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S1 Loglikelihood function (3.1)

Conditional on (G; k-1, Xix), the survival function S(t) = P(Gix > t|Gi k-1, Xik) is

pir(Bp) exp [ — pik (ar)nin (Br)Ar (t)] + Dik (Bp) exp [ — pik (ca)nin (Ba) Aa(t)],

since we assume that population at each stage is considered as a mixture of two groups of
subjects following two different paths. For the “relapse” event, if 6;; = 1 then the density

function f(t,65 = 1) is
b (Bt ()i (Bo) A (£) exp [ — s (e i (Br) A (1)
Similarly, the density function f(t,d5 = 1) is

Pite (Bp)pire ()i (Ba) Aa(t) exp [ — ik (aa)nin (Ba)Aa(t)].
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So we have
PANji(t) = 1Gik-1,Xik) = Yir(t)Oun(t)pin (ar)nin(Br) Ar(t)dt
= Yir()dA(1),
PAN(t) = UGik—1,Xir) = Yie(t)Oir(t)pir(cra)mir (Ba) Na(t)dt
= Yi(t)dAR (L),

where dA% (t), dAR.(t) are the differential over the time argument of the cause-specific cumula-
tive hazard functions. Since no two counting processes jump simultaneously, then the loglikeli-

hood function takes the form

8i log AL (Gir) + 6ip log dAL (Gir) — (AfL(Gir) + A (Gix));
or it is equal to

/OT { log Ak ()N (t) + log dAGR (AN (t) — Vi (t) (dATL (1) + dAR (t))}
= /0 [log @k (t—; Q) + B1.Zik + arGi k1 + log dA,(1)] NG ()

- /0 ' Yik (£)Oir (t—; ) exp(Br-Zik + - Gip—1)dA(t)

+ /OT [log ©ik (t—; Q) + B4 Zik + aGiu—1 + log dAq(t)| AN (t)

— [ Yr0Bu =) exp(BiZn + a0

Therefore, we have shown the loglikelihood function for subject ¢ at the kth stage. The full

loglikelihood is provided in equation (3.1).

S2 Proof of Theorem 1

These estimating functions are thus unbiased, i.e, have zero expectation at the true parameter
value Q°. Indeed, condition (A4) implies that Q° is the unique root of the expected estimating

functions. Next, the identifiability of the models (2.2) and (2.3) over  excluding the subset
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with 8, = B, = B4 = 0 can be obtained similarly to the result in Section 2.1 of Chang et
al. (2007). Finally, by condition (A1) the parameter space B for 2 is a compact set in the
metric space RY x [°°(Q), where P is the dimension of the vector of regression parameters
{ar, @a, By, Br, By}, and Q is the class of functions of bounded total variation and integrable
envelope based on the supremum norm in in [0, 7]. Hence B belongs to a Glivenko-Cantelli class,
which has e-entropy with bracketing number bounded by A/e, where A is some constant. By
conditions (A1)—(A3), the estimating functions are continuous functionals of €2, which together
with the integrability of the envelope of {2 implies that the integrands in the estimating functions
are also Glivenko-Cantelli. By the uniform law of large numbers for the empirical process of the
estimating functions, we obtain the uniform convergence of the estimating functions to their

expectations. Theorem 1 thus follows.

S3 Proof of Theorem 2

Let U(Q) = {U4,Us, Uy} be the score function of the loglikelihood (3.1) with respect to
Q = (a,B,dA). Since the counting processes {(N/jF, Ni2),i = 1,--- ,n} are assumed to be
orthogonal, n~%/ 2U(Q°) converges weakly to zero-mean Gaussian distribution with variance
matrix Z°, which is the limiting predictable variation process of nil/QU(QO). In addition,
70 is identical to the expected version of n~'Z, provided next, evaulating at Q° because the
summation of the martingale integral converges to zero. According to Theorem 3.3.1 of van and
Wellner (1996)

n'2(Q - %) = n VAT TTUQ°) + 0p(1),

we have n'/ 2(f\l — Q%) converges to a zero-mean Gaussian distribution with variance matrix
(10)714 Hence the linear functional (4.5) is asymptotically normal with mean zero and variance-

covariance matrix £'(Z°)7E. Finally, from standard Cramer-Wold type arguments (Aalen,



4 CHIA-HUI HUANG, YI-HAU CHEN AND YA-WEN CHUANG

1997, Lemmal), we have the weak converges of \/ﬁ{&—ao,,@—,ﬂo, K(t) —A°(t)}, for0 <t < 7.

