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Abstract: This paper concerns the global performance of modifications of the ker-
nel estimators considered in Zhang (1995) for a mixing density function g based
on a sample from f(z) = [ f(z|60)g(#)d6 under weighted LP-loss, 1 < p < oo,
where f(z|0) is a known exponential family of density functions with respect to the
counting measure on the set of nonnegative integers. Fourier methods are used to
derive upper bounds for the rate of convergence of the kernel estimators and lower
bounds for the optimal convergence rate over various smoothness classes of mixing
density functions. In particular under mild conditions, it is shown that these esti-
mators achieve the optimal rate of convergence for the negative binomial mixture
and are almost optimal for the Poisson mixture. Global estimation of the mixing
distribution function under weighted LP-loss is also considered.
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1. Introduction
Let X1,..., X, be independent observations from a mixture probability law

0*

fa;g) = ; f(x|0)g(0)do, (1)

where f(x|0) is a known parametric family of probability density functions with
respect to a o-finite measure u, and ¢ is a mixing density function on (0,60*).
Suppose

f(z]0) = C(0)q(x)0*, VYx=0,1,2,..., (2)

where 0 < 0 < (or <) 0* < o0, g(z) > 0 whenever x = 0,1,2,... and p is the
counting measure on the set of nonnegative integers.

Zhang (1995) considered a class of kernel estimators for the mixing density
function g, its derivatives, and the mixing distribution function, and proved that
the mean squared error at a fixed point achieves or almost achieves the optimal
rate of convergence under mild conditions. However these estimators do not per-
form uniformly well asymptotically near the boundary of the domain of 8. In this
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paper we consider modifications of these estimators which improve their global
performance (especially near the boundary) with respect to weighted LP-loss,
1 < p < oo. In particular, Sections 2 and 3 give upper bounds for the conver-
gence rates of the estimators for the mixing density and distribution respectively
for the case where 6* is finite and known. Section 4 supplies corresponding lower
bounds for the optimal convergence rate. A consequence of Corollaries 1 and
2 and Theorem 3 in Sections 2, 3, and 4 is that, the kernel estimators achieve
or almost achieve the optimal rate of convergence under mild assumptions. For
the negative binomial distribution f(z|6) = (*1"7")(1 — 6)"6%, the optimal rate
for estimating g(-) is O({1/logn}?) under a global weighted LP-loss, where «
denotes the degree of smoothness of g; whereas for the Poisson distribution, the
optimal rate is at most as rapid as O({1/logn}®) and the kernel estimates con-
verge at the rate O({loglogn/logn}®) when 6* is known and finite. Section
5 considers the case 0* = oo, where the kernel estimators achieve certain rates
of convergence which may not be optimal. For example, our kernel estimators
converge at the rate O({1/log n}®/?) for the Poisson distribution under a global
weighted L-loss when 6* = oco. All the proofs are given in three appendices: up-
per bounds for finite 8* in Appendix I, lower bounds in Appendix II, and upper
bounds for 8* = co in Appendix III.

A key point of this paper is that, in general, without further assumptions,
global nonparametric estimation of a mixing density (or distribution) of a dis-
crete exponential family is difficult in that the optimal rate of convergence is
logarithmic (not polynomial).

Among related mixture problems, the deconvolution problem appears to be
the best understood. Recent and important advances to the solution were made
by Carroll and Hall (1988), Fan (1991a, b), Zhang (1990) and many others us-
ing Fourier analysis. In particular kernel estimators for the mixing density (or
distribution) have been obtained which achieve the optimal convergence rate.
However these methods are based on the convolution property of the mixture
problem and are not directly applicable to (2).

Another problem that has been of much interest is the estimation of the mix-
ing distribution of a Poisson mixture. Tucker (1963) approached this problem
through the method of moments, and Lambert and Tierney (1984) and Simar
(1976) considered the nonparametric maximum likelihood estimation for the mix-
ing distribution. For mixtures of more general discrete exponential distributions,
Loh (1993) and Zhang (1995) independently proposed estimates and obtained
upper and lower bounds on the mean squared error at a fixed point via Fourier
analysis, but they did not consider the global properties discussed here. Wal-
ter and Hamedani (1991) successfully applied orthogonal polynomial techniques
to mixtures of exponential families. Rolph (1968), Meeden (1972), and Datta
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(1991) used Bayesian methods to construct consistent estimators for the mixing
distribution.

Throughout this paper we shall denote by P, and E, the probability and
expectation, respectively, corresponding to g, by I{-} the indicator function,
by hU) the jth derivative (if it exists) of h with h(®) = h, by h* the Fourier
transformation of any integrable h, h*(t) = [e™h(y)dy, and by || - ||, the LP-
norm with respect to the Lebesgue measure, 1 < p < oco. We shall use the
notation «’ and x” to denote the decomposition x = &’ + «” such that ' is an
integer and 0 < x” < 1 for all real numbers x.

2. Kernel Estimators

In this and the next two sections, we assume that 6* is finite and known.
The case 6* = oo is considered in Section 5.

