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Abstract: This paper examines necessary and sufficient conditions for the propriety
of the posterior distribution in hierarchical linear mixed effects models for a col-
lection of improper prior distributions. In addition to the flat prior for the fixed
effects, the collection includes various limiting forms of the invariant gamma distri-
bution for the variance components, including cases considered previously by Datta
and Ghosh (1991), and Hobert and Casella (1996). Previous work is extended by
considering a family of correlated random effects which include as special cases the
intrinsic autoregressive models of Besag, York and Mollié (1991), the Autoregressive
(AR) Model of Ord (1975), and the Conditional Autoregressive (CAR) Models of
Clayton and Kaldor (1987), which have been found useful in the analysis of spatial
effects. Conditions are then presented for the propriety of the posterior distribution
for a generalized linear mixed model, where the first stage distribution belongs to
an exponential family.
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1. Introduction

Bayesian analysis, especially of hierarchical linear mixed models, has received
much attention recently. There is often not enough information on hyperparam-
eters for subjective Bayesian analysis and one often resorts to noninformative
or default priors. For a recent review of noninformative priors, see Kass and
Wasserman (1996).

There are several important reasons to consider noninformative priors for the
generalized linear model. First, in the generalized linear model, it is difficult to
derive the “standard” noninformative priors such as Jeffreys’ prior, Berger and
Bernardo’s (1992) reference priors, or matching priors. Next, even when we can
derive these “standard” noninformative priors, posterior distributions are usually
computationally intractable because these priors often depend on sample sizes.
Finally, simple noninformative priors are easy to implement. However without
proper precaution, simple noninformative priors can be misused, sometimes un-
knowingly, and lead to other difficulties, such as the nonconvergence of the Gibbs
sampler (cf. Hobert and Casella (1996)).
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One commonly used noninformative prior is the constant prior density for
some of the parameters, but this might lead to nonintegrable posteriors (cf.
Ibrahim and Laud (1991)). Alternatively, scale-invariant priors are used in the
literature. Consider the one-way random effects model (cf. Morris (1983)), where
(yj105,00) are iid. N(6;,00), and (6;|p,01) are iid. N(u,01). Here for given
(0,00), y;j and (u, 01) are independent. Under the scale-invariant prior p(u, dg, 01)
o 1/(8061), the posterior of §; is improper. One solution is to use a dependent
prior, p(u, 80, 91) o< (69 + d1) ! (cf. Kahn (1990)). However, such an approach to
hierarchical models often involves the sample size and the design matrix. Con-
sider also the balanced one-way ANOVA model:

Yij:,u—kui—i—eij, i=1,....,1, 5=1,...,n,

where the u; are i.i.d. N(0,6;) and, independently, e;; are i.i.d. N(0,dp). The
Jeffreys prior for (u, dg, d1) is of the form p(u, 8o, 81) o [60(do +ndy)?/?] L. Berger
and Bernardo (1992) suggest the reference prior p(u,do,d1) o< [0(do + nd1)] L.
Ghosh and Mukerjee (1993) and Datta (1996) showed that this reference prior
is a matching prior when each or all three parameters are of interest. Such a
prior depends on the sample size and use of this prior can be computationally
impractical in practice, especially for an unbalanced design. When n gets large
this prior is close to 1/(dpd1), the scale-invariant prior. A natural question is
whether it will yield a proper posterior.

Datta and Ghosh (1991) considered a noninformative prior for a linear mixed
model by assuming a constant prior for fixed effects and a prior density of the
variance component J; of the form

1
W exp(—b;/d;), (1)

where a; € R and b; > 0 (If a; > 0, this is inverse gamma IG (a;,b;) ). Ghosh,
Natarajan, Stroud and Carlin (1998) studied a generalized linear mixed model
with a constant prior for fixed effects and priors for random effects precision
components that are IG (a;, b;) with a small but positive b;. This is reasonable if
one has information on ¢; (cf. Sun and Berger (1998)), but it is clearly suboptimal
otherwise. Note that for the inverse gamma when both a; and b; tend to 0, the
proper priors tend to the scale-invariant prior. It is of interest to know whether
we can use the scale-invariant prior rather than the inverse gamma distribution
with very small positive parameters. The problem is whether the posterior is
proper in using flat prior for the fixed effects, and independent scale-invariant
priors for the variance components of the random effects.

The scale-invariant prior for the one-way ANOVA model is a special case
of (1) when a; = b; = 0. Recently, Hobert and Casella (1996) found some
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conditions on a; for the propriety of posterior distribution when b; = 0. They
assumed the random effects are a priori independent. This would not be true
in many situations, for example in image processes or in disease mapping over
neighboring regions. See, for example, Bernardinelli, Clayton and Montomoli
(1995) and Sun, Tsutakawa, Kim and He (2000).

It is important to explore simple noninformative priors for general hierarchi-
cal models systematically. In this paper, we study noninformative priors for hier-
archical models. Our results include Datta and Ghosh (1991), Hobert and Casella
(1996), and Ghosh, Natarajan, Stroud and Carlin (1998) as special cases. Some
related work under different sampling plans was considered in Ghosh, Natarajan,
Waller and Kim (1999).

