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Abstract: Maximum likelihood recursions were proposed in Wu (1985, 1986) to ob-
tain recursive procedures for nonlinear sequential design problems associated with
many commonly used generalized linear models. It was argued empirically and
heuristically there that these recursions should lead to asymptotically consistent
and efficient designs. We prove that such recursions are consistent and asymptot-
ically normal, at least for the location models including logistic, Poisson, gamma
and inverse Gaussian. We show that a simple truncation leads to robust designs
so that even if the models are incorrectly specified, the recursions still converge to
the desired optimal design points. Asymptotic results concerning the sequential
designs for the location-scale models are also obtained.
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1. Introduction

The stochastic approximation of Robbins and Monro (1951) is a sequential
design for locating the zero of an unknown regression function. Let z denote the
design point and y the corresponding response, whose mean M is a function of
x. Robbins and Monro (1951) proposed to use z,, which is generated from the
following recursion

Tn+1l = Tn — AnlYn, (1'1)

where a, is a sequence of preassigned constants, to approximate the root M.
They showed that, with a,, properly chosen, the sequentially determined x,, con-
verges to the root of M. Numerous further refinements have been developed
since the pioneering work of Robbins and Monro (cf. Blum (1954), Chung (1954),
Sacks (1958), Robbins and Siegmund (1971) and Lai and Robbins (1979)). The
stochastic approximation method has many important applications, including
those in engineering: (Goodwin, Ramadge and Caines (1981), Kumar (1985)),
biomedical science: (Finney (1978)) and educational testing: (Lord (1971)).
The Robbins-Monro recursion (1.1) can be interpreted as a maximum like-
lihood (ML) recursion when y and z follow the standard regression model y =
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a + Bz + €, where € is normally distributed with mean 0 and variance o2. By
solving the linear equation a+ Sz = 0, the root M is —«a//[3. By further assuming

(B is known, the ML estimate of M based on n observations y;,z;,i = 1,...,nis
& _
Mn:—ﬁnzfn—%". (1.2)

If the next observation y,41 is taken at the current estimate M, of M, i.e.,
Tn4+1 = Mn, (13)

Lai and Robbins (1979) showed that (1.3) is equivalent to the Robbins-Monro
recursion (1.1) with a,, = (n3)~1. If § is unknown and estimated by the ML
estimate Bn (which is also the least squares estimate), the ML recursion as defined
in (1.3) with 3 replaced by 3, was interpreted by Wu (1986), eq. (11) as a special
case of (1.1) with a,, taking a complicated form,

(n = 1)*@n_1/Bn—1)”

an = nﬁ 1+ —
n = (1) (s — )2

(1.4)

The observations made in these two papers are quite significant because they
connect two seemingly distinct approaches to nonlinear sequential design. The
approach that leads to (1.3) is parametric in that it is motivated by a linear
function that links E(y) and = and, to a lesser extent, by the normality of errors
(which makes the least squares estimator fully efficient). On the other hand,
the stochastic approximation (1.1) is nonparametric in that its asymptotic per-
formance does not depend on the knowledge of F(y) as a function of z. The
assumption y = a + fx + € is useful for motivating and generating design pro-
cedures. The validity and performance of the resulting design are nonetheless
independent of the assumption.

Once this connection is recognized, we can greatly expand both approaches
to cover more general variations. From the likelihood point of view, the Robbins-
Monro recursion has better efficiency when the errors are normal or nearly nor-
mal, even though it is consistent and asymptotically normal for very general error
distributions. For distributions that are distinctly different from normal, e.g., bi-
nomial, Poisson, gamma and inverse Gaussian, it is more natural to extend (1.1)
by adopting the ML recursion approach with the likelihood or quasi-likelihood
function capturing the nature of the variation. This is essentially the viewpoint
taken in Wu (1986). To illustrate this approach, consider a binary experiment in
which the outcome y is denoted by 1 (response) or 0 (nonresponse). The prob-
ability of response is related to a stress level x (at which the experimentation is
performed) by

