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Supplementary Material

In this supplement the proofs of the results of the paper are collected.

S1 Proofs of Theorems 1 and 2

The following regularity conditions are needed to facilitate proofs of the theorems pre-
sented in Section 2.3.

Regularity Conditions:

A. The observed sample {tij ,Xi(tij),Wi(tij), i = 1, . . . , n} are an independent and
identically distributed (iid) realization of (T,X,W ) for all j = 1, . . . , J . The
{ε1i(tij), i = 1, . . . , n} are iid from a distribution with mean zero and finite vari-
ance σ2

1(tij) for j = 1, . . . , J . The covariate T has finite support T = [L,U ]. The
support for X is a closed and bounded interval in Rp, denoted by Ω.

B. βr(t) has continuous second order derivatives for r = 1, . . . , p.

C. Γ1(t), ηlr(t1, t2), ρ1(t1, t2), σ1(t), f(t), and f(t1, t2) are continuous for l, r = 1, . . . , p,.

D. The kernel density function K(·) is symmetric about 0 with bounded support and
satisfies the Lipschitz condition and∫

K(t)dt = 1,

∫
|t|3K(t)dt <∞,

∫
t2K2(t)dt <∞.

E. E{|ε1i(tij) |3 | tij} <∞ and is continuously differentiable.

F. The function $2(Z, q) < 0 for Z ∈ R, and q in the range of the binary response.

G. The varying coefficient functions α∗r(tij), r = 1, . . . , p + 1 has continuous second
order derivatives.



S2 E. KÜRÜM, R. LI, S. SHIFFMAN, AND W. YAO

H. The functions Γ2(t),Γ3(t1, t2), $1(·, ·), $2(·, ·), and $3(·, ·) are continuous.

By Condition (B), we assume that the parameter space for θ = (β(t0),β′(t0)) is a closed
and bounded subset of R2p for any given t0. The continuous condition of ρ1(t1, t2)
and ηlr(t1, t2) when t1 and t2 converges to the same time point might not hold if the
predictors and error process contain some measurement errors that are independent at
different time points t. However our proofs are still valid after some slight modifications
of notations. For example, we can replace ρ1(t0, t0) = σ2

1(t0) by limt1→t0,t2→t0 ρ1(t1, t2).
The bounded support condition in (D) about kernel function is imposed for simplicity
of proof and can be relaxed. Condition (F) guarantees that the local likelihood function
(2.10) is concave.

Let Xij = Xi(tij), Qij = Qi(tij), and Γ1(t0) = E(XijX
T
ij | tij = t0). Assume ni = J

for all is. Then N = nJ .

Lemma 1 Let

Tn,m = N−1
n∑
i=1

J∑
j=1

Kh(tij − t0)XijX
T
ij

(
tij − t0
h

)m
.

Then,

Tn,m = µmΓ1(t0)f(t0) +Op(h) +Op(n
−1/2) +Op{(Nh)−1/2}.

Proof: Note that

E(Tn,m) =

∫
E
{
XijX

T
ijKh(tij − t0)

(
tij − t0
h

)m
| tij = t

}
f(t)dt

=

∫
Γ1(t)Kh(t− t0)

(
t− t0
h

)m
f(t)dt

= µmΓ1(t0)f(t0) +Op(h).

In addition,

var(Tn,m(l, r)) =
n

N2
var

{
J∑

j=1

Kh(tij − t0)XijlXijr

(
tij − t0
h

)m
}

=
n

N2

E

{
J∑

j=1

Kh(tij − t0)XijlXijr

(
tij − t0
h

)m
}2

− {JµmΓ1(t0)(l, r)f(t0) +O(h)}2
 ,

where A(l, r) is the (l, r)th element of matrix A.

