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ESTIMATION OF QUADRATIC FUNCTIONS:
NONINFORMATIVE PRIORS FOR NON-CENTRALITY
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Abstract: The estimation of quadratic functions of a multivariate normal mean is
an inferential problem which, while being simple to state and often encountered
in practice, leads to surprising complications both from frequentist and Bayesian
points of view. The drawbacks of Bayesian inference using the constant noninfor-
mative prior are now well established and we consider in this paper the advantages
and the shortcomings of alternative noninformative priors. We take into account
frequentist coverage probability of confidence sets arising from these priors. Lastly,
we derive some optimality properties of the associated Bayes estimators in the
special case of independent components under quadratic loss.
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1. Introduction

Given a normal vector x ~ N (6,X), with a known covariance matrix ¥, the
estimation of n = ||@||? is a situation for which the determination of a nonin-
formative prior is troublesome, as pointed out by Stein (1959). For instance,
the constant prior on 6 (which is the Jeffreys prior here) leads to the definitely
suboptimal estimator of 7,

do(@) = ll® + tr(2),

which is uniformly dominated in terms of frequentist risk under squared error loss
by ||z||? — tr(X). Several authors have addressed this estimation problem (under
weighted squared error loss) from a classical point of view, including Perlman
and Rassmussen (1975), Neff and Strawderman (1976), Saxena and Alam (1982),
Gelfand (1983), Chow (1987) and Kubokawa, Robert and Saleh (1993).
Following the reference prior approach proposed in Bernardo (1979), which
is designed to deal with nuisance parameters in noninformative settings, we con-
struct, in Section 2, two explicit (and competing) noninformative priors when 7 is
the parameter of interest. The particular case ¥ = I was alluded to in Bernardo
(1979) (see also Fernandez (1982)) as an example where reference priors could
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provide reasonable answers in situations where marginalization paradoxes occur.
We compare, in Section 3, the behavior of these two reference priors with each
other and with the more naive prior, 7(n) = 1/,/7, which is the reference prior
when ¥ = I. The appendix establishes the validity of these priors in terms of
posterior propriety. In the particular case when ¥ = I, we study in Section 5 the
Bayes estimators associated with 7(n) = n° and show that the reference prior
estimator, which corresponds to ¢ = —1/2, has certain optimality properties.

Sections 3 and 4 consider the frequentist confidence behavior of credible sets
arising from these reference priors. Starting with Welch and Peers (1963) and
Peers (1965), this has become a common way to study the properties of nonin-
formative priors. For ¥ = I, Stein (1985) and Tibshirani (1989) (see also Ghosh
and Mukerjee (1992, 1993) and Datta and Ghosh (1995)) showed that the refer-
ence prior, 7(n) = 1/,/7, is a frequentist probability matching prior, in the sense
of yielding one-sided credible sets for 1 (of posterior probability 1 — «) which
have frequentist coverage of 1 — o up to O(n~1). For ¥ # I, we show that the
reference priors from Section 2 are not probability matching. However, obtaining
any probability matching priors for which the resulting posterior is proper is a
formidable task when p = 2, and a nearly impossible task for p > 3. And, even
when one can be found, its coverage properties for small n are suspect, as we
show in a numerical example. Hence we feel that the practical advantages remain
with the reference priors.

The estimation of quadratic functions is of importance in many areas. In
astronomy, ||0]|? arises in the measurement of a celestial object or as an indicator
of the accuracy of a measure. Kariya, Giri and Perron (1988) give examples
where the norm of the mean appears in the variance of the distribution. Finally,
let us mention the following predictive application: if 0 is to be predicted, with
E[z] = p and E[(z — p)(x — p)!] = 2, we have E[z'0] = 1'0 and var(z'0) = 0'30,
which involves a quadratic function of #. Berger, Smith and Andrews (1995)
address this inferential problem in a car fuel economy study.

