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This supplementary material contains three main sections: S1 provides de-
tailed proofs corresponding to consistency and asymptotic normality of MSCM
parameter estimators along with consistency of the cumulative baseline hazard
estimator proposed in Section 5.1 of the main text; S2 describes (i) how a MSCM
can easily be fit via inverse probability weighting for either the full cohort or case-
cohort setting using standard survival analysis software, such as R or SAS, and
(ii) additional simulation study results including performance of the proposed
baseline cumulative hazard estimator; S3 provides a summary of notation intro-
duced in the main text and the supplement. For clarity, we display theorems
shown in the main text again in this document. Note that some equation num-
bers presented in this document are the same as the equation numbers in the

main text. Therefore equation numbers from the main text are denoted by *.

S1. Proofs for Theorems 3.1 - 3.6 and the consistency of the proposed
cumulative baseline hazard estimator.

This section consists of two main subsections: S1-1 provides proofs corre-
sponding to consistency of MSCM parameter estimators B, B , and B* along with
a proof for the consistency of the proposed baseline cumulative hazard estimator

]\W(-); S1-2 presents proofs for asymptotic normality results.

S1-1. Consistency Proofs
Recall that we define 3, 3, and B* to be solutions to al(B, 1; W)/(?B =0,
8[(5,1;W)/66 = 0, and 8[*(6,1;W)/8B = 0, respectively in the main text.
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Consider the following processes
X(B,t;W) =n~H{U(B.:W) — 1(Bo, 1; W)} (1.1)
=03 [ Wi (8- sy A
i=1

Sory Wiw)Yi(w)r{B Ay(u)}
>y Wiw)Yi(u)r{ B Ai(u)}
X(B, ;W) =n" (B, ;W) — (Bo, t; W)} (1.2)

=S [ w9 -

ieC
. > iee Wiw)Yi(u)r{p' A(u)}
> e Wiw)Yi(u)r{ByAi(u)}

corresponding to (2.7*) and (2.8%), respectively, in the main text. We will

— log dN;(u),

—1lo

} dN;(u)

first show that X (8, W) and (1.1) are asymptotically equivalent, and so are
X(B,t; W) and (1.2). Thus, further technical developments will be made based
on (1.1) and (1.2). We then show that (1.1) and (1.2) at t = 1 converge in prob-
ability to functions of S which are concave with a unique maximum Sy under
certain conditions. Using the same argument as in Andersen and Gill (1982), it
follows that B —p Bo and B —p Bo. That 8* —, Bo can be shown analogously by
using X*(8,t; W) = n=Y{I*(8,t; W) — I*(Bo, t; W)}. Asymptotic normality of /3
and 8 will be shown via asymptotic normality of score statistics corresponding
to (2.7%) and (2.8%).

Theorem 3.1. (Consistency of full cohort MSCM estimator B ) Under conditions A-F,
B _>p BO'

Proof. Consider (1.1) and its compensator counterpart K (3, t; W) which is

n g S, (B, )
K(B, ;W) =n"" Wi(u) | (8 = Bo) Ai(u) — log { —=——} | \i(u)
2 A s (Gt EE It
where \;(t) is given as in (2.11%). We start by showing that
{X(BHW) = KB, W)} —{X(B,6:W) = K@ W)} =0 (13)

so that we can consider the asymptotic behavior of X (8,t; W) — K(8,t; W) in-
stead of X (8,t; W) — K (B, t; W) to prove consistency of 3. To prove (1.3), first
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note the term [{X (3,6 W) — K(B,t; W)} — {X(8,t; W) — K(B8,t;W)}| in (1.3)

equals

32 [ Wi e = Witmtos g

12/ u)(B — Bo) Ai(u) — Wi(u)log{s(o)u

Replacing W;(u) in front of log{SI(/gzl) (8, u)/SI(/Io,zl) (Bo,w)} with W;(u) — Wi(u) +

Wz(u) and rearranging terms yields

1
0 [ )~ W)} 6 - o) A (14

nt Zn:/l W(u) lo { SW(U /
o TS o) ST, (o)
Each term in (1.4) is a local square integrable martingale since g(W;(-), Ai(-)) is
predictable for any continuous function g(-) due to predictableness of W;(-) and
A;(+). Because Wz() is also bounded and predictable, the same argument can be
made for gy (Wi(-), Ai(-)) and go(Wi(-), W;(-)) for any continuous functions g;(-)
and g2(-). We will show that the variation process of each martingale in (1.4)
converges in probability to zero, thus proving (1.3).
Let Bi(B,t) be the variation process of the first martingale in (1.4). Then

*22 / (W) — Wi(u)}2(8 — Bo) Ai(u)®2(8 — o) hs(uw)du
—QZ / (Wi () — Wilw)2(8 — Bo) Yi (u)r® {85 Ai(w)}(B — fo)o(u)du
<! / (5~ o) [-121/ r {5 A} (5 — o) (u)du

=n"'M% / (8 — Bo)'S@ (Bo, u) (B — Bo)No(u)du
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which converges in probability to zero due to conditions A, B, D, and F. The
second equality is owing to (2.11*), and the inequality comes from replacing
{W;(u) — W;(u)}? by its supremum value M?;V shown in condition A of the main
text. Let Ba(5,t) be the variation process of the second martingale term in (1.4).
Then

nooa
Ba(B,t) —n 2 Z/o {Wz(u) — Wz(u)}2 {log 55321)(5,@ — log Ség?l)(ﬂo,u)r Ai(u)du
i=1

t 2
<! / M2, {10g S{7) (8.u) ~1og S (Bo,w)} SO (Bo, w)Ao(u)du

0
which converges to zero due to conditions A, B, D, and F. Lastly, let the variation

process of the third martingale term in (1.4) be Bs(f,t). Then
—ZZ [ w2 [tog 5 (5,00 - 10g 58, 5.0}
(0) 2

{1ogS (ﬂo, u) — logSW(l)(Bo,u)}} Ai(u)du

ot [ [{bgs (8.0) — log ), (5.}

~ {log 5 (50»U)—10g51(4/31)(50 )] S5 (o) do(u)du

1
Sn‘lfo [sbupllogS (B,u) —log Sy (B,u)?

+2sup\logS() (6, u) — logSI(,Vzl>(6,u)|sup\logSI(/g) (5o,u)—log5"(,[0,) (Bo,u)]
Biu u (1 (€3]

+sup|logS (Bo, u) — IOgS‘(;g?l)(ﬁo,u)\Q]Ségzz)(ﬁo,u)Ao(U)du

which converges in probablhty to zero due to conditions A, B, D, F, and by
the continuous mapping theorem. It follows that X (£, ¢; W) — K(B,t; W) and
X(B,t; W)—K(B,t; W) in (1.3) are asymptotically equivalent processes. Thereby
we proceed to describe asymptotic behavior of the process X (8, t; W)—K (5, t; W).
Hereafter for notational convenience we suppress W when writing X (3, ¢; W) and
K(B,t;W).

Now consider X (8,t) — K(f,t), which equals to

g [ / 51(23)1 (B,u)
n 1;/0 Wi(u) [(ﬂ—ﬁo) Ai(u) —log{s(vgi;)(MHdMi(u),
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which is a martingale. After some calculation, it can be shown that its variation

process B([3,t) can be simplified as

1
S (RO ERENOICED (15)

Sty (8,) \

—2(8 — Bo)'Sky.. (Bo,u)log
S {85831><50,u>

2
S‘(/g)l (B,u)
9 los (%) SI(/ng) (60: U)} /\o(u)du
SW(I) (/807 U)

where each term inside the integral converges in probability to a function of
finite quantities sg,)( L on B € B in view of conditions D and F. Therefore,
(1.5) converges in probability to zero. It follows that X (f5,t) and K(f,t) con-
verge in probability to the same limit by the Lenglart inequality, i.e., that
prlsupys [|X (8,8) — K(8,8) > nll] < 8/n + pr[B(8,1) > ] for all &, > 0.
Therefore, to investigate asymptotic properties of X (f3,1), consider asymptotic

properties of K(3,1) instead:

1 s\ (B,u)
0.0 [ [i3= s G o {5 1) ot

SW(l) (507 u)

by (2.11%). Let K;(5,1) be the limiting quantity shown in the above. Then

(1)
OK(B,1) _ [T1 ) Wy (5 (o)
9B _/ [SWm(ﬁo’u) - S(v?/)(lj(’“)swm(ﬁo’“)} Ao(u)du

which is zero at 3 = . In addition, 92 K;(3,1)/05? is

(2) (0) — sl @2
) 1[SW(D(5,U)SW(U(5,U) s, (B ) 59 (B0, w)o(u)du
% 5 W) 0 0
O SW(l)(/B’u)

1
_ /0 oy (B, ), (o, u)o(w)d

which equals to 2w, and is negative definite when 5 = 5y based on condition
F. Therefore K(f3,1) converges to a concave function having unique maximum
at Bo. This enables us to make use of Theorem II.1 in Andersen and Gill (1982)
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that proves in probability convergence of X (3,1) to the same concave function
of 5 as does K(3,1), with a unique maximum at 8 = fy. Then ¢ —p Bo- O

As described in Section 3 of the main text, consistency of B can be shown
using similar arguments as in Theorem 3.1. We start from showing that X (8,t)
converges in probability to K(/3,t). Then the same argument as in the proof of
Theorem 3.1 can be made. | X (8,t)— K (8,t)| will be decomposed into two terms,
| X (8,t) — K(B,t)| plus a term that is asymptotically negligible.