The paper is arranged as follows. In Section 2, we consider a general lin-
ear mixed model whose random effects may be independent or correlated. The
correlations are introduced through a family of distributions which includes as
special cases the intrinsic AR model of Besag, York and Mollié (1991), the AR
model of Ord (1975), and CAR models of Clayton and Kaldor (1987). We first
prove the propriety of the posterior distribution when the fixed effects have a flat
prior and the random effects have a proper prior. We then consider the propriety
of the posterior distribution when (al) b; > 0 or (a2) b; = 0 and a; < 0. We give
examples to show that the posterior distribution may or may not be proper in
the case when a; = 0 and b; > 0. We also discuss special cases which may be
applicable in practice. In Section 3, we present results which are useful in the
implementation of the Gibbs sampler to our model. In Section 4, we first extend
the results to the generalized hierarchical model where, conditionally on the pa-
rameters v = (vy,...,vyn)’, the distribution of the observed random variable y;
depends only on v; and v satisfies the general linear mixed model. This exten-
sion includes cases where the data are Poisson or binomial. We then extend our
result to the generalized linear mixed model, where the first stage distribution
belongs to an exponential family which may include shape and scale parameters
in addition to v.

2. Main Results
2.1. Preliminary

Consider a general linear mixed model

/ /
v; = x1,0 + x5u + ¢, (2)
where v = (v1,...,v,)" is an n x 1 vector of data, X; = (x11,...,X1,) and
Xy = (x21,...,X2,)" are known design matrices, with dimensions n x p and n X ¢,

0 is a p x 1 vector of fixed effects, u is a ¢ x 1 vector of random effects, and
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e = (e1,...,e,) is an n x 1 vector of random errors. A Bayesian hierarchical
linear mixed model begins with the assumptions

11|(51,(52,...,(5T) ~ Nq(O,A), (3)
e|50 ~ Nn(O,(SOz),

where w = (u),...,u.), w;is ¢; x 1, >.7_1¢; = ¢, and A = @gzléiBi—l, where
@gzléiBi_l = diag((SlBl_l, (52B2_1, ...,6,B1). Here r subvectors of u correspond
to the r different random vectors in the experiment, 0 is a vector of zeros, X is a
known positive definite (pd) n x n matrix, and B; is a pd ¢; X ¢; matrix. Without
loss of generality, we assume that X equals I,,, the n-dimensional identity matrix.

It is often the case that B; is known, for example, B; = I,. In other cases,
B, contains some unknown parameters. In our case, we assume that B; has the
form,

Bi = (qu - pici)éia (4)

where C; is a known ¢; X ¢; symmetric matrix, &; is a known nonnegative integer
and p; is an unknown parameter such that B; is pd. Let A;; < Aj2 < ... < Ay, be
the ordered eigenvalues of C; satisfying A\j; < 0 < Ajg,. When 1/X;; < p; < 1/Xiq,,
B; is positive definite. Note that B; = I, if p; = 0 so the model considered here
is a generalization of independent random effects. We also note that if p; is
known, B; would also be known and, by a suitable linear transformation on &;,
our problem reduces to the case of independence. A common choice for C; is
the adjacency matrix used in spatial analysis, with element c;; = 1 if regions j
and [ are adjacent and cj; = 0 otherwise, including the case j = [. The common
choices for & are 1 or 2. The former occurs in a CAR(1) model of Clayton and
Kaldor (1987), and the latter in the AR model of Ord (1975).
Alternatively, the matrix B; can be of the form

B; = (Di — p;Ci)%, (5)

where D; is a known positive definite matrix. A limiting case with & = 1,

p =1, and D; = diag(ds,...,dy), used by Besag et al. (1991), produces an

improper prior. Here d; is the sum of the jth column of the matrix C;. For this

-1/2 . ~1/2 ~1/2 I—— —~1/2

case, we could redefine D, = diag(d, '",...,dg;,’"), C; =D, '"C;D, 7,

B; = (I, — piCH%. Also, write Xo = (Xa1,...,Xs,), where Xo; is an n x ¢;

matrix and define X5, = XgiD2/2, X5 = (X3;,...,X5,). The linear mixed model

with B, defined by (5) is then equivalent to model (4) when X9 and B; are
replaced by X5 and B, respectively.

The following conditional independence assumptions are also used:
(i) given (@,u), v is conditionally independent of A = (d1,...,d,) and p =

(p17 <. ap'l’)'
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(ii) given (A, p), u is independent of @ and Jdo;
(iii) @,01,92,...,0;,p1,p2,...,pr and 0y are mutually independent.
To fully specify the hierarchical model, we must specify the prior distributions
of @, A, p and 6g. The most commonly used priors are multivariate normal for
0 and inverse gammas for the variance components ¢;. Finally, p; is assumed
to have an arbitrary distribution function Fj(-) on the interval ()\1117)\111 ). A
degenerate prior at 0 for p; has the components of u; independent. A uniform
distribution on ()\111, Nigi ) might be used if there is vague information on p;.
Assume that X is of full rank so that X} Xj is invertible. Let X = (Xl,AXQ)
and B = (0',u’). The usual least square estimator of B is given by 8 =
(X'X) X'v, Where (X'X)~ is a generalized inverse of X'X. If rank(X) = p + ¢,
then (X’X) ! exists and equals (X'X)~. The usual sum of square errors and the
regression sum of squares are