2. The Direct and Reverse Reference Priors

2.1. Preliminaries

Let z ~ N,(0,%). Of interest is inference concerning the parameter n = ||0]|2.
First, we can assume without loss of generality that X is a diagonal matrix,
diag(A1,...,Ap), even when we estimate #'Q6 for any p.d. matrix . A repa-
rameterization of # in polar coordinates (7, ¢1,...,pp—1), i.e.

01 = \Ticos o1,
0o = /1 cos 2 sin 1,
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: (2.1)
Op—1 = \/1cos pp1 8@y - --siney,

0, = /nsinp,_1---singq,
will be used to define the nuisance parameter ¢ = (¢1,92,...,¢p—1). For this

set of parameters, the information matrix is given by

I(n,p) = HE'H' = [ill If?}

Ly I
where 417 is a scalar and H is the Jacobian matrix
7 D(01,...,6p)
D(77,§01, cee 7%0]7—1)
[cosp1/2y/1  cospasingy /2 ... sin@p_1 ...sing/2,/7
—/Nsin 1 /7] COS (1 COS P2 /TSI pp_1 ... CO8 1
0 — /M sin g sin ¢
i 0 0 \/1COS Pp—1...8IN7 |

Note also that H can be written
t
w= [0
VB

where A € RP and B, a (p — 1) X p matrix, are both functions of ¢ only. By
convention, we denote by |H| the absolute value of the determinant of H.
2.2. The direct reference prior

The construction of the reference prior proceeds as follows, using the algo-
rithm in Berger and Bernardo (1992 a,b). First, the conditional distribution of
@ given n is m(p|n) o |I|'/2. Since ¥ is diagonal, we get

/D

_|ctA/m (BCY
- l DA nDBt]’ (22)

I- [Ot/ W] YNNG

with obvious notations; thus, Iso = nDB* and 7%(p|n) does not depend on 7
(and, indeed, is a proper distribution). The marginal distribution of 1 is given

N d xp< E ll ﬁ
<o e {2 v () ]}
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where E stands for expectation w.r.t. 7¢(p|n). Clearly

p
[I| = C*'AIDB' "2 + Z (DA)jwimP2,
=1
[I2| ="' |DB,

as shown by (2.2). Thus
M

|

Because 7%(¢|n) is proper and does not depend on 7, the following proposition
is immediate.

Proposition 2.1. The direct reference prior on (n,p) is

|I22|77 1 2RE

m(n, o) = e eTE
The reference posterior is
(1, ¢lr) ox ”f;‘;” exp{—(z — 0)'S"'(z - 0)/2}, (2.3)
where 0 = (01,...,0,) is given by (2.1).
The prior 7(n, ¢) = n~ /2| H|,=1, i.e. 77(0) = [|0]|~®~V, which corresponds

to the case ¥ = I, will be called the naive prior.

2.3. The reverse reference prior

Another reference prior, ", can be constructed for this model; 7" is called
the reverse reference prior because it considers the parameter of interest, n, and
the nuisance parameter, ¢, in the reverse order during the derivation. We thus
condition first on the nuisance parameters in order to derive the distribution of
the parameter of interest. In this case, we have

I Iho
I(%n)ZL{Z iu]

and

. 1, _ 1. 1. .
111 = %(Al ! cos? w1+ A Lgin? 01 cos? o+t )\pl sin? O sin? Op—1)-

Therefore, the distribution of 7, conditional on ¢ and on any compact of RY , is

7" (n]) o< Vinn o< 1/3/1.
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The marginal reference distribution of ¢ is then

™' () oc exp{E[(1/2)log (|I|/i11)[ ]},
where E stands for expectation w.r.t. 77 (n|¢) on the compact. Noting that
I 1
A )
11 111 =1’

this marginal distribution is given by

w" () oc exp { (1/2) log(11|/in)| _ b= /11l/in| -

The following proposition follows directly.
Proposition 2.2. The reverse reference prior on (n,¢) is

‘1‘1/2

Q (77790) = \/ﬁ\/m‘n:1

and the associated posterior is

I11/2
7" (n, plx) % exp{—(z — )27 (z — 0)/2}. (2.4)

Obviously, the two priors (direct and reverse) coincide when I;2 = 0. In
particular, this is the case when X = I),. We show in the appendix that the three
priors lead to proper posterior distributions.