Let k() be a symmetric function satisfying [0 k(y)dy = 1, k*(t) = 0, V|t| >
L,

/ Yk(y)dy =0, V1<j<a, / ly*k(y)| dy < oo. (3)

For suitable positive constants m,, and ¢, tending to oo and to be specified later,
define

I{0 < x <my} [
2mq(x)x! —en

K, (z,0) = t* cos(zm/2 — tO)k* (t/cy,)dt. (4)

Given any probability density function g on (0,60*), we shall extend its domain
to the whole real line by setting g(y) = g(y)I{0 < y < 6*} for all y € R. Let

h(y) = C(y)g(y), V—oo<y<oo. (5)

It follows from (1) and (2) that f(z;9)/q(z) = foe* 0*h(6)df. Taking infinite
series expansions in the Fourier inversion formula as in Zhang (1995), we obtain

0o 0%
|0 —yjekwiy = [ calea(6 = u)n(wdy

= > (@) /09* yl‘h(y)dy/ (it) e~ k*(t /¢y, )dt.

=0 —Cn

Thus, K, (z,0) can be used as a kernel for h in the sense that for —oco < 6 < oo,
E K, (X1,0) — h() = bi1n(0) + b2, (0) — 0, (6)

as (mp,c,) — (00,00) along a suitable path for continuous h(9) = ¢(0)C(6),

where
o0

b10(8) = [ 116~ y/en) — BOk()dy, (7)

—0o0
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by (0) = — 3 B vThW)dy /_ " cos(am /2 — )k (L/ey)dt. (8)

|
il 2mx!

With this as motivation, we estimate g(6) by

50 (0) =S {Ku(X;,0)/C0)} 1{0 < 6 < 0}, )

j=1
The positive integers m,, and positive constants ¢, and a,, are chosen such that

my, = min{m > 1: (0%e)c,(m) + f1logep(m) < m + 1}, (10)
cn = cp(my), cp(m) = fologn — 121g;a<xm log(1/q()), (11)
anp, = 0" —a*/c, if C(0*)=0, and a,=06"if C(6*) >0, (12)

with some constants 0 < By < 1/2, 81 > 0, and 0 < a* < co. It will be shown
in the proof of Theorem 1 that (10) implies ||b2,[lcc = O(c,”') and that (11)
implies || K, ||co = O(n).

We shall investigate the global performance of (9) over the following classes
of mixing densities. Let 1 < p < oo and w be a member of LP on (0,6*). For
a > 0 we define G, g» = G0+ (p, w, M) to be the set of all densities g on (0, 0*)
such that

lw(6){g"*)(8) = 4"V (6 + )}l < MI3[*", Vo, (13)

where o is the integer with 0 < o’/ =a— o’ <1, and 0 < M < co.
Assume that there exist constants v > 0, Cf, C3, and C3 such that

sup (0" —0)7/C(0) < CT, (14)
0<0<0*
sup (0% — 0)7|CY)(0)]/{C(0)j'} < C5, VO<j <y, (15)
0<H<o*
1@ (0 +68) — CP(O)] < C567", 0 <0 < 0+5 < 07, (16)

where p’ is a nonnegative integer with 0 < p” =p—p/ < 1.

Theorem 1. Suppose a > 0, 1 < p < o0, and (14)-(16) hold with v > 0
and p = a+~. Let g, be given by (9) with the kernel Ky (z,0) in (4) such that
ag > a+y in (3). Let (10)-(12) hold with 81 > a+~. Then, sup{Eg|lw(gn—9)|p :
g e ga,@*(pawaM)} = O(C'r:a)'

Remark. If C(6*) > 0, we shall set v = 0 although (14) holds for all v > 0
and p > 0. Conditions (15) and (16) are satisfied for every p > 0 if C'(f) is an
analytic function in a neighborhood of 6* (e.g. C(0) = (1 — )" with * =1 for
the negative binomial family).
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Corollary 1. Suppose the conditions of Theorem 1 are satisfied and
q(z)BoB*(z")® > 1, Vx>0, (17)

for some constants By, B, and 3. Then, supgeg, . Egllw(gn — 9|l =0(1)(1/
logn)® if B =0, and supycg, ,. Egllw(gn — 9)llp = O(1)(loglogn/logn)® if 0 <
0 < .

The conditions of Corollary 1 are satisfied in the following examples.

Example 1. (Negative Binomial) Since C'(¢) = (1 — )" and g(z) = (*"]") for
some known integer r > 1 and 6* = 1, (14)-(16) hold for vy =r —1 and all p > 0
and (17) holds for 8 = 0. By (10) and (11) ¢, = fplogn+ (r—1)loglogn+ O(1)
and m,, = efplogn + (e(r — 1) + (1) loglogn + O(1).

Example 2. (Poisson with 6* < co) Here C(#) = e~? and ¢(z) = 1/z!, so that
(14)-(16) hold for v = 0 and all p > 0 and (17) holds for § = 1. By (10) and (11)
cn = (0%e) 71 (B + o(1)) log n/ log logn and m,, = (By + o(1))logn/loglogn.