SSE = (v — XB)' (v — XB) = v/{I,, - X(X'X)"X'}v, (6)

SSR= (8- B)X'X(B - B), (7)
respectively. It is well known that both SSE and SSR are invariant for any
choice of (X’X)~. In fact, X(X'X)~X’ is invariant for any choice of (X'X)~.
Since rank(X;) = p, we know that (X} X;)~! exists and we may define

R, =1, - Xy (X{X1) X}, 8)
1

Ry =Ry (dp,...,0,) = 5—X§R1X2 +A 9)
0

1

R3; =R3(0,...,6,) = XbR Xy — %X’QRIXQRglx’QRle. (10)

L; =Li(u) = (X[ X)X Xs(i — u), (11)
1

Ly = Ly(do, ..., 0,) = — Ry ' X5R Xo. (12)

)

Since X5R1X5 is nonnegative definite and A is pd, Ry is pd and R; 1 exists.
Also let t = rank(R1X3) = rank(X,R1Xs3). Then we have t < g.

2.2. Vague priors for fixed effects

Our first result is on the propriety of the joint posterior when the noninfor-
mative prior is only on the fixed effects 8. The proof is similar to that in Searle,
Casella and McCulloch (1992, Section 9.2), which did not include p and A. We
give the proof in the appendix for completeness.

Theorem 1. Assume that the density of the fixzed effect @ is proportional to a
constant and that the priors of A, p and &y are proper. Let

exp{_(v—Xﬂ)’(v—Xﬂ) WA u}ng

G=G0,u,A p;v) = —— 25
0

(13)
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Then, we have

(2m) 2P| X1 Xy |2 SSE i Rsit
1 exp{— -

/q GdOdu = oo [To:0). (14)
R™ 52" P | Ry 2| A2 200 20 }i:O

which implies that the joint posterior distribution of (0, u, A, p,dy) is proper.

2.3. Improper priors for both fixed effects and variance components

In addition to a flat prior on @, we want to have noninformative priors on
(00, A). We unify the results of Datta and Ghosh (1991) and Hobert and Casella
(1996), while extending their results to the case p; # 0. We consider the following
conditions.

(a) For i =1,...,r, either of the two conditions holds:
(al) a; <b; =0; (a2) b; > 0;

(bl) q; + 2a; > 0.
(b2) g +2a; >q—t, forali=1,...,r;
(cl) n—p—+2ap + 2a4 > 0, where ay = >"7_; a;;
(c2) n—p+2a9+2>;_;a; >0, where a; =min(0,a;).

Theorem 2. Suppose that the prior density of @ is constant, that the prior
density of §; is given at (1), and that p; has an arbitrary distribution F;. Assume
that 2bg + SSE > 0.

Case 1. If t = q or if r = 1 the conditions (a), (b2), and (cl) are necessary,
and conditions (a), (b2) and (¢2) are sufficient for the propriety of the posterior
distribution of (0, u, A, p,dp).

Case 2. Ift < q and r > 1, conditions (a), (bl) and (cl) are necessary, and
conditions (a), (b2) and (c2) are sufficient for the propriety of the joint posterior.

The proof of this theorem is in the Appendix. There are two simple cases for
the values of by. Since SSE > 0, when by > 0, 2bp+ SSE > 0. Note that SSE > 0
with probability one. When by = 0, we have 2by + SSE > 0 with probability one
so that the results will be true for almost all observations. Furthermore, if all
a; <0,i=1,...,r, then conditions (c1) and (c2) are identical.

In Theorems 1 and 2, we assume a constant prior for the fixed effects 6. In
practice, one could have a proper or partially informative prior (cf. Sun, Tsu-
takawa and Speckman (1999)), proper in some subspaces and constant in others.
In these cases, prior densities are all bounded. Our results assuming a constant
prior for @ will remain true under such generalization.

2.4. Special cases

Case 1. Datta and Ghosh (1991) considered the case b; > 0 for all ¢ =1,... 7.
From Theorem 2 we know that when all b; > 0, (bl) and (c1) are necessary, while
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(b2) and (c2) are sufficient for a proper posterior. Clearly, (b2) is stronger than
(bl) and (c2) is stronger than (c1). Our conditions for proper posterior for the
special case where B; = I, are slightly different from those of Datta and Ghosh
(1991). Here are examples showing that the constraint b; > 0 and a; = 0 may or
may not result in a proper posterior distribution.