S4 Score Functions

Maximizing (3.1) with respect to as, 8p and s leads to the following score functions

ZZ/ ZkZ:St_ Q))sz}Z( ) = Yir(8)Ouk,a (t=; Q) ik () nire (Br) dAr (2)

S35 [ G AN ) ~ Y08k (s D)) ana(0) |

i=1 k=2

N3 / vt {ANE(E) — Y (0O (1= Qs o min(B) A (1)}

i=1 k=2
ZZ | Guar {avB) = Yi(0Bun (= D 0uma (B)dra()}
Un =33 [ el AN 0 - Vi )01, 1= D (B ()

- Z Z /T {ngfa(f};;) AN} (t) = Yir(t)Oir,p, (t—; Q)uik(ad)mk(ﬁd)dAd(t)} ,

Us, = ZZ/OT %wﬁ;( ) = Yir (1)uk. . (t—; ) pan (v )man (B ) dAL ()
_ n K T Msz()—sz(t)@m ( Q) 7,k(oéd) zk(ﬁd)d!\d()
;H/o { Bun(t— ) 8, par () }
(s=r ZZ/ Zik {dN,k - )eik(t_§Q)Mik(ar)'fhk(ﬁ,«)d/\r(t)}
=1 k=1
ZZ / Zik lek ) = Yir(t)Ouk (t—; Q) pir (aa)in (Ba)dAat )}

where Oik, o, () = 00 (-;Q)/0as, and Oq g, and Oy g, are defined similarly.

Let t* denote some observed value for gap times {(T}F, T”) : k > 1}, and dAs+ = dA,(t")
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with s € {r,d}. The score functions for dA,» and dA4- are obtained as

n K R D
dM;; (v) dM;7 (v) } }
U, « = @Z ; |: ik _ i A ,
i, g ; { dAr* oy Qkan D) IS T B )
n X R D
_ . dM;(v) _ dM; (v)
Ud/\d* - £ ; { dAd* ot ezk dAd* v 3 Q) |:@zk(v_7 Q) (:)Zk (’Ui; Q) s

where Ok, an . (v;2) = (0/0dAs+) O (v; Q).
The score functions Us and Ug are obviously martingales at Q = Q° by the explicit
expressions given above. Also, with similar arguments to those in Appendix C.3 of Hu and

Tsodikov (2014), we can show that Uy, ;) and Uy ) are martingales at 2 = 0o.

K

_ R — o [ M) M (v)
Ur,y = ZZ{ M (u // Oikan, (V75 @ik(v*;Q)iéik(Uk—;Q)

i=1 k=1

|

- E;M HORS / {eik,dAr* (075 QA(v A L) {eﬁfﬁ(%) _ @cji\f;k_(:})z)
|
|

N

x

Unaty = Z;{ // Oik,dn,- (V7 2)

x

_ ZZM (1) + / {@ik,md*@*;@)Ad(vAt)

S5 Information Matrix

The information (negative Hessian) matrix for the parameters Q can be obtained as follows.
Denoted by Zaa .ar, = —0Uaa_. /OdA;r, where s,1 € {r,d} and suppose that t* and t’ are

two observed failure times for states R or D with t* > t'. By symmetric, we have IdAs*dAl’ =
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Tan dn,« when t' > t*.

Zanwan, = ZZsz Oik,dn,, (" =5 Q) pin (e )min (Br) (s = )

i=1 k=1

- Z Z Yir(t")Oin,an, ("= Qpin (aa)nin(Ba) (s = d)

=1 k=1
Oik,da *dAl/ (vT59Q) | Oukan,. (V75Q)Oikaa,, (v75Q) R
+z;kzl/ v Q) + CHACRRY) dNyi(v)

-I-ZZ/ Yir(0)Oik,dn wan, (v 5 Q) pin (o )ik (Br ) dAr (v)

i=1 k=1

Oik,dA *dA/( Q) Oupan. (VT;2)Oik,4n, (V3 Q) D
5[ : e ¥ DM Ay ANE )
ZZ (v=59) O%(v=: %) ’
- Z Z/ Yir (v)Oik,an v any, (V5 Q)i (a)in (Ba)dAa(v),
=1 k=1
U &L ANE (¢ dNR (t*
T _ i i _
dA x dA g 2 ; dAz, )+ 2 ; dAz, =d)
n K — 2 -
zde*dA*( Q) Opan. (v;Q) R
+ / —+ . 2 dNZ v
ZI; vt (v739) CHACIE?) (v)
+ZZ / Yir ()it e an. (05 ) puin (v ik (B )dA (v)
i=1 k=1
zde*dA*( Q) Ohaa. (vT3Q) D
+ / — =5 dN,L ’U)
;k 1/t (v=;9) 07, (v=3; Q) el
- Z sz Oik,dh v dr o (V3 Q) ik (0a) ik (Ba) dAa(v),
im1 k=17 t""
n K
s* Q = i i i,k— = ik,oq *7; i r )T s =
Tanoa Yin(t [ WGk I = 1) + Oy (t Q)]p k()i (Be)I(s = 7)
=1 k=2