3. Computational Issues

The reference priors, 7¢ and 7", as well as the naive prior, 7", allow for
a rather straightforward numerical computation of the posterior distributions
through Gibbs and importance sampling. In fact, as distributions of € (in the
natural parameterization), these three posteriors involve the expression

e~ (@=0)'S ! (z—0)/2
o]jP=+ 7

(3.1)

since

|I22|H9H L e~ (@=0)'T " (@=0)/2
161 | H|

|]22|H9H | e—(@=0)'= " (@=0)/2

| H | jj6=1 13 e ’

7(0]z) x
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|I|1/2 e—(x—@)tEfl(x—Q)/2

7" (0|z) o .
M7 VTR
1 e—(x—@)tE_l(x—G)/Q
S Vm o
g1
n6le) e~ (z—0)'E" (z—0)/2
" (0]x) x :
16]P=
and |I| = |H|?/|%|. This decomposition suggests the following simulation lemma.

Lemma 3.1. Posterior expectations E™[h(0)|z] with respect to one of the three
reference priors can be approximated by providing a simulated sample from (3.1)
and using, as importance sampling weights, the quantities

wl(0) = Lﬂ%ﬁ:l w'(0) = 191 = ! and w"(0) =1
[Hljg)=1" Vin - Vinjg -

Proof. Usual importance-sampling arguments can indeed be invoked in this case
since the weights are bounded. For the reverse reference prior, we have from (2.5)

< \/E‘Hm:l >_1 < 25213 \/)‘_1

The case of the direct reference prior is slightly more intricate. Following the
representation I = HY ' H!, note that we can write I»» under the form Iy =
H1X71Ht where Hj is a (p—1) x p matrix such that H' = (hf, Ht). Now, for n =
1, |[H| = |sin? 2 ¢y - - -sinp,_o| = |A], where A = diag(1, |sin ¢1], | sin ¢ sin po|,
.., |singisingsg - - - sing,_s|). Hence, for n =1,

AT H,
—siny;  €os 1 CoS Y9 COS (1 * + + COS Pp_1 COS 1 - -+ siny_1
_ 0 F sin @9 tcospa---cospp_1 E£COSpo---sinp, 1
0 0 Fsinpp_1 £ cos pp—1

Therefore, |Ip|"/2/|H| = [(A~ H)S~ 1 (H!A—Y)|Y/2 is indeed bounded.

For later reference, note that, when Ay = --- = )\, = 1, the weights are

—1/2
w? = \/0052 w1+ )xl_l sin? o1, W' = {)\1_1 cos® 1 + sin? @1} ,
since
cos? 1 + )xl_l sin? o1 0 0

;2
Loy = 0 sin“ 1 0

0 sin? 1 - - - sin? ©p—2
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One incentive for using importance sampling is that the three posterior distribu-
tions can be evaluated from the same sample, generated from (3.1). Note that
the Metropolis algorithm could also be used in this setup with (3.1) as a pro-
posal distribution, since the weights are bounded and this property guarantees
geometric convergence (see Mengersen and Tweedie (1996)).

A sample 6y, ...,0,, from (3.1) can be obtained by Gibbs sampling using the
following ‘hidden mixture’ representation:

(6]z) = /0+°° (0, 2|x)dz,

with

(0, z|x) e~ (z=0)' S (z=0)/2 —|0]*2 , (p—1)/2-1

1 _
xexp {- 5(O—(E7 422D 7T ) (2 4 220) (0 (572207 s )
The full conditional distributions are then easily available; indeed

m(210,2) is  Gal(p —1)/2,[0]*), (32)

(0za) s N((ET+2:0) 78 e, (57 4 220)7), (3.3)

and simulation from both distributions is straightforward, especially when X
is diagonal. The Gibbs sampler then produces a sample (61, 21),..., (6, 2:) by
successive simulations from (3.2) and (3.3), and the chain (6;) converges to (3.1)
in distribution (see, e.g., Robert (1994)).