G(x) = Prob{y = 1|z} = E(y|z).
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Suppose the interest focuses on estimating the 100p-th percentile oy, of G(x), i.e.,
G(oyp) = p. Since G is unknown, we assume (correctly or not) that G follows a
one-parameter model H(z — «) with H known, H(0) = p and « to be estimated.
Under this assumption we can estimate the only parameter a in the model by
using the ML method and denote it by &;,. Then we can choose the next design
point x,41 to be the current best estimate of oy, which is &, under the given
model assumption. So, in the ML recursion design

Tn4+1 = &n

Further discussions on this recursion scheme, its relation to the Robbins-Monro
recursion (1.1), and extensions to cover the location-scale model H(G(z — «))
can be found in Wu (1985, 1986) and the later sections of the present paper.
Extensions of this recursive scheme to generalized linear models were given in
Wu (1986). Wu’s description of a sequential design of Poisson experiments is of
particular interest.

In general, when the underlying probability law of y given x is specified
up to a finite number of parameters, Wu (1986) proposed using, at each stage,
the updated maximum likelihood estimate to set the next design point. To be
specific, suppose the density of the response y given z is f(-|x,6), where 0 is
an unknown parameter vector, and the objective of the design is to select = so
that E(y|z,0) stays as closely as possible to some preset target value p. Let g(6)
denote the unique value determined from

E(ylz = g(0),0) = p.

Wu'’s proposal is to compute the ML estimator 0,, based on the first n observations
and set the next design point z,41 = g(én), which is the best current “guess”
of the target value g(#). Because of its full and efficient use of the data, this
procedure is likely to bring x, close to g(f) in a relatively fewer number of
steps. Indeed, for the binary response data, Wu (1985) has demonstrated, both
empirically and heuristically, the advantages of using the ML recursion for the
sequential design problem.

In this paper we are concerned with the convergence of the sequential designs
derived from the maximum likelihood and its related recursions. In the next
section, we show that the ML recursions for one-parameter location models lead
to consistent and asymptotically normal design sequences under certain regularity
conditions, which are verifiable for the commonly used generalized linear models.
A simple truncation is introduced in Section 3, where it is shown that with such
modification, consistency and asymptotic normality still hold even if the model
is incorrectly specified. Section 4 presents similar asymptotic results for the
sequential designs in the two-parameter location-scale models.
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2. Sequential Designs Based on Location Models

Here we consider a generalized linear model: if the design level is set at x,
the mean response of y is given by

E(ylz) = H(z - a), (2.1)

where H is a known function and a an unknown parameter. Without loss of
generality, let p = H(0) be the value of the desired mean response for y. It is
known that in many situations the optimal design for minimizing the asymptotic
variance of the ML estimator of « is to put all the design points at z = a. Wu
(1988) proved this for the binomial variation and Ford, Torsney and Wu (1992)
and Sitter and Torsney (1995) extended it to generalized linear models. Assume
the variance of y at z is of the form V(z — «). The setup includes all location
models for which the effect of the design is a shift of location on the distribution
of y, or any parametric models that can be transformed into the location models.

We shall study the asymptotic behavior of {z,,}, a random sequence with z
the initial value and the subsequent x’s defined recursively by

n

> U(wi) lyi — H(xi — an1)] =0, n=12,..., (2.2)
=1

where 1 > 0 is a prespecified weight function. The recursion actually combines
two steps involving estimation of o and design of x. Letting &, denote x,41,
(2.2) can alternately be expressed as

n

> w(wi)lyi — H(wi — én)] = 0, (2.3)

i=1
Tn4+1 = &n (24)

The preceding recursion was proposed by Wu (1986) and is essentially a my-
opic strategy for approximating the optimal design x = « in the ideal situation
of known location parameter «. The first step (2.3) mimics the maximum like-
lihood estimating equation for «. In fact, with ¢ properly chosen, it becomes
the maximum likelihood estimating equation for the five most commonly used
generalized linear models as given in Table 2.1 of McCullagh and Nelder (1989).
Equation (2.4) is just the most obvious myopic way of selecting the best current
design level.

It is not clear how to prove the convergence of the design sequence {z,}
if it is at all true. The difficulty lies in the complicated dependency among
the x,, and y,. Furthermore, because (2.2) involves the whole history of z;,
i = 1,...,n, the techniques developed for proving convergence of the classical
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stochastic approximation algorithms, which connect x,, 1 to y, and x, only, are

not applicable. We adopt a different approach here. For technical reasons, we

need to introduce the following conditions:

(C1) H is continuous and strictly increasing, and with probability 1; (2.2) is well
defined for all large n.