+ Z Zsz [ k(DG w1 I(l=d) — Osp,0, (" —; Q)]Mik(ad)'f]ik(ﬂd)l(s =d)

i=1 k=2

Oik,dA *al (vT59) | Oikdna. (V7;92)Oik,q, (v 582) R
D> /{ o) 02,39 ANk (v)

i=1 k=2

+ Z Z/ Yie (v) |Oik,an o (75 Q) Go -1 Il =7) + Oik,dn ey (V5 Q)]uik(ar)mk(ﬂr)dl\r(v)

i=1 k=2

ik dA *al (v759Q)  Oikan. (V7;92)Oik,a, (v 582) D
- S dN;
+Zkz/ [ bt o 2(v)

— Z Z/ Yie () |Oik,dn . (75 Q)Gik—11(l = d) + Oik,dn v oy (V7 Q)} ik (a)nie (Ba)dAq(v),

im1 k=27 t"T
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]~
~

ik (t7) Ok, g, (" —; Q) par (ar )min (Br) I (s = 1)

K
T ZYik(t*)eikﬁp (" —; D pir (aa)mie (Ba) I (s = d)

i=1 k=1
n K _ _ _
" —Oik,dA, .8 ('U §Q) Oik,dA_« (U ;Q)@ug 8 (11 ;Q) B
+ S + o dN;
; ; /t*+ Oi(v™;Q) 02, (v Q) k(v)
n K .
+ Z/ | Yin(W)Oian,. 5, (v Qpsk (r )ik (Br)dAr (v)
i=1k=1"t"
n K — — —
T Oik.da «B (v ,Q) Ok dA » ('U ,Q)@lk 8 ('U ,Q) D
+ / = - —— L dNZ v
)3y R B T S 200

- Z/; Yik (0)Oik,da . 5, (V5 ) ik (a) i (Ba)dAa(v),

30D Vi) [But" ) Zu I = d) — ©in, (8= ) pan(ca)min (Ba) I (5 = d)
22

- [T —Oik,an .5 (0 5Q)  Oupan,. (V7 ;2)Oik,5 (v 5Q) R
+ ; ; /t*+ { O;1(v—;9) 02, (v Q) :| dNjy (v)
n K T
+>°3° / | Yae(v) [@ik,d%* 5N ZinI(1 = 7) + Ouranupy (v Q)] fin ()i (Br)dA - (v)
i=1k=1"1t"
ot 7 @ikvdAs*ﬁz (U_;Q) @ik,dAS* (U_;Q)eik,ﬂl (’U_;Q) D
+;;~/ﬁ+ { Oir(v™;Q) 82 (v Q) } dN;, (v)
n K T
g /t*+ Yir(v) [eik’dAS* (5 Q) Zinl (1 = d) + Oiran .5 (v75 Q)]Mik(ad)mk(ﬁd)d/\d(v%
i=1 k=1

gK - - —
T —@ik,asaz (t 79) @ik,as (t ;Q)@ik,al(t 7Q) R
/0 [ O,k (t—;Q) + &2.(t:0) AN (t)

+ ‘ Z Yir(t) [eik,as t5DGi k-1 Il =7)+ Oik,ana, (t; Q)} wik () nix (Br))dA (1)

- " [Oikarar (t52) | Ouka (t5Q)Ouma, 57 |
5., S ’ AN (t
+ZZ/[ Oult) 0%, (t;9Q) i (®)

n K

a Z /T Yir () [Gik’%(ti; DGkl = d) + Oik,aza (t; Q)]#ik(ad)nik(ﬁd)d/\d(t)

=1 k=2

HI(s=71)> Y /OT Gik—1Yir(t) [e)ik(t*; DGip—1I(l=7)+ Oin o, (t; Q)]uik(ar)mk(ﬁr)dAr(t)

