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Supplementary Material

In this supplement the proofs of the results of the paper are collected.

S1 Proofs of Theorems 1 and 2

The following regularity conditions are needed to facilitate proofs of the theorems pre-
sented in Section 2.3.

Regularity Conditions:
A. The observed sample {t;;,X;(t;;), Wi(ti;),i =1,...,n} are an independent and
identically distributed (iid) realization of (T, X,W) for all j = 1,...,J. The
{e1i(tij),i = 1,...,n} are iid from a distribution with mean zero and finite vari-

ance 03 (t;;) for j =1,...,J. The covariate T has finite support 7 = [£,U]. The
support for X is a closed and bounded interval in R? denoted by 2.

B. B,(t) has continuous second order derivatives for r = 1,...,p.
C. T1(t), mr(tr, t2), pr(ts, t2), 01(t), f(t), and f(t1,t2) are continuous for [, r = 1,...,p,.

D. The kernel density function K (-) is symmetric about 0 with bounded support and
satisfies the Lipschitz condition and

/K(t)dt: 1, /|t|3K(t)dt < o0, /tzKQ(t)dt < 0.

E. E{le1i(tij) |? | tij} < oo and is continuously differentiable.
F. The function ws(Z,q) < 0 for Z € R, and ¢ in the range of the binary response.

G. The varying coefficient functions o (¢;;), = 1,...,p + 1 has continuous second
order derivatives.
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H. The functions I'y(¢), T's(t1, t2), @1 (-, ), wa(:,+), and ws(-,-) are continuous.

By Condition (B), we assume that the parameter space for 8 = (B(to), 3'(t9)) is a closed
and bounded subset of R?” for any given to. The continuous condition of p;(t1,t2)
and 7;,-(t1,t2) when ¢; and ¢y converges to the same time point might not hold if the
predictors and error process contain some measurement errors that are independent at
different time points t. However our proofs are still valid after some slight modifications
of notations. For example, we can replace p1(to,to) = o (to) by lime, 10 15—t p1(t1, t2).
The bounded support condition in (D) about kernel function is imposed for simplicity
of proof and can be relaxed. Condition (F) guarantees that the local likelihood function
(2.10) is concave.

Let Xij = Xz(tz])7 Q’ij = Qz(t”), and Fl(to) = E(X”X;l; | tij = to). Assume n; = J
for all 4s. Then N = nJ.

Lemma 1 Let

m=N" 1ZZKh (tij — to)X, XT<ZJ;t°)m.

=1 j=1

Then,
Tpm = pmT'1(t0) f(to) + Op(h) + Op(n™"/2) + O, {(Nh)~/2}.

Proof: Note that

= /Fl(t)Kh(t*to) (t _hto)mf(t)dt
= pumIT1(to)f(to) + Op(h).

In addition,

J m
j—t
var(Tn,m (I, 7) { g ti; — to) X1 Xijr ( - 0) }

J m 2
=47 [E{;Kh(tij—to)xmxm (“7“) } — {JumD1(to) (1, 1) f(to) + O(M)}? |,

where A(l,r) is the (I,7)th element of matrix A.

For any j # k, let

M, (t1,te) = E(XijiXijr Xi Xikr | tij = t1, ti = t2).
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Then

tij —to\ " [tic—to\ "
E{Kh(tij_tO)Kh(tik_tO)Xileierik:lXikr< jh O) ( kh 0> }

= / {Kh(tl —t0)Kp(ta — to) My (t1,t2) <t1 hto) <t2 ; t0> }f(tl,tz)dhdtz

=(u")? My (to, to) f(to, to) + O(h).

In addition, let
M, (t) = B(X3, X7, [ ti = 1).

2m
tii—t
E{Kh(tijto)zijlejr< Jh °> }

:/{Kh(t—to)Qer(t) <tht0>2m}f(t)dt

=h~" (V*™) My, (to) f (to) + O(1).

