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Abstract: This article is concerned with the file linkage problem first investigated by
DeGroot and Goel (1980). Let X1, ..., X, be arandom sample from a bivariate nor-
mal distribution. Suppose that before the sample can be observed, it is broken into
the components X11,..., X1,n and Xo y(1), - -, X2.4(n) Where X; = (X1, X2,;)’
and ¢ is some unknown permutation of {1,...,n}. The aim is to estimate the
parameters (in particular the correlation coefficient) of the bivariate normal distri-
bution using the above broken random sample. The main difficulty here is that
direct computation of the likelihood is in general a NP-hard problem. Thus for n
sufficiently large, standard likelihood or Bayesian techniques may not be feasible.
This article proposes to reformulate the problem as a moment problem via Fisher’s
k-statistics. The resulting likelihood can be approximated as a product of bivariate
normal likelihoods and consequently standard statistical methods can be applied.
It is also shown that this approximation is very good in that very little Fisher
information is lost.

Key words and phrases: Bivariate normal distribution, broken random sample,
correlation coefficient, file linkage, Fisher information, k-statistics.

1. Introduction

Let Xi,...,Xn, X; = (X1, X2;), 7 =1,...,n, be a simple random sample
from a bivariate normal distribution with mean p = (u1,p2)" and covariance

matrix
w_ o? p02102 '
pPo102 g5
In this article we suppose that before Xi,...,X,, can be observed, the sample
is broken into the components Xi1, ..., X1, and Xgy1),..., X2 yn) Where
¥ is some unknown permutation of {1,...,n}. The aim of this article is to

estimate the parameters p, 1, 42, 01,02 using only the broken random sample
Xi,1)y -y X1,(n)s X2,1, - - ., Xon where Xy (1) < -+ < Xy () denotes the order
statistics of X1 1,..., X1 .

The problem was first investigated by DeGroot and Goel (1980). One mo-
tivation comes from the increasing interest in the methodology of merging data
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files to create comprehensive files from multiple but incomplete sources of data.
For a detailed survey of related file linkage literature, we refer the reader to Co-
pas and Hilton (1990), Goel and Ramalingam (1989) and the references cited
therein.

Let S,, denote the set of all permutations of {1,...,n}. We note, for example
from Vaughan and Venables (1972), that

IX0 0y X1 o Xe 1o X (T1,(1)5 -5 B1 () 2,15 - - T2,n)
=FX1 (10X | X2 1 X n(T1, (1) -+ 5 B () [T2,15 5 B2 Ko 1 Xoa(B215 - -+, T2n)

= Z H Ix1.0%0: (T ) Tow@))s T,y S ST (), —00< T2 1, -k, T2 < OO,
PESy i=1

where fx, (15 X1 () s X2, 1y X2y denotes the joint density of Xl,(l)a ... ,XL(n), Xo 1,

. Xon, fX1,<1)7~~~,X1,<n)|X2,1,~~~,X2,n denotes the conditional density of Xy (1y,...,
X1,(n) given Xo1,..., Xop, etc. Hence the log-likelihood function based on the
broken random sample Xy (1),..., X1 (n), X2,1,..., X2 18

Z(M17N2701702ap)

1
=log {(2770102)_”(1 — p?) /2 Z H exp {
PES, i=1 P )
X1,65) = 19 X1,6) — Xop(iy — 12 Xoy(i) — 129
b _ 2 b b b
(TR - gp(( TR (SR 2 4 (SR 22y
n 1 "Xy — Xoi— po
= —nlog(2 ——log(1 —p?) — , 2 4 2
nlog(2woy02) 5 og(1 — p7) ) ;[( o )7+ ( = )]
X1 ul X (i) — M2
—l—log{ Zexp 22 1( 2:4(0) )]},
YESn 72
Xiqy <o < Xl,(n)a —00 < X2,1, o X < 0. (1)

Remark. Vaughan and Venables (1972) observed that the above likelihood can
be expressed as a matrix permanent. It is well known (see Valiant (1979)) that,
in general, computing the permanent is a NP-hard problem.