Example 1. Consider the linear mixed model (2), withn =6,p =2,r =3,¢1 =
@2=q=1,9=q+q+q3=3,0 = (01,02), and u = (u1, uz, uz)’. The matrices
X1, X5, and R; are given by

10 100 2 0 -1 0 -1 0
0 1 100 0 2 0 -1 0 -1
10 010 10 2 0 -1 0
Xi=lg 1" X5 |g 1o @B=g o 4 ¢ o ¢ _1
10 00 1 1 0 -1 0 2 0
0 1 00 1 0 -1 0 -1 0 2

Then X5R X5 is 3 x 3 matrix, whose three rows are given by 3(4 -2,-2),

$(—2,4,-2) and 1(—2,-2,4). Thus t = rank(X,)R;1Xs) = 2. We assume that
the prior for (91,92) is constant, bo, b1,b2,b3 > 0, and ag = a1 = ag = az = 0.
Condition (a) in Case 2 of Theorem 2. holds, and so does condition (c2) since
n—p—2a = 6—2 > 2> 0. However, condition (b2) fails. In this case,
A = diag(61,62,63) and |Ro||A| = [65 ' AX,R1Xo + I3[, which equals

46 G by 18 610 5253) 4 (81 + 6255
1o (2 > 20t o) o 8 s
+3<50+50+50+5g+5g+53 3 5 T o3pVoanks

Then for G defined by (13), we have

o0 oo 3
A - Gaodu ][ a5
0 0 pTq -

/ / ‘X Xl 2 eXp{ S?%(F _ ? 0 %} 3 i
—3(p+9) 52("_7’ 2)54+15}1+15;+1

9

which is finite. In this case, necessary conditions (a), (b1l) and (c¢2) in Case 2
of Theorem 2 hold, but a sufficient condition (b2) fails. However, the posterior
distribution of (0,wu,dy, d1, d2, d3) is proper.

Example 2. Suppose that we have the same Xy, but X9 = (x21, X292, X23), where
X21 = (_17 2,-1,2,-1, 2)7 X292 = (_L 0,-1,0,2, 0)7 X23 = (Oa 2,0,-1,0, _1)
The matrix Ry remains the same, but X;5R1Xs = diag(0,6,6). So |Ra||A| =
(14 d2/00)(1 + d3/dp) and

G = {50515253\/<§z + 1) (g_i 1)}_ exp( iﬁ%)
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Since [, 5l_lexp{—b1/51}d51 =00, [o° S0 JoT G1dd1ddadds = oo. So necessary
conditions (a), (bl) and (c2) in Case 2 of Theorem 2 hold, but a sufficient con-
dition (b2) fails. However, the posterior distribution of (@, w, dy, 61,02, d3) is im-
proper.

Case 2. Hobert and Casella (1996) consider the case where b; = 0 and p; = 0 for
all 7, a special case of Theorem 2. Examine again the balanced one-way ANOVA
discussed in Section 1. The prior p(u,dp,d01) o< (dgd1)~" yields an improper
posterior. The limiting case of the Jeffreys prior, as n — oo, p(u,dp,d1)
oo 151_ 3/ 2, will also end up with an improper posterior.

Case 3. The constant prior has been used in the literature. For example, Yang
and Chen (1995) used constant priors for a random effects model. In general we
could have

p(@,u, A p,dy) x 1. (15)

This is a special case here with a; = —1 and b; = 0 in (1). Note that under this
constant prior, the restricted MLE of (A, p,dp) is the marginal posterior mode.
In this case, conditions (c1) and (c2) are identical. The following corollary is
immediate.

Corollary 1. Assume the prior defined by (15) is used. In addition, if ¢; — 2 >
g—tandn—p—2(r+1) >0, the joint posterior distribution of (0, w, A, p,do)
exists.

Case 4. Another interesting improper prior for §; is of the form, g;(d;) o< §; 12
This is a special case of (1) with a; = —1/2 and b; = 0.

Corollary 2. Assume that g;(6;) (5;1/2. Under the assumptions of Theorem

2, ifq—1>qg—t andn—p—(r+1) > 0, the joint posterior distribution of
(0,u, A, p, o) exists.

The propriety of the posterior distribution in terms of the hyperparameters
(ai,b;) (i =1,...,r), may now be summarized according to the following table.

Table 1. Propriety of the posterior distribution.

a; <0 a; =0 a; >0
b; =0 | proper improper improper
b; > 0 | proper | proper or improper proper

3. Computation of Posterior Distributions

We may use the Gibbs sampling procedure (cf. Gelfand and Smith (1990))
to get the posterior distribution. Here are the full conditional distributions for
this purpose.
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Proposition 1. Suppose that the prior distributions of p; is uniform on the

interval (X1, Nig; ). The full conditional distributions are given as follows:

1. 0|(u,d, A, p,v) ~ MVNp(é + L1, 60( X, X1)71), where Ly is given by (11).

2. u/(0,50, A, p,v) ~ MV N, (6, My Xy (v— X10), My), where My = (5, X Xo+
A~HL

3. 50/(0,u,A, p,v) ~ IG (ag+ %, bo + 3(v— X10 — Xou)(v— X10 — Xou)).

4. 0i(0,u, Ay, p,v) ~ IG (a; + %, b; + %u;Biui), for i = 1,...,r. Here
A(_z) = ((51, cee 61’—1, 5i+17 .. ,(57«).

