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The detailed proofs of Lemma 1-4, Theorem 1-5 and Corollary 1 are provided in the Supple-

mentary Material.

Here we use Cs to denote the generic uniformly positive constants. Define

Σx,k,j(l) =
1

n− l

n−l∑
t=1

Cov(xt, xt+lI(zt+l = j) | zt = k) = π
(l)
k,jΣx(l),

Σf,k,j(l) =
1

n− l

n−l∑
t=1

Cov{ft, ft+lI(zt+l = j) | zt = k)},

Σ̂x,k,j(l) =

∑n−l
t=1 (xt − x̄k)(xt+l − x̄j)

′I(zt = k, zt+l = j)∑n−l
t=1 I(zt = k)

,

Σ̂ε,k,j =

∑n−l
t=1 (ε

(k)
t − ε̄k)(ε

(j)
t+l − ε̄j)

′I(zt = k, zt+l = j)∑n−l
t=1 I(zt = k)

,

Σ̂f,k,j(l) =

∑n−l
t=1 (ft − f̄k)(ft+l − f̄j)

′I(zt = k, zt+l = j)∑n−l
t=1 I(zt = k)

,

Σ̂f,ε,k,j(l) =

∑n−l
t=1 (ft − f̄k)(ε

(j)
t+l − ε̄j)

′I(zt = k, zt+l = j)∑n−l
t=1 I(zt = k)

,

Σ̂ε,f,k,j(l) =

∑n−l
t=1 (ε

(k)
t − ε̄k)(ft+l − f̄j)

′I(zt = k, zt+l = j)∑n−l
t=1 I(zt = k)

,

where x̄k =
∑n

t=1 xtI(zt = k)/
∑n

t=1 I(zt = k), f̄k =
∑n

t=1 ftI(zt = k)/
∑n

t=1 I(zt = k), and

ε̄k =
∑n

t=1 ε
(k)
t I(zt = k)/

∑n
t=1 I(zt = k), for k = 1, . . . ,m.

We introduce some lemmas first.

Lemma 1. Under Conditions 1-2 and Condition 5, if π
(l)
k,j > 0, we have

∥Σ̂x,k,j(l)−Σx,k,j(l)∥2 = Op(n
−1/2), for k, j = 1, . . . ,m. (S.2)

Proof. Since z is irreducible, positive current and aperiodic under Condition 5, by Theorem 3.5

in Bradley (2005) and Theorem 17.0.1 in Meyne and Tweedie (2009), it follows

n∑n−l
t=1 I(zt = k)

− 1

πk
= Op(n

−1/2), (S.3)
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∑n−l
t=1 I(zt = k, zt+l = j)∑n−l

t=1 I(zt = k)
− π

(l)
k,j = Op(n

−1/2). (S.4)

Σ̂x,k,j(l)−Σx,k,j(l) =

∑n−l
t=1 (xt − x̄k)(xt+l − x̄j)

′I(zt = k, zt+l = j)∑n−l
t=1 I(zt = k)

−
∑n−l

t=1 π
(l)
k,jE(xtx

′
t+l)

n− l

=

∑n−l
t=1 [(xt − x̄k)(xt+l − x̄j)

′ − E(xtx
′
t+l)I(zt = k, zt+l = j)]∑n−l

t=1 I(zt = k)

+

n−l∑
t=1

[(
I(zt = k, zt+l = j)∑n−l

t=1 I(zt = k)
−

π
(l)
k,j

n− l

)
E(xtx

′
t+l)

]
= I1 + I2,

where

I1 =

∑n−l
t=1 (xtx

′
t+l − Extx

′
t+l)I(zt = k, zt+l = j)∑n−l

t=1 I(zt = k)
−
∑n−l

t=1 xtx̄
′
jI(zt = k, zt+l = j)∑n−l
t=1 I(zt = k)

−
∑n−l

t=1 x̄kx
′
t+lI(zt = k, zt+l = j)∑n−l
t=1 I(zt = k)

+

∑n−l
t=1 x̄kx̄

′
jI(zt = k, zt+l = j)∑n−l
t=1 I(zt = k)

= L1 + L2 + L3 + L4.