(C2) forevery K >0, 0o >supj<x {¢(t+a)V ()} > infly< g {¢(t+a)V ()} > 0.

liminf |H(t)—p| liminf |H(2t)—H(t)]
(C3) te Ve > 0 and Lo Taearay > 0

(C4) V is continuous at 0, H is continuously differentiable in a neighborhood of
0 and H'(0) > 0.

Conditions (C1), (C2) and (C4) are satisfied by almost all sensible models.
Condition (C3) is more restrictive, but is verifiable in the subsequent examples,
which motivate this investigation. It is about the tail growth rates of the mean,
variance and weight functions. We now use the five generalized linear models
listed in Table 2.1 of McCullagh and Nelder (1989) to illustrate the sequential
design given by (2.2) and conditions (C1)—(C4).

Example 1. (Normal model) Suppose that the distribution of y given x is N (x—
2 may or may not be known. Given observations 1,1, ..., Zn, ¥n
(at stage n), the ML estimating equation for « is

a,c?), where o

Z[?Ji — (w; — Gy)] = 0. (2.5)

Thus ¢ = 1, H(t) = t and V (t) = 0. Conditions (C1)-(C4) are clearly satisfied.
From (2.5) we get

Tn41 =Gy = —

n
Z(yi—wz‘) =0 EZ%
nis

1
iz

where €; = y; — (z; — a) are i.i.d. N(0,02).

Example 2. (Logit model for binary response data) As before, let p denote the
target mean response, which must be strictly between 0 and 1. Then the mean,
variance and weight functions are respectively

pe' Vi = PL=De

Ht)=—— AN A
(®) 1 —p+ pet (1 —p+ pet)?

and ¥(t) = 1.

So the “success” probability of y given x is H(x—«a). The ML estimating equation

of o at stage n is
n T;—0
periTan
Yi — 1 G =0. (26)
Py —p+ periTn

)
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It is easy to see that if the y; in (2.6) take both 0 and 1 values, then &,, is uniquely
defined. Furthermore, (C1), (C2) and (C4) are clearly satisfied, and (C3) can be
verified directly.

Example 3. (Poisson model) In this case, P(y==k|z)=(pe®~*)*exp{—pe®~*}/k!
and the ML estimating equation of « at stage n is
n ~

(yi - pe””‘“") = 0. (2.7)
=1

(2

So V(t) = H(t) = pe! and 9(t) = 1. Also, as long as at least one of y;, i < n
is not 0, (2.7) has a unique solution z,4+1 = &,. Conditions (C1)-(C4) can be
easily verified.

Example 4. (Gamma model) Following McCullagh and Nelder (1989), we as-
sume, for the gamma model, that the density function y given x is

fulz,a,v)= exp{—u[p_le_(x_a)w—x—a] —vlogp+(v—1)logu—logT'(v)+vlog v},
where v is the shape parameter that is not required to be known. It follows
that H(t) = pe' and V(t) = v~ 'p?e?. Furthermore, the ML estimating equation
becomes

(y; — peti—Gn)e % = (, (2.8)

n
1=

—_

so 1(t) = e7!. Equation (2.8) always has a unique solution except when all y;’s
are 0, which has probability 0. Again (C1), (C2) and (C4) are clearly satisfied.
Note that |H(t) — p|/[V(#)w(t)] = vp~tet — 1|e = vp~ |1 — e ?| and |H(2t) —
H@)|/[V(#)(t)] = vp~te? — etle™ = vp~tel — 1|. So (C3) is also satisfied.