We note that the above log-likelihood function was obtained by DeGroot
and Goel (1980) using a Bayesian argument with a uniform distribution on S,,.
In that paper, it was called the integrated (or summed) likelihood function.
DeGroot and Goel further obtained an expression for the Fisher information
matrix Z( (p, 1, 2, 01,092) for the broken bivariate sample. However, except
for the case p = 0, they were unable to compute (™) (p, 1, o, 01,092) when n is
large.
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A Monte Carlo study of the above likelihood was performed by DeGroot and
Goel (1980) for n = 5, and versions of the Metropolis-type Markov chain Monte
Carlo algorithm were implemented by Liu (1994) and Wu (1995) to compute
posterior probabilities in a Bayesian setting of the broken bivariate normal sample
problem when n = 100. In this article, we are concerned with much larger sample
sizes, for example n = 1000 or more, for which direct computation of the above
likelihood may be infeasible.

The rest of this article is organized as follows. In Section 2, a power se-
ries expansion of Z(" (p, p1, 2, 01,02) about p = 0 is obtained. We note that
I (p, 1, pia, 01, 03) involves summation of approximately O(n!) terms and so
again direct computation of Z(™ (p, 1, o, 01, 02) appears infeasible for large n.

Section 3 proposes that we reformulate the broken sample problem as a
moment problem. In particular, Corollary 1 shows that the broken sample and
its Fisher’s k-statistics contain the same amount of Fisher information about
the unknown parameters. Furthermore (9) indicates that the set of low order
Fisher’s k-statistics appears to contain most of the information. Hence we suggest
ignoring the high order k-statistics and take only into consideration the low order
ones. Moreover, it is well known, from the practical standpoint of robustness,
that k-statistics of order more than four are seldom required (see for example
McCullagh (1987, p.110)). Another advantage gained in keeping only the low
order k-statistics is that, for n large, the likelihood function of these k-statistics
can be well approximated by a product of bivariate normal likelihoods and hence
standard (either frequentist or Bayesian) statistical techniques can be brought
to bear on this problem (thus bypassing the NP-hard problem of computing the
original likelihood as given in (1)).

In Section 4 we consider the estimation of the correlation coefficient p with
the other parameters known (for simplicity). Theorem 3 shows that it is unlikely
that p can be consistently estimated given only a broken bivariate normal sample.
By expressing the difference between the information from the original broken
sample and that of its low order k-statistics (up to order j, j = 1,...,4) as a
power series in p, Theorem 4 shows that the difference is of order O(p?) for large
n. Our calculations suggest that this result should hold for larger values of j as
well. The reason for stopping at j = 4 is that k-statistics of higher orders are
generally seldom used in practice (see previous paragraph).

On the other hand, lest we give the impression that consistent estimation of
the correlation coefficient is impossible for problems of this nature, we conclude
with a simple, though somewhat artificial example where consistent estimation
of p is indeed possible, and that the k-statistics approach of this article shows
that the information in this example is unbounded with increasing n.

Finally, the Appendix contains the proof of Proposition 1.
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2. Fisher Information

Let X11,..., X1n, Xog(1)s - - - » X2,9(n) Pe as in Section 1. Following DeGroot
and Goel (1980) define

Xy — o Xog) — B2
By = J(FHE (), )

i=1

_ Pﬂw Pﬂq& -1
ay = exp( )Y exp( N
L—p? PESK 1-p?
1+
MN=E—F—"—"53 (1 v Z 51/;0411) - Z ﬁw%
=) $ESn $ES,
Y2 = E[Y " Blay— (Y Byay)’]
YESn $ESn

ertlng (017 s 705) = (:u’17 H2,01,02, p)? we further define I(n) (Mlalu’Qa 01,02, p)
82
90,00,
l(p1, po, o1, 02, p)l, 4, j =1, ..., 5, and I(p1, po, 01,02, p) is as in (1). DeGroot
and Goel (1980, p.274), showed that the Fisher information matrix based on the

broken random sample Xi1,..., X1, X2 y(1),-- -, Xoyn) i given by

to be the 5 x 5 matrix whose (7, j)th element is 1—7;(3) (u1, 2, 01,02,p) = —E|

n

I(")(M1,M2a‘717‘727p): 1—p2 (3)
o2 —pojtoy? 0 0 0
0y’ 0 0 0
X 072 (2—p?—2) ) Gzl(p +y) =o' p(l-m)
032 (2= p?—72) —0y p(l— 1)
(14+p*)(1=p*) ' (1-m)

Remark. We note that there is an error in the expression for one of the elements
of the information matrix on page 274 of DeGroot and Goel (1980).