Theorem 3.2. (Consistency of case-cohort MSCM estimator 3) Under condi-
tions A-G, —p Bo-

Proof. First, | X(8,t) — K(B,t)| can be rewritten as

]nfl 0 S Wiu)(8 — Bo) Ai(u)dM;(u)
=1
(0)
t (B,u)
—nt Wi(u)log § — S dN;(u)
s 5821><50,u>}
(0)
t (B,u)
+n ! Wi(u)lo Wa Ni(u)du
Jy e g{%ﬁ?l)(ﬁo,u)} (o

We have shown that |X(5,t) — K(5,t)] =, 0. The remaining term can be

decomposed as

¢ n S’(O)l (B, u) S(O)l (B,u)
‘n_l/o {;Wi(u){log (%?:) —log <M)}sz(u)} (1.6)

L S (B,w) Sy (B.u)
+n 1/0 Z [Wz(u){ log (5()> — log (W) })\z(u)du] ‘

Then the second term in (1.6) can easily be shown to converge in probability

to zero in view of conditions C, D, F, and G-3. Also the martingale in (1.6)
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converges in probability to zero because its variation process is
-2 2 &(0) (0)
| > Wit {10855 (8.u) —log S (8,u)}
1=

- 2
- {log 518321)(/307@ — log 5{88)1)(50, u)}] )\i(u)du’

t
<[t [ [supl10g5(), (6,u) - 105, (6,u)
0 B

2
+ sup ] logS (ﬁo, u) — log Ség?l)(ﬁo,u)]} 518322) (Bo,u)Ao(u)du
which converges in probability to zero, again by (2.11*) with conditions C, D,

F, and G-3. Note that sum of supremums in the integrand (which can be taken

outside the integral) converges in probability to zero by conditions D and G-3. [

Theorem 3.3. (Asymptotic equivalence between two case-cohort MSCM esti-
mators) Under conditions A-G, B—pB* —p 0.

Proof. We sketch a proof of Theorem 3.3. Consider the following process
X*(Bv t) = n_l{l*(ﬁv t) - l*(ﬁo, t)}

Then X*(8,t) = n~YI(B,t) —1(Bo, t)} + 0p(1) because n~11*(8,t) = n~1(B,t) +
op(1). Therefore, X*(8,t) and X (B,t) are asymptotically equivalent processes
and we can repeat the proof of Theorem 3.2 using X*(3,t) instead of X (8,t). O

Lastly, we show consistency of the MSCM cumulative baseline hazard estima-
tor presented in Section 5.1 of the main text: Under conditions A-G, sup,¢g 1 \A (B,t)—
( )‘ —p 0, where Ao( ) = Ao(ﬁo, )

Proof. Recall:

Ry (Bt = /[ZW (wyr 4] ZW

ieC

Note that Ay (B, t) — Ap(t) equals
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in view of (2.11*). The first term of (1.7) is a local square integrable martingale

because the term n W (u)/ 5'1(/3) (3, u) is a bounded predictable process based on
(1)

conditions A, B, F, and G. The variation process is n ! fg S‘(/g) (3, u)/{g‘(/g) (B,u)}?
(1) (1)

Ao(u)du which converges in probability to zero due to conditions A, B, D, F, and

G, and thus the first term of (1.7) converges in probability to zero. The second

term in (1.7) can be written as

O ) — &) u) + 5@ u) — 5@ 3,

" P (Bo, ) W(l)(ﬁo u) W<1)(ﬁ0 v W<1)(ﬁ Y Ao(u)du (1.8)
ORI ’ '

0 Sw(l)(ﬁvu)

Then uniform consistency of W, consistency of B along with conditions C, D, F,

and G imply in probability convergence of (1.8) to zero. O

S1-2. Asymptotic Normality of Marginal Structural Cox Model Esti-
mators

In this section we show that the full cohort and the case-cohort MSCM
estimators are asymptotically normally distributed. We start from showing that
the full and the case-cohort score statistics are asymptotically normal. Recall
that we referred to the score process under the full cohort setting as the full
cohort MSCM score process, and the score process under the case-cohort setting

as the case-cohort cohort MSCM score process.

Theorem 3.4. (Asymptotic normality of the full cohort MSCM score statistic)
Under conditions A-F,

n2U (Bo, 1) =4 N(0,5p)

where Yy = EW T AWu),W(z) with

1
0
Ao = /0 ey (Bo,) = ewigy (Bo, )26 (Go,u)o(wdu.  (L9)
Proof. Let U(py,t) be the full cohort MSCM score process at time ¢. Then

n 20 (Bo,t) = n~V/201(B,t) /08 , (1.10)

=Bo
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n ¢ S(l) (Bo, w)
_ 23" [ iAo
i=1 /0 WZ( )[AZ( ) S$31)(607u)]dNZ( )
_n—1/2z / Wi(u — B (fo, )] dMi(w).

The third equality follows from (2.10*) and the fact that

*1/22 / Wi(w)[Ai(w) — By (B, w)hi(wdu =0, (L11)

based on (2.11%*). Similar to the proof of Theorem 3.1, we start by showing that
In=1Y2U (B, t; W) — n=Y2U(B,t;W)| =, 0 so that the rest of the arguments can
be made based on n‘1/2U(B, t; W). It can be seen that

n PO (B, 6 W) —nPU B, 6]
:n—1/2z / {{Wi(u)—Wi(u)}Ai(u)dM,-(u) (1.12)

1/22/ {W W(l) (B,u) — Wi(u)EW(l)(ﬁ,u)}],

which is a sum of two local square integrable martingales. The variation process

of the first term in (1.12) is given by

12/ {Wiu) — Wi(u) AP ()X (w)du
_IZ/ {Wi(u () Y2V (w)r@{ B Ai (1) Yo (u) du

< [y [ foi(u)r@){ﬁaAi(u)}] No(u)du

—M2/S (Bo, w)ho(u)du

which converges in probability to zero by conditions A, C, D, E, and F. The

second term in (1.12) can be rewritten as

n—1/2Z; /0 {Wilu) = Wilw)} By, (6,0) (1.13)

+ Wilu{ By, (8,u) = Ew,, (8, u) }dMi(u ]
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which is, again a sum of two local square integrable martingales. The variation

process of the first term in (1.13) is

n t R
n”! Z/o {Wilu) - Wi(u)}QEWu)(ﬁ,u)®2)\i(u)du
i
SMIQ/T//O EW(1>(57U)®25(0)(,80,u))\0(u)du7

which converges in probability to zero in view of conditions A, C, D, E, and F.

The variation process of the second term in (1.13) can be written as

’I’L—1 Z;/O WE(U){EWu)(B,u) — EW(l)(B,U)}®2)\i(u)du
S/o M%{E‘;V(D(B,u) — EW(l)(5,U)}®2S(O)(ﬁ0,U))\0(u)du. (1.14)

Later we will show that \Ewm(ﬁ,u) — Ew,,, (B,u)| —p 0 uniformly in 8 and ¢.