For any j 6= k, let

Mlr(t1, t2) = E(XijlXijrXiklXikr | tij = t1, tik = t2).
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Then

E

{
Kh(tij − t0)Kh(tik − t0)XijlXijrXiklXikr

(
tij − t0
h

)m(
tik − t0
h

)m}
=

∫ {
Kh(t1 − t0)Kh(t2 − t0)Mlr(t1, t2)

(
t1 − t0
h

)m(
t2 − t0
h

)m}
f(t1, t2)dt1dt2

=(µm)2Mlr(t0, t0)f(t0, t0) +O(h).

In addition, let

M̃lr(t) = E(X2
ijlX

2
ijr | tij = t).

E

{
Kh(tij − t0)2X2

ijlX
2
ijr

(
tij − t0
h

)2m
}

=

∫ {
Kh(t− t0)2M̃lr(t)

(
t− t0
h

)2m
}
f(t)dt

=h−1(ν2m)M̃lr(t0)f(t0) +O(1).

Therefore,

var(Tn,m(l, r)) =
1

nJ2

[
J(J − 1){(µm)2Mlr(t0, t0)f(t0, t0) +O(h)}+ J{h−1(ν2m)M̃lr(t0)f(t0) +O(1)}

−{JµmΓ1(t0)(l, r)f(t0) +O(h)}2
]

=
1

nJ2
{Op(J2) +Op(Jh−1)} = Op(n−1) +Op{(Nh)−1}.

Therefore,

Tn,m = E(Tn,m)+Op

{√
var(Tn,m)

}
= µmΓ1(t0)f(t0)+Op(h)+Op(n

−1/2)+Op{(Nh)−1/2}.

Proof of Theorem 1. Let

`(θ) =

n∑
i=1

J∑
j=1

{
Wij − (̃tij ⊗Xij)

Tθ
}2
Kh1

(tij − t0) = (W −Xθ)Tκ(W −Xθ),

where θ = (aT ,bTh)T , t̃ij = (1, t∗ij)
T , t∗ij = (tij − t0)/h, and Wij = Wi(tij).

Let W =
(
WT

1 , . . . ,W
T
n

)T
be the vector of continuous responses for all subjects

with Wi = (Wi1, . . . ,WiJ)
T

and i = 1, . . . , n. Ip is the identity matrix with size p,

X = (X1, . . . ,Xn)
T

, Xi =
(
t̃i1 ⊗Xi1, . . . , t̃iJ ⊗Xi J

)
and κ is an N ×N diagonal matrix

with each entry equal to Kh1(tij − t0) for i = 1, . . . , n and j = 1, . . . , J .
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Let θ0 = (β1(t0), . . . , βp(t0), h1β
′
1(t0), . . . , h1β

′
p(t0))T , and

X TκX =

n∑
i=1

J∑
j=1

{
t̃ij t̃

T
ij ⊗ (XijX

T
ij)Kh1(tij − t0)

}
X Tκ(W −Xθ0) =

n∑
i=1

J∑
j=1

[̃
tij ⊗XijKh1(tij − t0){Wij − (̃tij ⊗Xij)

Tθ0}
]
,

Therefore,

θ̂ − θ0 = (X TκX )−1X Tκ(W −Xθ0).

We will show thatN−1X TκX converges in probability and that
√
Nh1{N−1X Tκ(W−

Xθ0)− bias(t0)} converges in distribution. Thus, Theorem 1 follows by using the Slut-
sky’s Theorem.

Define L11 = N−1∑n
i=1

∑J
j=1 XijX

T
ijKh1(tij−t0), L12 = L21 = N−1∑n

i=1

∑J
j=1 XijX

T
ijt
∗
ijKh1(tij−

t0), and L22 = N−1∑n
i=1

∑J
j=1 XijX

T
ijt
∗
ij

2Kh1(tij − t0). Thus,

N−1XTκX =

(
L11 L12

L21 L22

)
.

Based on Lemma 1 L11 = Γ1(t0)f(t0) + op(1), L12 = L21 = µ1f(t0)Γ1(t0) + op(1),
and L22 = µ2f(t0)Γ1(t0) + op(1). Then,

N−1X TκX = f(t0)

(
1 µ1

µ1 µ2

)
⊗ Γ1(t0) + op(1).