1=1 k=2

H(s=d) anz /OT Gin-1Yik(t) [é““(t_§ Q)Gip-11(l =d) = Oig,o (t7; Q)]mk(ad)mk(ﬂd)dAd(t),

i=1 k=2
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n K — — _
zkaeﬁ (t759Q) | Ouk,a, (t75;92)Oik,p, ;) R
£ + e AN (t
;;/o Bir(t73 Q) 02,(t-;9) (1)
K
+ZZ YO o8y (073 W i ()i (Br)dA (1)
i=1 k=270
n K — —
ik aaﬁp T59) | Ouka, (7)) Ok, (175Q) D
+ - AN, (t
ZZ : 0) &2.(t:9) <)
K
3D [ V0O 7 Opn (B a(t)
i=1 k=270
ZZ/ Gik—1Yik(t)Oir,p, (7 Q) pir (cr )ik (Br)dA (t)
i=1 k=2
ZZ/ Gik-1Yir(1)Oix,p, (t; Q) pir (ca)nix (Ba)dAa(t),
i=1 k=2
n K _ _ _
Oik,as6 (t75Q) | Oika, (t752)Oirp (¢ ;Q)} R
+ dN; (t
i= 12/0 { Ou(t=5Q) 07 (t= Q) k()
n K
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n K _ _
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n K
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_ Oir,p.5,(t 59Q) | Oinp, (t752)04 45 (t7;Q) R
To.p = ;;/0 ot SR ANE (1)
K
+ Z Z/O Oik,p, (t 3D ZixI(l = 1) + Oinpp, (t; Q)} ik (e )nik (Br)dAr (1)
i=1 k=1
n K — / _
zk ﬂsﬁz Q) Oup, (75 2)O5, 5, (175Q) D
+ — AN (t
>3 Q) A ] +0
n K
22>/ Vi (0)[@ikos, (73 Q) ZI (1 = d) + O (59 i (@a)min (Ba)dAa (1)
1=1 k=1
n K
(=7 > / ZinYik (1) | Our(t™ ‘Q)Zikl(l:r)+eék,m(t*;Q)]mk(ar)mk(ﬂr)dm(t)
=1 k=1
D33 | 20¥0) [0k 200100 = d) = Ol (471D s vy (Ba) ().
=1 k=1

S6 Tables and Figures

The estimation for A under the smaller sample size of n = 150 yields a relatively larger bias.
In Table 1, we perform a simulation study with data generated by the same values of regression
coefficients as in Table 1 of the main article, but the baseline hazard rates A.(t) and \4(t) are

enhanced to be (0.25¢,0.5).
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Table 1: Simulation results for the competing risks data with K = 1 in each replica-
tion. The baseline hazard functions A.(t) = 0.25¢ and Ag(¢) = 0.5, which yields 42% of

“relapse” events and 40% of the “death” events

Scenario 1: 8, = (0,0) Scenario 2: 8, = (—0.5,1)

n Parameter Bias SD SE CP (%) Bias SD SE CP (%)

150 Bp:1 0.022 0.254 0.260 94.8 0.043 0.254 0.267 96.2
Bp : X1 0.026 0.360 0.368 94.9 —0.002 0.366 0.380 96.3
Br: X1 =-0.3 —0.041 0.285 0.284 94.3 —0.039 0.281 0.291 95.4
Br: X9 =0.7 0.036 0.117 0.126 96.5 0.030 0.113 0.126 96.9
Bq: X1 =-0.5 —0.012 0.287 0.296 95.4 0.010 0.305 0.310 95.2
Bg:X2=05 0.006 0.108 0.121 97.7 —0.001 0.106 0.119 97.2
Ar(T/4) =0.781 0.008 0.197 0.189 92.8 0.023 0.220 0.217 94.7
Ar(T/2) = 3.125 0.135 0.886 0.932 96.2 0.141 0.941 1.023 95.5
Ay (37/4) = 7.031 0.760 4.021 4.240 93.3 0.889 3.851 4.342 93.8
Aqg(r/4) =1.25 0.083 0.312 0.307 95.8 0.074 0.283 0.277 95.8
Aqg(r/2) =25 0.309 0.751 0.747 97.8 0.262 0.680 0.671 96.8
Aq(37/4) =3.75 0.653 1.551 1.562 98.0 0.596 1.577 1.479 97.2