Lemma 3.1 provides the correction weights w? and w” for both reference
priors and allows us to use the same sample 61, 0s, ... from the naive prior. One-
sided a—credible regions for n are then easily constructed for the three priors and
their frequentist coverage can be evaluated by regular Monte Carlo simulation.
For instance, Figure 3.1 illustrates the behavior of the different priors when p = 2
and Ao = 1, for different values of 61, 05, and A\;. Small values of the 6; and A\
show a clear domination of both reference priors over the naive prior for most
values of .. It is only when « gets close to 1 that the reference credible regions are
less satisfactory, the nominal coverage probability being too pessimistic. When
the 6; and \; are large enough, the coverage properties of both reference priors are
uniformly very good and slightly dominate those of the naive prior. In addition,
comparison between the direct and reverse reference priors turns slightly in favor
of the reverse prior. There are, however, cases where the frequentist coverage
properties of the three priors are very poor: this occurs for small values of the
0; when \; is large. In these cases, the three priors behave similarly and the
nominal coverage probability is too optimistic.
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Figure 3.1. Nominal versus true coverage probabilities of the one-sided «
credible set for n when p = 2 and Ay = 1, for different values of (61,602, \1).
(The frequentist probability matching prior is discussed at the end of Section
4.) The Gibbs sample is of size 5000 and the Monte Carlo evaluation of the

coverage is based on 2000 replications.
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4. Asymptotically Optimal Coverage

Recent developments in the noninformative prior literature have considered
the frequentist coverage properties of various classes of improper priors in or-
der to determine priors such that one-sided posterior a credible sets for 1 have
also approximately « frequentist coverage; such priors are often called frequentist
probability matching priors. References for this approach are Welch and Peers
(1963), Peers (1965), Stein (1985), Tibshirani (1989), Ghosh and Mukerjee (1992,
1993), and Datta and Ghosh (1995) (see also Berger and Bernardo (1992b)). In
particular, from Peers (1965) (see also Stein (1985), and Tibshirani (1989)) it
immediately follows that, if # = (n,w) corresponds to an orthogonal parameter-
ization of 6 (in the sense that the Fisher information matrix is block diagonal),
with n a scalar, then priors in the class

m(n,w) o< g(w)| Iy (m,w) [ (4.1)

lead (asymptotically in the sample size) to the proper frequentist coverage be-
havior for one-sided credible sets for . In (4.1), I, denotes the sub-matrix
of I(n,w), the Fisher information matrix, which corresponds to the parameter
of interest, n. Note that, under the orthogonality assumption, I(n,w) can be
written

0 Iww(na W)

It is easy to see from (4.2) why the reference prior approach does not necessar-
ily lead to a distribution satisfying (4.1). Note that the Jeffreys prior associated
with (4.2) is

I(n,w) = [17777(77"")) 0 ] . (4.2)

1/2 2
! (1,0) o [Ty (0, )| | Lo (1, 0)[ /2,
which satisfies (4.1) only if I, does not depend on 1. A very interesting fact,
however, is that a reference prior considering the order n-w, i.e. a reverse reference
prior, leads to
7 (1,0) o 7 (@) | I (1, 0) 2, (4.3)

which satisfies (4.1).