Therefore,

var(Tn,m (7)) :ﬁ [J(J = D{(1"™)*Mir(to, t0) f(to, to) + O(h)} + J{h ™ (v*™) Mir(to) f(to) + O(1)}
—{Jum L1 (t0) (1, ) f(t0) + O(h)}]

= {0p(J%) + Oy (Jh )} = Oy(n ™) + Op{(NB) '},

Therefore,

T = B(Tp) 40, { var(Tn,m>} — L1 (f0) o) + Oy ()40, (/) £ 0, {(NR) /2]

Proof of Theorem 1. Let

n J
06y =YY {Wy—(t;® Xi;)"0}” Kn, (tij — to) = (W — X60)Tk(W — X8),

where 0 = (aT,bTh)T, Eij = (1 t¥ )T tt, = (tij — to)/h, and Wij = Wl(t”)

71]' 71]'

Let W = (W7, ... ,W%)T be the vector of continuous responses for all subjects
with W; = (WZ‘17...7W,L‘J)T and ¢ = 1,...,n. I, is the identity matrix with size p,
X =(X,... ,Xn)T, X, = (Ell @Xit, ..., tis ® XU) and k is an N x N diagonal matrix
with each entry equal to Ky, (t;; —to) fori=1,...,nand j=1,...,J.
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Let 6 = (B1(to), - - -, Bp(to), k1531 (to), - - -, hafB)(t0))", and

n J
XTrX = Z Z {Eljfz; (9 (Xin;[j“)Khl (tij — to)}
i=1 j=1
n J
XTR(W = X00) = > Y [ti; ® Xij K, (tij — to){Wi; — (t:; © X4;)T00}] ,
i=1 j=1

Therefore,

60— 0y =(XTrX) TATK(W — X0).

We will show that N=1XT kX converges in probability and that /N {N~tXT k(W —
X0y) — bias(tg)} converges in distribution. Thus, Theorem 1 follows by using the Slut-
sky’s Theorem.

Define L1y = N~' Y7 37 X, X7

5Ky (tig—to), L1z = Loy = N~' Y0 Z;-Izl Xy Xt K, (tij—
to), and Lo = N_l Z?:l Zj:l Xin;l;t:fj2Kh1 (ti]' — to). ThU.S,

L L
N71XT X = 11 12 > )
" ( Loy Lo

Based on Lemma 1 L11 = Fl(to)f(to) + Op(l),ng = L21 = ulf(to)rl(to) + Op(l)7
and L22 = ,LLQf(tO)Fl(tO) + Op(l). Then,

N'xXTrx = f(t0)< ! Z; >®F1(to)+op(1).

Now let us prove /n{N1XTk(W — X0,) — bias(tg)} converges in distribution.
Note that WU = 51i(tij) + Xzﬂ(tz])

i=1 j=1
= Sn + Rn>

n J
NT'XTR(W — X600) = NP> > [6; © X Kn, (ti; — to){Wi; — (B © Xi;)"00}]

where S, = N~t 3" thl {t:; ® XK, (tij — to)eni(ti;) }, and

Ry

n J
Nt Z Z [£5 © Xij K, (tij — to) X3{B(ti;) — Blto) — B'(to) (tij — to)}]
i=1 j=1
Based on Lemma 1, we have

Ry = %h%f(to)(ll% p3)" @ {T1(t0)B" (to)} + 0p(h3).
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Note that E(S,) = 0 and
J
cov(Sy, —cov ZKM ti; ® Xijeni(tiy)
=1
T
J J
E {ZKhl ’L] ®X13511 17 } {Z zg ®XZJ511( 1])}
Jj=1 j=
Let mir(t1,t2) = E(XijiXikr | tij = t1,tie = t2), E{eri(tij)eri(tin)} = p1(tij, tir), and

pe(to) = lima_s0 p1 (to, to + A). In addition,
dr do
ti; —t tin — ¢
E {Km (tij — to)Kn, (tik — t0) XijiXikr < jhl O) < khl 0) €1i(tij)€1i(tik)}

dy do
t1 —t to — ¢
:/{Khl(tl — 1) Kn, (t2 —to)mr(tl,tg)pl(tl,tg)( 1h °> ( th °> }f(tl,tg)dtldtg
1

=pta, fa, Mir (o, to) f(to, to)pe(to) + Op(h1),

where dy =0,1,ds =0, 1.

In addition,

=Ny (Vay+a.)T1(t0) (1,7) f (to) o (o) + Op(1).

