2. Then gen-
erate each row X; of X such that X;; ~ N(0,1) for j € S and

Xz’j = XLSI‘,J- + €ij fOI'j ¢ S and €ij ™~ N(O, 1)

In each setting, we re-standardize the predictors to have variance 1.

We set (n,p,s) = (100,200,4) and compare edge-out and hglasso by
the number of correctly identified hub nodes as well as their corresponding
absolute row sums in the estimated matrix. (This matrix is Beo for edge-
out and V7 in the hglasso decomposition £7! = Z + V + V7T where Z is
sparse and VT has few non-zero rows.) Edge-out was applied with only the
(5 penalty (eol2) or with 7 = 0.5 (eol12), and hglasso with A; = 1000 and
A2 = 0.2 or 0.5. Results are shown in Figure [} the left column of the figure
tracks the number of correctly identified hubs as the main tuning parameter
(6 for edge-out and A3 for hglasso) varies, while the right column tracks the
maximum rank of any hub node when all nodes are ranked in decreasing
order of their absolute row sums. (A maximum rank of 4 indicates that all
four hub nodes have larger absolute row sums than all remaining nodes.)

We observe that both variants of edge-out perform well in all three settings;
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hglasso performs well in settings 1 and 3 for Ay = 0.2 but not for setting 2

under the tested tuning parameters.
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Figure 4: Comparison of hub detection accuracy of edge-out and hglasso, by inclusion of hub
predictors on the left and ranking of hub predictors on the right, as the number of total included

predictors increases.

Figure [5| compares the speed of these two methods, with one of n,p
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fixed while the other grows. We see that the edge-out algorithm is much

faster and appears to scale quadratically in p and linearly in n.

n=100, sparse n=100, dense
g =
< —| — hglasso / o _|
—— edge-out N
g 7] = ’g S
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Figure 5: Speed comparisons. In the top row we compare the computation times for the hglasso
and edge-out algorithms, as the number of predictors increases, for sparse and dense problems.
The bottom row examines just edge-out, with n or p fized, for larger problems. We were not

able to run hglasso in these latter settings.

Next, we increase the number of hub predictors s to 10, and we compare
edge-out with and without the ¢; penalty to individual lasso regressions

(corresponding to the special case of edge-out with v = 1).
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Figure 6: Comparison of hub detection accuracy of edge-out with v = 0 (only £2 penalty),
v =1/2 (combined £1 and l2 penalty), and v =1 (individual lasso regressions), using the same

metrics as in Figure E|

Performance is significantly better in all three examples when we include
the /5 or grouped lasso penalty in edge-out, rather than using only the lasso

penalty. Performance of edge-out with and without the ¢, penalty is similar
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in the first and second examples, as the hub predictors have varying levels
of influence on the other predictors, and many of these influences are small.
In contrast, inclusion of the ¢; penalty in the third example yields worse
performance, because the hub predictors in this example have a strong

influence on all of the non-hub predictors.

References

Laurent, B. and Massart, P. (2000). Adaptive estimation of a quadratic functional by model
selection. Annals of Statistics, 28(5):1302-1338.

Obozinski, G., Wainwright, M. J., and Jordan, M. 1. (2011). Support union recovery in high-
dimensional multivariate regression. The Annals of Statistics, 39(1):1-47.

Peng, J., Bergamaschi, A., Han, W., Noh, D.-Y., Pollack, J. R., and Wang, P. (2010). Regular-
ized multivariate regression for identifying master predictors with application to intregative
genomics study of breast cancer. The Annals of Applied Statistics, 4(1):53-77.

Tan, K. M., London, P., Mohan, K., Lee, S.-I., Fazel, M., and Witten, D. M. (2014). Learning
graphical models with hubs. Journal of Machine Learning Research, 15(1):3297-3331.
Vershynin, R. (2012). Introduction to the non-asymptotic analysis of random matrices. In

Eldar, Y. C. and Kutyniok, G., editors, Compressed Sensing, pages 210-268. Cambridge

University Press.

Zhou, S., van de Geer, S., and Biithlmann, P. (2009). Adaptive Lasso for high dimensional

30



REFERENCES

regression and Gaussian graphical modeling. arXiv preprint arXiv:0903.2515.

31



	Optimization for the edge-out model
	Proof of Theorems 4.5 and Theorems 4.9
	Proofs of supporting lemmas

	Comparisons between hubNet and other methods
	Comparisons of simulation results between hubNet, lasso, elasticNet and adaptive lasso
	Comparisons of hubNet, PC regression and sparse PC regression on real datasets

	Recovery of hub nodes and speed comparisons