3. Estimating a Mixing Distribution

Let f(x|0) be as in (2) with #* finite and known. Suppose the marginal

density of X is
9*

Ha:G) = | f(2]0)dG(0), (18)

where G is the mixing distribution. If the density g = G(!) exists, then f(z;G) =
f(z;g). In this section we consider the estimation of the mixing distribution G.
Our results here are parallel to those in Section 2 for the estimation of the mixing
density. We denote by E¢ the expectation when G is the true mixing distribution.

Let K, (z,0) be as in (4) with the constants m,, and ¢, in (10) and (11).
Define

G = | T [ K (X y{CW)} Ny, 0 <0 <ap, (19)
1, if 0 > ay,,

where a, is as in (12), and a, is a negative constant such that 1/C(y) =
Yooeopq(x)y® is an increasing analytic function for a. < y < #*. Similar to
(6)-(8), for continuous G(6) we have

EcGn(0) — G(0) = Bin(0) + Ban(0) — 0 (20)

for 0 < 6 < ay,, where

Bu@ = [~ /{ /C">}dzc<z—y/cn>k<y>dy—c<9>, (21)
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y)d cos(zm 2 .
Ba(o) = - 3 MO [ ST e e, (22
T>Mp 27(1" —Cn
Let @ > —1, 1 < p < oo and w(-) be a decreasing function on [0, 0*]. Define
g(‘;"i{;* = g;dg* (p,w, M) to be the set of all distribution functions G on (0, 6*) such
that

[w(@){G@ D (9) — GG+ 8)}]], < M[3|*", V. (23)

Remark. f 0 <1+ a <1/p, w=1, and M > 1, then g“fg* is the class of all

distribution functions on (0,6*). If a > 0, then g;d’;* (p,w, M) = Gy 9 (p,w, M).

Theorem 2. Let o« > —1 and 1 < p < oco. Suppose (14)-(16) hold with p >
a+1+max(y,1) if y#1and p>a+2ify=1. Let G, be given by (19) with
ag > a+14+7vin (3) and By > a+ in (10). Then, sup{Eq|w(G, —G)|l, : G €
Gee (p,w, M)} = O(c°7h).

Corollary 2. Suppose that (17) and the conditions of Theorem 2 hold. If 3 =0
then sup g gear Ec|lw(Gn — Q)|l, = O1)(1/logn)*t'. If0 < B < oo then

a,0*
SUPGegeds Egllw(Gy — G)]l, = O(1)(loglog n/log n)* 1.

4. Optimal Rate of Convergence

In Sections 2 and 3, we obtained upper bounds for the maximum | - ||,
risk of our kernel estimators over the classes G, ¢+ and ga g« Here we derive
corresponding lower bounds for the rate of the local minimax risk at interior
points go and Gy of these classes

"m0+ (90) = If sup{Eyllgn —gllp : 9 € Gao llg — gollp < Mr(logn)™*},  (24)

deJ; o+ (Go) = iélf sup{Eg||Gn — G|, : G € gg‘fg*, IG — Goll, < Mi(logn)=>"1},

(25)
where the infimum runs over all statistics based on Xi,...,X,, and the classes
are given by (13) and (23) respectively with w(f) = I{0 < 6 < 6*}. The rates of
(24) and (25) can be regarded as characterizations of the degree of difficulty for
estimating g and G respectively.

Theorem 3. Let My > 0 and go and Gy be interior points of Gq g+(p,1, M) and
d

g;,g* (p7 1a M)

(i) If 1 < p < oo and o > 0, then liminf, . (logn)*ry, q.0+(90) > 0.

(ii) If 1 < p < 00 and a > 0, then liminf, . (logn)**r cds (Go) > 0.

na@*
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The basic idea behind the proof of Theorem 3 is to find mixing densities ggy,,
gin, and goy, close to gy and in G, ¢ (p, 1, M), such that max;—i 2 ||gjn — gonllp
tends to 0 at a much slower rate than f(; gjn) — f(;90n), j = 1,2.

We shall show in the proof of Theorem 3 that

liminfp, =po >0, pn =inf max Py, {llgn — ginllp > collogn)™}  (26)

for some g9 > 0, and that gj,, 0 < j < 2, are members of G, p-(p,1, M) for
small wo with ||gjn — gollp < Mi(logn)~*. This will prove Theorem 3 (i), since
T'n,a,0* (90) > Eﬁpn(IOg n)—a'

The densities gj, are constructed in the following manner. Let 0 < 0y <
01 < a < 0y < 63 < 6 be fixed constants. Define

hupl0) = 00"~ T(w), 27)
gu,v(e) = {XO(Q)ll,u,v(Q) + Xl(‘g)hu,v(‘g) + X2( )l2 uv( )}/C( ) (28)

where x; = x;(0) = I{0; < 0 < 0,41} and 1, j = 1,2, are polynomials each
of degree (2a/ + 1) such that g, , is ¢ times continuously differentiable. Define

02

Un

3w

gon(0) = 90(9)+W ( )a {Gun,vn (0)+900(0) — (won+1)go(0) },  (29)

B wo O\ T . 0—a Win
gln(‘g) = gOn(Q) + W <a) [SIH <un0—) — —:| Gup,vn (9), (30)