For L1, since x and z are independent, for i, q = 1, . . . , d, by (S.3) and Davydov inequality,

under Condition 1, it follows that,

E

{[∑n−l
t=1 (xi,txq,t+l − E(xi,txq,t+l)) I(zt = k, zt+l = j)∑n−l

t=1 I(zt = k)

]2}

≤ C

n2
E


[
n−l∑
t=1

(xi,txq,t+l − E(xi,txq,t+l)) I(zt = k, zt+l = j)

]2
≤ C

n2

∑
|t1−t2|>l

∣∣∣E {[xi,t1xq,t1+l − E(xi,t1xq,t1+l)] · [xi,t2xq,t2+l − E(xi,t2xq,t2+l)]}
∣∣∣

+
C

n2

∑
|t1−t2|≤l

∣∣∣E {[xi,t1,xq,t1+l − E(xi,t1xq,t1+l)] · [xi,t2xq,t2+l − E(xi,t2xq,t2+l)]}
∣∣∣

≤ C

n2

∑
t1 ̸=t2

α(|t1 − t2|)1−2/γ +
C

n
= O(1/n).

Then E
(
∥L1∥2F

)
= O(1/n). Since ∥L1∥2 ≤ ∥L1∥F ≤

√
d∥L1∥2, it follows that ∥L1∥2 =

Op(n
−1/2).

For L2, under Conditions 1 and 2, by (S.3) and Davydov inequality, we have

E∥x̄j∥22 =
d∑

q=1

E

(∑n
t=1 xq,tI(zt = j)∑n

t=1 I(zt = j)

)2

≤ C

n2

d∑
q=1

 n∑
t=1

E(x2
q,t) +

n∑
t1 ̸=t2

∣∣Cov(xq,t1 , xq,t2)
∣∣ = O(1/n),

(S.5)
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and

E

∥∥∥∥∥
∑n−l

t=1 xtI(zt = k, zt+l = j)∑n−l
t=1 I(zt = k)

∥∥∥∥∥
2

2

=

d∑
q=1

E

(∑n−l
t=1 xq,tI(zt = k, zt+l = j)∑n−l

t=1 I(zt = k)

)2

≤ C

n2

d∑
q=1

n−l∑
t=1

E(x2
q,t) +

n−l∑
t1 ̸=t2

∣∣Cov(xq,t1 , xq,t2)
∣∣ = O(1/n). (S.6)

Hence,

∥L2∥2 ≤ ∥x̄j∥2 ·
∥∥∥∑n−l

t=1 xtI(zt = k, zt+l = j)∑n−l
t=1 I(zt = k)

∥∥∥
2
= Op(1/n).

Similarly ∥L3∥2 = Op(1/n) and ∥L4∥2 = Op(1/n
2).

For i, q = 1, . . . , d, since the second moment of xt is bounded under Condition 2, together

with (S.4),

E

{
n−l∑
t=1

[(
I(zt = k, zt+l = j)∑n−l

t=1 I(zt = k)
−

π
(l)
k,j

n− l

)
E(xi,txq,t+l)

]}2

≤ C

n
.

(S.2) follows by combining the above results.

Lemma 2. Under Conditions 1-5, if π
(l)
k,j > 0, we have, for k, j = 1, . . . ,m.

∥Σ̂f,k,j(l)−Σf,k,j(l)∥2 = Op(p
1−δk/2−δj/2n−1/2), (S.7)

∥Σ̂f,ε,k,j(l)∥2 = Op(p
1−δk/2n−1/2), (S.8)

∥Σ̂ε,f,k,j(l)∥2 = Op(p
1−δj/2n−1/2). (S.9)

Proof.