5. let p_y = (P1y- s Pie1yPit1y---5Pr)- The conditional density of p; given
(0,u, A, p_;),v) is of the form

. 1
hilps) = | B[ exp { — 5w B .

Sampling from the first three conditional distributions is straightforward.
Note that if £, = 0, the parameter p; does not effect other parameters. We
will consider only the case where ¢; > 1 and & > 1. Here is a property of
logconcavity for the conditional density of p;. From this, the adaptive rejection
sampling method by Gilks and Wild (1992) can be used.

Lemma 1. If & > 1, the conditional density of p; is log-concave.

Proof. Define A; = diag(\i1, ..., Nig;). Let T'; be an ¢; x ¢; orthogonal matrix
such that C; = T;A;T;. Then B; = T';(I,, — p;A;)%T} and
qi

hi(pi) = TT(1 = piri)& 72 eXP{ - ﬁ‘l iLi(L, piAi)&Pgui}
j=1

Let w = (w1, ...,wg) = Tju,;. Then

02 i
gy 0] =5 21— S )

)

which is negative in the range (\;;', )\lq ). The result follows.

4. Extension to Generalized Hierarchical Models
4.1. One-parameter families

Consider the hierarchical model where yy, ..., yn are conditionally indepen-
dent given parameters v = (vi,...,vy), and v; follows the hierarchical prior
defined by (2)—(4). Let f;(y;|v;) be the density of y; given v;.

Theorem 3. Suppose the following conditions hold.
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(A) v; follows the linear mized model (2), where the fized effect @ has a constant
prior, the random effects u and e follow the distribution (3), the variance
components §; have the prior (1), and the prior for p; is arbitrary.

(B) There exists a subset of {1,...,N}, say T = (i1,...,0n), so that p+ q <
n < N and the following conditions hold.

(B1) If X; = (zj1,...,%n) and X; = (Zjiy, - - -, %j,) . rank(Xq) = rank
(X7) = p and rank(Xz) = rank(X3),
(B2) There is a constant M > 0 such that

fi(y;lvg) < M, J & In-

If b > 0 and the conditions (a), (b2) and (c2) in Theorem 2 hold, the
posterior distribution of (v,0,w, A, p,do) given y= (y1,...,yn) is proper.

The proof can be found in the appendix.

Remark 1. We now discuss the relationship between Theorem 3 and the suf-
ficient part of Theorem 2. The relationship between Theorem 3 and Theorem
1 can be stated similarly. Note that the product of the likelihood of v for the
linear mixed model (2) and the prior of (0, u, A, p,dy), defined by (3)-(4), is the
joint prior of (v,0,u, A, p,dy). From Theorem 2, if by + 0.5SSE > 0, the suffi-
cient conditions for the propriety of the posterior of (8,u, A, p,dy) given v are
(a), (b2) and (c2). Here since SSE is defined by (6), depending on v, is often
positive, we can choose by = 0. Since n is often large enough, we might be able
to choose agp = 0 so that (¢2) holds. In such a case, we could use the improper
prior 1/dg for 9. Now for any one-parameter family, f;(y;|v;), in addition to the
rank assumption (B1) on the design matrices and integrability assumptions on
fi, we need by > 0, and conditions (a), (b2) and (c2) to insure the propriety of
(v,0,u,A p,dp). It is still an interesting open question whether we can relax the
constraint by > 0.

4.2. Generalized linear mixed models

We now consider generalized linear mixed models where y1, ..., yy are inde-
pendent random observations with the probability density

fiyilni, ) = explsi(¢) ™ {yim — vi(mi)} + 7i(i; @) (17)

The function s;(¢) is commonly of the form s;(¢) = ¢w, ! where the w; are
prespecified weights. We wish to model the variability in 7; to account for various
fixed covariates and random effects via (2), where v; = h;(n;). Note that for 1;(+)
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defined in (17), the first derivative di;(n;)/dn; is a strictly increasing function.
Let K; be the inverse function of dw;(n;)/dn;. Note that for any fixed scale
parameter ¢, the likelihood function f;(y;|n;, @) is bounded by

M;(¢) = Sup fiyilni, ¢) = explsi(¢){yiKi(yi) — ¥i(Ki(ya)} + vilyis d)]-
(18)
Using arguments similar to those for Theorem 3, we have the following result.

Theorem 4. Assume that the conditions (A) and (B1) of Theorem 3 hold, and
that for any prior density po (proper or improper) of ¢,

/ 11 Mj(¢){ 11 /fj(yj|77j,¢)dinhj(77j)d77j}po(¢)d¢ < o0. (19)

JETn J€Tn J

If bg > 0 and the conditions (a), (b2) and (c2) in Theorem 2 hold, the posterior
distribution of (¢, 0,0, u, A, p,dy) given y= (y1,...,Yyn) is proper.

Remark 2. As in Remark 1, we discuss the relationship between Theorem 4
and the sufficiency part of Theorem 2. For a generalized linear mixed model
(17), we need rank assumption (B1l) on the design matrices, the integrability
assumptions (19) on the likelihood function and the marginal prior of the scale
parameter ¢, the assumption by > 0, and the sufficient conditions (a), (b2) and
(¢2) in Theorem 2 to insure the propriety of (¢,v,0,u, A, p,d).