Now let us prove
√
n{N−1X Tκ(W − Xθ0) − bias(t0)} converges in distribution.

Note that Wij = ε1i(tij) + XT
ijβ(tij)

N−1X Tκ(W −Xθ0) = N−1
n∑
i=1

J∑
j=1

[̃
tij ⊗XijKh1(tij − t0){Wij − (̃tij ⊗Xij)

Tθ0}
]

= Sn +Rn,

where Sn = N−1
∑n
i=1

∑J
j=1

{
t̃ij ⊗XijKh1

(tij − t0)ε1i(tij)
}
, and

Rn = N−1
n∑
i=1

J∑
j=1

[̃
tij ⊗XijKh1

(tij − t0)XT
ij{β(tij)− β(t0)− β′(t0)(tij − t0)}

]
.

Based on Lemma 1, we have

Rn =
1

2
h2

1f(t0)(µ2, µ3)T ⊗ {Γ1(t0)β′′(t0)}+ op(h
2
1).
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Note that E(Sn) = 0 and

cov(Sn) =
n

N2
cov


J∑
j=1

Kh1
(tij − t0)̃tij ⊗Xijε1i(tij)


=

n

N2

E


J∑
j=1

Kh1(tij − t0)̃tij ⊗Xijε1i(tij)




J∑
j=1

Kh1(tij − t0)̃tij ⊗Xijε1i(tij)


T
 .

Let ηlr(t1, t2) = E(XijlXikr | tij = t1, tik = t2), E {ε1i(tij)ε1i(tik)} = ρ1(tij , tik), and
ρε(t0) = lim∆→0 ρ1(t0, t0 + ∆). In addition,

E

{
Kh1(tij − t0)Kh1(tik − t0)XijlXikr

(
tij − t0
h1

)d1 ( tik − t0
h1

)d2
ε1i(tij)ε1i(tik)

}

=

∫ {
Kh1

(t1 − t0)Kh1
(t2 − t0)ηlr(t1, t2)ρ1(t1, t2)

(
t1 − t0
h1

)d1 ( t2 − t0
h1

)d2}
f(t1, t2)dt1dt2

=µd1µd2ηlr(t0, t0)f(t0, t0)ρε(t0) +Op(h1),

where d1 = 0, 1, d2 = 0, 1.

In addition,

E

{
Kh1(tij − t0)2XijlXijr

(
tij − t0
h1

)d1 ( tij − t0
h1

)d2
ε1i(tij)

2

}

=

∫ {
Kh1

(t− t0)2Γ1(t)(l, r)

(
tij − t0
h1

)d1+d2

σ2
1(t)

}
f(t)dt

=h−1
1 (νd1+d2)Γ1(t0)(l, r)f(t0)σ2

1(t0) +Op(1).

Therefore,

cov(Sn) =(nJ)−1

{
(J − 1)f(t0, t0)ρε(t0)

(
1 µ1

µ1 µ2
1

)
⊗ Γ̃1(t0)

+h−1
1 f(t0)σ2

1(t0)

(
ν0 ν1

ν1 ν2

)
⊗ Γ1(t0) +Op(Jh1) +Op(1)

}
,

where (l, r)th element of Γ̃1(t0) is ηlr(t0, t0).

If we further assume Jh1 → 0, then

cov(Sn) = (Nh1)−1f(t0)σ2
1(t0)

(
ν0 ν1

ν1 ν2

)
⊗ Γ1(t0){1 + op(1)}.

In order to show the asymptotic normality of
√
nW , we only need to show for any unit

vector d ∈ R2p, {dT cov(
√
nW )d}−1/2(

√
ndTW )

L→ N(0, 1).
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Let

ξi =
√
Nh1N

−1
J∑
j=1

dT
{
t̃ij ⊗XijKh1

(tij − t0)ε1i(tij)
}
.