Unfortunately, the use of priors satisfying (4.1) calls for an orthogonal pa-
rameterization of § in (n,w). This is not always possible (see Cox and Reid
(1987)) and, moreover, when w is multidimensional, the solution of I,, = 0, i.e.
of several partial differential equations, is typically infeasible. In the following,
we consider only the case p = 2 and show that the reference priors do not qual-
ify as frequentist matching priors, although their coverage properties are usually
acceptable, as shown by the earlier simulation.
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Let (n, ) be in one-to-one correspondence with (01,62). If w(;) denotes
Ow/00; (i = 1,2), the Jacobian matrix is
D(n,w) [291 292}
D(01,62)  lwa) w
and the Fisher information is given by
Inw) = | “@ @0 > W) —26;
’ —20, 260, 4(W(2)91—W(1)92)2 —W(1) 20,
_ 1 Wi A+ A —2(w() 02 A Hw)fi Az )
Awiz)br —wyb2)? | 2w +wmyfiA;") 4O+ 67N

Moreover, the orthogonality requirement leads to the partial differential equation
/\gw(2)92 + /\1W(1)91 =0, (4.4)

which is satisfied only by functions of the form

_ (16
w—¢<‘92|/\1> (4.5)

in each quadrant of R?.
Note that (4.5) implies

Y =

()

|91|/\2> 1612 —X\1
0221/ |62]* 6y

Y
and w(g)—¢(|92|/\1 0 05

Therefore, the prior distributions in (4.1) are of the form

VAawly) + ey
2‘&)(2)91 — w(1)92|

(1, w) < g(w) [ Ly (n, w)|"? o g(w)

V22X /02 + X303 g(w)

X .
Sy s Y A W

In terms of (01,05), this gives the following family of priors:

X glw

1
7°(01,02) x g(w(01,02)) ————=Iw(2)th — w(1)02]
JAO2 + 003
| 01\ 0] | .91 0,
x g(w(6,0 + A
(w(01,02)) X102 + X602 <|92\)‘1> |92\)‘1 2«91I

JA02 1 262
o h(w(6y, 09)) L L~ 272 (4.6)

|6102]
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The reference priors developed in §2.2 and §2.3 do not satisfy (4.6) and,
therefore, are not “acceptable” under the frequentist probability matching crite-
rion.

Lemma 4.1. The direct and reference priors cannot be written in the form (4.6),
unless 3 o< 1.

Proof. (a) The direct reference prior is given by
7(01,02) = T2 /1017 = /27163 + 2563 /116

Were 7¢ of the form (4.6), there would exist a function h such that

VA + 2003 h(161*2/1051*1) /10102] = VXT3 + 25103/ |6,

N
m(op) = o = (o i) = s

This is impossible, unless Ay = Ao.
(b) In the same way, if (4.6) was satisfied by n", there would exist a function
h such that

1
VA2 + 2203 h(101*2/162*) /10105 ] = ,
VA0 + Xy 163

l.e.

i.e.

a2y 016 _ oy, (4.7)
0217 63+ oty 067 + 0003 1O

Again, (4.7) cannot be satisfied unless A\; = \s.

When A; # Ao, it is difficult to find a prior of the form (4.6) for which the
posterior is proper. A lengthy search uncovered the following solution. Choose
1 to be the identity function in (4.5), so that w = |01|2/|f2|*. Then, in the
second line of (4.6), choose

g(w) = w7 /{1 + wi2)(1 + (log w2 )?)],

where we assume, w.l.0.g., that \; < Ay. Then the last line of (4.6) can be
written (defining v = A1/\2)

[1+63/63]2
(1021 + 2L+ (log [0,] — 1o [6217]

m(01,02) o (4.8)
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As proved in Appendix A.3, this frequentist probability matching prior leads
to a proper posterior distribution. Figure 3.1 shows, however, that the perfor-
mance of this prior is inferior to that of the reference priors for the cases con-
sidered. Given this poor small sample (n = 1) performance and the difficulty of
finding a usable probability matching prior, even for p = 2, the clear edge would
seem to lie with the reference prior methodology here.

5. The Particular Case of the Identity Matrix

When ¥ is the identity matrix, I, it is possible to provide a closed form
expression for the Bayes estimator, E™[n|z]. In this case, the three reference priors
discussed above (naive, direct and reverse) are identical and equal to 7" (n, ¢) =

=12\ g
n [ H ;=1
Proposition 5.1. The Bayes estimator associated with the prior mw.(n,p) =
|H|p=11m~¢ (c < 1) under squared error loss is

1F1(2 = ¢;p/2; |27 /2)
1Fi(1—cp/2;||2]12/2)°

where 1y is the confluent hypergeometric function.