One important example has y; ~ N(p;,02). In this case, n; = p;, ¢ = o>
and A;(¢) = ¢. Tt is easy to see that M;(¢) = 1/v/2m¢ and [ fi(yi|ni, ¢)dn; = 1.
Condition (19) becomes [;° QS_%(N _")po(gb)dgb < 00, which always holds when
N =n and F is a proper prior for ¢.

Another example has y; ~ gamma(a, a/p;). In this case, « is the shape
parameter and p; is the mean of y; for given (u;, ). So ¢ = «, n; = 1/,
Ai(¢) = —1/¢, and B(n;) = log(n;). Choose h;(n;) = log(n;) = —log(p;). Then
Mi(¢) = y; 'a®e®/T (o) and [5° f(yilmi, $)mi~'dn; = y; ' If N = n and ¢ has a
proper prior, condition (19) holds.
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Appendix. Proofs and Lemmas

Proof of Theorem 1. We use the familiar decomposition (v—Xg)'(v—Xg) =
SSE+SSR, where SSE and SSR are defined by (6) and (7), respectively. In
addition, SSR has the decomposition SSR = (0 — @ — L;)’X,X,(0 — 0 — L;) +
(ll — ﬁ)/X/QR1X2 (ll — fl) Then,

P / 1
. R
i 5" V1Al
SSE  (u—a)X5RXo(u—wa) ’A u
-exp{— 250 - 250 }ng

Since X5R1X5 is nonnegative definite and A is pd, Ry is pd and R; 1 exists.
Since

5 (u — @) X,R Xo(u — @) + w'A " u = (u — Ly) Ry (u — L) + &; "a'Rad,

(14) follows immediately. Since Rj3 is nonnegative definite, the lower bound
of @Rz is 0, or exp{—t'Rzi/(25)} < 1. Note that X,R;X5 is nonnegative
definite, and |Ra| |A| > 1. Therefore

1 1

(2m) 2P| X, X |72 SSE 1

Gdfdu < _== A (67). Al
N )| (LU

This proves the theorem.

Lemma 2. (Marshall and Olkin (1979)). Assume that two v X v symmetric ma-
trices 81 and Sy are both nonnegative definite. Let A1(S;) < Xo(8;) < ... A(S;)
be the eigenvalues of S;. Then

v v

H Sl + /\ )] < ‘Sl + Sg| H Sl + A ]+]_(SQ)]

]:1 :

Lemma 3. Let A\ < Ay < -+ < A, be real valued constants satisfying A1 <

0 < Ay. Let p be a random variable on ()\1_1,)\;1) with cumulative distribution

function F(-).

(a) If integers t1 and to satisfy 1 <tq1 <to < v, let § = %(tg —t1+1). Then for
any real b,

1
o 1 | a—pnE |P L
J= Sl s P b/sds F(d A2
(AI_I,AJI)/O 8a+1 {ng s+ (1_/))\])5 e S ( p) < 0 ( )
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for any nonnegative integer £ if and only if one of the following two sets of
conditions holds:

a<b=0and a+ (>0 (A.3)
b>0 and o+ (3> 0. (A4)
(b) Under condition (A.3) we have the following boundaries for J.
J
K1(A1, Ay —af) < Beta(—a, 0<+ﬁ) Ku(Ar; Ay, —af), (A.5)

where for T > 0,

/il()\l,/\l,,r):/ulo}(l—p/\l F(dp) +/ (1= pA)TF(dp)i(A.6)

Ay A1
:‘iu(Al,)\V,T) = <1—)\—1> <1—)\—V> .
Here Beta(-,-) is the beta function.
(c) Under condition (A.4)we have the following boundaries for J.
/{2(>\17>\V’£’/6)
eb(a+ )

(A7)

Ku(A1, Ay, —a&)Beta(—a, a+0), if b>0 and a € (—3,0);
<J < T(a)b™ e, if b>0 and o> 0; (A.8)
K (A1, Au, nE)T ()b 7, if b>0 and a=0,

where n is an arbitrary constant such that 0 <n < B, and

1—pn)é 17
R O e
(1—pr) ]
+/<0,AV1> m] F(dp). (A.9)

Proof of Lemma 3. We have

0<I—-pA <1—pA<

.<1—ph, for any pe (A ',0];
1= pA1 > 1—phy >

. >1—p\, >0, for any pe (0,\,1).