Note that
√
Nh1d

TSn =
∑n
i=1 ξi and

{dT cov(
√
Nh1Sn)d} = ndT cov(Sn)d = f(t0)σ2

1(t0)

(
ν0 ν1

ν1 ν2

)
⊗ Γ̃1(t0){1 + op(1)}.

Based on Lyapunov central limit theorem, we only need to check nE|ξi|3 → 0. Since K
and X have bounded support,

nE|ξi|3 = n(Nh1)3/2N−3E

∣∣∣∣∣∣
J∑
j=1

dT
{
t̃ij ⊗XijKh1

(tij − t0)ε1i(tij)
}∣∣∣∣∣∣

3

≤ nN−3/2h
3/2
1

J∑
j=1

E||̃tij ⊗XijKh1
(tij − t0)ε1i(tij)||3

= O

nN−3/2h
3/2
1

J∑
j=1

E
{
K3
h1

(tij − t0)|ε1i(tij)|3
}

= O(nN−3/2h
3/2
1 Jh−2

1 ) = O{(Nh1)−1/2} → 0.

Therefore, we have

√
Nh1

[
θ̂ − θ0 −

1

2
h2
1

{(
1 µ1

µ1 µ2

)
⊗ Γ1(t0)

}−1

(µ2, µ3)T ⊗ {Γ1(t0)β′′(t0)}+ op(h2
1)

]
L→ N2p(0, V ),

where

V = f(t0)−1σ2
1(t0)

{(
1 µ1

µ1 µ2

)
⊗ Γ1(t0)

}−1(
ν0 ν1

ν1 ν2

)
⊗Γ1(t0)

{(
1 µ1

µ1 µ2

)
⊗ Γ1(t0)

}−1

.

When K is symmetric about 0, µ1 = µ3 = 0. Therefore, we have√
Nh1

{
β̂ − β0 −

1

2
h2

1µ2β
′′(t0) + op(h

2
1)

}
L→ Np(0, V1),

where
V1 = f(t0)−1ν0σ

2
1(t0)Γ−1(t0).

We first present two lemmas taken from (Yao and Li, 2013).

Lemma 2 Let {(x1j , w1j), . . . , (xnj , wnj)} be independent and identically distributed ran-
dom vectors for each j = 1, . . . , J , where wij are scalar random variables. Further assume
that for some k > 2 and interval [A,B]

E|Wj |k <∞ and sup
x∈[A,B]

∫
|w|k%j(x,w)dw <∞,
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where %j(·, ·) denotes the joint density of (Xij ,Wij). Let K(·) be a bounded positive
function with a bounded support satisfying the Lipschitz condition. Then

sup
x∈[A,B]

∣∣∣∣∣∣ 1

N

n∑
i=1

J∑
j=1

Kh(xij − x)wij − E [Kh(xij − x)wij ]

∣∣∣∣∣∣ = Op

[{
log(1/h)

nh

}1/2
]

provided that h→ 0, for some δ > 0, n1−2k−1−2δh→∞.

Lemma 3 If Jh1 → 0 and nh1+δ
1 → ∞ for some δ > 0, then uniformly in t0 ∈ T , the

support of T , we have√
Nh1(θ̂ − θ0) =

√
Nh1A(t0)−1N−1X Tκ(W −Xθ0) +Op

[
h2

1 +

{
log(1/h1)

nh1

}1/2
]
,

where

A(t0) = f(t0)

(
1 µ1

µ1 µ2

)
⊗ Γ1(t0)

and

N−1X Tκ(W −Xθ0) = N−1
n∑
i=1

J∑
j=1

[̃
tij ⊗XijKh1

(tij − t0){Wij − (̃tij ⊗Xij)
Tθ0}

]
.

Proof: Based on Lemma 2, we can further prove that

N−1X TκX = f(t0)

(
1 µ1

µ1 µ2

)
⊗ Γ1(t0) +Op

[
h2

1 +

{
log(1/h1)

nh1

}1/2
]
.

Then the result follows.