For now, assume that

sSup |EW(1) (B,t) — EW(l)(ﬁv t)] —p 0 (1.15)
(B,t)eBx[0,1]

holds. Then it can be shown that (1.14) is less than equal to
t
M% /0 Sﬁu}f |EW(1) (Ba u) - EW(l) (Ba U)|®2{S(O) (/807 U) - 5(0) (/807 U) + 5(0) (ﬁ()? U)}Ao(U)d’UJ
t
:M% Sﬁuf ’EW(I) (67 u) - EW(l) (67 u)‘®2 /0 {S(O) (ﬁ()? U) - 8(0) </807 u)})‘()(u)du
t
# MEsip [y (8,0) ~ i, (8,001 |5 (0,1) o)
U 0
t
<Mi sup By, (8,) = Eiwgy) (8.)] sup S (8o, w) = @) (Bo. w) /0 Ao(u)du

t
# Misup [y (8,0 = By (0,0 OG0 1)),

which converges uniformly in 8 and ¢ based on (1.15) and conditions B, C, D,
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and F. To show that (1.15) is satisfied, let’s rewrite \EW(U(B,t) — Ew,,,(B,1)] as

By, (B,1) = ewiy, (B,1) = Bw, (B,1) + ew, (8, 1)
S’EW(D (/B’t) - ew(l)(ﬁ’t” + |EW<1)(B t) - eW(l) (th)‘
| Sy (80540, (8.4) = syl (.05 (5. t)’

Sy, (B:1)s Wm(/ﬁ, t)
+’ W(l)(ﬁ7 ) W(l)(ﬁ t) _Sw( )(/87 ) W(l)(ﬁ,t)‘
W(l)(ﬁ7t)8$/?/)(l)(ﬁ7 )

(1.16)

(1.17)

First, we can show that (1.16) converges in probability to zero uniformly in (3, t);

because by conditions A, D(ii), and condition F (i.e. sW (8,1) is bounded away

from zero), there exists an integer Ny such that when n > Ny, S (P ) (B t) is

bounded away from 0. Therefore when n > Ny, mlnﬁt\S( ) (B, t)s W(l)(ﬁ, )]
exists and we will denote it by M. Then when n > Ny,

Sipy, (B.D)sip), (B.) - me HSg (8:1)
S“” (B0, (8,1) |

SI(/ilf?l)(th)SW(l)(th) - SW(l)(ﬁ? )S(O (67t)’

1
<
-M

1

< o, .05, o+ 5., 00— 8,

—p 0 uniformly in (5,¢) € B x [0, 1],

S

because it is clear that supg |S (B, t)— (8,t)| —p 0 from condition A and

D(ii). A similar argument can be made to sho:)v that (1.17) uniformly converges
in probability to zero. This enables us to establish asymptotic results using true
IPWs, instead of using estimated weights, and therefore we will proceed with the
MSCM score function evaluated at the true weights.

Set Hy(t) = n~YV2W;(t)[As(t) — Ew,,(Bo,t)] for i = 1,....,n. This is a lo-
cally bounded predictable process. Therefore, (1.10) is a local square integrable

martingale. To apply the martingale central limit theorem to the local square

(1)

1.m (0) 1o (o>
<37 /S, (B-0sie), (B.1) - sw()w,>W(1)<ﬁt\+M\sz< NSy (8.4) = s,

t)

(8,t)s

0)
Wy

(81)
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mtegrable martingale, we show that n=Y/2U(8,1) = 31, fo i(t) satis-
fies ( fo S Hij(0)2I{|Hi(t)| > e} \i(t)dt —, 0 for any € > 0 (the Lmdeberg
condition), and that (ii) the variation process of (1.10) evaluated at t = 1 con-
verges in probability to a finite quantity. Condition (i) is satisfied because of

condition E. To see if condition (ii) is satisfied, consider the variation process of

n=12U(Bo, 1),

Y 1 Hl(u)®2/\z(u)du
=1 0
1 n
:/O n—lzwl(uy[/x( ) = Ew,, (Bo. )}®2)\1(u)du
=1

n

= [ 073 [ WY {5 A} — 20w Yi ) D55 A0 H B (o )Y
0

=1
o+ Wiu)2Ya(w)r{ B Ai ) By, (B0, ) Ao () du

1.
JREERCIO 25&&2 )(ﬁo, W) B,y (Bos )Y + S5, (5o, ) By (Bo, u)*2 Ao(u)du

(2) (1) (1)
1.8 (ﬁ(bu) (507 ) S (60)“) S (,80,@6) 2
| o S ) Sl oy (ot
0 'SW(Q)(ﬁmU) SW(Q) (Bo,u) SW(I)(BOaU) Sw(l) (Bo,u)

-{SMQ,@EBO,u) B (S%?Q)(50,U)>®2} {(;(;W>®2

+
Bo.w) Sy, (Bo,u) Sty (B0, 1)

|
S—

-2

Sy SO Bouw)e, L SU (B,
%MG )( Zﬁ”(ﬁo u)) - (W)QQQHSI(A%)(BO,U))\O(U)du
SW(Q)(ﬁ u) SW(I)(ﬂo u) SW(I)(ﬁO,u)

1
= /0 [Vw@(ﬁo,u)+{Ew<2)(/30,u)—Ew(l)(ﬁo,u)}@)?} Sty (B> w)Ao(u)du.

Finally we can see that the variation process of n=/ 2U(By, 1) converges in prob-
ability to

EW(Q) + AW(1)7W(2> =Yy (118)

where Ay, w, is given in (1.9). Based on conditions C and F, (1.18) is a
finite quantity. Therefore, the full cohort MSCM score statistic converges in
distribution to a Gaussian process with mean zero and the limiting variance-

covariance process Yy by the martingale central limit theorem. When W;(t) =1
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foralli=1,..,n and t € [0,1], A,

which is the asymptotic variance of the score process under the full cohort. [

1), Wz, Pecomes zero and (1.18) equals to X

Before we prove Theorem 3.5, we present the following Proposition which is
taken from Self and Prentice (1998):

Proposition 1. (Self and Prentice, 1988) Let X,, = (Xin,y ..., Xnn) and 6, =
(O1ny -y Onn) be independent random variables such that:

(I) 6, is a vector of n ones and n — n zeros, each possible configuration of zeros
and ones is equally likely and n/n —, o € (0,1).

(II) For some scalar functions of Xy, fin(Xy), and for any € > 0,

n! Z[fm(xn) - fn(Xn)]QI{‘fm(Xn) = [n(Xn)| > n1/26} —p 0,
i=1
and S?cn —p a]% > 0, where fn(Xy,) =n"1 Y0 fin(Xy) and

ST, =1 D [fin(Xn) = Fau(Xa))*,
=1

(III) The scalar functions of Xy, gn(Xy), converge in distribution to a Gaussian

2
g

Let hn(Xna 511) = ’I’Ll/Q ['Fl_l Z:‘Lzl 5mfm(Xn)*fn(Xn)]; then {gn(Xn)7 hn(Xna Jn)}
converge in distribution to a bivariate Gaussian random variable with mean zero

random variable with mean zero and variance o

and covariance matriz given by

03 0
[ 0 (1- )a‘la}% ]

Theorem 3.5. (Asymptotic normality of the case-cohort MSCM score statistic)
Under conditions A-G,

n~120 (8o, 1) —a N(0,%)

where Y5 = Xy + Aq,

1 1
A = /0 /0 G(Bo, 2, 0)ho(2) Ao (v)daxd, (1.19)
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and G(fo, x,v) is given by
G(Bo,z,v) = (1 — a)a |BM (8o, 2,v) — ewy, (Bo, 2)hP (B, z,v) (1.20)
— h® (Bo, v, z)ew,,, (Bo,v) + ew,,, (Bo, )ew,, (Bo, v)'h (8o, , U)] :
where
WO (B,z,0) = ¢ (B, 2,0) — siy) (B.2)sy) (B,v)
WO (B,,0) = gV (B,,0) = siy) (B.a)syy) (B,v)
W2 (B,2,0) = ¢ (B,2,0) = i) (B,2)sly), (Bv).

Proof. The score process corresponding to (2.8%), which will be referred to as

case-cohort MSCM score process, is defined by
n 20 (Bo, 1) =n—1/265<ﬁ,t>/aﬁ\ (1.21)

—WZ / Wiu ~ By (B0, )] dNi(w).