300 Bp:1 0.018 0.171 0.181 96.1 0.024 0.190 0.186 93.8
Bp : X1 0.001 0.247 0.257 96.1 —0.006 0.265 0.266 95.7
Br: X1 =-0.3 —0.013 0.193 0.196 95.2 —0.020 0.195 0.203 95.6
Br: Xo =0.7 0.021 0.083 0.087 96.2 0.016 0.084 0.087 95.3
Bq:X1=-0.5 0.012 0.196 0.201 95.9 —0.002 0.211 0.210 94.5
Bq:X2=0.5 0.002 0.080 0.082 95.6 0.003 0.075 0.081 96.9
Ar(7/4) =0.781 —0.004 0.127 0.131 94.7 0.011 0.150 0.148 94.8
Ar(7/2) = 3.125 0.023 0.571 0.599 96.1 0.070 0.638 0.671 95.8
Ar(37/4) = 7.031 0.258 2.244 2.305 93.9 0.290 2.095 2.355 95.0
Ag(r/4) =1.25 0.032 0.200 0202  94.9 0.035 0181 0185  96.2
Ag(r/2) =25 0.114 0.455 0.455 96.4 0.144 0.436 0.426 96.7
Aq(37/4) =3.75 0.282 0.860 0.860 97.0 0.346 0.901 0.842 96.5

The proposed method directly models the association between the previous gap times and
the current gap time. In general, there is no guarantee that the model estimation results will
be correct under model misspecification. However, the simulations we perform reveal that the

estimation results are quite robust to misspecification of the association between the previous
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gap times and the current gap time. In the following simulations, we assume that the true

model is

. — R R
lim ATUP(E ST <t AT > 4,60 =1, e, Xe) = exp (mzk T aM/T,gil) Ar(t),

. —1 D D
lim ATP(E ST <t 4+ AT 2 1,Ge = 0, He, Xi) = exp (5;Zk+ad,/T,§il) Aa(t).

In the analysis, however, we misspecify the above models by replacing the term /T | with
T;® . All the other setups are the same as in the simulations Table 3 of the main text. We can
see that the finite sample properties of regression parameters and the baseline hazard functions

are still good.

Table 2: Simulation results for falsely assumed the association between the previous gap
times and the current gap time in the proposed models (2.2) and (2.3). The observations

of a sample size n = 300 are generated under the recurrent event data with K =3

Scenario 1: B, = (0,0,0.1) Scenario 2: 8, = (—0.5,1,0.1)
Parameter Bias SD SE CP (%) Bias SD SE CP (%)
a,r =0.1 —0.032 0.083 0.086 92.7 —0.041 0.081 0.084 92.2
ag = —0.1 0.031 0.112 0.118 96.8 0.043 0.109 0.122 96.8
Bp:1 0.031 0.238 0.237 94.2 0.043 0.253 0.242 94.7
Bp : X1 0.023 0.338 0.315 94.1 0.030 0.371  0.332 92.3
Bp : previous gap  —0.017  0.128  0.133 92.9 —0.008 0.137 0.141 94.3
Br: X1 =-0.3 —0.029 0.256 0.245 93.3 —0.023 0.288 0.254 91.7
Br: X2 =0.7 0.023 0.095 0.092 94.1 0.029 0.097 0.092 94.1
Bq: X1 =-0.5 0.003 0.279  0.267 95.3 0.013 0.321 0.291 93.1
Bg:X2=0.5 0.009 0.097 0.096 94.9 0.003 0.098 0.094 94.2
Ay (T/4) = 0.156 —0.004 0.037 0.037 92.9 —0.003 0.043 0.041 90.1
Ar(7/2) = 0.625 0.003 0.130 0.129 93.3 0.006 0.158 0.146 92.7
Ar(37/4) = 1.406 0.054 0.354 0.332 93.4 0.049 0.408 0.369 92.8
Ag(r/4) =0.25 0.008 0.063 0.061 94.9 0.007 0.056 0.056 95.3
Ag(7/2) = 0.022 0.119 0.114 95.2 0.025 0.105 0.103 95.6
Aq(37/4) =0.75 0.044 0.197 0.174 95.7 0.046 0.169 0.155 95.9
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To access the adequacy of the proposed mixture model in the two data applications

considered, we obtain the martingale residual plots using the estimated martingale residuals

{(MI%(T% MJ(7)),i=1,--

nk=1,--- ,K}, which are direct outputs of the proposed pro-

cedure. If the proposed models are adequate, the residuals will be normally distributed with zero

means, and hence the scatter plots of such residuals against the values of the linear predictors

in the models would reveal no systematic patterns.
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Figure 1: The estimated martingale residuals against the predicted values of o, T}F | +

Bl.Z (left) and T | + B2y (right) from the PD study, with a smoothed curve by

LOWESS (dashed line)
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Figure 2: The estimated martingale residuals for the EMBT study