Σ̂f,k,j(l)−Σf,k,j(l)

=

∑n−l
t=1 Ak(xt − x̄k)(xt+l − x̄j)

′A′
jI(zt = k, zt+l = j)∑n−l

t=1 I(zt = k)
− π

(l)
k,jAkΣx,k,j(l)A

′
j

=
Ak

∑n−l
t=1

(
Σ̂x,k,j(l)−Σx,k,j(l)

)
A′

j∑n−l
t=1 I(zt = k)

+AkΣx,k,j(l)A
′
j

(∑n
t=1 I(zt = k, zt+l = j)∑n−l

t=1 I(zt = k)
− π

(l)
k,j

)
.

Hence, under Conditions 2 and 4, by Lemma 1 and (S.4), for k = 1, . . . ,m,

∥Σ̂f,k,j(l)−Σf,k,j(l)∥2 ≤ ∥Ak∥2 · ∥Σ̂x,k,j(l)−Σx,j,k(l)∥2 · ∥Aj∥2

+∥Ak∥2 · ∥Σx,k,j(l)∥2 · ∥Aj∥2 ·O(n−1/2)

= Op(p
1−δk/2−δj/2n−1/2).
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For (S.8), we expand Σ̂f,ε,k,j(l),

Σ̂f,ε,k,j(l) =
Ak

∑m
j=1

∑n−l
t=1 (xt − x̄k)(ε

(j)
t+l − ε̄j)

′I(zt = k, zt+l = j)∑n−l
t=1 I(zt = k)

=
Ak

∑m
j=1

∑n−l
t=1 xtε

(j)
t+l

′
I(zt = k, zt+l = j)∑n−l

t=1 I(zt = k)
−

Ak

∑m
j=1

∑n−l
t=1 xtε̄

′
jI(zt = k, zt+l = j)∑n−l

t=1 I(zt = k)

−
Ak

∑m
j=1

∑n−l
t=1 x̄kε

(j)
t+l

′
I(zt = k, zt+l = j)∑n−l

t=1 I(zt = k)
+

Ak

∑m
j=1

∑n−l
t=1 x̄kε̄

′
jI(zt = k, zt+l = j)∑n−l

t=1 I(zt = k)

= L1 + L2 + L3 + L4.

For L1, since x, ε
(j) and z are independent, j = 1, . . . ,m, under Conditions 1-3, for i = 1, . . . , d,

q = 1, . . . , p,

E

(∑n−l
t=1 xi,tε

(j)
q,t+lI(zt = k, zt+l = j)∑n−l
t=1 I(zt = k)

)2
 ≤ C

n2
E

(n−l∑
t=1

xi,tε
(j)
q,t+lI(zt = k, zt+l = j)

)2


≤ C

n2

n−l∑
t=1

E

[
x2
i,t

(
ε
(j)
q,t+l

)2]
+

n−l∑
t1 ̸=t2

∣∣∣Cov (xi,t1ε
(j)
q,t1+l, xi,t2ε

(j)
q,t2+l

) ∣∣∣ = O(1/n).

So E
∥∥∥∑m

j=1

∑n−l
t=1 xtε

(j)
t+l

′
I(zt = k, zt+l = j)/

∑n−l
t=1 I(zt = k)

∥∥∥2
F
= O(pn−1). Under Condition 4,

we have

∥L1∥2 ≤ ∥Ak∥2 ·
∥∥∥∑m

j=1

∑n
t=1 xtε

(j)
t+l

′
I(zt = k, zt+l = j)∑n

t=1 I(zt = k)

∥∥∥
F

= O(p1/2−δk/2)Op(p
1/2n−1/2) = Op(p

1−δk/2n−1/2).