Replacing EW(I)(BO,U) in (1.21) with Ew,,, (8o, u) + EW(1>(50, u) — Ew,,, (Bo, u),

we obtain

,1/22 / Wi (u ~ Buwiy (Bo,w)| dM;(w) (1.22)

— /t Dy, (u)Ao(u)du
0
t
= [ Duu (S B0/ S, (o) = 1 a(w
t
+/ n1/2{EW<1)(5OaU) - eW(n(ﬁo’u)}{g‘(/‘(21>(60’u> B S‘(’ggm(ﬁo’u)}
0
x iy, (Bo,) /S35, (Bo, w) Ao (u)du
n t B
_ L2 Z/O Wi(u) [EW(U(B()?U) - EW(I)(BO,U)}CZM@'(U%
i=1
where

Da(t) = n'2[{ 55 (Bo.t) = 1), (Bo. 1)} — ewryy (B0, {38, (Bo.)

1)

- S&%l)(ﬁo,t}}}S‘()g()l)(ﬁo,t).
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To begin with, we first show how (1.21) can be rewritten as (1.22). Replacing
EW(I)(B(), u) in (1.21) with EW(l) (,30, u) + EW(I)(B(), u) — EW(I) (ﬁo, u), we obtain

020 (8o, ) = n 1/22 / Wi (u — Ew,,, (fo.u )}dMi(u) (1.23)
= [ (B (00 = B u)} S (B0 u)ho(u)du

Y /0 Wiu) | B,y (Bos ) = Bw,) (Bo, )| dMi ().

We can rewrite nl/Q[EW(l) (Bo, u) — Ew,,, (Bos u)}]S‘(,gzl)(Bo, u) in the second term
of (1.23) as follows:
= 0
n1/2 [EW(l) (/807 t) - EW(l) (/307 t)]SI(/VzD (607 t)

(1)

Swy, (B, 1) W(U(BO’ )}S(O) (Bo, t)
300 ) W) V0
Wi, (Bost) Sy, (Bos 1)

(1)
[ Siv, (o )_fvguﬂﬁo’t)}
S, (Bost) S (Bos)

(o Sivs, (Bo:1) S, (Bo. )

S0 (Bot) S (Bost)

Sl (Bo,t) = Si) (B0 1)}

—pl/2 [

I ERER)

55[1/(1)(/307 t)
séﬁ(l)w t)5§321>(ﬁo,t){
:n1/2[{sé‘1’21>(50’t) B W<1>(50’t)} _EW“)(ﬂO’t){ W<1>(B b= ‘(;821)(5070}}
x Sy, (Bo,0)/ Sy, (Bo.t)
=Du(t) + Da(OISY), (50,6)/35), (Bo,t) = 1)
— 02 By, (Bo,u) — ewy (Bo, ) HSW), (Bow) = ) (Bo,w)}SK), (o w)/SE), (Bo,w),

0 &(0 0
St (Bost) = 5 (8o, 1) }| S, (o, 1)

which leads to the form given by (1.22). Then the fourth term in (1.22) can

be shown to converge in probability to zero uniformly in ¢ because its integrand
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converges to zero uniformly in ¢ in view of the stability conditions D, F, and G-3,
combined with the Slutsky’s theorem. The fifth term in (1.22) is a local square

integrable martingale with the variation process

i 2 (0)
/0 [ By (Bo.w) — Bvwy (Bo.)| ™ U8, (B, u) o)

which converges in probability to zero by conditions C, D, F, and G-3. Therefore,
if we can show that the first term in (1.22) and D,,(u) converge jointly in dis-
tribution to independent Gaussian random variables then it implies that D, (u)
converges in distribution to a Gaussian (the joint in distribution convergence will
be shown through Proposition 1 in the main text). This further implies that the
third term in (1.22) converges in probability to zero and that the first two terms
in (1.22) converge jointly in distribution to independent Gaussian random vari-
ables. Then we can claim that the limiting covariance function of the case-cohort
MSCM score process is given by the sum of each of the limiting covariances. The
proof for Theorem 3.5 is lengthy thus we break it into three parts: Part 1) shows
how Proposition 1 can be used to prove Theorem 3.5. Part 2) justifies the appli-
cation of Proposition 1 by showing that conditions (I) to (III) in the Proposition
are met. Part 3) shows detailed calculations to obtain the limiting covariance
function of the MSCM case-cohort score process.
Part 1) Application of Proposition 1 Consider application of Proposition
1 to Dy(t). In particular, X;, represents {W;(u), Y;(u), N;(u), A;(u);u € [0, 1]},
fin(X,,) represents a linear combination of elements of W;(¢)Y;(¢)r{5,Ai(t)} and
Wi ()i (t)rM{ B Ai(t)}. The explicit form of fi,(X,,) will be presented below.
Our goal is to show that the difference of the first two terms in (1.22), which

is given by

*1/22 / Wi(u — Ew,, (Bo, u) / Dy (u)Xo(u

/D )Ao(u

converges in distribution to a finite dimensional Gaussian random variable where
B,(), Cn(+), and D, (-) are defined by

=Bn(t) —
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—n*lﬂz / Wi(u — Ew,,, (Bo, w)]dM;(u), (1.24)
t):/O Dy (u)Ao(u)du, and (1.25)
Dy (u) = n'/? [{géézl) (B0, ) = Sl (Bosw)} = ewy, (Bo, w) (1.26)

X {5, (Bo,u) = S (Bo,w)}| S, (Bo, ).

Let g,(X,) be a linear combination of elements of the MSCM full cohort score

process (By,), i.e., for any constants ¢; (j =1, ..,p),
%) = 1233 s [ Wil 0) — B ol )
=1 j=1

where the subscript j denotes the jth component of a vector. Also, let h, (X, 0p,)

be a linear combination of elements of D,, i.e., for any constants d;(j =1, ..,p),

fin (Xn) is given by
fin(Xa) = 3 dy [ Wil Yi(uy)r {8 AiCuy )} (1.27)

j=1
— e (1) (Bos u) Wiy Yty { B As ()}
Then (1.27) leads to the desired form of h, (X, d,):

hn(Xna 571) :n1/2['ﬁ_1 Z 5mfzn(Xn) - fn(Xn)]

=1

1 &(0
—”1/2[Zd {88, 5(Bos ) — ewpyy 3 (Bo, i) S, (Bo,uj)}
fzd{ 0 (Bos 1) = w5 (Bo, u) S (Bo, )}

1 1
_nl/QZd [ I(/V)1>] BO?UJ) S&/gl)’j(ﬁmuj)}

— ewioy By u) TSR, (Bosus) = S (Bo, i)},

which is a linear combination of elements of D,, where each jth component can be

evaluated at possibly different time points u;, i.e., hn (X, 0n) = ?:1 d;Dy, j(uj).
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Assume that f;;,(X,,) and ¢, (X,,) satisfy conditions (I) to (III) stated in Propo-
sition 1, which will be shown later in the Part 2. Then by varying c; and d;, we
can show that any chosen elements of B,, and D,, jointly converge in distribution
to an independent bivariate Gaussian process by application of Proposition 1.
For example, consider ¢y = d; = 1l and co = ... = ¢, = dy = ... = d, = 0.
Then Proposition 1 states that the first element of B, and the first element
of D,, converge jointly in distribution to an independent bivariate Gaussian. In
iterative fashion, we can show that jth element of B,, and kth element of D,, con-
verge in distribution to an independent bivariate Gaussian for all combinations
of (7,k) € [1,2,...,p] x[1,2,...,p]. Therefore, B,, and D,, converge in distribution
to independent processes. We have shown that B,,, the MSCM full cohort score
process, converges in distribution to a Gaussian process. Therefore, what we
have left to show is that D,, converges in distribution to a Gaussian process (and
later to show that C), converges in distribution to a Gaussian process).

In the above arguments we have shown that, for any d; (j = 1,...,p),
Z?Zl d;D,, ; converges in distribution to a univariate Gaussian because fj,(Xy,)
satisfies conditions in Proposition 1 for any d; (which, as we mentioned above, will
be shown in the Part 2). Therefore, it follows that D,, converges in distribution
to a multidimensional mean zero Gaussian random variable by the Cramer-Wold
device. As in Self and Prentice (1988), the fact that linear functionals of the
Gaussian processes are Gaussian combined with the fact that Ag(-) is absolutely
continuous with respect to the Lebesque measure leads to that C), converges to
a Gaussian random variable, say C'. Then it follows that B,, — C), converges to
a mean zero Gaussian random variable with covariance Yy + A, as the limiting
covariance of C,, will be shown to equal A, later in the Part 3.

