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The detailed proofs of Lemma 1-4, Theorem 1-5 and Corollary 1 are provided in the Supple-
mentary Material.
Here we use Cs to denote the generic uniformly positive constants. Define
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We introduce some lemmas first.

Lemma 1. Under Conditions 1-2 and Condition 5, if Tr,(cl)] > 0, we have

1B (1) = B D2 = Op(n™%), for kj=1,....,m. (S.2)

Proof. Since z is irreducible, positive current and aperiodic under Condition 5, by Theorem 3.5

in Bradley (2005) and Theorem 17.0.1 in Meyne and Tweedie (2009), it follows
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For L1, since x and z are independent, for i,q = 1,...,d, by (83) and Davydov inequality,
under Condition 1, it follows that,
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Lemma 2. Under Conditions 1-5, if w,(cl; > 0, we have, fork,j=1,...,m
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For (B3), we expand ﬂf,g,k,j(l),
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For L1, since x, € and z are independent, j=1,...,m, under Conditions 1-3, fori = 1,...,d,
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and with (§3) and (§8), under Condition 4, we have ||Lala = O,(p'~°*/2n~1Y), ||Ls|l2 =
Op(p*~%/?n7Y), and ||Lall2 = Op(p'~%/?n~2). Hence (§X) follows. Similar to the proof of
(ER), we can prove (84). O

Lemma 3. Under Conditions 4-7,
Amin(My) = O(p® %% %min)  for k=1,...,m. (S.10)

where My, is defined in (9) and Amin (M) is the minimum eigenvalue of M.
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Proof. Let omax(H) and omin(H) denote the maximum and minimum singular value of H.
Under Condition 6, using the inequality about the singular values in Merikoski and Kumar
(2004) we can prove that O'mm(AkE () X jec Tr,(f’;)A;) = O(p' /2= %min/2) " Using the fact
that omax(ArXe(lk) D gc ™, ")A') = o(p*~°k/27%min/2) ynder Conditions 4 and 6, we have
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Since sgk) are independent noises, we have || 2. & ;(Ix)||l2 < [|[Ze.r,; (k)| r = Op(pn~'/?), which

implies from (§T4) that

[y,5 (k) = Syr(li)ll2 = Op(pn ™). (S.15)
Together with (E12), (E13) and (81H), the lemma follows. O
Proof of Theorem 1:

Proof. By Lemmas 1-4, and Lemma 3 in Lam et al. (2011), we can easily reach the conclusion
of Theorem 1. O

Proof of Theorem 2:

Proof. From (13), when z; = k,

f-f = QiRi— QuRe = QuQi(y: — i) — QeRe = QuQi(QuR: + & + py — 1) — QrRe
= (QrQk — QuQL) QKR + Qu(Qr — Qi)' (e + 1y, — f1y,) + Qe Qi (el + py — i)
= L+1L+1Is.

Note that when z = k, |Rell2 = ||Axll2 = O(p'/?>7%/?) defined in (3), so ||I1]]2 < 2||Qx —
Qi ll2||Rell2 = Op(p?7%/2||Qr — Qull2) = Op(p'/?+omin/2n=1/2) [, is dominated by I in
probability.

d
E(|QrQiet™|3) = D El(die!”)?] < dAmas (Zi) < oo. (8.16)
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Under Condition 4, ||QxQl (ft, — i) l2 = Op(p*/>7%%/2n=1/2) £ 0, (n~/?). Hence, with (§I8),
I Zs]|2 = Op(pl/276k/2”71/2) + Op(1).
We have p~/2||f; — fi]|2 = O, (pomin/2n =12 4 p=1/2). O

= 0,(n~?).

Proof of Theorem 3:

Proof. We assume that Qj is uniquely defined as in Remark 10 under Condition 7. Then

i [QL(T, — QQIQi] = Ly~ QLQQLQN) = d [PM(Qu). M@ (S17)
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On the other hand,

tr [QL(T, — QeQIQ] — tr [QL(T, - QeQQ] = tr [QL(QLQL — QL) Q]
< d|Qu(QrQL — QuQL)Qxll2-

And since the diagonal entries in Qsz Q;Qk are between 0 and 1,

tr [QL(IL, - QeQLQ] - tr [QL(T, - QAL = tr [QL(QLQL — QrQLQ]

> [|QL(QrQL — QrQL)Qk |2

\%

Note that tr [Q} (I, — QxQJ)Qx] = 0. Hence,

[DM(@Q0), M@Q0)] = 1Q4(QkQL — Qu QL) Q-
Since
Qi (Qr Q% — QxQL)Qr = —Qi(Qx — Qi) (Qr — Qi)' Qi + (Qr — Qi)' (Qr — Qu),
which is bounded by 2||Qx — Q||3, with (§I7) we have
D(Qr, Qr) = Op(||Qk — Qil2)-
By Theorem 1, we have proved Theorem 3. O
Proof of Theorem 4:

Proof. The proof is quite similar to that of Theorem 1 of Lam and Yao (2012). We denote A ;
and qy,; for the j-th largest eigenvalues of M, and its corresponding orthonormal eigenvectors,
respectively, for k = 1,...,m. The corresponding population values are denoted by Ax,; and

qk,; for the matrix My. Let Qk =(Qr,1,---,4k4) and Qr = (Qr,1,---,qk,d). We have
Mo = @k ;Midrg, and  Aej =@My,  j=1,...,p.
We can decompose A j — Axj by
5\ij — Ai,j = q;c,ij(ik,j - q;c,ijqk,j =h+DL+I3+1i+1s,
where
I = (Qk,j — adrk,g) (Mr = My)ar,j, T2 = (k,j — k) M(@x,j — ax,j),
I3 = (élk,] — qk,j)/quk,j7 Iy = q;C’J(Mk - Mk)qk,j7 Is = q;,]Mk(qqu - qu])

For j =1,...,d, |Gk,; — arjll2 < HQk — Qillz2 = Op(hn.k), where hp, 1 = pék/2+5miu/2n—1/2 by
Theorem 1, and |[|[Mgll2 < 250:1 1=, (D)]|* = Op(p?> °+~%min), By Lemma 2 and Lemma 4, we
have ||I1]|2 and ||I2||2 are of order Op(p*~°*~minh2 ) and ||I3]|2, ||I4]|2 and ||I5||> are of order

Op(pQ_(Sk_ammhn,k)~ So |5‘k,j = Akl = OP(P2_6k_5minhn,k) = Op(pz_ék/2_6"’“‘/2n_1/2)-
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For j=d+1,...,p, define,
M =Y By k(DB kD), B = (@rat1,---,Qrp), and Bi = (Qeat1,- .., dip)-

=1

It can be shown that | By — By|l2 = Op(hn,1), similar to proof of Theorem 1 with Lemma 3 in
Lam et al. (2011). Hence, ||dx,; — qr.jll2 < [|Bx — Bill2 = Op(hn.).

Since A\; =0, for j =d+1,...,p, consider the decomposition
Aj = My, = K1 + Ko + K,
where
K1 = G ; (Mg — My — Mk + M) @y, Ko = 2k (My — Mi)(@r,j — drj),
K3 = (@, — dr,s) Mi(@ky — diy)-

By Lemma 2 and Lemma 4,

lo lo
Kio= D ISl = Zya®)ansl3 < S 18y60) — Sy = Op(p*n ™),
=1 =1
|K2| = Op(IIMy — Millz - |Gk — arjll2) = Op(IMy, — M|z - [Bi — Bill2) = Op(p*n ™),
|Ks| = Op(IIBr — Bil3 - [Mill2) = O, (p° % "minh2) = O, (p°n ).
Hence Ag,; = Op(p*n™1). O

Proof of Corollary 1:

Proof. The proof is similar to the proof of Corollary 1 of Lam and Yao (2012).

By Lemma 3 and Lemma 4, we have

Aia = [[Miflz = O~ 7"n) and  Apa = O(p* ™"+~ "min).
So we have Ay, < 1)275’“7‘5“““7 for ¢ = 1,...,d. From Theorem 4(i), we have |5\,“ — Akl =
Op (p? 0k Pminy=1/2) "then A\ ; = Op(p? %k ~%min) for i = 1,...,d. It implies that A is1/ g =

lfori=1,...,d— 1. By Theorem 4(ii),

5\k,d+1/5\k,d _ Op(anfl/pZ*%*t;mm) _ Op(pék‘i"sminnfl).

Proof of Theorem 5:
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Proof.
wiks = 50088l 0g[Snal) + 1ol (B Sn, ' B) - BiSpu Byl
5 (B Awx + B (1, — 1)) So " (B) Awxe + B (1, — 1)
+(Bj(Arxe + my, — 1)) T et
= Li+Ly+Ls+ La. (S.18)
We have

E(L2)

%tr (=) (B,=5!B) - B33, BY) )]

1 - 1 _ —d
= St (BiZiB,;3p); — L-a) = S t1(B =B, 35 ;) — (”27),

E (Ls) = 3tr (B}(Zfk + Uk,j)BjE;j), and E(L4) = 0, so we obtain (25).

To prove (26) , we refer to a fact about multivariate normal random vector. Let v ~
N(0,1,), then for a symmetric matrix 3, Var(v'Zv) = 2||Z||%. Note that Cov(Ls2, L) =
Cov (L2, Ls) = Cov(Ls,Ls) =0 in (24), define W; = BjE]}}ij, and we have

Var(wek,;) = Var(Lz)+ Var(Ls) + Var(La)
= %HE}C/Q(Wj — Wk)Ei/QH% + %Var (xt AW Arx;) + %Var (x: AW, (), — uj))
+Var (x;A;st,(fk)) + Var ((p,k — uj)'Wjeik)>
= SIBEAWS ~ WS + IS AW, A 4 St (B W Ue W)
+tr ((Bg ke + Up,; )W; 3. Wj) .