Proof of Theorem 2: Let X̃ij = (XT
ij , ε1i(tij))

T . Note that X∗ij is the estimate of X̃ij

by replacing ε1(tij) with ei(tij), the residual from the marginal model.

Note that $d(Z, q) = (∂d/∂Zd)l{g−1(Z), q} is linear in q for fixed Z such that

$1 [g {m(tij , x̃ij)} ,m(tij , x̃ij)] = 0 and $2 [g {m(tij , x̃ij)} ,m(tij , x̃ij)] , −ρ(tij , x̃ij).(S1.1)

where

m(tij , x̃ij) = E(Qij | tij , X̃ij) =

p∑
r=1

α∗r(tij)Xijr + α∗p+1(tij)ε1i(tij).

Let

ϑ = γ−1
N

(
a∗1 − α∗1(t0), . . . , a∗p+1 − α∗p+1(t0), h2{b∗1 − α∗

′
1(t0)}, . . . , h2{b∗p+1 − α∗

′
p+1(t0)}

)T
,

γN = Nh−1/2. Let α̃ = (α∗1(t0), . . . , α∗p+1(t0), h2α
∗
1
′(t0), . . . , h2α

∗′
p+1(t0))T ,

Z̃ij =
(
X̃T
ij , (tij − t0)/h2 X̃

T
ij

)T
, and η̄ij(t0) = α̃T Z̃ij . Hence,

a∗TX∗ij + b∗TX∗ij(tij − t0) = α̃TZ∗ij + γNϑ
TZ∗ij = η̄ij(t0) + δij + γNϑ

TZ∗ij ,
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where Z∗ij =
(
X∗ij

T, (tij − t0)/h2 X
∗
ij

T
)T

, eij = ei(tij), εij = ε1i(tij), and δij = (eij −
εij){α∗p+1(t0) + α∗′p+1(t0)(tij − t0)}. Hence the local log likelihood function (2.10) can
be written as

`(ϑ) =
1

N

n∑
i=1

J∑
j=1

`
[
g−1

{
η̄ij(t0) + δij + γNϑ

TZ∗ij

}
, Qij

]
Kh2

(tij − t0).

Let

ϑ̂ = γ−1
N

(
â∗1 − α∗1(t0), . . . , â∗p+1 − αp(t0), h2{b̂∗1 − α∗

′(t0)}, . . . , h2{b̂∗p+1 − α∗
′
p+1(t0)}

)T

.

Since (â∗, b̂∗)T maximizes (2.10), then ϑ̂ maximizes `(ϑ), and ϑ̂ also maximizes the
following function

`∗(ϑ) = h2

n∑
i=1

J∑
j=1

(
`
[
g−1

{
η̄ij(t0) + δij + γNϑ

TZ∗ij

}
, Qij

]
− `
[
g−1{η̄ij(t0) + δij}, Qij

])
Kh2(tij−t0).

According to regularity condition (J) `∗(·) is concave in ϑ. We locally approximate
`{g−1(·), Q} via the Taylor expansion and we obtain

`∗(ϑ) = DT
nϑ+

1

2
ϑT∆nϑ+

γ3
Nh2

6

n∑
i=1

J∑
j=1

$3 {ηij(t0), Qij} (ϑTZ∗ij)
3Kh2

(tij−t0), (S1.2)

where

Dn =γNh2

n∑
i=1

J∑
j=1

$1 {η̄ij(t0) + δij , Qij}Z∗ijKh2
(tij − t0)

∆n =γ2
Nh2

n∑
i=1

J∑
j=1

$2 {η̄ij(t0) + δij , Qij}Z∗ijZ∗
T
ijKh2

(tij − t0)

where ηij(t0) is between η̄ij(t0) + δij and γNϑ
TZ∗ij + η̄ij(t0) + δij .