Therefore,

i ) ® T (to)

H1

cov(S,) =(nJ)™* {(J — 1) f(to, to)p<(to) < Mll

Thy f ()0 (1) ( Yo 1 ) ©Ta(t0) + Oy(Jha) + op<1>},

vy 2

where (I,r)th element of fl(to) is - (to, to)-

If we further assume Jh; — 0, then
V1

cov($,) = (Vi) flta)ot o) (1070 ) @ Tuaa) 1+ 0,1}

In order to show the asymptotic normality of /nW, we only need to show for any unit
vector d € R?P, {dTcov(y/nW)d}~/2(y/ndTW) & N(0,1).
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Let
J

& = Nth_l ZdT {E” X Xinhl (tij — tO)Eli(tij)} .

=1
Note that /Nhid?S, =Y | & and

151
Vo

{d"cov(y/Nh18,)d} = ndTcov(S,)d = f(to)oi(to) ( Z) ) @ Ty (to) {1+ 0,p(1)}.

Based on Lyapunov central limit theorem, we only need to check nE|&;|®> — 0. Since K
and X have bounded support,

3

J
nE|§z\3 = n(Nhl)g/QN_gE Z dT {E” ® Xinhl (tij — tO)gli(tij)}

j=1

J
< nN-3/2p3/2 Z El|t;; ® Xy Kn, (ti; — to)e1i(tiy)||®
j=1

J
=0 nN_?’/Qh?/Q Z E {K}?Zl (tij — t0)|<€1i(tij)|3}

Jj=1

= O(nN"32132 Jh2) = O{(Nhy) "2} — 0.
Therefore, we have

m{é—eo—;hf{( Lom )®r1(to>}7 (ug,ua)T®{r1<to>ﬁ”<to>}+op<h%>] L Noy(0, V),

1o pe

where

V:f(to)—lof(to){( o )@Fl(to)}l ( mon )®F1(t0){< L )@Fl(to)}l.

When K is symmetric about 0, p; = pgz = 0. Therefore, we have

VT {5 8y~ g o) + 0,1 b 5 N,0.74)

where
V1 = f(to)_lyoo'%(to)l—‘_l(to).

We first present two lemmas taken from (Yao and Li, 2013).

Lemma 2 Let {(z1j,w1j),..., (Tnj, wn;)} be independent and identically distributed ran-
dom vectors for eachj = 1,...,J, where w;; are scalar random variables. Further assume
that for some k > 2 and interval [A, B]

E|W;|¥ < 00 and  sup /|w|kgj(ac7w)dw < o0,
z€[A,B]
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where g;(-,-) denotes the joint density of (X;j, W;;). Let K(-) be a bounded positive
function with a bounded support satisfying the Lipschitz condition. Then

L)

n J
1
sup |2 > 0> Ky — wywij — B [Kn(wi; — 2)wy]| = Op

z€[A,B] i=1 j—1

provided that h — 0, for some § > 0, nl=2k1 =2 o

Lemma 3 If Jhy — 0 and nh%""s — oo for some § > 0, then uniformly in tg € T, the

support of T, we have
log(1/h1) ) ">
h2 { og(1/ 1)} 7

VNhi(0 —60) = V/NhiA(to)) ' NT'XT k(W — X8,) + O, —

where

Alto) = f(to) ( Lo ) T (1)

M1 M2
and

n J
N7T'XTR(W = X00) = N7V 3~ [6; © XK, (ti; — to) {Wij — (85 © Xi5) 60}] -
i=1 j=1

Proof: Based on Lemma 2, we can further prove that

1
N7'XTX = f(to) ( o Z; ) ®@T'1(to) + Op

h? + {log(l/hl) }1/2] .

nhl
Then the result follows.

Proof of Theorem 2: Let XZ-]- = (XiTj, 51i(tij))T. Note that X7; is the estimate of Xij
by replacing 1 (¢;;) with e;(t;;), the residual from the marginal model.