We proceed to obtain a power series expansion of E(Zwe S, ﬁwaw)Q in p.

Once that is done, the elements of Z(™) (w1, p2, 01,09, p) can be similarly approx-
imated.

Proposition 1. Let o and By be as in (2). Then expanding as a power series
about p = 0, we have

32
(3 Buaw)’] =1+ (1+4n+n?)p? — (—— +11+4n)p" + O("),
PeSy

where O(p®) denotes terms of the order pS.
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We defer the proof of Proposition 1 to the Appendix.

Theorem 1. Let T (puy, g, 01,09, p) be as in (3). Then expanding formally as
a power series, we have

Iigg)(ﬂlaﬂmalaamp) =07 °2n+ p* + (2n + 3)p" + O(p%),
IIEZ)(MlaM?aUlaU?aP) =—o; oy ' [(2n — 1)p* = 3p"] + O(p°),

_ 32
I?E?(Ml,umal,@,ﬂ) =—oy ' [p+5p"+ (2 - m)ﬂ‘a] +0(p"),

32
Iég)(/»Ll;MZ’O-l’O-Q’p) =1 + 7,02 + (14 — m)p4 =+ O(IOG)

Proof. We observe from DeGroot and Goel (1980) that £} ¢, ﬂiozw =n+
n?p? + np?, which, together with (2) and Proposition 1, proves the theorem.

3. Fisher’s k-Statistics

Let Xi1,...,Xin and X; (1) < -+ < Xj (n), © = 1,2, be as in Section 1. Its
rth sample moment is defined to be

n
mi,TEn_lzXz(j), r=1,2...,n. (4)
j=1

Proposition 2. Given m;1,...,min, the solution X; y,...,X; ) of (4) is
unique a.s. if it exists.

Proof. Given m;1,...,m;y, suppose there are two solutions of (4), say, Xiq <

< Xjm) and &) < o0 < & n). With probability 1, we can assume
without loss of generality that there are no ties. Writing QXi,(l)v"'in,(n) (z) =
(2 = Xi1)) (2 = Xj (n)), we have

1 d
QXi,(l):---:Xi,(n) (Z) EQXL(U’W’XL(”) (Z)
S S
z =X ) 2= Xi(n)
1 . .
= + 77321 4ot :Z’Jﬁ + terms of order z~" 2.
Hence
1 d 1

d
_QXi,(l):---,Xi,(n) (Z) ) %in,(l)v"vgi,(n) (Z)

QXi,(l)v"'vxi,(n) (Z) dZ Qgi,(l)""’gi,(n) (Z

= terms of order 27" 2. (5)



1036 HOCK-PENG CHAN AND WEI-LIEM LOH

Integrating both sides of (5) with respect to z, we obtain

QXi,(1)7~~~7Xi,(n) (Z)
Qé‘i,(l) 7~"7§7L,(n) (Z)

Since Qx;, ),....X; ) (?) and Q¢ ) .¢ () are both monic polynomials in z of
degree n, we conclude that they must be identical and hence X; ;) = &; ;) for

—n—1

log| | = terms of the order z

j=1....n

In Fisher (1929), a new class of symmetric functions of the observations
was proposed, the so-called k-statistics, and it was shown that in many ways
they are analytically more tractible than the sample moments. For example, the
sampling cumulants of the k-statistics can be obtained by combinatorial methods.
For i = 1,2, let {k;, : 7 = 1,2,...,n} denote the family of Fisher’s k-statistics
based on X; 1,..., Xy, respectively. Then Ek;, equals x;,, the rth cumulant of
N (p,02), for all » = 1,2,.... An explicit expression for k; , is given by

T1

T Ts
— Z =) Z X 1% “'Xi,%rl - X ¥
Wi n—l (n=n+1) (r)™ ()Tl

where the second summation extends over all ways of assigning the w1 +---+75 =
n distinct subscripts v1,...,v, (including permutations) from the n available,
and the first summation extends over all partitions (r{*---r7*) of the number
r=rim + -+ rgms. As illustrations, we have

kip = %mi,la kigo = ﬁ(nng —m;y),

1 2

kis= o P Ty (n“m; 3 — 3nm; am; 1 + Qm?yl).