2 Won
9) — ) wo 92 @ 0—a Wan ) 31
92n(0) = gon(0) + W % cos Un9—2 - w—On Gunwa (), (31)

where goo is a density in G, g+ (p, 1,1) bounded away from 0 in [0y, 03], w;, are
constants given by [ gjn(0)df =1, wy > 0, u, = dplogn, and v, = u,/a, with

/(05—05) 2
50:max{lig(92/022)’log(1+a2/02)’91/a e log(ﬂl/a)’92/a—1—log(92/a)}' (32)

5. The Case of Infinite 6*

The natural value of 8* in (2) is 6§ = sup{0 : }_, q(z)6" < oco}. If (17) holds
with 8 = 0, then 6 is finite and known, and we can set §* = 6; and the results of
Sections 2 and 3 follow. However, when 6 = oo the condition 6* < co becomes
an assumption in addition to the knowledge of ¢(-). In this section, we consider
the case of * = co. Upper bounds of the LP risks of our kernel estimators are
provided in Theorems 4 and 5 below. The lower bounds of Theorem 3 still apply
here.
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Let n =0, 0 < ¢, — oo and k(-) be as in (3). Define

C

Kenl,) = bra(o)(2a)) (17 [ coslen)k t/ca)it (33)
gs(n) = gP)I{n > 0}, Caln) = 20CGR), hla) = gs()Calm). (34)
Since f(z;g) = [ 4*"hs(y)dy by (1) and (2), we have
EgKn(X1,m) — 2nC(n*)g(n*)I{n > 0}
— [ eulblentn =) + blealn + 1)) Vouu)dy — h() = bon(n) + bun()

by the Fourier inversion formula, where
banln) = | K@)~ y/en) — o)}y, (3)
bnln) = | (@ha(y/en = mdy. (30)

Zhang (1995) used K (2, /a)/[2y/aC(a)] as a kernel for g(a) in the case 8* = oco.
Define

N N N _ TL Ks n X'a
noe(®) = Gun (Ve <O a), dunl) =n ' YT (a1
Jj=1 s

where ag, and ay, are positive constants tending to 0 and oo respectively. We
shall study the global performance of this estimator under weighted LP-loss.

Let 1 < p < oo and w be as in Section 2. For o > 0 define Gy oo =
Ga,00(p, w, a1, M, My) to be the set of all probability density functions g on (0, co)
such that

lws(In){gS) (n+6) = g ()}, < M5, Ve, (38)
[w(@)g(0)I{0 > a}ll, < M[C(a)]™, Va>0, (39)

where w(n) = (2n)/Pw(n?), and a1, M, and M, are given constants. Note that
with 7 = V0, |w(0)ho(V0)||, = |lws(n)ho(n)||, for all Borel functions hg.
We assume that for every 0 < § < 1 there exists a finite constant C5 such
that
ICD@){C(H)}~ < Cf, V>0, (40)

for all 0 < j < p. This condition holds for C(0) = e% of the Poisson mixture.

Theorem 4. Let a > 0 and 1 < p < co. Suppose (14)-(16) and (40) hold with
p>a(l+1/ar) and p > a+1, and (17) holds with 0 < B < 2. Let g oo be given
by (37) with aon = a./cn, C(at,) = cn®/™, cn = B~{(Bylogn)/(1-B/2)}' =12,
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and Ky n(z,n) as in (33) with oy > p in (3), where a and By < 1/2 are positive
constants. Then,

sup{ Egl|w(Gn,00 = 9)llp : 9 € Gayoo(psw, a1, M, M1)} = O(1)(log )~ > =F/2).

Conditions of Theorem 4 hold for the Poisson example.

Example 3. (Poisson with 6* = co) As in Example 2, (14)-(16) hold for v =0
and all p > 0, (40) holds for all p > 0 and 0 < 6 < 1, and (17) holds for
By =B =f=1. Taking 8y = 1/4, oy = a and a* = 1, we have ¢,, = \/(logn)/2,
apn, = 1/¢, and ay, = /logey,.

Now consider the estimation of the mixing distribution G for 8* = co. Define

Co(0) =1 7 X B KX ){C (2} My, 0 <0 <a?, (41)
’ 1, if 0 > a2,

where K ,(z,n) is as in (33) and 0 < a,, — co. Similar to (20)-(22) and (35)-(36),
E¢Gh,oo(0) — G(0) = B3a(VO) + Bun(V0) (42)
for 0 < 6 < ay,, where, with G5(y) = G(y*)I{y > 0} and Cso(y) = C(y?),

Bantn) = [ [M{ELEZ I~ gty - o)
But) = - [~ [ S“’/C”‘ ColU/en =24,y (y e — Mh(w)ey

Let w be a decreasing function on (0, 00) with |Jw||, < co. For a > 0 define
Ga,00 = Ga,o0(Ds w, a1, M, My, Ms) to be the set of all densities g on (0,00) such
that

lws(In{G (0 +6) = G D)}, < Ma|™, s, (43)
lw(@)(1 — GONI{O > a}|, < Mi[C(a)]®', Ya >0, (44)
G(9) < Map@tD/2 we > o, (45)

where wy is as in (38), and a1, M, M;, and My are given constants.