In the next two parts, we verify that f;,(X,,) and g,(X,) satisfy conditions

in Proposition 1, and show the explicit form of limiting covariance structure of
C), respectively.
Part 2) Conditions in Proposition 1 Condition (I) in Proposition 1 is satisfied
by condition G-1(i) in the main text and the fact that the subcohort is selected
by the simple random sampling without replacement. The first subcondition of
condition (II) in Proposition 1 follows from the inequality used by Andersen and
Gill (1982) and Self and Prentice (1988),
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la — b2T{|a — b] > €} < 4|al*I{|a] > €/2} + 4[b]2I{|b| > ¢/2}, (1.28)

by letting n*1/2fm(Xn) be a and n*1/2f.n(Xn) be b, combined with conditions
D, F, and G-1(ii). Recall that condition (II) of Proposition 1 has the following
two subconditions:

For any € > 0,

n_l Z[fm(Xn) - f’”(X")]2I{|fm(Xn)ff.n(Xn)|>n1/25} —p 0, and (1.29)

= nil Zl[fm(xn) - fn(Xn)]2 —p Of. (1'30>

To show (1.29) based on the inequality (1.28), we need to show that for any
e >0,

*1Z|fm W) 2| fin(X0)| > n'/%e/2} =, 0, and (1.31)
n_1|f.n( | fn(Xn)| > n/2e/2} =, 0. (1.32)

To show (1.31), recall condition G-1(ii) in the main text: For any € > 0

supn -1 ZW (t)r{BhA;(t)}? (1.33)
x H{n PW(0)Yi(t)r{BpAi(t)} > e} =, 0
sup n=t Y Wi)Yi(0)llr W {8 Ai ()} (1.34)
i=1

x Hn ' PWi) V() [r {85 Ai(0)}| > €} = 0
where (1.33) implies
supn”! ZW (6)r{BoAi(1)}[lew,, (Bo, ) (1.35)

x I{n_l/QW( t)Yi(t)r{BoAi(t) Hlew,, (Bo, )l > €} —p 0

It can be shown that (1.34) and (1.35) imply (1.31), by repeatedly applying
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(1.28). Also, we can rewrite

p
(%) = D diISH) (Bort) — ewpyy i (Bo, S, (Bo, D)

j=1
Then (1.32) can immediately be seen by the stability property implied by condi-
tion D in the main text.

To show (1.30), note that S?cn can be rewritten as

S2 =0t [fin(Xn) — Fan(X)]? (1.36)
=1

N n_l Z1 fm(Xn)2 - {fn(Xn)}2

For notational and calculational convenience, let

f’LTL ’I'L Zd

by letting
aj = Wilu))Yi(u)ri" {80 As(u;)},  and
bj = ew),;(Bo, wi) Wi(u;) Yi(us)r{ByAi(u;)}

then calculate the form of each term in (1.36). First term in (1.36) can be written

as follows:
n n p
Y fin(Xn)? =0ty [Z dj(a; — bj)} :
i=1 i=1  j=1
712[ +22ddk ak—bk)}
i<k

n

s

H'Mvs ||'M~s

Wiy Yi {8 Ai )Y

- 2Wi<uj>n<uj>r§”{ﬂé&(w)}ewm,ﬂ-<ﬁ07 i )Wiluy) Yi(ug)r{ B Ai (uj) }
+ewq (ﬂmU;)QWz‘(uj)zYz‘(ug‘)T{ﬁéAz‘(Uj)}Q}
2 e Wiluwg) Vi) B0 As () Wi () V(a4 B As ()

i<k
- Wz’(uj)E(Uj)rj(-l){ﬁéfli(uj)}ewu),k(ﬁo, ur)Wiug)Yi(ur)r{ By Ai(ur) }
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— ew1).5 (Bos ) Wi (g ) Yi (g )r{ B Ay (ug) Y Wi (ug) Yi () {80 A (ur) }
+ ew),; (Bo, wi) Wi(uy) Yi(ug)r{ By Ai(uj) Yew ),k (Bo, Uk)Wz'(Uk)Yi(Uk)T{ﬂéAi(Uk)}H

Then using QU)(j = 0, 1, 2) notation defined in condition G-2, the above equation

can be abbreviated as
n_IZfin( n Zd2{ /607u]7uj) 2eW (ﬁOaU])Q( (/BOau]7u])
i=1

+ ew) j(ﬁo, u;)2Q (Bo, uj, uj)}
+2> " d; dk{ Giopy (Bos g uk) — ewa) (507%)@5-2)(50,%7%)

J<k
_ . No?) )
Ew(1),j (Bos ;) Q" (Bos wy, ug)
+ ew),; (Bo, uj)ew ), (Bo,uk)Q(O)(ﬁmuj,uk)}-
Now it can be seen that the above equation converges in probability to a fixed
quantity in view of stability properties of Q) stated in condition G-2 in the main

text. The convergence of f.,(X,) can be shown using the same manner as the

above. In particular, let

= Z d;(a;

j=1
where
a; = SI(/Il/zl) (Bo,uj), and
bj = ew(1),;(Bo, u;) 1(/1/(1 (Bos uy),
then

Zd2{ (Bouy)? =283 (Bosuy)ew 1) (5o, us) Sy, (Bo, 1)

- ew(l),j(BO, uj)ZSéggl) (Bo, Uj)2}
+22d dk:{ Wiy, (Bos u k)S‘(;V(l)k(ﬁo, u)

i<k
) | 50
Wiy, (00, wj)ew )k (Bos ur) Sty (Bo, k)

— ew(),; (Bo, Uj)5§321> (Bo, uj)51(4(21) (Bo, ux)
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+ ew),; (Bos Uj)5§321> (Bo, ug)ew 1),k (Bo, ukz)SI(Ag?l) (Po, uk)}'

Then without further calculation, it can be seen that the above equation also
converges to a fixed quantity by conditions D, F, and G-2 in the main text, and
therefore we prove that (1.30) holds.

Lastly, g,(X,,) represents linear combinations of elements of the full cohort
MSCM score process all evaluated at a finite number of fixed time points in [0, 1].
It can easily be seen that, for any such g,(X,), condition (IIT) of the Proposition
1 is satisfied due to the convergence of the full cohort MSCM score process to a

Gaussian process with mean zero and finite covariance function.

Part 3) Limiting Covariance function Now we need to show the limiting
covariance function of C,. First we will show the limiting covariance function of
D,,. Let hyp(Xy,,0n) = Dy j(u;) + Dy i (ug) (e, let dj = di, = 1 and d; = 0 for all
1 # jin 325 ) djDnj(u;)). Covariance between Dy, j(u;) and Dy, j(uy) is given
by

COV(DnJ‘ (Uj), Dmk(uk)) (137)
= {Var(hn(Xn, 0n)) = Var(Dps(u;)) = Var(Dye(ur)) } /2.

Then the limiting values of (1.37) will lead to the (j,k)th components of the

limiting covariance, i.e.,

nh_)rgo Cov(Dy, j(u;), Dy i(ur)) (1.38)
= tim {Var(ho(X,.8,)) — Var(Dy () ~ Var(Dy i (ur)) } /2.

By Proposition 1, we can obtain limiting values of Var(h,(Xy,,0,)), Var(D,, j(u;))
and Var(D,, ;(u)) using sample covariances calculated based on corresponding
fin(Xy,) equipped with conditions G-2 and G-3 in the main text. Note that
condition G-2 ensures the convergence of the finite sample covariance function

to that of the limiting distribution. For notational convenience, let
1
Fin(X,) = [Wi(uj)ﬁ'(uj)ﬁ(- ){B(/)Ai(uj)}
— ew(1) (Bo, w)Wiluy)Yi s )r {8 Ai(uy)} ], and

n
F.nj(Xn) = n! Z Fin ;(Xp); i=1,..p.
=1
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Now, straightforward calculation based on Proposition 1 yields that

lim {Var(h (X, 0n)

n—o0

~—

Val"(DnJ' (uj)) - Var(Dn,k(uk)> }

2
-1

M:

=(1- a)ofl lim n
n—oo

[Fing (X0) + Fin(X) = {Fung (X0) + Fne (X))
1

-
Il

—(1-a)a! lim nt
n—oo

.M3

[Fm,j(xn) - F.n,j(xn)} ’
1

7

P%:

_ _ -1
(=)o Jigm™

[Fm,k(Xn) -F, kz(Xn)} i

)