It is known that (∆n)ij = {E(∆n)}ij + Op

[
{V ar(∆n)ij}1/2

]
. The expected value

of ∆n is equal to

E(∆n) = E
[
$2 {η̄ij(t0),m(tij ,xij)}Kh2(tij − t0)Z̃ijZ̃

T
ij

]
+ o(1).

Let

η(tij , X̃ij) = g{m(tij , X̃ij)} =

p+1∑
r=1

αr(tij)X̃ijr.

Using Taylor expansion of η(tij , X̃ij) around t0 with |tij − t0| < h2 and the result in
(S1.1), we have the following:

η(tij , X̃ij) = η̄ij(t0) +
(tij − t0)2

2
η′′(t0, X̃ij) + op(h

2
2),
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where η′′(tij , X̃ij) = (∂/∂t2ij)η(tij , X̃ij) =
∑p+1
r=1 α

∗
r
′′(tij)X̃ijr. Furthermore, we have the

following results:

$1{η̄ij(t0),m(tij , X̃ij)} = ρ(tij , X̃ij)
(tij − t0)2

2
η′′(t0, X̃ij) + op(h

2
2), (S1.3)

and similarly,

$2{η̄ij(t0) + δij ,m(tij , X̃ij)} = −ρ(tij , X̃ij) + op(1), (S1.4)

since δij = op(1). Let

Γ2(t0) = E{ρ(tij , X̃ij)X̃ijX̃
T
ij | tij = t0}.

Using (S1.1) and (S1.4), we obtain the following:

E{∆n} → −f(t0)

(
1 µ1

µ1 µ2

)
⊗ Γ2(t0) , −∆. (S1.5)

Similar to Lemma 1, V ar{(∆n)ij} = O{(Nh2)−1}. Thus,

∆n = −∆ + op(1). (S1.6)

For the last term in (S1.2), we have the following result:

O
[
Nγ3

NhE
∣∣∣$3{η1j(t0), Q1j}X̃3

1jKh2
(t1j − t0)

∣∣∣] = O(γN ), (S1.7)

which follows from K(·) being bounded, $3(., .) being linear in Q1j , E(|Q1j | |t1j , X̃1j) <
∞ and regularity condition (M). Combining (S1.2), (S1.5), (S1.6) and (S1.7), we obtain
the following:

`n(ϑ∗) = DT
nϑ
∗ − 1

2
ϑ∗T∆ϑ∗ + op(1).

Using the quadratic approximation lemma (see Fan and Gijbels, 1996, p.210),

ϑ̂
∗

= ∆−1Dn + op(1),

if Dn is a sequence of stochastically bounded random vectors.

Next we establish the asymptotic normality of Dn. Define

An1 = γNh2

n∑
i=1

J∑
j=1

$1 {η̄ij(t0) + δij , Qij} Z̃ijKh2
(tij − t0)

An2 = γNh2

n∑
i=1

J∑
j=1

$1 {η̄ij(t0) + δij , Qij} (Z∗ij − Z̃ij)Kh2
(tij − t0),

Then

Dn =γNh2

n∑
i=1

J∑
j=1

$1 {η̄ij(t0) + δij , Qij}Z∗ijKh2(tij − t0)

=An1 +An2,
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It can be easily checked that An2 = op(1). Now let’s deal with An1. Let

Bn1 =γNh2

n∑
i=1

J∑
j=1

$1 {η̄ij(t0), Qij} Z̃ijKh2
(tij − t0)

Bn2 =γNh2

n∑
i=1

J∑
j=1

$2 {η̄ij(t0), Qij} Z̃ijδijKh2
(tij − t0)

Then An1 = Bn1 +Bn2 +Op(n
1/2||θ̂ − θ||2∞). Based on Lemma 3, we have

δij = {α∗p+1(t0) + α∗′p+1(t0)(tij − t0)}XT
ij{β̂(tij)− β(tij)}

= N−1θ(tij)X
T
ijf(tij)

−1Γ−1
1 (tij)

n∑
i1=1

J∑
j1=1

ψ̃(ti1,j1)Kh1
(ti1j1 − tij) +Op(dn),

where θ(tij) = {α∗p+1(t0) + α∗′p+1(t0)(tij − t0)}, β̂(tij) = (β̂1(tij), . . . , β̂p(tij))
T , β =

(β1(tij), . . . , βp(tij))
T , ψ̃(ti1,j1) = Xi1j1{Wij − (̃tij ⊗Xij)

Tθ0}, and

dn = (Nh1)−1/2Op

[
h2

1 +

{
log(1/h1)

nh1

}1/2
]
.