Note that wq(Z,q) = (0?/0Z%)1{g~(Z),q} is linear in ¢ for fixed Z such that
@1 [g{m(tij,%ij)} ,m(tij, %)) = 0 and @2 [g {m(tij, %ij)} , m(tij, %ij)] = —p(tij, %ij)-(S1.1)
where

m(tij, %ij) = B(Qij | tij, Xij) = Y af(tij) Xijr + oy (tij)e1i(tig)-
r=1

Let

— * * * * * * * * T
9= “YNl (al —aj(to),. .- yApt1 — O‘p+1(t0)v ha{b] — /1(t0)}a cees hZ{bp+1 -« ;+1(t0)}) )
v = Nh7V2 Let & = (o (to), . ., &y (to), haai (o), . ., o], (t0))7,
~ ~ ~ T -
Zij = (XZ, (tij — to)/hg XZ;) s and ﬁij(to) = dTZij. Hence,

a* Xy, + b X (i — to) = &7 25 + w9 LY = 75 (to) + 0y + n9T L5,
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T
where Zj-F = (X;‘J ,( ij — to)/hg X;}-T> , €5 = ei(tij), €ij = 51i(tij)7 and Jij = (eij -

eij){api1(to) + a*p 1 (to)(ti; — to)}. Hence the local log likelihood function (2.10) can
be written as

= S o {40077} 0] it~

1=1 j=1

Let

~ ~ T
9 =5 (@1 = aito), s ps — aplto), ha{bi = @™/ ()}, ha{bpy — 0" (80)})

Since (a*,b*)T maximizes (2.10), then ¥ maximizes (), and ¥ also maximizes the
following function

9) = ho ii (4 [971 {ﬁz‘j(tO) + 85 + VNﬂTZ?j} ,Qu] — g i (to) + 5ij},Qij]) K, (tij—to).

i=1 j=1

According to regularity condition (J) £*(-) is concave in . We locally approximate
{g~1(+),Q} via the Taylor expansion and we obtain

J
h
(9) =D+ - ﬂTA 19+7N6 2 ZZW;), {ni(t0), Qi } (9T Z3;)* K, (tij —to), (S1.2)

i=1j=1

where

n J
D, =ynhe Z Z w1 {7 (to) + dij, Qij } Zij; K, (tij — to)
i=1j=1
J
A _’VNh? Z Z w2 {nzj tO) + 51]7 sz} Z* Z*TKhz( 7,] - tO)

=1 j5=1
where Mij (to) is between ﬁij (to) + 5ij and ")/N‘lgTZ:(] + ﬁij (to) + 51]
It is known that (Ay)i;; = {E(An)}i; + Op {Var(An)ij}l/Q} . The expected value
of A, is equal to
E(A,) =E [wz {0ij(to), m(tij, xij) } K, (tij — tO)Ziszﬂ +o(1).

Let
p+1

n(tij, Xij) = g{m(ti;, Xij)} = > ap(tis) Xijr.
r=1

Using Taylor expansion of 7(t;;, X;;) around to with |t;; — to| < he and the result in
(S1.1), we have the following:

- _ (tij — to)?

n(tij, Xiz) = 0ij(to) + 5 1" (to, Xij) + 0p(h3),
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where 7" (t;;, X;) = (9/0t3)n(ti, X,;) = Zfii ot (t;;) Xijr- Furthermore, we have the
following results:

_ S o (ti; —t)? S
w1 {7 (to), m(tsj, Xij)} = P(tij,xij)“%nﬁ(to,xij) + op(h3), (S1.3)

and similarly,
@a{7lsj (to) + 81, m(tij, Xij)} = —p(ti, Xij) + 0p(1), (S1.4)
since 0;; = op(1). Let

La(to) = E{p(tijaxij)xisz; | tij =to}.

Using (S1.1) and (S1.4), we obtain the following:

E{A,} — —f(to) ( il Z; > ®Ta(ty) 2 —A. (S1.5)
Similar to Lemma 1, Var{(Ay,)i;} = O{(Nhy)~'}. Thus,
A, = —A+0,(1). (S1.6)
For the last term in (S1.2), we have the following result:
O [N s {m;(to), Qui X3 Kos (b1 — to)| | = O, (S1.7)

which follows from K (-) being bounded, w3(.,.) being linear in Q1;, E(|Q1;] [ti;, X1;) <
oo and regularity condition (M). Combining (S1.2), (S1.5), (S1.6) and (S1.7), we obtain
the following;:

(n(9%) = DY9* — %ﬁ*TAﬂ* + 0,(1).