Remark. Although b3, (n) — 0 for —co < 1 < 00 as ¢, — 00, we have by, (n) —
hs(—n). Thus, the bias of G, o Will not tend to 0 if we integrate from a negative
number in (41) as we did in (19). This caused us to add Condition (45).

Theorem 5. Let a > —1 and 1 < p < co. Suppose (14)-(16) and (40) hold with
p> (a+1)(1+a7t), and that (17) holds for some 0 < 8 < 2. Let G, o be given

by (41) with ¢, as in Theorem 4, C(a2) = en Ot/ g ag > pin (3). Then
sup{ Eg|[w(Groo — G)llp : G € G2¥_(p,w, a1, M, My, Ms)}
= 0(1)(logn)~(@+DA=6/2)
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Appendix I. Proofs of the Upper Bounds for Finite 6*

Throughout Appendices I, IT and III, we use Remy(x,d,m) to denote the
remainder of the (m + 1)-term Taylor expansion of h, which can be written as

m

Remy(z,0,m) = h(x+9) — Zh(] )67 /3, m >0,
_ o, \ym—1
- [ %{me)—hw(@}dy, m> 1 (1)

Proof of Theorem 1. Let x[g 4 (0) = I{0 < 0 < a}. By (46)

IX0awsPlly = |xio. (O)w(B)Rem (0 — a0’ —j) |

< [ w0~ )~ g0~ )

due to g¥)(# —a) = 0 for 0 < 0 < a, so that for all a > 0 and 0 < j < o' (13)
implies
IX[0.0)wg" [l < 2Ma®7 /(o = j)! . (47)

Taking the expansion at 6 + 6* — a, we obtain in the same manner

10 = Xpoa)wgDlly < 2M (0" —a)* T /(o/ = j)!, a<60<j <. (48)
Let x,(0) =I{0 <0 < a,} and 6, = 0* — a,. By (5) and (6),

Egllw(gn — 9)llp
< EgHw(gn - Egn)Hp + HXn’UJbln/CHp + ||anb2n/CHp + [I(1 - xn)ngp :

By (12) and (48) [|(1 — xn)wgllp, < 2Md5/a’! = O(c;,; ). It follows from Zhang
(1995), Proof of Theorem 1, that ||by, ||ec = O(c; %) and || Ky (2, -)||eo =0 (1)cE 1/

{q(z)(z + 1)}, so that by (12) and (14) |[xnwban/Cllp = O( 2 X /Cllos =
O(c,,;*) and by (11)

Egllw(gn — Egn)ll, = OQ)[wllp Z Ey|fa(x) = f(z, 9)ler ™ /{a(x)(z + 1)1}

= O(1)n"" exp{cn+ max log(1/q(x))} = O(n~"/*+),
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where f,,(z),z > 0, is the relative frequency function. These and Lemma 1 below
imply Ey|[w(gn — 9)llp = IXnwbin/Cllp + O(c,*) = O(c, ).

Lemma 1. Suppose the conditions of Theorem 1 hold. Then, ||x,wbin/C||p
< O0(c;, ), where the O(1) is uniform over Gq g« (p, w, M).

Proof. We extend the domain of C such that (16) holds for all real numbers 6
and §. By (46) we have the expansion

4
C(0 —y/en)g(0 —y/en) = &0, —y/cn), (49)
Jj=1

where &;(0,0) = &(0,8;9,C, 7, p) are given by & (0,8) = Y5, g9 (0){d7 /5!}
Reme (60,4, ' — j), €2(6,6) = Remy(4,6,0") -7 ,CD(){67 /51}, £(6,8) = Rem,
(0,0,0") Reme(6,6,7) and £4(0,8) = 2209 (0){87 1} S0 ¢ (0) {8 /11}.

Let p=a+7. As [&(0, —y/cn)k(y)dy = h(0) by (3) and (5), (5) and (7)
imply

3 00
bn(0) = 3" [ &0, ~y/ca)k(y)dy. (50)
j=17 70

Treating &; = £;(0, 6) as functions of 6, we obtain ||X[0,a]fw§1/C'||p = 0(1)6"/C(a)
by (47). [xquee/Cll, = 015 =1y (5/(6% —a))’ by (13) and (15), and
IX[0,q)w€3/Cllp = O(1)6? /C(a) by (13), where the O(1) is uniform in (a, §). The
details of the above calculation can be found in Loh and Zhang (1993). Hence,
by (50), (14), (12), and (3)

/

OW) [ {lu/eal/Clan) +1u/eal™ X lufa’V Hik(o)ldy

J=0

[Ixtnwbin/Clp

= 0@, Ny’ k@)l + ly k@)l } = 0(c,”) -

Proof of Theorem 2. By (20)-(22) and the proof of Theorem 1 Eg|jw (G —G)||,
is bounded by

EGHw(én - EGén)Hp + [[Xnw(B1n + BQn)Hp + (1 = xn)w(1l — G)Hp
< 0(c,* ) + lIxnwBinllp + (1 = xn)w(1 = G)|p,

since cu[[xnB2nClloo < 2(1 + 1/mn) Yo, (0%)7CO)ci K1 /{m(z + DI} =
O(c, ) by (10) and the fact that \fae* e {0 (2)} tdz| < 2/{|t|C(#)}. By the
proof of (48), we have ||(1 — x»)w(l — G)|l, < 3M§2+1/(a/ 4 1)!. The conclusion
follows from



572 WEI-LIEM LOH AND CUN-HUI ZHANG

Lemma 2. Let x,(0) = I{0 < 0 < a,}. Under the conditions of Theorem 2,
[ XnwBinllp = O(c; %), where the O(1) is uniform over nglj;* (p,w, M).