Example 5. (Inverse Gaussian) Here we assume the density function of y given
z to be

flulz,a,0%) = exp{[-27"p %2 Vu 4 p~le 7Y /o + g(0®, u)},

where 02 may or may not be known, g(o?,u) = —27[log(2ra?u?) + (0%u)~ ], a

function not involving o. Thus we have H(t) = pe! and V (t) = o?p?e3!. The ML
estimating equation for « is

n

Z e~ 2%i(y; — peiTn) = (. (2.9)
i=1

The weight function is 1(t) = e2!. As before, (C1), (C2) and (C4) hold trivially
and (C3) can be easily verified.
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There are other situations in which the ML estimating equations have to
be modified in order to make use of (2.2). For example, in probit analysis, the
response y given x is assumed to be Bernoulli with success probability ®(x —a +
¢p), where @ is the normal curve and ¢, its pth quantile. Letting ¢ be the normal
density function, the ML estimator &) solves

¢z — Gy, +¢p)
O(z; — & 4+ ¢p)(1 — Pz — & + ¢p))

[yi — ®(z; — &% +¢p)] = 0.  (2.10)

n

=1

This equation is not a special case of (2.3) because the weight function depends
intrinsically on .. However, since when z,, is close to «, the corresponding weight
becomes close to some constant, we can modify (2.10) to

[yi — ®(zi — G + ¢)] = 0, (2.11)
1

n

(2

which is clearly a special case of (2.2). Moreover, conditions (C1), (C2) and
(C4) are trivially satisfied; to check (C3), we note that limy_. (|®(t) —p|)/
(®(t)(1 — ®(t))) = o0 and

L BRE—g)=0() L 2t—c) =0 | (1_1_@(275_%)):1
oo ®(1)(1-d(1)) oo D) (1—B(1)) oo 1-3(t)

The next theorem contains the main results of the section and is applica-
ble to all the preceding examples. It shows that under suitable conditions, the
sequential designs of the form (2.2) are strongly consistent and asymptotically
normal.

Theorem 1. Let y;, x; be defined as in the beginning of the section. Suppose the
corresponding mean, variance and weight functions H, V and vy satisfy conditions
(C1)-(C3). Define the disjoint events Ay = {xn, — a}, As = {zn, — 0} and
A_» = {x, — —o0}.
(i) P{AGUALUA o} =1;in fact P{Ay| Y00, ¢ (2,)V (2, — ) = 00} =1
and P{Ax UA_o| 30, ¥2(z,)V(zy — a) < 00} = 1.
(ii) Ifliminf; o 2 ()[L+V (t — )] > 0, then P(Ax) = 0; and if liminf, .
P21+ V(t —a)] >0, then P(A_) = 0.
(iii) Suppose V' and v satisfy the tail growth condition

1|itl‘n infyp?(t)[1 + V(t — a)] > 0. (2.12)

Then x, — « a.s.

(iv) If(C4) is also satisfied and x, — « a.s., then \/n (mn—a)éN(O, (H'(0))~2

V(0)). In particular, if (C4) and (2.12) hold, then /n (x, — Q)AN(O,

(H'(0))72V(0)).
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Remark 1. Part (i) implies that x,, — « if and only if 320 )2 (2, )V (z,—a) = 0o.
Remark 2. We have shown that the sequential designs derived from the ML
recursions in Examples 1-5 satisfy conditions (C1)—(C4). Thus, in view of The-
orem 1(iv), in order to show any of these designs to be strongly consistent, it

suffices to verify that the corresponding ¢ and V satisfy (2.12). For ¢ =1, (2.12)
holds trivially. So, for Example 1, the normal model,

Vi, — a)==N(0, o);
for Example 2, the logit model,

V(e = a)==N (0, [pL—p)) ') 5

for Example 3, the Poisson model,

Ve, — )N, ph);

for the probit model with modified maximum likelihood recursion (2.11),

V(g — a)S5N(0, 2mp(1 — p)ec).

Now for Example 4, the gamma model, 1?(¢)(1 + V(t)) > v~ 1p% > 0. So (2.12)
is satisfied and the sequential design x,, satisfies

Vi, — )N (0, v,

Remark 3. Theorem 1(i) and (ii) are useful for situations in which (2.12) either
does not hold or is difficult to verify. We use Example 5 to illustrate this. In this
case, we have liminf, .., ¢2(t)[1+V (t — )] = 0, but liminf, . _ o ?(¢)[1+ V (¢t —
a)] = oo. Therefore, (iii) is not applicable but (ii) implies that P(x,, — —o0) = 0.
In view of (i), in order to show z,, — « a.s, it suffices to rule out z,, — co. Again
by (i), , — oo can only happen on {3°°, ¥?(x,)V(z, — a) < oo}, which
implies the convergence of > 1" | (y; — pe™~“)y;. But by definition > )/ _; y;¢; =
S, peti et So Y [peri it — petialy = pletari — e @) 3 oo
converges to a finite limit. But this obviously rules out z,, — oc. So we conclude
T, — « a.s. and

Vi, — a)-55N(0, o2p).