For L2, with (S.3) and independence of z and ε
(j)
t , under Condition 3,

E∥ε̄j∥22 =

p∑
q=1

E

(∑n
t=1 ε

(j)
q,tI(zt = j)∑n

t=1 I(zt = j)

)2

≤
p∑

q=1

C

n2
E

[(
n∑

t=1

ε
(j)
q,tI(zt = j)

)2]

≤
p∑

q=1

C

n2

 n∑
t=1

E
(
ε
(j)
q,t

)2
+
∑
t1 ̸=t2

∣∣∣E(εq,t1εq,t2)∣∣∣
 ≤ Cp

n
= O(pn−1),

and with (S.5) and (S.6), under Condition 4, we have ∥L2∥2 = Op(p
1−δk/2n−1), ∥L3∥2 =

Op(p
1−δk/2n−1), and ∥L4∥2 = Op(p

1−δk/2n−2). Hence (S.8) follows. Similar to the proof of

(S.8), we can prove (S.9).

Lemma 3. Under Conditions 4-7,

λmin(Mk) = O(p2−δk−δmin), for k = 1, . . . ,m. (S.10)

where Mk is defined in (9) and λmin(M)k is the minimum eigenvalue of Mk.
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Proof. Let σmax(H) and σmin(H) denote the maximum and minimum singular value of H.

Under Condition 6, using the inequality about the singular values in Merikoski and Kumar

(2004) we can prove that σmin(AkΣx(lk)
∑

j∈C π
(lk)
k,j A′

j) = O(p1−δk/2−δmin/2). Using the fact

that σmax(AkΣx(lk)
∑

j /∈C π
(lk)
k,j A′

j) = o(p1−δk/2−δmin/2) under Conditions 4 and 6, we have

σmin

(
AkΣx(lk)

m∑
j=1

π
(lk)
k,j A′

j

)
≥ σmin

(
AkΣx(lk)

∑
j∈C

π
(lk)
k,j A′

j

)
− σmax

AkΣx(lk)
∑
j /∈C

π
(lk)
k,j A′

j


= O(p1−δk/2−δmin/2). (S.11)

It follows that

λmin(Mk) ≥ max
1≤l≤l0

σ2
min

(
AkΣx(l)

m∑
j=1

π
(l)
k,jA

′
j

)
= O(p2−δk−δmin).

Lemma 4. Under Conditions 1-7,

∥M̂k −Mk∥2 = Op(p
2−δk/2−δmin/2 n−1/2), for k = 1, . . . ,m.

Proof.

∥M̂k −Mk∥2 ≤
l0∑
l=1

(
∥Σ̂y,k(l)−Σy,k(l)∥22 + 2∥Σy,k(l)∥2 · ∥Σ̂y,k(l)−Σy,k(l)∥2

)
. (S.12)

Conditions 5, 6 and 7 indicate that

∥Σy,k(lk)∥2 = Op(p
1−δk/2−δmin/2). (S.13)

When π
(l)
k,j > 0, for any l,

Σ̂y,k(l) =

∑m
j=1

∑n−l
t=1 (yt − µ̂k)(yt+l − µ̂j)

′I(zt = k, zt+l = j)∑n−l
t=1 I(zt = k)

=

∑m
j=1

∑n−l
t=1 (yt − µk −Akx̄k − ε̄k)(yt+l − µj −Aj x̄j − ε̄j)

′I(zt = k, zt+l = j)∑n−l
t=1 I(zt = k)

=

∑m
j=1

∑n−l
t=1 (Ak(xt − x̄k) + ε

(k)
t − ε̄k)(Aj(xt+l − x̄j) + ε

(j)
t+l − ε̄j)

′I(zt = k, zt+l = j)∑n−l
t=1 I(zt = k)

=
m∑

j=1

(
Σ̂f,k,j(l) + Σ̂ε,k,j(l) + Σ̂f,ε,k,j(l) + Σ̂ε,f,k,j(l)

)
.