5T (x) = 2(1 — c) (5.1)

Proof. Denote z = ||z||2>. Then, z ~ Xf,(n) and

o n(z/n) =D eI, 5 (\/zm)nCdn
2
(2 /n) =2/ e (=021, s (\/zm)n~cdn
2

C

where I, denotes the modified Bessel function (see Abramowitz and Stegun
(1964), or Gradshteyn and Ryzhik (1980)). We have

“+oo
/ (2/n) P2/ GIN2 L, (/2 dn
0 2

“+oo
x / 0 le 21,5 (\/Z1)dn where ¢ = (p—2+4c)/4

2

+o0o
/ u_ e W2, , ( Judu

_Zq/ 1 2q —u2/2zl ( )du
0

2

F(”;Q+1—q>

g p—2+4—4qg
TR (1yvaz)" o i ( 3 AR

(Gradshteyn and Ryzhik (1980))
e TU=0 1RV (1—6p/252/2) .

L(p/2)20/2(1/2)1 <
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Therefore,

57 (2) = 2P/ (2 — )21 =D | (2 — ¢;p/2; 2/2)
¢ ZPHD/AT(1 — ¢)21¢ 1 F1(1 —¢;p/2;2/2)
171(2 — ¢;p/252/2)

1F1(1—¢p/2;2/2)

We are thus able to directly compute the Bayes estimator in this case. (Note
that the confluent hypergeometric function is now implemented in most packages,
including Mathematica and Maple. For instance, Figure 5.1, which gives 7 for
several values of ¢, is obtained by Maple.) The expression (5.1) also leads to the
following asymptotic approximation to J7:

=2(1—-c¢)

Figure 5.1. Graphs of §] for ¢ = —0.1,0,---,0.9 and p = 10.

Corollary 5.2. As z = ||z|? goes to infinity, 67 (z) = z — (p + 4c — 4) + o(1).
Proof. It follows from Abramowitz and Stegun (1964) that

1F1(d; p/2;2/2) =~ %ezm(z/z)d—@/z) (1 L= d()gz/)z - d))

Thus,

1F1(2—¢p/2;2/2) T(-c)
1F1(1—¢p/2;2/2)  T'(2-¢)

14+ (2(c—1)(p/24c—2)/2)
14+ (2¢(p/24+c—1)/z)

(2/2)2—6—(1—6)

and

(c=1)(c—2+ (p/2))>(1 _plle—1+ (p/2)))

56(2):,2(14-2 . .
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(c—D(c—2+(p/2) —clc -1+ (p/2))>

’:z(l—i—Z ’

=z—2(2c—2+ (p/2)).
It is of interest to consider the frequentist risk of §7 under squared error loss
and for large values of 7. Indeed, using Corollary 5.2 it can be shown that, for

large 7,
E, (67 (z) —n)? =~ 2p + 4n + 16(c — 1)*.

Hence it would appear that ¢ = 1 is an attractive choice. However, the posterior
resulting from this choice is not proper, so that 67 is not even defined. Further-
more, it is natural here to consider a weighted loss such as (6(x) —1)?/(2p + 4n),
and for this loss it can be shown that my(n,») = 1 (i.e., ¢ = 0) is optimal for
large 1. Not only is the reference prior (¢ = 1/2) intermediate between these two
extremes, but the resulting Bayes rule can be shown to be optimal for large 7
under the “intermediate” loss (§(x) — n)?/v/2p + 4.
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Appendix
A.1. The naive prior results in a proper posterior

According to (3.1), the posterior for the naive prior is proportional to

9(0) = 10]" Pexp { — (z = 0)'2 " (@ - 0)/2}.
Consider the polar coordinates of  as in §2.1; then § = \/Ma = ra with «