Proof of Theorem 1. We first note that (iii) is a direct consequence of (i) and
(ii). Furthermore, (iv) is also easy to get via the following argument. From (2.2),

n
1=

(i) lyi = H(zi — )] = Y (i) [H(2i = @ng1) = H(zi — )] (2.13)
1 i=1
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Since x,, — «, we can apply Taylor’s expansion to (2.13) to get
11 &
Vi(n1—a) = = [(@)H'(0) + 0,(1)] NG Y i — H(z — a) (i) +op(1),
i=1

which converges to N(0, [H’(0)]72V(0)) by the martingale central limit theorem
(Pollard (1984), p. 171).

It remains to prove (i) and (ii). A key idea in the subsequent proof is to
use the martingale local convergence theorem of Chow (1965), Corollary 5, from
which it follows that

$(n) lyn — H{zn — ) converges  a.s
;1 @Z’Q(l’z) (x; — ) & - (2.14)

On the set that the denominator in (2.14) goes to infinity, it will be argued
via Kronecker’s lemma that the design sequence converges to «, whereas on its
complement, it goes to either oo or —oo.

We first prove that on the event {3°°, ¥?(z,)V(z, — a) < 00}, T, — o0
or r, — —oo a.s. On this event we have ?(z,)V (2, — @) — 0, which implies
|zn| — oo in view of (C2). Thus all we need to do is to rule out the possibility that
limsup z, = oo and liminf z,, = —oo occur simultaneously. If this were true,
then, since lim |x,| = oo, we could find a subsequence ny, such that z,, — —oo
and xp, +1 — 00 as k — oo. From (2.2), we would have

nk—l

w(xnk) [ynk - H(xnk - xnk+1)] = Z [H(xl - xnk+1) - yi] w(ﬂfz)
= 2. H(zi—anq) = H(zi — 20,)] (i)

m
<Y [H(i — @ngr1) — H(wi — 20, |90(:)
for every fixed m < ny, since H(x; — p, 1) — H(z; — zp, ) < 0. Equivalently,

w(xnk) [ynk - H xnk - Z xnk"f‘l) - H(x% - xnk)] 1[)(.%‘,)
=1

+w(xnk) [H(‘rnk - xnk+1) - H(‘rnk - O‘)] : (2'15)

But the left-hand side of (2.15) — 0 in view of (2.14), while the right-hand side
of (2.15) can be made smaller than a fixed negative number. Thus the desired
contradiction occurs.
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We now prove x, — « on the event {320, ¥?(z,)V(z, — @) = oco}. By
(2.14) and Kronecker’s Lemma,

1 Y@y — H(z — )]
Sy V@)V (z — a)
Combining (2.16) with (2.2), we get
Sy V(@) [H (2 — vp41) — H(z; — o]
Sty V@)V (z — a)

If sup,, |xn| < oo, then because of the strict monotonicity of H, (2.17) implies
Zn, — . So we only need to prove that sup,, |x,| < oo indeed holds. Suppose

—0 as. (2.16)

— 0 as. (2.17)

it did not. Then we could find a subsequence z,, such that |z,,| — oo and
|zi| < |xn,|, ¢ < ng. By choosing a further subsequence, we may assume, without
loss of generality, that x,, — oo.

From (C2) and (C3), there exist constants g9 > 0, Cp > 0 such that

p-H@i—o) o aa > G

Vi(zi —a)y(z;) —

Since x; < @y, , this shows

H(zi —xp,) — H(z; — ) - p— H(z; — «)

< < —¢ 2.18

V(zi — a)v(z;) V(w; — a)(w;) ’ (2.18)
for all x; > Cy. For |z;| < Cy, it is easy to see
H(zi —ay,) — H(x; —

(i —an) —H(@i—a) (2.19)

Vi(z; — a)(z;) B
for some €1 > 0 and large k because of the strict monotonicity of H. For z; <
—Cy, since H(z; — xp, ) = H(z; — o — (zp, — ) < H2(z; — @),

H(zi —xp,) — H(z; — ) < H2(zx; —a)) — H(z; — ) < o (2.20)
Vi(z; — a)(z;) Vi(z; — a)(z;)

for some positive €9, where the last inequality follows from (C3). In view of
(2.18)—(2.20),

- ity [H(zi — xn,) — H(xi — o)
lim su L o .
oo I V(@ —a)

which clearly contradicts (2.17). Thus (i) holds.