Note that for any s > 0, f(z) =

x/(s + x) is increasing in x > 0. For ¢ > 0,
define

% e=b/s e B
Kb(Oé,ﬂ,C) E/O 5a+1 <m> ds. (A].O)
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We then have

JE/ L Ki(e, 8,(1=pA))F(dp)+ | Kp(e, 8,(1=pA,)*) F(dp); (A.11)

(Al 70] 07>\I/ )

T Kalen 8. (1-pA ) Fdp) + / B,(1-pM)$)F(dp). (A.12)
(Al 70]

Clearly Kj is finite if and only if (A.3) or (A.4) holds. Under (A.3) we use the
transformation u = s/(s + ¢) and get Ko = ¢ “Beta(—a, a + ). So the lower
bound of (A.5) holds. Also

J )\V —af )\1
1- 2 F 12t F
Beta(—a, a+ ) — ( >\1> /(A—l,o} (dp) + ( >\u> /(0)\,71) ()

< 'Liu(>\1a V) ag)

Part (b) thus holds. For Part (c), under (A.4), by making the transformation
u=1/s,

1 B8 c \B e?
K, > atf1(_Z Vlebgy = . A13
b= /Ou <c—|—1>e v (c+1> a+ ( )
Applying (A.13) to the two terms of the right hand side of (A.11) with ¢ being
(1 —pAy)& and (1 — pA1)¢, respectively, we get the lower bound in (27). For the
upper bound,

Ky =c¢ “Beta(—a, a+ (3),if b>0and a € (—3,0);
K, < (A.14)
F{SS)’ if b>0and a>0.

The first case of the upper bound for J given in (A.8) holds since I'(«)/b* does
not depend on p. The second case holds from the same argument used for the
lower bound in Part (b). For the third case, i.e., when b > 0 and a = 0, we have
K, < o [Furte btdu = c"T'(n)/b". Here n is any small positive number
satisfying 7 < B. Applying this formula of Kj to the two terms in (A.12) with ¢
being (1 — pA1)¢ and (1 — pA, )¢, respectively, we get

I'(n)
J< U(Allm(l — pA)" F(dp) + /(07%1)(1 — oA F(dp)| =L

bn
r
< kA .

Part (c) follows immediately.
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Proof of Theorem 2. From the proof of Theorem 1 we know that, under the
constant prior for @, we have the inequality (A.1) where G is defined by (13).
Let

1 L (ai) ——
G1 = Gi(Apiv) = —— [ o Ve (A.15)
IRo|Z|A|Z i

Gy = /W/ /_ / G1 dby Fi(dpr) ... do, Fr(dpy). (A.16)

It follows from (14) that

Gy = / / /1‘“ / / / GdOduds, Fy(dpy) ... ds, Fy(dp,)
A A q

(27) 2(P+0) | X! X |2 SSE+2by  @'Rsa
532 (n p)+ap+1 eXp{ 209 200 }G2
0

(A.17)

Thus the joint posterior is proper if and only if [;° G3ddy is finite. There are two
situations to consider under Case 1.

Case 1.1. t = q. Since |A|™" = []7_; 6; ¥|B;| and A~ = @!_,6; 'B;, we get

1 B 1
— = | ;‘? — . (A.18)
[Ro|2|A[2 i=1 627 ) [0y XoR1 Xy + @16, By2
Let Amin (Amaz) be the smallest (largest) eigenvalue of X,R1X5. Since t = ¢,
X,R1 X, is positive definite and A3, > 0. Using the upper bound of Lemma 2,
qi

. —q; Amax
R = |05 ' X5R: Xy + @]_,0; By < [ 67 [] [@T + Aj(Bi)], (A.19)
i=1 j=1

Substituting (A.19) into (A.18), using the fact that [B;| = [[j2, A\;(B;), and
integrating G7 with respect to the (d;, p;)'s, we get

r /\;1 00 e_bi/5i 9i )\(B) %
> N — i Fi(dp;
G2_.1:[ /._1 /0 5%—'—1 ];[1 <5i)\max/50 + )\](Bz)> d(s (dp )

Amaz a+ o0 g=bi/s ‘h [1— piX;(Cy))S 3
H/ ; / st o <s+[1—pij<ci>]&> ds Fi(dpi) (A.20)

The last equality holds by making the transformation s = 0;A\pnaz/d00. Here
bf = biAmaz/d0, a4+ = Y ;_; a;, defined in condition (c1). Apply Lemma 3 with
t1 =1 and to = q; so that to —t1 + 1 = g;.
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Thus the right hand side of (A.20) is finite if and only if conditions (a) and
(b2) hold. Using the lower bound in Lemma 2 and defining b; = b; A\nin /00,

1
Amin a+ o0 €_b /s ql [1 — piAj (Cl)]fl 2
G2 H /— / saz“ L\ s+ [1—piXi(C)]& ds Fi(dpi),
(A21)

which is finite only if conditions (a) and (b2) hold. Using the lower bounds of
Lemma 3 (b) and (c) for the integrals on the right hand side of (A.20),

B Amae 1 by r
ay _ ‘mar Lii=1 a4 .
Go > 6, exp{ R — })\max I—IIHM, (A.22)
where
o - r1(Aits i & %) /(s + %), if conditions (al) and (b2) hold,
) koM, Nigi»&ir L) Beta(—ay, a; + %), if conditions (a2) and (b2) hold,

(A.23)
and k1 and ko are defined by (A.6) and (A.9), respectively.
Using the upper bounds of Lemma 3 (b) and (c) for the integrals on the right
hand side of (40), Ga < 85 %\2,., [1i—q Ha;, where @ = S0y a7 +1 35— 1(a; = 0)
for some small n > 0, and