Therefore, Bn2 = Cn2 +Op{(Nh5
1)1/2}, where

Cn2 =
γNh2

N

n∑
i,i1=1

J∑
j,j1=1

θ(tij)$2 {η̄ij(t0), Qij} Z̃ijKh2
(tij − t0)X

T
ijf(tij)

−1
Γ
−1
1 (tij)ψ(ti1,j1

)Kh1
(ti1j1

− tij),

and ψ(ti1,j1) = Xi1j1ε1i1(ti1j1).

By calculating the second moment, it can be shown that

Cn2 = −γNh2

n∑
i1=1

J∑
j1=1

θ(ti1j1
)Kh2

(ti1j1
− t0)E

{
ρ(tij , X̃ij)Z̃ijX

T
ij | tij = ti1,j1

}
Γ
−1
1 (ti1j1

)ψ(ti1,j1
) + op(1)

= −γNh2

n∑
i1=1

J∑
j1=1

θ(ti1j1
)Kh2

(ti1j1
− t0 )̃tij ⊗ Γ2(ti1,j1

)Γ
−1
1 (tij)ψ(ti1,j1

) + op(1).

If Nh5
1 → 0,

An1 = γNh2

n∑
i=1

J∑
j=1

Kh2
(tij − t0 )̃tij ⊗

[
$1 {η̄ij(t0), Qij} X̃ij − θ(tij)Γ2(ti,j)Γ

−1
1 (tij)ψ(ti,j)

]
+ op(1)

= γNh2

n∑
i=1

J∑
j=1

Kh2
(tij − t0 )̃tij ⊗

{
ω(tij) + X̃ij ($1 {η̄ij(t0), Qij} −$1 [g{m(tij , x̃ij)}, Qij ])

}
+ op(1),

where

ω(tij) = $1 [g{m(tij , x̃ij)}, Qij ] X̃ij − θ(tij)Γ2(ti,j)Γ
−1
1 (tij)ψ(ti,j).

Let
Γ3(t1, t2) = E

{
ω(tij)ω(tik)T | tij = t1, tik = t2

}
.
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Then similar to the proof of Theorem 1, we can prove

E(An1) =
1

2
γ−1
N h2

2f(t0)(µ2, µ3)T ⊗ {Γ2(t0)α∗′′(t0)}{1 + op(1)}

cov(An1) = f(t0)

(
ν0 ν1

ν1 ν2

)
⊗ Γ3(t0, t0){1 + op(1)}

and the asymptotic normality of An1. Therefore,

ϑ̂
∗
−1

2
n1/2h2

2

{(
1 µ1

µ1 µ2

)
⊗ Γ2(t0)

}−1

(µ2, µ3)T⊗{Γ2(t0)α∗′′(t0)}{1+op(1)} L→ N(0, V ∗),

where

V ∗ = f(t0)−1

{(
1 µ1

µ1 µ2

)
⊗ Γ2(t0)

}−1(
ν0 ν1

ν1 ν2

)
⊗Γ3(t0, t0)

{(
1 µ1

µ1 µ2

)
⊗ Γ2(t0)

}−1

.

Note that µ1 = µ3 = 0. Therefore,√
Nh2

[
α̂∗(t0)− 1

2
h2

2µ2α
∗′′(t0){1 + op(1)}

]
L→ N(0, V2),

where
V2 = f(t0)−1ν0Γ−1

2 (t0)Γ3(t0, t0)Γ−1
2 (t0).
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