Using the quadratic approximation lemma (see Fan and Gijbels, 1996, p.210),

9 =A"'D, +0,(1),
if D,, is a sequence of stochastically bounded random vectors.

Next we establish the asymptotic normality of D,,. Define

n J

Ay = ynha Y 0> @ {1 (to) + 03, Qs } Zij Koy (ti; — to)

i=1 j=1

n J
An2 = yNh2 Z Zwl {Mij(to) + 6ij, Qi (255 — Zij) Kn, (tij — to),
=1 j=1
Then
n J

Dy =yxha » Y @1 {i(to) + 81, Qij} Zi; Ko, (L — to)

i=1 j=1

:Anl + An2 ;
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It can be easily checked that A,2 = 0,(1). Now let’s deal with A,;. Let

n J
Bn1 =ynh2 Z Z @1 {75 (to), Qij} Zij Kn, (tij — to)

i=1 j=1
n J -
Bz =ynha Y Y wa{ij(to), Qij} Zijdij Kn, (tij — to)
i=1 j=1
Then A, = Byni + B + 0,(n'/?]|6 — 0]|2.). Based on Lemma 3, we have
83 = {41 (to) + "1 (to) (ti; — 1o)X {B(ti5) — Blti;)}

n J
= N710(ti) X5 (i) T (Eg) DD (tiy g0 Ky (tingy — tig) + Op(dn),
ii=1j1=1
where 0(t;;) = {a;H(tP) + o4 (o) (ts; — to)}: B(tij) = (Bl(tij),...,gp(tij))Ta B =
(Bi(tiz)s s Bp(tig)Ts W (tiy jy) = Xiyjs {Wij — (ti; @ Xi5) 0o}, and
h? + {log(l/hl) }1/2] :

d, = (Nhy)~Y?0, o

Therefore, Bpa = Cya + O,{(Nh})/2}, where

7 J
YNh2 G _ - T S —
Cn2 = — Do D Otiw2 {Mi(to), Qis} Zij Kny (tij — to)X ;£ (4i5) 7 Ty (8ig) W (tiy gy ) Ky (biysy — tis),
ii1=14,j1=1

and ’l?b(tilfjl) = Xi1j151i1 (tilh)'
By calculating the second moment, it can be shown that

n J
S ~
Cra = —nha > > 0(tiy i) Kny (tigj; — to)E {p(tuvxij)za:jxu [ tij = tiy,j } D7 (tiy gy )W (i gy) + 0p(1)
i1=1j1=1

n J
== nhe D D O(tiygy) Kny (g — to)Eis @ Ta(tsy 501 (ti5)W(tiy 51) + 0p(1)-

i1=1j1=1
If Nh3 — 0,

n J
Ap1 = nh2 DD Kny(ti; — to)ti; © [wl {75 (t0), Qi } Xij — 9(tij)F2(ti,j)Ffl(tij)ll’(ti,j)] + op(1)

i=1j=1

n J
=nh2 DD Kny(ti; —to)ti; © {w(tij) + Xij (@1 {735 (t0), Qig} — w1 [g{m(tis, %i5)}, Qij])} + op(1),

where
w(tij) = w1 [g{m(ti;, %ij)}, Qis] Xij — 0(ti;)Ta(ts ) )TT  (ti) P (ki ).

Let
F3(t1,t2) =E {w(tij)w(tik)T | tij = tlatik = tg} .
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Then similar to the proof of Theorem 1, we can prove
1 _ *
E(4n) = §7N1h§f(to)(u2, p3)" @ {Ta(to)a™” (to) H1 + 0,(1)}

COV(Anl) = f(t()) (

vy U1

) @ T (tor to){1 + 0, (1)}
11 Vo

and the asymptotic normality of A, ;. Therefore,

Ak

oo {( ) eTat)] () @(Calto)a () 1+ (1} 5 N0V,

where

v :f(to)_l{( L >®F2(t0)}1 ( oo >®rg(t0,t0){< o >®F2(t0)}1.

Note that pq = pg = 0. Therefore,

V/Nhy [d*(to) - %h%uga*"(to){l - op(1)}] L N0, 1),

where
Vo = f(to) 'nol's " (to)T's(to, to)T'5 * (to)-
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