Proof. Let £;(0,6;9,C, ,7,p) be as in (49). For j =0, 1, define

=1
where p; = a + 1 4 5, min(yp,v1) > 0, and max(pg, p1 + 1) < p. Note that the
pair (g,C) in (49) is replaced by (G, CY) here. Integrating by parts in (21), we
find

Bln

_ Gon(0)  Eonla) N /9 {0(1)(2) on(2)  &in(2) }dz. (51)

c(0) C(ay) C(z) C(2) C(2)
Since the proof of Lemma 1 depends only on the smoothness and boundedness
of ¢, €Y, and Xn/C, it also applies to the components of &y, and &,. It
follows that ||xnwéon/C|l, = O(c,;*!) and that there exist functions (;, with

n

IxnwCinllp = O(c;%1) such that

C(l)(z)§0n(2)_§1n(2)_ 2 A (s
C(z) Ck) C(») —j;@n( )hjn(2),

where hg, = CW/[c°C?], hi, = 1/[)*C), and ha,, = 1/[c,(6* — 0)?]. Note the
cancellation of the term {C'")/C'}Rem, here. By the Holder inequality and the
monotonicity of w,

2
o) [ { G ) ] < o) S )

j=0

for fixed 6 < a,, where hj,(0) = 1X[0,61~jnllp/(p—1)- This and (51) imply

Son ((I*)
Clay)

2
[xntwBinly < [lw]lp| + 06 N (1+ Y Ixnhjnly). (52)
Jj=0

Set 40 =, 1 = max(y — 1,0) if y # 1, and 1 > v > 0if v = 1. Let ho(2) =
(0* —z)="1 and ho(0) = ||x[0,6h0lp/(p—1)- Then for £ >0 and 1 < p < oo,
X (@)ho(O)lp < (0% = an) ™ {(pr + 1)/ (p — D)}~ ~V/P{pr} =17,

This gives | Xnhanll, = O(1) by (12). This also gives ||xnhonll, = O(1) if v > 0,
while ||hon|lcoc = O(1) by (16) if v = 0. Since C(0) = > 72, q(x)0", by (14) and
the choice of 71, we have

HXn]_IlnHP

< MY ap  ap/(p = 1) + 1) (pr 4 p) TP < M [xa /Cllu = O(1).

z=0
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So, |IXnhjnll, = O(1) in all the cases. The proof is completed by (52) and
[éon(as)/Clan)| < [ Glas—y/en)[k(y)ldy < [255" [y/ (cnai) |* E(y)ldy = O(c;,* ).

Appendix II. Proofs of the Lower Bounds

The proofs of the following two lemmas are deferred to the end of Appendix
1I.

Lemma 3. Let hy, be given by (27) with u/v = a. Then as v — oo, we have
107 h 0 (0) |0 & a™L\/u1/ /27 for = > 0, sl ~ {u/(27ra2)}(p_l)/(2p)p_1/(2p),

and ||BS)||p /|| Paslly ~ a=uI/2{E|Q;(p~Y/2Z)|P}1/P,¥j > 0 for 1 <p< oo, where
Z is a N(0,1) random wvariable and Q;(x) are polynomials such that Qo(z) = 1

and Qj+1(z) =2Qj(z) — (d/dx)Q;(x). In addition, there exist constants cj such
that |RGL(0)|/hu(8) < 507{1 + [u— 1 — 08 + (06)1/2} for all j>0. If u=u,

and v=wvy, as in (30) and (31), then \hSZ%(el)| + \hfﬂ,(eg)‘ - O(n—luj+1/2) and
||hu’v(1 — Xl)Hp = O(l)u(p_l)/(Qp)/n7 1 S p S 0.

Remark. Qj(z) = Zoglgj/g{j!(—1)lxj_2l}/{(j —20)11'2"'} by mathematical in-
duction.

Lemma 4. There exists a constant C* such that ||l§7,72vX0Hp <C* Z]o-‘,zo |h£f2,(«91)\
and ||l(m) xall, < C* z;*’zo\h&{%(ez)\ for allu > 0 and v > 0. If u = u, and

2,u,v

v =vy, as in (30) and (31), then ||l§T2vX0Hp + ||Z§TZUX2HP = O(n‘luglﬂﬂ).