= (a1(¢), ..., ap(¢)) = (a1,...,ap). The associated Jacobian is A, = rP~!
-sinP2(¢p1) - - - sin(gp—2). Therefore,

g(0)do = / Apexp { —(z—ra)'2 Nz - 7'04)}7’1_7’ drdy
RP o JRt
:/ sin? 2 (1) - - sin(gpp_2) / exp {— (z —ra)S (z - 'r’a)} dr dep.
@ R+
Denoting < a,z >= o/ 'z and N(a) =< o, a >, we get

/]R+ exp { —(z—ra)'2 Nz - ra)/2} dr
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_ /]R+ exp{ — (N(2) ~ 2r < @,z > +7*N(a))/2} dr

— exp{—N(z)/2} /]R+ exp { - Né‘)‘)

<a,x>
N(a)

(—2r + 7“2)} dr

=exp{—N(z)/2} exp {%} /]R+ exp{ — N(a)(r — %)2}&"

< exp{—N(2)/2} exp{< a,z > /2N<a>}\/ %

which implies

<a,r>2

N SN @) e,

(A1)

g(0)dg < Ie N@) / sin? (1) - - - sin(p_2) exp {

RP P

where [ is a constant. Since « is on the unit sphere,

0 <inf A\ ' < N(a) <sup ;' < oo,
i<p i<p

Therefore (A.1) is bounded and the posterior is proper.

A.2. The reverse and direct reference priors result in proper posteriors

Since, according to Lemma 3.1,
7rd(9|:c) o wd(Q)g(Q) and 7" (0|x) ox W"(0)g(0),

with w”(0) and w?(@) bounded, the posterior distributions associated with both
direct and reverse reference priors are proper.

A.3. The frequentist probability matching prior results in a proper
posterior

We want to prove that
oo oo 1. 2 —1 217 .0
/ / exp{7[x\1 (331 - 91) + /\2 (LUQ - 92) ]} ™ (91,92)d01d02 < 0.
For simplicity, we only integrate over #; > 0 and 6 > 0. Note that, since A\; < Ay,
(A052 4 X072 < No[07 + 051, (A.2)

It is immediate that 7%(61,602) < o for A > 1, so the integral is clearly finite
over this region. For 6y < 1,

(61 +63)7" < (61 +62)7 ",



374 JAMES O. BERGER, ANNE PHILIPPE AND CHRISTIAN P. ROBERT

which together with (A.2) implies that

A2

0,0
m'(61,02) < 02[1 + (log 61 — vlog 65)?]

Thus
1
/ / exp ."L‘l — «91) — K(SL‘Q — «92) }71’0(91,92)6191(192

1
<A / / ~(e1-61)/2A1 d0db;.
2 02[1 + (log 01 — vlog62)2] 2

Defining ¢ = log 6> and changing variables yields the equivalent integral

1
A / / —(x1—61)%/2)\1 dedo;,
’ T+ (log b —107] ™

which is clearly finite.

References

Abramowitz, M. and Stegun, 1. (1964). Handbook of Mathematical Functions. Dover.

Berger, J. and Bernardo, J. (1989). Estimating a product of means: Bayesian analysis with
reference priors. J. Amer. Statist. Assoc. 84, 200-207.

Berger, J. and Bernardo, J. (1992a). Reference priors in a variance components problem. In
Bayesian Analysis in Statistics and Econometrics (Edited by P. K. Goel and N. S. Iyengar).
Springer-Verlag, New York.

Berger, J. and Bernardo, J. (1992b). On the development of reference priors. In Bayesian
Statistics 4 (Edited by J. Berger, J. Bernardo, P. Dawid and A. F. Smith), 35-49. Oxford
University Press, London.

Berger, J., Smith, M. and Andrews, R. (1995). A system for estimating fuel economy due to
technology improvement. In Simulation Approaches to Statistics and Econometrics (Edited
by G. Geweke and A. Monfort). North-Holland, Amsterdam.