For a very readable account of k-statistics, we refer the reader to Chapter 12 of
Stuart and Ord (1994). We further observe from Wishart (1929) that

i if r =sand i # j,
Corr(kir, kjs) =
0, if r#£ s,
and
Var (ki) = 02" Y, (6)
where
s — 1)IA®0"

T, = =1,2,...
rzsnn—l (n—s+1)’ TS

and A®0" is defined as the sth difference of |t|” when ¢ = 0.
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Proposition 3. With probability 1, there is a one-to-one correspondence between
the sample X; 1, ..., X;, and its k-statistics ki 1,...,kip.

Proof. This follows from Proposition 2 and the well known fact that m; 1, ...,
m;,n determines k; 1, ..., k;j, and vice versa (see, for example, Stuart and Ord
(1994, p.422)).

Corollary 1. The broken random sample Xy (1y,..., X1 (n), X215, Xon, and
its k-statistics k11,...,k1n,k21,...,k2n, have the same Fisher information ma-
triz () (11, po, 01,09, p), where zm) (1, p2, 01,09, p) is defined as in (3).

It is convenient to define the normalized k-statistics
ki, = (kiy — kip)/[Var(ki)]Y%, i=12, r=12...,n (7)
Proposition 4. Let m be a fized positive integer. Then as n — oo, (kil, k31,

ooy kYL K5 ) converges in distribution to the 2m-variate normal distribution
with mean 0 and covariance matrix

1 p 0 0 0 0
p 1 0 0 0 0
00 1 p 0 0

$.=0 0 p 1 0 0
00 0 O 1 pm
00 0 O PUS |

Proof. See McCullagh (1987, p.135).

The following theorem gives an approximation for the Fisher information
matrix I(n) (Mla H2,01,02, p)

Theorem 2. Let m > 3. Then an asymptotic “lower bound” approximation
for the Fisher information matriz (™ (1, pio, 01,09, p) is given by the Fisher
information matriz ™ (n1, po,01,092, p) of a 2m-variate normal random vector
Y = (Y1,...,Y2)" with mean v and covariance matriz Dy, %, D,, where ¥, is
as in Proposition 4, v = (1, pa,0%,03,0,...,0), and Dy, = (d;;) denotes a
2m X 2m diagonal matriz such that fori=1,...,m,

doi—12i-1 = (Val"(k‘l,z‘))l/z, do; 0; = (Var(k2,i))l/2- (8)

In particular,

A(n)(ﬂl 2,01,02,p) = .
1,1 9 9 9 9 (1 _pQ)O_%a
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A np
B 00) = =G

7 2Tl 2 m 2Z —'l p
Ifgg)(ﬂlalﬁ%ffl,@,p): (1—p4)0-2+ ( § :(

=2

/ 2”0 -’ +5p i2p?
I(") _ 2
. itz 71,02 (1 —pHoro2 i=3 (1 — p2)o109’

m ,L'2p2i—1

i=1 (1 - 1027;)0-1 ’
m ,l'2p2(i—1)(1 + pZz)
i=1 (1 - p21)2

ZA’?E,T?(MM/L% 01, UQap) ==

:Z-éﬁﬁ)(,ufla H2,01,02, P) -

Proof. The first statement of Theorem 2 follows from Corollary 1 and Proposi-
tion 4. We observe that the likelihood function of Y = (Y1,...,Y2,) is

m
1 Y2i—1—FK1,i\2
fY Yi,---,Y2 exp :
( m) g 2mdai—1,2i-1dgi 2i(1—p*)1/2 ¢ 2(1- Pgl) doi—1,2i-1 )
(y21 - ,7,)2 _9 i(sz—l — Rl Y2i — fiz,i) }’

do; 2 d2i—1,2i—1 do; 2;

+

and from (6) and (8), we have

IngY(ylw--ame)
1 Y1 —Hivo | Y2 H2\0 1 Y2 — H2
2(1_/)2)[(0_ T/ (02T1/2) ( 1T1/2)( T}/Q )]

- )]
2(1 - 4) 2T1/2 U%Tém O‘%Té/2 J§T§/2
y21 1 42 Y2i i Y2i-1 Y2i
- { 3y )+ (—=75)% — 20'( ) )}
Z 02 T1/2 2T1/2 01T1/2 2T1/2