Ku(Nit, Nig;, — 454 ) Beta(—as, a; + %), if b; > 0 and a; € (=%, 0);
Hgi = F(a,-), if b; > 0 and a; > 0;
Iiu()\ﬂ, )\,‘qi,’nf)r(n), if bi > 0 and a; = 0.
(A.24)
Combining (A.17), (A.16) and (A.22), we have

(2miete [HH ] exp{—ﬁ(ssmzboﬂmax Sy it X5R Xott) |
T o 1 “maz 1z
‘Xllxl‘% 52 L(n—p)+aq+ao+1

1 SSE + 2bg
<Gz < Ain lH H21‘| W XP{—T}- (A.25)

Clearly, the integral on the left hand side with respect to &g is finite only if
condition (c1) holds. From condition (c2), there is a small positive number 7 such
that n < min{¢q1/2,...,¢.} and n —p+2a0+2> i1 a; +n> ;-1 1(a; =0) >0,
where 1(a; = 0) is the indicator. Thus 1(n — p) + @+ ag > 0, for some small
n > 0. Consequently, the integral [ G3ddy is finite if conditions (a), (b2) and (c2)
hold. This proves Case 1.1.
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Case 1.2. t < g and r = 1. In this case, we have ¢ = ¢ and

l\Jlb—‘

1 |B1|2
Ro|ZA2  4F

= I[Ny

j=1

X;RiX;  Bi|
5

L6
51 X! oR1Xo + Bl

MIH

Since rank(X5R1X2) = ¢ < ¢, X4R1 Xy has ¢ positive eigenvalues. Let Ag, and
Amaz be the smallest positive eigenvalue and the largest eigenvalue of (X5R1X5),
respectively. From Lemma 2,

1 1
by /5yt ) 3 e~b1/o1 1 . 2
e ™ . H - Aj(B1) <G < ! - H . Ag+1-5(B1)
0 i [ § Amaz + Ay (B1) 5t oA

sp T Agr1—5(B1)

Using Lemma 3 with (¢1,t2) = (1,¢) so that to —t; + 1 = ¢, the lower bound and
upper bound of Gy with r = 1 and ¢; = ¢ hold iff conditions (a) and (b2) are
satisfied.

Case 2. t < g and r > 1. Since the inequality (A.19) still holds, the proof of
necessity for Case 1 can be applied here. For the sufficiency note that, as in Case
2, the matrix X,R1X5 has ¢ — ¢ zero eigenvalues. From Lemma 2 we know that

1 1
| = X5R1X; + &7~ B;
50 0

{H)‘( = 15 )}{j:qﬁm‘(s )‘SPJF)‘( = 15 )}

where )y, is defined in Case 1.1 above. Under conditions (a) and (b2), ¢; >
q—t>0. Thus

Ay )\j(Bi)] .

X! sR1Xo + @,
do

0i

)5 = 15

5%(HA )H

i=1 "1t Jj=q—t+1

Substituting this inequality into G, defined by (A.15), we have

1
ay r oo o—b; /d; ‘Ii 1 —p-)\-(C-)]& 2
=\ = Fy(dp;
= < do ) /— / gutl (s + 1= piX (Co)J& ds F;(dp;),

j=q—t+1
(A.26)
where b = b;Asp/d0. It follows from Lemma 3, with (¢1,%2) being (¢ —t + 1, ¢;),
that the right side of (A.26) is finite if conditions (a) and (b2) hold. In this case,
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Gs < (50)_‘1()\37,)& [1;—, H2i, where a is defined in the proof of Case 1 and Ho; is
given by (A.24) with g; replaced by ¢; — ¢ +t. It follows From (A.17) and (A.16)
that

Gs

IA

1
(27)z P Ha)( ) SSE + 20,
|X/ X1|2 H H27, 1 TL p)+a+a0+1 Xp{ 250 } (A27)

The integral of the right hand side with respect to dg is finite if condition (c2)
holds. This proves the case when ¢t < ¢ and r > 1.

Proof of Theorem 3. Without loss of generality, assume that i; = j, j =

1,...,n , so that v* = (vq,...,v,). Write y = (y*,¥), v = (v*,¥'), and
vV = (Vpt1,---,0n) = X10 + Xou + €. The posterior density of (v,0,u, A, p, d)
given y is

p(v,0,u, A p,éoIY)

ocw H exp[ (Vv = X10 - Xou)' (¥ — X160 — Xou)| G,
50

Here G* is defined by (13) with X; and X3 replaced by Xj and X3, respec-
tively. Using the second inequality in (16) and integrating with respect to
(Unt1,---,0N), p(v*,0,u, A, p,Sly) is proportional to [T, fi(yi|lvi) G*. From
the inequality (A.25) for Case 1. and (A.27) for Case 3. in the proof of Theorem

2, p(v*,doly) < Még%(n_p)_a_ao_l exp{—bo/(209)}, where a is the same as in
the proof of Case 1 and Misa generic constant depending only on (X7, X3) and
the eigenvalues of C. From the assumption (c2) in Theorem 2, we know that

p(v*y) < T2, fi(yilvi), which is proper by the first inequality in (16). This
completes the proof.
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