Proof of Theorem 3. We drop the subscript n in u, and v, throughout the
proof. Part (i) is proved in Steps 1-3, while Part (ii) is proved in Step 4.
Step 1. Verify the membership of gj, in G g+(p, 1, M). By Lemma 4, ||(xo +
X2)Guvloo = O(n~'u®*1/2). Also, we have by (29),
03
1/C(02) + o(1) > wop = ; Guw(y)dy > 1/C(61) + o(1). (53)
0
By (29) and Lemma 4, (xo0 + x2)gon > 0 for small wg and (p —1)/(2p) + a > 0.
It follows that go, is a density. In the same manner, we find |wj,| < wo, + o(1),
so that by (30) and (31) g1, and g, are all density functions.
It remains to verify (13). By the smoothness of C'(f) on [0, 3] and Lemmas
3 and 4, we have u_(p_l)/(2p)||gi($)||p = O(u™?) = O(u™) for m = o/, a’ + 1,
which implies
u” P (0 (0) — 612 (0 4 0) [, = O(1) min(u™", u'=*"5).

U,V

Since gy € Ga0+(p, 1, M — €1) for some €¢; > 0 and min(u~", u!=?"§) < 5%,

/

lase(8) — g& (0 + 8)|l, < (M — e1 + O(1)uw)5*” (54)
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by (29). This implies (13) with g = go,, for small wg. Since [|(d/d0)? ho(u(f —
a)/02)|lcc = (u/62)? for ho(y) = sin(y) and hg(y) = cos(y), we also have for
m=cda,a +1,and j =1,2,

ol a5 < 00) ey > ol {1+ (/0" } = o0~

s that [|(g7 — 900))(6) = (gn — 9on) @ (0+6) |, = O(L)wd”". Therefore, (13)
holds with g = g1, and g9, for small wy.
Step 2. Next we show that

o] o] 0*
> 1@ gin) = F@sgon)l = Y a(@)] /0 0°C(0){gn(0) — gon(0)}d6] = o(n™").

(55)
We prove this only for go,. As in Zhang (1995) and by the definition of d

Zq j/ cos(u(f — a)/02)0% hu(0)d6| = O(1/n). (56)

Set ljyz(0) = 0%140(0). By the definition of l;,, and Lemmas 3 and 4 we
have

m

‘lluvx(91)|+|l2uvx 02 = Z x—’_l GI ]‘h (91)|+91‘ ]|h(m 2 (92)”

= O(n~ 1um+1/2)(x +1)"03, m >0,

and by Lemma 4 [[Il%12(0)|x0(60) + 15,52 (0)|x2(0)]d0 = O(n~1us"+1/2) (2 +

U,U,T 2,u,v,x

1)« +19§f. Integrating by parts o/ + 1 times, we obtain

Zq )| [ costu® ~ a) /620671 (O)n2(0)c0)

Zq (O30 [ IO N2(0)a0 + 3 ala) S (0n/0) S (02)
=0 j=0

IN

< O ') Z g(@)(x + 1) 105 = o(n™")
and the same with respect to I, ,(0)x2(6), so that by (28) and (56)

Zq )| / cos(u(® — a) /62)6°C(6)gu,o(60)d6| = O(n™"). (57)
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Since Y, q(x)0*C(0) = 1, (53) and (57) imply

03
ool 222 = 1222 1% ot -y gn0ts] = 007 59
on| 1o

Thus, by (31) the left-hand side of (55) is o(n™!) for j = 2, as it is bounded by
the product of wof§u~P=D/(2P)= and the sum of (57) and (58).

Step 3. Verify (26) and prove Part (i). In view of (55) and the existence of
M* < oo such that ||gjn — gonllp < woM*u,* for j = 0,1,2, we only need to
show

liminf (logn)® max gjn — gonllp > 2¢0, for some gy > 0. (59)

n—oo

By Lemma 3 there exists a positive constant 6, such that for large n, C(0) [|gu,|l,,
> [l = 1A= x0)huoll, > 61u®=D/CP) Since max{|sin(x)], | cos()[} > 1/v2,

by (30) and (31)
wig () llgin = gonlly + llgzn = gon 537 > {61/C(0)} (1/v/2 — mmae | -221),

J=12 wyy

which implies (59), as wjy/won, — 0 and u = g log n.
Step 4. Prove Part (ii). Let G,, and Gj, be the integrals of g,, and g;,
respectively. If a > 0, then g;, € G, 9+ C g;‘f{;* by Step 1. For a = 0, we have

|G (0) = Guw(0 4 0)||p < 0llguwllp, so that g;, € ggjgl for small wy by Lemma
3. By Steps 2 and 3, Part (ii) holds if

lim inf (logn)*** max G jn — Gonllp > 2¢0. (60)
n—0o0 ]: ’

The difference Ga,, — Go,, is proportional to foe cos(u(y — a)/02)gu,(y)dy, which
can be expressed via three times of integrating by parts by

0

3
Z —02/u)’ cos(u(6—a)/8;—jm/2)g, M (60 )+(92/U)3/0 sin(u(y —a)/62)9:%) (y)dy.-

It follows from (30), (31), (58), and Lemmas 3 and 4 that ||Ga, — Goull, =
(6/u)(1+0(u/2)) [ g1 — Gonlp» and likewwise |G — Gon lp = (6/u) (1+O(u~1/2))
lg2n — gonllp - Hence, (60) follows from (59).