1=

n

1 1 1
=g Jim 'Y

—

P (Xn) + Fins (Xn) — (P i (X0) + F g (X0}

1=1
s 2
=1
" 2
im0 Y [Fus(X0) — Foe(X,)]
=1

The whole term after (1 — a)a~! can be simplified as follows:

n
Tim 03 [{Fing (X0)? + 2Fin 5 (Xa) Fin e (Xn) + Fin (X2}
i=1

— 2{Finj(Xn) + Fin (X5 ) HF o, (X5) + Fop (X)) }
+ {F-n,j(Xn)Q + 2F-n,j (Xn)Fn,k:(Xn) + ka(X”)Q}]

n
a nh_g)lo n”! Z [Fin,j(xn)Q —2Finj (Xn)F-n,j (Xn) + F.; (Xn)z}
1=1

n—o0

n
~ lim n 12[ in k(Xn)? = 2F i (X o 1 (X) + F (X2

= nhan;o n -1 Z [ m,j n zn k(Xn) - Fin,j (XH)FTLJC(XTL) - Fin,’f(Xn)F'nJ (X”)

o () F (X))

— Tim 2|~ Zqu JFin (X)) = Fon i (X)) P (X0 |

where the first term inside the bracket is given by
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n

n! Z Finj(Xn)Fink(Xn)
=1

n

> Wil 480 As(uag YW ) Vi) i {8 As ()

—ewq (ﬂo,ug)W'(%) (g ) { B A () Y Wi () Yi ()i {8 A (ur) )

- Wz’(uj) Yi(u ) VL8 A () YW () Yi(ug ) r{ By As (u) ew 1),k (Bo, uk)

+ ew (1), (Bo, wi) Wiuy) Yi(uy)r{ By Ai(uy) } Wi (ur) Y (we ) { B A (ur) Yew (1) & (Bo, ur)

= Q(j,k (Bos g ur) — ew (5 (Bo, us) QL (Bo, s, ur)

- Q (ﬂo,Uk,u;)ewu) 1 (Bo, uk) + ewy ; (Bo, u) Q) (Bo, wy, ur)ew (1)1 (Bo, wr),
and the second term inside the bracket is given by
Fopi(Xn) = Fonp(Xn) =S4y (Bo,uy) Sy, (Bo, k)

— ew),;(Bo, uj) W(l)(ﬁo,ug)S‘(/VL) i (Bo, ug)

51(41/<1) (Bo. uj)ew 1y o (Bo. ur) Sty (50,1%)

+ ew(1) 4 (Bo, uy)Siy), (Bo, nsévu)(/@o,uk)ew e (Bo, w).

Then im0 2|01 527y Fin (X Fin i (X0) ~Fo  (X0) P (Xn) | cam be rewrit-

ten as
Tim 2[{ QU (Bo g, ui) = S, (Bo,ui) S, (Bo, i) }
—ewn (50,U3){Qk (Bo, ug, ug) — W(l)(ﬂo,uj)s&l/il)’k(ﬁo,uw}
—{ QP (B, urs i) = S, (Bo, ui) W), (o) pewr) i (Bos )
+ew) (Bmu]){Q(O)(BOvuj’uk) év(l)(ﬁ u;) év(l)(ﬁo,uk)}ew (507%)}
= Tim 2[H{j %) (5o, 5, w) = ewr) 5 (Bo. ) H (Bo, g, )
H()(ﬁo,Ukaug)ew k(Bos uk) + ew 1), (Bo, uj) H (0)(5(),“]',uk)ewa),k(ﬁo»%)],

where
O3, 2,0) = QU(B,2,v) = S}y, (B,)SYy), (B,v)
(8,2,0) = QU(B,z,0) = Siy) (B,2)S\y), (8,v)
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H(8,2,0) = QP(8,2,0) — S (8,2)S}y), (8,v).

It follows that (1.38) is the (7, k)th element of G(8o, uj, uy) in view of convergence
property implied by conditions D and G-2. Then it can be seen that the limiting
covariance function of D, is given by G, and therefore we complete showing the
in distribution convergence of (1.26) to a Gaussian random variable. By apply-
ing the basic properties of covariance matrix, we obtain the limiting covariance

function of C), given by A,. This completes the proof of Theorem 3.5. O

Before presenting proof for the main result of this paper, asymptotic nor-
mality of 5 , let

Z(B,t) = —0%I(B,1)/9B%, and

In the proof of Theorem 3.6 we consider asymptotic properties of Z instead of 7
because the two processes converge in probability to the same quantity. To see

this, note

Su? |n_1{I(67t) - i(ﬁat)}‘

)

n 1 )
=3 | s ) i (3.) = Vi (B}

1 n
SMI A Sﬁup ‘{VW(D (/87 u) - VW(l) (67 u)}‘n_l Z sz(’U,) _>p 0
U i=1

for any (8,t) € B x [0, 1] due to conditions B, D, F, and G-3 in the main text, by
the continuous mapping theorem, and the fact that the total number of jumps

are bounded by n.

Theorem 3.6. (Asymptotic normality of 3) Under conditions A-G,

n'2(8 = o) —a N(0, Syt £t )

where Y is given in Theorem 3.5.

Proof. A Taylor expansion of the MSCM case-cohort score process around [y
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evaluated at 3 and ¢ = 1 gives

~ 2~ ; ~
n V20 (B, 1) = { - n_lala(g;’l)}nlﬂ(ﬁ — Bo) (1.39)

for any 3 on the line segment between 3 and . It is clear that we need to show

(in probability) convergence of —n_182l~(6, 1)/0p32, for any 3 in between S and
~ 5(2) ;&0 (1), &0 o .

Po. Here, Viy,) = SI(/VSD/ST(/Vzn — (S‘(’V?1>/S‘(’V21>)®2' Therefore, it is sufficient to

show that n~1Z(B,1) converges in probability to a fixed matrix. Using (2.10%),

decompose n~'Z(fy, 1) by

a3 / - )[séézl><ﬁo, WSy (Bo,u) = {S4y), (Bo,u)}*?
n \u
=1 0 SI(/I(/)'zl) (/807 ’U,)Q

! [SI(/iQ/?l)(/BOa U)S‘(/gzl)(ﬁmu) - {S‘(’ll/?l)(ﬁo,u)}®2}
Sty (Bo, w)?

} dM; (1)

Siyh, (Bos w)Ao(u)du.
0

The elements of the first term are local square integrable martingale with the

variation process for the (i, j) element equals

1
n_l/o {VW(l)(Bau)}?jSI(/g?Q)(ﬂo,u))\o(u)du

which converges in probability to zero by virtue of the stability, regularity, and
boundedness conditions A-F. It follows that

1
w(5,1) 5, [ o (Gov)stl, (Bowda(wdu =Sy, (140)
0

for any 8 € B, and therefore nflI(B, 1) =, Ewg, for any /3 in between 3 and
Bo. Then Theorem 3.5 along with (1.39) complete the proof. In particular, the

. . 1 v _yv-1
covariance matrix EW(I)ZUEW(U has a form
-1 -1 _ -1 -1
S, (B + 8a) Sy, = Sy, (Bwe) + Awey v, + Ba) Sy,

where Xy = EW@) + AW<1)7W(2) as in Theorem 3.4 and the explicit form of A, is
given by (1.19). O
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S2. Implementation and Simulation

We have shown that we can obtain a consistent and asymptotically normally
distributed estimator of treatment effect in the case-cohort setting by fitting a
MSCM via inverse probability weighting. This provides theoretical justification
for simulation results shown in Cole et al. (2012). In this section we (i) describe
how a MSCM can easily be fit via inverse probability weighting for either the full
cohort or case-cohort setting using standard survival analysis software, such as
R or SAS, and (ii) present additional results from the simulation study described
in Section 4 of the main text, as well as results from a simulation study showing
finite sample performance of the cumulative baseline hazard estimator proposed

in Section 5.1 of the main text.