By Lemma 2 we have

∥Σ̂y,k(lk)−Σy,k(lk)∥2

=

m∑
j=1

(
∥Σ̂f,k,j(lk)−Σf,k,j(lk)∥2 + ∥Σ̂f,ε,k,j(lk)∥2 + ∥Σ̂ε,f,k,j(lk)∥2 + ∥Σ̂ε,k,j(lk)∥2

)
= Op(p

1−δk/2−δmin/2n−1/2 + p1−δk/2n−1/2 + p1−δmin/2n−1/2 +

m∑
k=1

∥Σε,k,j(lk)∥2). (S.14)
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Since ε
(k)
t are independent noises, we have ∥Σ̂ε,k,j(lk)∥2 ≤ ∥Σ̂ε,k,j(lk)∥F = Op(pn

−1/2), which

implies from (S.14) that

∥Σ̂y,k(lk)−Σy,k(lk)∥2 = Op(pn
−1/2). (S.15)

Together with (S.12), (S.13) and (S.15), the lemma follows.

Proof of Theorem 1:

Proof. By Lemmas 1-4, and Lemma 3 in Lam et al. (2011), we can easily reach the conclusion

of Theorem 1.

Proof of Theorem 2:

Proof. From (13), when zt = k,

f̂t − ft = Q̂kR̂t −QkRt = Q̂kQ̂
′
k(yt − µ̂k)−QkRt = Q̂kQ̂

′
k(QkRt + ε

(k)
t + µk − µ̂k)−QkRt

= (Q̂kQ̂
′
k −QkQ

′
k)QkRt + Q̂k(Q̂k −Qk)

′(ε
(k)
t + µk − µ̂k) + Q̂kQ

′
k(ε

(k)
t + µk − µ̂k)

= I1 + I2 + I3.

Note that when zt = k, ∥Rt∥2 = ∥Ak∥2 = O(p1/2−δk/2) defined in (3), so ∥I1∥2 ≤ 2∥Q̂k −
Qk∥2∥Rt∥2 = Op(p

1/2−δk/2∥Q̂k − Qk∥2) = Op(p
1/2+δmin/2n−1/2). I2 is dominated by I3 in

probability.

E(∥Q̂kQ
′
kε

(k)
t ∥22) =

d∑
i=1

E[(q′
iε

(k)
t )2] ≤ dλmax(Σk) < ∞. (S.16)

µ̂k − µk =

∑n
t=1 ytI(zt = k)∑n
t=1 I(zt = k)

− µk =

∑n
t=1(Akxt + ε

(k)
t )I(zt = k)∑n

t=1 I(zt = k)
.

By (S.16), we can easily have

∥∥∑n
t=1(Q̂kQ

′
kε

(k)
t I(zt = k)∑n

t=1 I(zt = k)

∥∥
2
= Op(n

−1/2).

Under Condition 4, ∥Q̂kQ
′
k(µ̂k−µk)∥2 = Op(p

1/2−δk/2n−1/2)+Op(n
−1/2). Hence, with (S.16),

∥I3∥2 = Op(p
1/2−δk/2n−1/2) +Op(1).

We have p−1/2∥f̂t − ft∥2 = Op(p
δmin/2n−1/2 + p−1/2).

Proof of Theorem 3:

Proof. We assume that Qk is uniquely defined as in Remark 10 under Condition 7. Then

tr
[
Q′

k(Ip − Q̂kQ̂
′
k)Qk

]
= tr(Id −Q′

kQ̂kQ̂
′
kQk) = d

[
D(M(Q̂k),M(Qk))

]2
. (S.17)
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On the other hand,

tr
[
Q′

k(Ip − Q̂kQ̂
′
k)Qk

]
− tr

[
Q′

k(Ip −QkQ
′
k)Qk

]
= tr

[
Q′

k(QkQ
′
k − Q̂kQ̂

′
k)Qk

]
≤ d∥Q′

k(QkQ
′
k − Q̂kQ̂

′
k)Qk∥2.

And since the diagonal entries in Q′
kQ̂kQ̂

′
kQk are between 0 and 1,

tr
[
Q′

k(Ip − Q̂kQ̂
′
k)Qk

]
− tr

[
Q′

k(Ip −QkQ
′
k)Qk

]
= tr

[
Q′

k(QkQ
′
k − Q̂kQ̂

′
k)Qk

]
≥ ∥Q′

k(QkQ
′
k − Q̂kQ̂

′
k)Qk∥2.