Proof of Lemma 3. The approximations for ||0%hy ,(0)|c and ||hy ], follow
from the Stirling formula. Define Qj(z,y) by hz(fz,(Q) = hu,U(H)Q_jQ}'f(u
v0,v/v0). Clearly Qf = 1. Since (0/90) log hy,»(0) = (u—1)/60—wv, H_j_lQ;H(u—
1 — v0,vvh) equals

[(u—1)/0 —0]079Q; — j0971Q; + 077 [~vQy, + VodQ;5/(20)]
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where Q§’1 = (0/02)Q; and QF, = (9/0y)Q;. It follows that Q7. = 2Q} —
JQ; — y Q51 + (y/2)Qj 5, 50 that Qj(z,y) is a polynomial of dggree j. This
gives the inequality for |h£f)u(«9)\ For the | - ||, norm, we have |h£f,)u\p/||hu,v||§ =
\«9_3'@; PPy (u—1)41,po- Since hy,, has mean u/v and variance u/v?, by the moment
convergence in the central limit theorem and law of large numbers

|7 le(w=v0)/va, /o0 /0) [ b0 — ElQ(Z. )P

for all polynomials @) and p > 0. Therefore, as u — oo
R E/ (Pl = /I9_jQ§f(u — 1= 00, VUO) [P hp(u—1) 41,p0(0)d0
~ E|(u/v)7Q;(Z/pu/p,Vu)lP ~ a 1w EQ;(Z/\/p)I,

where Qj(z) = Qj(z,1) and Q;(x,y) is the sum of all terms of degree j in
Qj(x,y). The recursion of Q; follows from that of Q.

If w = uy, and v = v, as in (30) and (31), then ||h,,(1 — x1)[1 = O(1/n) by
the standard large deviation formula. The rest follows, since by the expression
for 8 and the Stirling formula we have hy,(0)[1 — x1(0)] = O(1)u'/?/n.

Proof of Lemma 4. Define |Q|o = Z?;0{|Q(j)(90)‘ +1QY) (61)]}. Since | -||o is
a norm for the (2a/ + 2)-dimensional space of all polynomials @ of degree 2a/ +1
on [y, 01], it is equivalent to all other norms on this linear space. This implies

s xolly < O S [AEL(@)] as 117, ,(60) = 0 for 0 < j < a’. The proof of the

1u,v
inequality with respect to ||Z§T21;X2Hp is the same. The rest follows from Lemma
3.

Appendix III. Proofs of the Upper Bounds for 6* = oo

Proof of Theorem 4. Clearly, |w(0)g(0)I{0 > a3,}|l, = O(c;*) by (39) and

the choice of ay,. Also, as in Zhang (1995) ||Ks (%, ")|eo < 207 By||k||1/(7B).

It follows from (37) and the argument in the proof of Theorem 1 that

By [w(Gn.o0—Eydnoo) lp =012 max 1/C;()=0(1)n~H2gpaxtheson,
aon<n<ain

s0 that Eyllw(gn.ec —9)llp < {0 < 0 < af, }w(Eggn,c — 9)llp + O(cr®).

For the rest of the proof, and unless otherwise specified, we write everything
as functions of n = v/, for which w; is the actual weight function. Set yon =
I{O <n< aOn}a Xln = I{GOn <n< 1}7 and xo2, = I{l <n< aln}' By (47)
and (38) we have [[wsgsxonlly = O(5®), 50 that Eyllw(8)(gneo(8) — 9(0)l, <
lws(x1n + X2n)(b3n + ban)/Cs|lp + O(c, @), where bj,(n) are given by (35) and
(36).
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For j = 1,2, define &n(n,y) = ¥i_1 &(n, —y/cn; g5, Cs, @, 75, pj), where &;
are as in (49), pj = a+vj, 11 = 1, and a/a; < 72 < p — . Then, by (35)
Xinb3n (M) = Xjn [ Ein(n,v)Ek(y)dy, 7 = 1,2. As in the proof of Lemma 1, we have
lwsxjnbsn/Csllp = O(c;,; ), 7 = 1,2. Note that on the set [0,1] (14) is replaced
by 1n/Cs(n) < 1/C(1) with v = 41 = 1. Also note that ngnCﬁgj)/C'sﬂoo = o(c})
and ap, = o(cg!) for all small ¢; > 0, while 7 = v > a/a.

The proof of ||wsxjnbin/Cs|l, = O(c;, ) is similar and is omitted. Note that

(38) implies || I{n > O}fws(n)gga )(5 —n)|lp < M|5|*" for all §.

Proof of Theorem 5. We combine the methods in the proofs of Theorem 4
and Lemma 2 with the (g,C) in (49) replaced by (Gs(y), ng (y)) in the case of
7)
0

Bs,, and by (Gs(—vy), Cé (—y)) in the case of By,, j = 0,1. This gives

)

Ealw(Groe = G)lp < 0(;") + O] [ Cllu/en))G(w/en)b0)dy]

The proof is now complete, as the integration on the right-hand side is bounded
in absolute value by C(0)Ma [°(y/cn)*Hk(y)|dy = O(c;*71) due to (45).
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