< — min (eg,€1,€2) <0,

For (i), we only prove the first part, i.e., liminf; .o, ¥?(t)[1 +V(t—a)] >0
implies P(z, — o0) = 0. The second part can be proven in exactly the same
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way. From the stated assumption, we have either liminf; .., ¥?(t)V(t —a) >0
or liminfy o ¥2(t) > 0. If iminf,_ ¥?(t)V (t — ) > 0, then on {x, — o} we
necessarily have 3", ¥%(z,)V(z, — a) = co. But by (i), z, — «a a.s., which is
impossible. Suppose now that liminf; .o, ¥?(t) > 0. We prove that x,, — oo is
impossible by contradiction. On {z,, — oo}, 3, ¥?(x,)V (z, — a) < oo by (i).
This and (2.14) imply that

V(xy) lyn — H(xy — )] — 0. (2.21)
On the other hand, from (2.2), with nj, chosen so that z,, < zp, 41,

w(xnk)[ynk _H(xnk - a)]

=3 (@) [H(zi—wn, 1) —H(z — 20,)]+¢(2n,) [p— H (20, — a)]
=1
< @Z}(xnk) [p— H(xnk —a)] (2.22)

Since (C2) entails ¢ > 0, we have
Yn, — H(xpn, — ) <p—H(zp, —a) (2.23)

from (2.22). The left-hand side of (2.23) converges to zero while its right-hand
side converges to p — H(oo) < 0, which is a contradiction.

3. Extension to Models with Misspecified Link(mean) Functions

The Robbins-Monro stochastic approximation is nonparametric in the sense
that, except for a local monotonicity assumption, no prior knowledge of the
mean response function is assumed. In contrast, the analysis of the ML-based
sequential design in the preceding section hinges on the correct specification
of the link function H. In this section, we deal with the situation in which
the link function is misspecified. It will be shown that if the optimal level «
is known to lie in a bounded interval, then a simple modification of (2.2) or,
more precisely, (2.3)—(2.4) by truncation leads to a strongly consistent design
sequence. Asymptotic normality for the design sequence is also obtained under
certain regularity conditions.

As in Section 2, the response y at « has mean H (z—«) and variance V (z—a),
where, throughout this section, H is assumed to be continuous, strictly increasing
and H(0) = p, and V is assumed to be positive and continuous. However, H,
another mean function, is used to generate the design sequence:

n

> (i) (yi — H(wi — é)) = 0,

i=1
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ZTpy1 = max {min(éy,b),at, (3.1)

where a and b are predetermined constants and 1 is bounded away from 0 and
infinity in [a, b]. We need the following conditions for the analysis of (3.1):

(C5) H is twice continuously differentiable, H'(t) > 0 and H(0) = p;

(C6) There exists C' > 0 such that H(—C) < H(z —a) < H(C) for all z € [a,b];
(CT) supyay Elly[*|z = t] < co.

Theorem 2. Under conditions (C5)—(C7), x, — « a.s.

Proof. By the martingale local convergence theorem of Chow (1965) we know
that (2.14) still holds. Since a < =, < b, we have > >, V(z, — a)y(x,) = oo.
Thus Kronecker’s lemma implies

i lyi — H(zi — o)y (xi)
g Vi(xg — a)y(z;)

From (C6), there exist A > 0 and ¢ > 0 such that Hz—-A)—H(z—a) <=6
and H(z + A) — H(z —«) > ¢ for all x € [a,b]. So for any t > A (or t < —A),

—0 a.s. (3.2)

n
1=

(B (2~ t) = H(w; — a)b(wi) < =63 b(as) (or > 6 vh(w:)).
i=1 i=1

1

But in view of the first equation in (3.1) and (3.2), we have

n ~

Y [H(zi — ay) — H(zi — a)lip(z;) = 0 as.,
i=1

implying that |&,| < A for all large n. Thus, the truncation step in (3.1) is in
effect only for a finite number of steps and eventually z,11 = &,. Furthermore,
modifying the tails of H if necessary, we can assume that H’ (z) is bounded away
from 0 and |H"(x)| is bounded away from oo.