Note that tr [Q′
k(Ip −QkQ

′
k)Qk] = 0. Hence,[

D(M(Q̂k),M(Qk))
]2

≍ ∥Q′
k(QkQ

′
k − Q̂kQ̂

′
k)Qk∥2.

Since

Q′
k(QkQ

′
k − Q̂kQ̂

′
k)Qk = −Q′

k(Qk − Q̂k)(Qk − Q̂k)
′Qk + (Qk − Q̂k)

′(Qk − Q̂k),

which is bounded by 2∥Q̂k −Q∥22, with (S.17) we have

D(Q̂k,Qk) = Op(∥Q̂k −Qk∥2).

By Theorem 1, we have proved Theorem 3.

Proof of Theorem 4:

Proof. The proof is quite similar to that of Theorem 1 of Lam and Yao (2012). We denote λk,j

and q̂k,j for the j-th largest eigenvalues of M̂k and its corresponding orthonormal eigenvectors,

respectively, for k = 1, . . . ,m. The corresponding population values are denoted by λk,j and

qk,j for the matrix Mk. Let Q̂k = (q̂k,1, . . . , q̂k,d) and Qk = (qk,1, . . . ,qk,d). We have

λk,j = q′
k,jMkqk,j , and λ̂k,j = q̂′

k,jM̂kq̂k,j , j = 1, . . . , p.

We can decompose λ̂k,j − λk,j by

λ̂k,j − λk,j = q̂′
k,jM̂kq̂k,j − q′

k,jMkqk,j = I1 + I2 + I3 + I4 + I5,

where

I1 = (q̂k,j − qk,j)
′(M̂k −Mk)q̂k,j , I2 = (q̂k,j − qk,j)

′M(q̂k,j − qk,j),

I3 = (q̂k,j − qk,j)
′Mkqk,j , I4 = q′

k,j(M̂k −Mk)q̂k,j , I5 = q′
k,jMk(q̂k,j − qk,j).

For j = 1, . . . , d, ∥q̂k,j − qk,j∥2 ≤ ∥Q̂k −Qk∥2 = Op(hn,k), where hn,k = pδk/2+δmin/2n−1/2 by

Theorem 1, and ∥Mk∥2 ≤
∑l0

l=1 ∥Σy(l)∥2 = Op(p
2−δk−δmin). By Lemma 2 and Lemma 4, we

have ∥I1∥2 and ∥I2∥2 are of order Op(p
2−δk−δminh2

n,k) and ∥I3∥2, ∥I4∥2 and ∥I5∥2 are of order

Op(p
2−δk−δminhn,k). So |λ̂k,j − λk,j | = Op(p

2−δk−δminhn,k) = Op(p
2−δk/2−δmin/2n−1/2).
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For j = d+ 1, . . . , p, define,

M̃k =

l0∑
l=1

Σ̂y,k(l)Σy,k(l)
′, B̂k = (q̂k,d+1, . . . , q̂k,p), and Bk = (qk,d+1, . . . ,qk,p).

It can be shown that ∥B̂k −Bk∥2 = Op(hn,k), similar to proof of Theorem 1 with Lemma 3 in

Lam et al. (2011). Hence, ∥q̂k,j − qk,j∥2 ≤ ∥B̂k −Bk∥2 = Op(hn,k).

Since λj = 0, for j = d+ 1, . . . , p, consider the decomposition

λ̂j = q̂′
k,jM̂kq̂k,j = K1 +K2 +K3,

where

K1 = q̂′
k,j(M̂k − M̃k − M̃′

k +Mk)
′q̂k,j , K2 = 2q̂′

k,j(M̃k −Mk)(q̂k,j − qk,j),

K3 = (q̂k,j − qk,j)
′Mk(q̂

′
kj − qk,j).