S2-1. Implementation

To fit a MSCM via inverse probability weighting for a full cohort, first cre-
ate a data set in which each person-visit corresponds to one row. Specifically,
let each row contain a subject identifier, visit (or date) information, treatment
and time-varying confounder information at the corresponding visit/date time,
and baseline covariates. Depending upon the user-defined models to estimate
W;(t), the data set may be augmented by treatment/covariate histories in each
row as well. For example, one might fit pooled logistic models to obtain the
estimated probability of receiving treatment at time ¢ by regressing the log-odds
of receiving treatment A(t) on prior treatment status (say, A(t™)) alone (for the
numerator in W7 (¢) (which is (2.5*) in the main text)), or with current covari-
ate information L(t) (for the denominator in W7 (t)) (Hernén, Brumback, and
Robins (2001)). Analogously, the estimated probability of being uncensored at
time ¢ can be obtained by regressing the log-odds of being uncensored (C(t) = 0)
on current treatment status (A(t)) alone, or with L(t). For such models flexible
functional forms (e.g., splines) are often used for continuous confounders (Cole
and Hernan (2008); Cole et al. (2003, 2012)). Predicted values of the denomi-
nator and numerator probabilities in W' (¢) and WY (t) (which is (2.6*) in the
main text) can then be used to calculate Wz(t) for all participants ¢ = 1,...,n
and all study visit times ¢. Then Wz(t) needs to be added to the data set to
fit the MSCM. Finally, the data set should be prepared in the counting process

type format whereby each row contains the start and stop times corresponding
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to the previous and current visits, along with an event status indicator for the
current visit. Then standard software can be used to fit the MSCM via inverse
probability weighting. For instance, using the survival package in R (Therneau
(2013)), the following code can be used:

coxph(Surv(start, stop, delta) ~ trt, weight=w, data=dataname)

where delta is the event indicator having value 1 if an event occurred at stop and
0 otherwise, trt indicates whether an individual received treatment (assuming
treatment is a scalar) over the interval (start, stopl, and wis W;(t). The same

model can be fit in SAS by using the following code:

proc phreg data = dataname covout;
model (start,stop)*delta(0)=trt;
weight w;

run;

Fitting a MSCM in the case-cohort setting can be accomplished with some
additional data modifications. First, prepare a reduced (case-cohort) data set
including the randomly selected 7 subcohort members and all cases. Just as
in the full cohort data preparation, each row of the case-cohort data set should
correspond to each person-visit record. Second, estimate the individual-time-
specific weights W;(t) based on the user-specified model as before (e.g., logistic
regression), except with individuals in the subcohort that are not cases weighted
by inverse-probability-sampling weights n/n (Cole et al. (2012)). For example, if
pi is the subcohort fraction 7/n and sub is the subcohort indicator, we can use
the following SAS code to estimate W (t);

data casecohortdata;
if delta=1 then w2=1;
else if delta=0 and sub=1 then w2=1/pi;
run;
proc logistic data=casecohortdata;
weight=w2;
model trt= 11 12;
output out=outdatal p=denom;

run;
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where 11 and 12 are two (possibly time-varying) covariates included in the treat-
ment model. The variable denom in the outdatal data set will contribute to the
calculation of the denominator of Wl(t) Similarly, contributions to the numer-
ator of Wj(t) can be obtained by using model trt= and output out=outdata2
p=num statement. Then we can merge outdatal with outdata2 to create w.

After adding the estimated individual-time-specific weights W;(t) to each
person-visit row, modify each nonsubcohort case to contribute only one line of
data with start time ¢; — € and stop time t; where ¢; is the event time for
that individual and € is chosen to be very small, for instance ¢ = 0.0001. This
insures that nonsubcohort cases appear only in the risk set when they fail. One
should make sure that the start times for nonsubcohort cases are positive, such
that t; — e > 0 for your choice of e. This modification of the data set for the
nonsubcohort cases is sufficient to obtain £*, and the same R/SAS code as above
can be employed using the modified data set. Obtaining 3 can be accomplished
with an additional data step wherein a dummy variable is coded equal to a
relatively small negative value (e.g., -20) for nonsubcohort cases and 0 otherwise
(Therneau and Li (1999)). Then, 3 can be obtained as follows in R:

coxph(Surv(start, stop, delta) ~ trt + offset(dummy), weight=w)
or in SAS:

proc phreg data = dataname covout;
model (start,stop)*delta(0)=trt/offset=dummy;
weight w;

run;

The offset term enforces a relative weight of exp(—20) < 1078, assuming -20 is
used for the dummy value, to the nonsubcohort cases so that they effectively do
not contribute to the sum of the log (inside the integral) in (2.8%*) in the main
text. Therneau and Li (1999) suggested using -100 (exp(—100) < 107%°) for the
dummy variable value, however, we found that sometimes the coxph function in
R did not converge when dummy = —100; this convergence problem was observed
when the event rate was very low, say 3-4%. Therefore, we recommend several
dummy values be considered to ensure robustness of analysis results. The choice

of dummy = —20 yielded reasonable analysis results under average event rate
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>5% in our simulation study.

The proposed variance estimator (3.1*) in the main text requires computa-
tion of four components: 2171/1(1)7 f]W(Q), AW(l)»W@)’ and A,. The naive variance
estimator obtained by fitting the Cox model with the weight option is the in-
verse of minus the second derivative of I(3,1) evaluated at 3 (i.e., Z~'(3,1), the
inverse of the observed information matrix) which is n~! times 217[/1(1)' Therefore,
217[/1(1) can be obtained by multiplying n times the naive variance estimate. Like-
wise, f]w(2) can be obtained by multiplying n~! times the inverse of the naive
variance estimate obtained by fitting the Cox model with the variable weight
equal to the square of the original weight variable. Unfortunately, it does not
seem that AW(1)7W(2) and Aa can be obtained as simply as ﬁ]W(l) or EW(2>. One
can create vectors/matrices of gl(/ijfi (3,-), and then calculate EWk (3,-), QU(B, ),
and HY (8, ) to obtain AW<1)7W(2> and A,. Alternatively, one may want to apply
the LY estimator in practice (Cole et al. (2012)). The LY estimator appears to
perform well empirically if we have moderate subcohort size and event rate (See
Cole et al. (2012); Table 4.1 in the main text and Table 2.1 in S2-2 below), and
is computationally straightforward to implement. The LY estimator associated

with 3 can be obtained by using the following R or SAS code:

coxph(Surv(start, stop, delta) ~ trt + offset(dummy)
+ cluster(id), weight=w)
proc phreg data = dataname covs(aggregate) covout;
id id;
model (start,stop)*delta(0)=trt/offset=dummy;
weight w;

run;

The LY estimator corresponding to 8* can be obtained by deleting offset (dummy)
or /offset=dummy.

S2-2. Simulation

As Table 4.1 in the main text shows simulation results under the null hypoth-
esis only, we present additional simulation results obtained from the alternative
hypothesis using the same scenarios as in Table 4.1. Under the alternative hy-

potheis, 5y was set to log(1/2) ~ —0.6931 representing a scenario that treatment
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Sub- Event Esti- Bias ESE ASE Coverage
cohort(%) rate(%) mator proposed LY proposed LY
b) 5 B* -0.11  0.53 0.65 0.46 0.97 0.92
B -0.23  0.78 0.98 0.36 0.97 0.77
25 B* 0.02 0.38 0.37 0.33 0.96 0.92
B -0.01 0.44 0.38 0.36 0.94 0.92
10 5 8* -0.06 0.45 0.49 0.42 0.97 0.95
B -0.08 0.47 0.50 0.36 0.97 0.89
25 B* 0.01 0.27 0.27 0.23 0.95 0.93
g -0.01 028 0.27 0.26 0.94 0.94
20 5 5* -0.04 0.41 0.43 0.40 0.97 0.96
B -0.05 0.41 0.43 0.37 0.97 0.94
25 B* 0.00 0.20 0.21 0.20 0.96 0.95
B -0.01 0.21 0.21 0.21 0.95 0.95

Table 2.1: Summary of simulation study under the alternative hypothesis. Bias denotes the
empirical bias of the different estimators of Sy. ESE denotes the empirical standard errors. ASE
denotes the average estimated standard errors and Coverage denotes the empirical coverage of

95% Wald-type confidence intervals using either (3.1*) or the LY variance estimator.

lowers the rate of having an event by half. See Section 4 of the main text for
additional details regarding the simulation study. Results from simulations un-
der the alternative hypothesis are summarized in Table 2.1. Similar to the null
hypothesis setting, B and 8* were nearly unbiased and the proposed variance esti-
mator was usually less biased than the LY variance estimator when the subcohort
fraction was only 5%, regardless of the event rate. Although not all simulation
results are shown in Table 2.1, our numerical study indicated that both the pro-
posed and the LY variance estimators were approximately unbiased when the
subcohort fraction and event rate were both greater than 15%. Wald confidence
intervals (CIs) using the LY variance estimator again tended to undercover when
the subcohort fraction was 5%, and also when event rate was 5% and subcohort
fraction was 10% if 3 was used. Wald CIs using (3.1*) exhibited coverage close to
the nominal level. As seen from Table 4.1 in the main text, B and B* along with
the proposed variance estimator exhibited good finite sample properties for the
scenarios considered, while performance of the LY variance estimator depended

on subcohort size and event rate.
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Subcohort  Ag(¢) Bo=0 Bo = log(1/2)
(%) Bias ESE Bias ESE
5 0.05 0.008 0.074 0.010 0.179