_Z{log (27) + log (o} Y1) + log(a1}/?) + 510g(1 _ ).
=1

Now we observe from the definition of the information matrix that

:Z-éﬁﬁ)(,uflnuaa 01, 027/)) = E[

9% log fy (Y1,... Yzm i "‘1)(1+p2i)
op? P P2

The other elements of Z(™ (1, po, 01,02, p) can be similarly evaluated and the
proof of Theorem 2 is complete.
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Remark. From (3) and Theorem 2, :2-7,(7;) (11, p2, 01,09, p) = Ii(,?) (1, p2, 01,02, p)

for 1 < <21 <35 <5, and lim|p|_,lfi(3) (p1, 2, 01,02, p) = lim,_; Il-(z-)

(1, po, 01,09, p), for 1 < i,5 < 5. Furthermore Theorem 1 and Theorem 2 show
that

I8 (1, 2, 01,02, p) = Z8Y (41, 12, 01, 02, p) 2221 +O(p
Iéz)(/”’“?’alﬂ"?v/’)_iéﬁ)(ﬂl,ﬂmal,az, p) =8pto oyt +0(p%),
Iéf?(ﬂl,#%m,a%p)—fég)(ul’uz,al,ag,p):%+O(p6)’
Iéf?(ul,uz,al,az,p)—féf?(m,uz,al,az,p)— stl (p ) (9)

For p # 0, since Iég)(ul,ug,al,ag,p) and Iéz)(ul,ug,al,ag,p) both tend to

infinity as n — oo, the approximations given by 7™ (1, pho, 01,09, p) appear to
be remarkably good.

4. Estimating the Correlation Coefficient

As in the Introduction, let Xy (1y,..., X1 (), X2,1,..., X2n denote a broken
random bivariate normal sample with parameters p, u1, 12, 01, 02. For simplicity,
we assume in this section that w1, u9,01 and oy are known and hence without
lost of generality, set u; = pg = 0 and o1 = 09 = 1.

Theorem 3. Let p(Xq (1), X1,(n), X2,1,- -+, X2n) € [=1,1] be an estimator
for p € (—1,1). Suppose that there exists a constant € > 0 such that

T, 12
hnrgg}f[a—pEp(p)] =0 = . (10)
Then p does not converge in probability to 0 as n — oo when p = 0. (E, denotes
expectation when p is the value correlation coefficient).

Proof. First we observe from the information inequality (see, for example, The-
orem 6.4 of Lehmann (1983)) that

Ep = Eod)® = Lo EfD)P inlp). (1)

where i, (p) denotes the Fisher information about p in the broken random sample.
DeGroot and Goel (1980, p.277), showed that i,(0) = 1. Hence it follows from
(10) and (11) that

lim inf Eo(p — Eop)?

n—oo
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This implies that p does not converge in probability to 0 as n — oo when p = 0.

Remark. Condition (10) is very weak and is satisfied for “sufficiently smooth”
estimators of p that are asymptotically unbiased. Theorem 3 indicates that
consistent estimation of p is unlikely.

Remark. With pu; = po = 0, and 01 = o2 = 1, the Fisher information
about p in the broken bivariate normal sample is i, (p) = Iég) (0,0,1,1, p), where

Iég) (0,0,1,1,p) is as in (3). We believe that the use of a set of low order k-
statistics is the appropriate approach to summarize the amount of information
about p in the broken random sample. The key observation is in (6) where it
is seen that different k-statistics of unequal orders are uncorrelated and more
importantly, the correlation between different k-statistics of the same order de-
creases geometrically with increasing order. This indicates that the information
about p contained in k-statistics should decrease very rapidly with order and
hence high order k-statistics could be omitted without significant information
loss.

Theorem 4. With the above notation, expanding as a power series about p = 0,
we have

VD) )1 24 )
Jim i (p =Z 1_( ;p)w(p”), j=1,....4. (12)

Proof. The proof is similar (though obviously more tedious) to that of (9), the
reader is referred to Chan and Loh (2000b) for the proof.

Remark. We observe that the first term on the right hand side of (12) is
asymptotically (as n — o0) equal to the information about p contained in the set
of low order k-statistics up to and including order j. Our calculations seem to
further indicate that (12) holds for larger values of j as well. Indeed we believe
the following conjecture to be true.

Conjecture. lim, .o i,(p) = 220, i2p20 "D (1 + p¥)(1 — p¥)72, for all p €
(_17 1)

On the other hand, here is an example (though somewhat artificial) where
consistent estimation of p is indeed possible.