By Lemma 2 and Lemma 4,

K1 =

l0∑
l=1

∥(Σ̂y,k(l)−Σy,k(l))q̂k,j∥22 ≤
l0∑
l=1

∥Σ̂y,k(l)−Σy,k(l)∥22 = Op(p
2n−1),

|K2| = Op(∥M̃k −Mk∥2 · ∥q̂k,j − qk,j∥2) = Op(∥M̃k −Mk∥2 · ∥B̂k −Bk∥2) = Op(p
2n−1),

|K3| = Op(∥B̂k −Bk∥22 · ∥Mk∥2) = Op(p
2−δk−δminh2

n) = Op(p
2n−1).

Hence λk,j = Op(p
2n−1).

Proof of Corollary 1:

Proof. The proof is similar to the proof of Corollary 1 of Lam and Yao (2012).

By Lemma 3 and Lemma 4, we have

λk,1 = ∥Mk∥2 = O(p2−δk−δmin) and λk,d = O(p2−δk−δmin).

So we have λk,i ≍ p2−δk−δmin , for i = 1, . . . , d. From Theorem 4(i), we have |λ̂k,i − λk,i| =
Op(p

2−δk−δminn−1/2), then λ̂k,i = Op(p
2−δk−δmin) for i = 1, . . . , d. It implies that λ̂k,i+1/λ̂k,i ≍

1 for i = 1, . . . , d− 1. By Theorem 4(ii),

λ̂k,d+1/λ̂k,d = Op(p
2n−1/p2−δk−δmin) = Op(p

δk+δminn−1).

Proof of Theorem 5:
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Proof.

wt,k,j =
1

2
(log |ΣB,j | − log |ΣB,k|) +

1

2
ε
(k)
t

′
(BjΣB,j

−1B′
j −BkΣB,k

−1B′
k)ε

(k)
t

+
1

2

(
B′

jAkxt +B′
j(µk − µj)

)′
ΣB,j

−1 (B′
jAkxt +B′

j(µk − µj)
)

+(B′
j(Akxt + µk − µj))

′Σ−1
B,jB

′
jε

(k)
t

= L1 + L2 + L3 + L4. (S.18)

We have

E(L2) =
1

2
tr
[
Σ

1/2
k

(
BjΣ

−1
B,jB

′
j −BkΣ

−1
B,kB

′
k

)
Σ

1/2
k

]
=

1

2
tr
(
B′

jΣkBjΣ
−1
B,j − Ip−d

)
=

1

2
tr(B′

jΣkBjΣ
−1
B,j)−

(p− d)

2
,

E (L3) =
1
2
tr
(
B′

j(Σf,k,t +Uk,j)BjΣ
−1
B,j

)
, and E(L4) = 0, so we obtain (25).

To prove (26) , we refer to a fact about multivariate normal random vector. Let v ∼
N(0, Ip), then for a symmetric matrix Σ, Var(v′Σv) = 2∥Σ∥2F . Note that Cov(L2, L3) =

Cov(L2, L4) = Cov(L3, L4) = 0 in (24), define Wj = BjΣ
−1
B,jBj , and we have

Var(wt,k,j) = Var(L2) + Var(L3) + Var(L4)

=
1

2
∥Σ1/2

k (Wj −Wk)Σ
1/2
k ∥2F +

1

4
Var

(
x′
tA

′
kWjAkxt

)
+

1

2
Var

(
x′
tA

′
kWj(µk − µj)

)
+Var

(
x′
tA

′
kWjε

(k)
t

)
+Var

(
(µk − µj)

′Wjε
(k)
t

)
=

1

2
∥Σ1/2

k (Wj −Wk)Σ
1/2
k ∥2F +

1

2
∥Σ1/2

k A′
kWjAkΣ

1/2
k ∥2F +

1

2
tr (Σf,k,tWjUk,jWj)

+tr ((Σf,k,t +Uk,j)WjΣkWj) .