Bernardo, J. (1979). Reference posterior distributions for Bayesian inference (with discussion).
J. Roy. Statist. Soc. Ser. B 41, 113-147.

Chow, M. S. (1987). A complete class theorem for estimating a non-centrality parameter. Ann.
Statist. 15, 800-804.

Cox, D. and Reid, N. (1987). Parameter orthogonality and approximate conditional inference
(with discussion). J. Roy. Statist. Soc. Ser. B 49, 1-39.

Fernandez, J. (1982). Una solucién Bayesiana a la paradoja de Stein. Trab. Estadist. 33, 31-46.

Datta, G. S. and Ghosh, J. K. (1995). On priors providing frequentist validity for Bayesian
inference. Biometrika 82, 37-45.

Gelfand, A. (1983). Estimation in noncentral distributions. Comm. Statist. A 12(1), 463-475.

Ghosh, J. K. and Mukerjee, R. (1992). Non-informative priors. In Bayesian Statistics 4 (Edited
by J. Berger, J. Bernardo, P. Dawid and A. F. Smith), 195-203. Oxford University Press.

Ghosh, J. K. and Mukerjee, R. (1993). Frequentist validity of highest posterior density regions
in the multiparameter case. Ann. Inst. Statis. Math. 45, 293-302.

Gradshteyn, I. and Ryzhik, I. (1980). Table of Integrals, Series and Products. Academic Press,
New-York.



ESTIMATION OF QUADRATIC FUNCTIONS 375

Kariya, T., Giri, N. and Perron, F. (1988). Equivariant estimation of a mean vector p of N'(u, %)
with /'St =10r 372y = C or ¥ = 6%/ ul. J. Multivariate Anal. 27, 270-283.
Kubokawa, T., Robert, C. and Saleh, A. (1993). Estimation of noncentrality parameters.

Canad. J. Statist. 21, 45-58.

Mengersen, K. L. and Tweedie, R. L. (1996). Rates of convergence of the Hastings and Metropo-
lis algorithms. Ann. Statist. 24, 101-121.

Neff, N. and Strawderman, W. (1976). Further remarks on estimating the parameter of a
noncentral chi square distribution. Comm. Statist. A 5, 65-76.

Peers, H. W. (1965). On confidence points and Bayesian probability points in the case of several
parameters. J. Roy. Statist. Soc. Ser. B 27, 9-16.

Perlman, M. and Rasmussen, U. (1975). Some remarks on estimating a noncentrality parameter.
Thory and Methods A 4, 455-468.

Robert, C. P. (1994). The Bayesian Choice. Springer-Verlag, New York.

Saxena, K. and Alam, K. (1982). Estimation of the non-centrality parameter of a chi-squared
distribution. Ann. Statist. 10, 1012-1016.

Stein, C. (1959). An example of wide discrepancy between fiducial and confidence intervals.
Ann. Math. Statist. 30, 877-880.

Stein, C. (1985). On the coverage of confidence sets based on a prior distribution. In Sequential
Methods in Statistics, Banach Center Publications, 16. PWN-Polish Scientific Publishers,
Warszawa.

Tibshirani, R. (1989). Noninformative priors for one parameter of many. Biometrika 76, 604-
608.

Welch, B. and Peers, H. (1963). On formulae for confidence points based on integrals of weighted
likelihoods. J. Roy. Statist. Soc. Ser. B 25, 318-329.

ISDS, PO Box 90251, Duke University, 333 Old Chemistry Building, Durham NC 27708-0251,
U.S.A.

E-mail: berger@stat.duke.edu

UFR Mathématiques, Labo. Proba. Stat., Université de Lille 1, 59655 Villeneuve d’Ascq Cedex,
France.

E-mail: philipe@alea.univ-lillel.fr

Laboratoire de Statistique, CREST-ENSAE, Timbre J340, 92241 Malakoff Cedex-France.

E-mail: robertQensae.fr

(Received April 1996; accepted May 1997)