Let p € [-1,1] and X141, ..., X1, Z1, ..., Zpn, J1, ..., Jy be a sequence
of independent random variables where, for i =1,2,...,n, X;,; ~ N(0,1), Z; ~
N(0,1) and P(J; =1) = |p|, P(J; =0) =1 — |p|. Now define for i =1,...,n

Xiidi + Z;(1 = ;) if p >0,
2,1 —
—Xl’,‘Ji + Z,(l — Jz) if p < 0.
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We would like to estimate p using the broken sample Xy (1), ..., X1 (), X21, ..
Xop. It is easily seen that E(X;11X21) = p. A key point to note is that both
marginal distributions of the broken sample are standard normal, independent
of p, but their joint distribution is not bivariate normal. As in Section 3, for
t = 1,2 and r = 1,...,n, let k;, denote the rth order k-statistic based on
Xi1,...,Xin and consequently E[k;,] = K, the rth cumulant of the standard
normal distribution. Define the normalized k-statistics k7, as in (7).

Lemma 1. Let r and s be fixed positive integers. Then
p ifr=s,

lim Corr(ky ., ko) =
n—oo (i o) {0 it r # s.

Proof. For any positive integer p, let S, be the set of all injective functions
v {1,2,...,p} = {1,2,...,n}. Thus |S,,| =nlPl =n(n—1)---(n—p+1). Let
P(r) denote the set of all partitions of an integer r (see, for example, Chapter 1
of Andrews (1976)). In any partition A € P(r), let A; > 0 denote the number of

times r; is repeated for ¢ = 1,...,¢5. Then 2?21 ri\; = r and we write
2 _1)#N-1 1
1 A) —1]!r!
#N) =D N, Cy = ) [#)\( ) —1)r '
i=1 (r DM - (DML A !

It follows now from Stuart and Ord (1994, p.420), that for ¢ = 1,2,

hig= 3 AP ST X X oy
AEP(r) YESH, #(N)

Hence, via symmetry,
Ekl,rk2,s - Ekl,rEst
= Y > GC@FONT ST {BIXTY - X X Koy
AEP(r) OEP(s) PESn, %(0)

—EXL - X By - X o (13)

Note that P(r) and P(s) do not depend on n. Fix A and 6. Each term in the
inner sum is 0 if the subscripts of X1 1,..., X1 x4y and Xy g1y, -+ - s Xo y(#(9)) do
not match is 0. If exactly one subscript matches, say (1) = 1, then it becomes
p(EX{’lf'sl — EXTYEXT)Q(N, 0), where Q(), 0) is a quantity independent of n.
The number of terms with one subscript matching is #(\)#(8) (n—#(\))#O -1,

Similarly for exactly v > 1 matches, the number of terms is C’# (/\)#(.9)[”} (n —
#()\))[#(9)_”]. Thus by (13), we have

Cov(kyy, kos) = % +0(n2) (14)
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for some constant (3, . Letting p = 1 in (14), we get Cov(ki,, k1 s) = ﬁT,sn_l +
O(n™?). Hence we conclude from (6) that 3., # 0, 3.5 = 0 for all r # s, and
that Var (ki) = Var(ky,) is exactly of order O(n~!). This proves Lemma 1.

Hence as in Proposition 4, for an arbitrary but fixed m and suitably large
n, the likelihood of (ki ,,k5,,... Kk}, k3 ,,)" can be approximated by a prod-
uct of bivariate normal likelihoods each with mean 0 and covariance matrix %
where ¥11 = Y29 = 1 and ¥ 2 = p. This implies that the amount of Fisher
information about p is unbounded with increasing m. This is in direct contrast
to the broken bivariate normal sample treated previously. In fact consistent es-
timation of p is indeed possible here and a simple consistent estimate is given
by p= 130 S0 H{ Xy =Xo 5} — 130 S0 I{X1; = —Xa;}, where I{.}
denotes the indicator function.
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Appendix

Proof of Proposition 1. Let E, denote the conditional expectation with
respect to the uniform distribution on ¢ € S, keeping the broken sample X, (1,

. . . . XZ  — Mg .
o X1,(m)s X2,1, -+, Xop fixed. For simplicity, write Y; ; = Uiﬁ, i1=1,2,

j = 17' L /él/) = Z?:l Yl,iYQ,’L/)(i)a w € Sna dw = exp(p/él/))[Ed) eXp(P@w)]_la
P € S,. Let E* denote the expectation for which Y7 1,...,Y1,,Y21,...,Y2, are
i.id. N(0,1) random variables. We observe from (2) that

(D Byoy)?]