0.10 0.030 0.834 0.063 2.627
0.15 0.042 0.837 0.071  2.629
0.20 0.055 0.844 0.081  2.630
10 0.05 0.002 0.023 0.001 0.011
0.10  0.005 0.028 0.003 0.018
0.15 0.008 0.037 0.006  0.029
0.20 0.012 0.048 0.009 0.041
20 0.05 0.001 0.011 0.000 0.009
0.10  0.002 0.016 0.001 0.014
0.15 0.004 0.024 0.002 0.021
0.20 0.005 0.032 0.003 0.029

Table 2.2: Summary of simulation study to evaluate performance of /~\W (B,t) at event rate
25%. Bias denotes the empirical bias of ]\W(B,t) at different failure times. ESE denotes the

empirical standard error.

We also examined performance of the cumulative baseline hazard estimator
proposed in Section 5.1 of the main text. We use the same simulation settings as
in Section 4 of the main text at a fixed event rate 25%. Survival times when all in-
dividuals were untreated (i.e., potential outcome under no treatment) followed an
exponential distribution with mean 1 as in Cole et al. (2012). Therefore the true
cumulative baseline hazard function is given by Ag(¢t) = t. We evaluated the bias
and standard error of the proposed estimator at time points ¢ = 0.05,0.10,0.15,
and 0.20 under the null and alternative simulations. Results are summarized in
Table 2.2. For each time point, the bias and standard error of the proposed es-
timator decreased as the subcohort fraction increased, with negligible bias when

the subcohort fraction equaled 20%.

S3. Notation
In this section we present a list of key notation used throughout the main

text and this supplement.

1. I(B,t;W): The log-WPPL under full cohort setting ((2.7*) in the main
text).
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2.

10.

l~(6,t; W): The log-WPPL under case-cohort setting (Self and Prentice
(1988) type; (2.8%) in the main text).

. (B, t; W): The log-WPPL under case-cohort setting (Prentice (1986) type,

Cole et al. (2012); (2.9%) in the main text).

. B, B, and B*: solutions to 8[(6,1;W)/66 =0, 8[(6,1;W)/06 = 0, and

ol*(p, I;W)/aﬁ = 0, respectively. By is the parameter of interest in the
MSCM (See (2.4*) and (2.11*) in the main text).

X(B,t, W) =n"HUB, t; W) — 1(Bo, t; W)}

X(B,t, W) =n"HUB, W) — 1(Bo, t: W)}

X*(67 t, W) = nil{l*(/Ba i W) - l*(/B07 t; W)}

W can be replaced to W if we plug-in estimator of IPWs into X, X, or X*.
K(B,t,W): compensator of X(3,t, W), where dN;(u) inside the integral of
X (B,t, W) is replaced by A;(u)du. (See S1-1)

SW(B,t) = n~t Y0 Yi(t)rW{B A;(t)};5 = 0,1,2, where their limits are
defined by s9)(8,t). (See Section 3 and condition D in the Appendix of the
main text.)

S = nTE S, WiV {5'A (1)} for j = 0,1,2 and k = 1,2,
where their limits are defined by 3W< )(ﬂ t). (See Section 3 and condition
D in the Appendix of the main text.)

S8 = 17! T WO P FAW) for j=0,1,2 sk =1,2

where their limits are defined by s (B, t). (See Section 3 and condition
G-3 in the Appendix of the main text )

E =8W/80) with its limit e = s(1) /5(0)

1 0 . e
Ew,, = SI(/Vzk)/SI(/Vz o with their limits e, ; k= 1,2.
Ew,,, = SW(k)/SW( " with their limits eW< k=12
V=50 /S — E®2 with its limit v = 52 /5(0) — ¢®2,

_ (O) 2 . c e o

Vv, = W(k)/ Wy ~ E%?,(k with their limits v, 1k =1,2.
% = Jy v(Bo, 1)s® (B, ) o(t)dt
Swey = Jo VWi, (Bos )3W<k)(50,t)>\o(t)dt; k=1,2
See Section 3 and conditions F and G in the Appendix of the main text.
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11.

12.

13.

14.

15.
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QO5.t,1) = 7! L, WOV AT (W)r{ ()}
QU(B,t,u) = =L S0, W)Y {8y As(0) Wi () i) D8 Ai(w) ¥
QE(B,t,u) = nt X0 Wilt)Ya(Or {8y A () Wi (w) Vi (w)r D { B As(w) },
where their limits are denoted by ¢\);j =0,1,2. Q) are covariance func-
tions based on full cohort. Similary, Q%) (B,t,u) are covariance functions
based on subcohort members where their limits are also given by ¢(). See
Theorem 3.5 in Section 3 and conditions G-2 and G-3 in the Appendix of

the main text.

n_l/ZU(ﬂo,t) = nl/zal(,é’,t)/aﬁ‘ﬁzﬁoz full cohort MSCM Score process
n~V2U (B, t) = nl/zai(ﬁ,t)/ﬁﬁ‘ﬁzﬁoz case-cohort MSCM Score process,

presented in Theorem 3.4 and 3.5 respectively.

(Theorem 34) Yy = EW(Q) + AW(1)7W(2)
1
AWy Wiy = Jo {lews, (Bo, w) — ew,, (Bo, )}®23W2 (Bo, u) Ao (u)du

Da(t) = n'2[{S5) (B0, )-541) (Bo. )}—ewm(ﬁo, {55 (6o, )-5), (Bo,0)}]

(Theorem 3.5-3.6) X5 =Xu + Aq
fo fo (Bo, x,v)Ao(z)Ao(v)dzdv

(0)
SW(l)

(Bo,t)

(,BO,Z‘,’U) - (1 Oé) -1 |:h (60739 U) CW(I)(BQ,J?)}L(Q)(B(),l’,U)/—h(Q)(ﬁo,U,x)ew(l)(ﬂo,v)l—F

€W(1)(50, 2)ew, (B0, v)hO (B, z,v)|
©)(g, v)—q<0><5,m>—swm</3, z)siy), (8,0)
WD (B,,0) = ¢V(B,2,0) = sy} (B.2)s >,</3,v>
B (8,2,0) = ¢ (8,2,0) = i) (B,)sy) (B,0)
HO(8,2,0) = QO(8,2,v) - S} (8,2) év’)w,v)
HO(,2,0) = QW (B,2,0) - iy (B,2)Syy), (8.0)'
HO(8,2,v) = QP (8,,v) = Sy (B,2)S}y), (8,v)
n~L(8,t) = —n~10%(B,1) /0B
n1Z(8,t) = —n 1028, 1) /0B

Notation in S1 in the supplement
Bn(t) = n71/2 1 1 fo (u) — EW(l)(BO) u)]dM;(u)
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Co(t) = [T Dp(u)o(u)d
n(t) = fo n (1) Ao (u)du

D) = n'2[{S5) (Bo,u) = S, (5o,u)}
— ewp,y (Bos {5, (Bo.w) = S (Bo,u)}| S (o, w)

gn(Xp) =07 V20 S o fo Wiw)[Aij(w)— B, (o, w)]dM; (u) where

¢j(j =1,...,p) can be any constant.

Fin(X) = 0 dy | W) iy ) {85 Au () Y =en 1y (o, ) W) iy )r{ B AuCu)
where d;(j = 1,...,p) can be any constant.

fn(Xn) = n~t Z?:l fin(Xp)

St =17 3 [fin(Xn) = fn(Xan)]

hn(Xna 511) = n1/2 [ﬁ_l Z?:l 5mfm(Xn) - fn(Xn)] = ?:1 den,j (uj)

dn = (01ny .-, Onp): vector of i ones and n — 7 zeros representing subcohort
membership.

Fins (Xn) = [Wilu;) Vi )r§ {8544 1)} —eway 5 (Bos ) Wil ) Vil r { B3 A )}
F.,;(Xn) = n! dimi Finj(Xn); j=1,..,p