The main idea in the rest of our proof for the strong consistency is to first
transform the sequential design (3.1) into a Robbins-Monro-type recursion and
then apply a convergence result established for the latter procedure. From the
definition of «,

)y —p) = Y wla) [Hlzi = dn) = H@i — dno)| = Ju(@n-1 - an), (3.3)
i=1

where J,,(u) = Y7 () [H(x; — dn1 +u) — H(x; — én_1)]. Obviously J, is
strictly increasing, twice continuously differentiable and J,,(0) = 0. Inverting J,
in (3.3) we get

O = Gp—1 — Jﬁl(w(wn)(yn —p))- (3.4)
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Letting Q,(v) = J, (v), we have

/ o 1 " _ _J;L/(Qn(v))
DO T YT T
By taking a Taylor’s expansion of (),, at 0, we obtain
o= dnt = S0 4 =) 6o (35

where &, = J/(0)12(20) (yn—p)2/[2J7 (07)] for some 07 between 0 and Gy, 1 —Gy,.
Let F,_1 be the o-field generated by y;, x;, i <n — 1. Since |J”(6%)/J5 (6%)| <
Son~2 for some &y > 0, we have E(|&, |+ &2|F,_1) = O(n™2) a.s. in view of (C7).
From this and (3.5) it follows that

_ Y(zn)
Jn(0)

with 1, > 0 and >_;° 1, < co. Therefore, Theorem 1 of Robbins and Siegmund
(1971) can be applied to (3.6) to obtain that lim, .., (&, — a)? exists and

E{(an — )| Far } < (Gn1—0) (Gn-1—0)(H (20— @) =p) +11a (3.6)

o~ Ylzn) & —a)(H(xzy, —a) — 0.

Since H is strictly increasing at 0 and x,, = &,—1 for all large n, we must have
lim, o &, = @ a.s. or equivalently lim,, .. z, = @ a.s.

Theorem 3. Suppos~e that the assumptions in Theorem 2 are satisfied, v is
continuous at o and H'(0) < 2H'(0). Then

V(0)

L
Vin (= a) 5N (0, H'(0)[2H'(0) — H'(0)] )

Proof. The idea here is to show that the procedure is asymptotically equivalent
to the Robbins-Monro recursion so that the asymptotic normality as given in Lai
and Robbins (1979) for the latter can be applied to the former. From Theorem
2, Tpt1 = Gy, for all large n. Thus we can deduce from (3.5) that

Y(n)  Jy(67)

w1 =20 = | T = 375y V@) on =2 6 — )

=Tn (yn - p), say,

- nB;
for some 6} between 0 and x,, — xy4+1. Clearly

i it =0 (M) = o7
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and J!(0)/[n(x,)] € Fn_1 and converges to H'(0) a.s.. Therefore, Theorem 4
(iv) of Lai and Robbins (1979) can be used to obtain the desired convergence
for \/n(x,, — ). Note that the i.i.d. assumption on y; — H(z; — «) in Lai and
Robbins can be relaxed to cover the current setup.

4. Sequential Designs in Location-Scale Models with Estimated Scale
Parameter

When the link function H in (2.1) is specified only up to a scale parameter,
we are faced with a more general model:

E(yle) = H(B(z — o)), (4.1)

where both o and 3 > 0 are unknown. Wu (1985) gave an extensive analysis in
the case of a logistic link function for which E(y|z) = e?®=®) /[1 4 ef(==)]. Lai
and Robbins (1979) in their construction of optimal adaptive stochastic approxi-
mation algorithms obtained strong consistency and asymptotic normality for the
design sequence with the scale parameter estimated sequentially. Following Lai
and Robbins, we first assume that a strongly consistent sequence of estimators
Bn is available. With Bn, a sequential design scheme is defined and its consis-
tency and asymptotic normality are obtained under suitable conditions. We then
deal with the situation for which the link function may be misspecified and the
estimator of the scale parameter may be inconsistent.