PESn
1
— o Z ﬂwepﬂw (1-p%) Z PPy (1=p%) 1 1(2n01094/1 — p2) "
PESn

n X — Xo,; —
xexp{ Z 1,i +( 2,4 — M2

7,:1

1 _ 2)(n+4)/2 s CEPEGT . s ey
- é?i)n /Rzn(Ezpﬁwaw)(Z ! Je 2 )Rgy L dYy,
j=0 '

Y }dX11 - dXoy,
02

< o 46— . < By B
={Z<—1WJ[ <%”>1}E*[<Ewm><2%n. (15

j=0 =1 j=0 7!
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We further observe that

0 . = - 2141 ~ >~ > -
8—pE¢ﬂ1l/)Oéw = E,bﬂll;_law — (E¢ﬂfpa¢)(E¢ﬂ¢a¢), [ = 1, 2, e

Since @y |p—0 = 1 for all ¢ € Sy, it follows from (16) that
Ey Byl p=0 = Eyfy,
J . 5 - .
6—pEwﬁ¢%|p:0 = (EyB) — (EyBy)?,
0? = - > - >
a—szwﬁw%bzo = (EyB33) — 3(EyBy) (EypBy) + 2(EyBy)?,

P - 3 3 3
8—p3E¢,3¢05¢|p:0 - (Eq/;ﬂ;z) - 4(Ewﬂ1?/’))(E¢/8’l/)) - 3(E"/)ﬂ12/))2

+12(Ey35)(EyBy)* — 6(EyfBy)*,
ot - . 5 5 5
1 EyBuylp=0 = (Byy) — 5(Ey0,) (Byby) — 10(Ey33) (Ey57)

opt
+20(Ey 33)(EyBy)? + 30(Ey83)*(EyBy)
—60(Ey3})(EyfBy)® + 24(Ey fy)°.
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(16)

Now, by formally expanding Ed,@/,dw as a power series about p = 0, we have

EyBydy = (EyBy) + pl(EpBy) — (EpfBy)?]
§ ) ~ ~ ~
+%[(Ewﬂ3}) — 3(EyB2)(EyBy) + 2(EpBy)’]

3 s ~ ~ ~
+%[(Ewﬁfi) — 4By B})(EyBy) — 3(Eyf3)?

+12(Ey53) (ByBi)? — 6(Eyfy)']
4 ~ ~ ~ ~ ~
+ 00 1(BBY) = 5By B5) (BuBy) — 10(Ey53) (By/53)
+20(Ey33)(EyBy)? + 30(Ey 37) (EyBy)
—60(Ey07)(EyBy)® + 24(Ey 8y)°] + O(p%).
From (15) and (17), we obtain
E[(Y Bpay)’]

VES
= E*{(EyBy)? + p[2(EyB7) (EyBy) — (ByBy)?)
(n+4)

(17)

BB+ (BulB) By B o (By B3 By By Pt By~ (B )7
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0[5 (BuB) (EyBu) + (BB By}~ LBy (Bubo) ~2(Bu})* (Byfy)

+3(ByBy) (ByBy)* —(Byfy)° —(n+ 4) (B 03) (Byfy) + o ; Y (Eyfy)*)
0 G (BB BB — 5 (BuB)® — L (Bul)(Euby) + 2Byl Byl

+§(EM$)(E¢B¢)3 - %(Ew@)(Ew@)(Ew@) + i(EwBW
_g(Ewi)(Eww)Q T %(Ewﬁi)(]fw@w) + (EyBy)® - (n ; )
D () 2 - Y
(n+4)(n+2)
8

(n+4)
2
32
=1+ (1+4n+n?)p? - (=g + 11+ an)p* + O(p°).

(EyB3)?

(EyB33)(EyBy)

(Byf)’} + O(°) (18)

(EypBy)* +

The last equality uses the mathematical computation software system Mathe-
matica (Wolfram (1996)) to expand each term in the right hand side of (18) as
a power series in p. These calculations are extremely tedious and we refer the
reader to Chan and Loh (2000a) for the details. This completes the proof of
Proposition 1.
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