Now consider the model with link function (4.1) and variance V(z — «). Let
1) be, as before, the weight function. If 8 were known, then one would follow
(2.2) to define the design sequence {x,, n > 1} by

n

> 0(Bri)lyi — H(B(wi — zny1))] = 0. (4.2)

i=1
In ignorance of 3, we can substitute 8 in (4.2) by its updated estimator 3, €
Fn-1, the o-field generated from y;, z;, i < n —1, to get z,41:

n
A~

> (Bui)lys — H(Bu(ws — 2n11))] = 0. (4.3)
i=1
For technical reasons, we also consider an alternative algorithm
n

> b(Biwi) [y — H(Bi(wi — xns1))] = 0. (4.4)

i=1

To analyze the convergence of x,, defined by either (4.3) and (4.4), we need to
introduce variants of the conditions (C3) and (C4):
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(C3') liminfy_, % >0 and

lim infj; % >0 for some 1l <A< 2.
(C4’) V is continuous at 0, H is twice continuously differentiable in a neighbor-

hood of 0 and H'(0) > 0.

Theorem 4. Suppose that conditions (C1), (C2) and (C3') are satisfied and that
{xn} is defined either by (4.3) or (4.4).
(i) With probability 1, either x, — a, or x, — 00, or x,, — —00,
(ii) If iminf, o ¥?(t)[1 + V (¢t — )] > 0, then P(z, — oo) = 0;
if iminf, o ¥2(t)[1 + V(t — a)] > 0, then P(x, — —oc) = 0.
(iii) If limpg oo W2 (8)[1 + V(t — @)] > 0, then z, — a a.s.
(iv) For the xy defined by (4.4), if (C4') is also satisfied, x, — « a.s. and
@nefn_l, then

Vi(z, — @) 5N (0, [BH(0)]72V(0)).

Proof. We can apply the same arguments as in the proof of Theorem 1 to show
(i) and (ii). The details are therefore omitted. Part (iii) follows directly from (i)
and (ii).

To prove (iv), we employ an idea used in Section 3, i.e., by showing that
the problem is equivalent to a corresponding stochastic approximation problem.
From (4.4), we have

n
A A~

(@) H(Bi(wi — wny1)) — H(Bi(wi — 20))] = ¢(2n) (Yn — p)-

i=1

Thus
Tpt+l = Tn — frfl(w(wn)(yn - D)) (4.5)
where J,, (1) = S0 (x;) [H(Bi (2 — 2 — 1) —.FAI(ﬂAZ(a:Z —xy))]. As in the proof of
Theorem 2, the first and second derivatives of .J, ! are respectively of the orders

n~! and n~2. Thus (4.5) can be rewritten as

1
nbk

Gn = Qpn_1 — @Z}(I‘n)(yn - p)

with b} satisfying b} — n/J,,(0) = o(n_%_q’) for some €y > 0. Since J} (0)eF,—1
and n/J),(0) — 1/[BH’(0)], we can again apply Theorem 4 (iv) of Lai and Rob-
bins (1979) to obtain the desired convergence in distribution.

We now relax the restrictions so that (i) H may be misspecified, and (i) 3,
may not be consistent. We shall show that, by the truncation method as given
in (3.1), we can still guarantee the consistency of the design sequence .
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To be specific, let Bn € Fn_1 be a sequence of estimators of 3 such that for
some €y > 0, B, € [eo, €y 1. Define z,, and &, recursively by

> b(Biwi) [y — H(Bi(ws — )] = 0,

i=1
ZTp41 = max {min (&y,b),a}, (4.6)

where H is twice continuously differentiable, H'(t) > 0 for all t € [a — o, b — q
and H(0) = p. Assume that there exists a constant A such that H(—A) <
H(B(x — a)) < H(A) for all ze[a,b). Furthermore, H(0) = p, H is strictly
increasing at 0 and sup;[q ) Elly*|z = t] < oo.

Theorem 5. Suppose that H and H satisfy the preceding assumptions. Let x,,
be defined by (4.6).

(i) xp — @ a.s.
(ii) If B, — ﬁH’(O)/ﬁI’(O) a.s., then /n(x, — a)AN(O, V(0)/[BH'(0)]?).
The proof is omitted since it is similar to those of Theorems 2 and 3.
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