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SEQUENTIAL DETECTION OF SIGNALS WITH KNOWN
SHAPE AND UNKNOWN MAGNITUDE

M. Beibel
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Abstract: We study a problem of sequential detection in a continuous time change-
point model with a transition period. Let W denote a Brownian motion process
which has zero drift during the time interval [0,v) and drift Oh(t — v) during the
time interval [v,00). Here h is a known deterministic function and 6 and v are
unknown parameters. The goal is to find a stopping time T of W that stops as
soon and as reliably as possible after the change-point v. We consider stopping
rules based on mixtures of likelihoods and show that they are approximately Bayes
optimal.

Key words and phrases: Bayes problem, change-point, sequential detection, transi-
tion period.

1. Introduction

Suppose one continuously monitors a process which initially is “in control”.
At some future time point this process may go “out of control” and it is then
desirable to react. A convenient mathematical model for this situation is as
follows. Let (W30 <t < 0o) denote a Brownian motion process with drift zero
during the time interval [0,v) and drift > 0 during [v, c0) for some time point
v. Let Py, denote the corresponding probability and Eg,) the expectation
with respect to Py ,). Let Py denote the probability when v = 0o and Ew the
expectation with respect to Py. Note that W is a standard Brownian motion
under P,,. The unknown time point v is usually referred to as the “change-point”
and one wants to detect it as fast as possible without raising a false alarm too
frequently. The objectives “quick detection” and “low false alarm rate” are still
informal and have to be specified further. Moreover the two goals are conflicting.

Shiryayev (1963) considered an exponential prior p for v and studied the
Bayes risk

/OOO {POO(T <v)+ CE(QW)((T — y)+)} p(dv)

for some ¢ > 0. He proved that it is then optimal to stop as soon as the posterior
probability of a change exceeds a certain level depending on ¢. Note that Py (T <
v) = Py, (T < v). Pollak and Siegmund (1985) considered the minimization
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of sup, Eg,)(T — v|[T'" > v) under the constraint that E..(T) > A for some
A > 0. They studied in particular the performance of the so-called CUSUM and
Shiryayev-Roberts procedures. See also Lai (1995), Siegmund (1994) and Zacks
(1983) for an extensive overview on different optimality concepts for change-point
detection problems.

One might think of situations where the assumption of an abrupt change is
not appropriate. Discrete time change-point models with a transition period are
for example considered by Huang and Chang (1993), Boukai and Zhou (1997)
and Huskova (1999) in the context of nonparametric retrospective estimation of
the change-point v. We transfer their approach to continuous time sequential
detection. The drift of W then does not change instantaneously but increases
gradually from 0 to 8 > 0. More precisely W is a Brownian motion process which
has drift zero during the time interval [0,v) and drift Oh(t — v) during [v, 00),
where h is some nondecreasing function with lim;_, h(t) = 1.

It turns out that the monotonicity of & is not essential for our arguments. We
therefore study the following slightly more general setup. Let h denote a given
measurable function on [0, 00) such that h(t) > 0 for t > 0. Let Py, denote the
probability measure on o(Ws;0 < s < co) under which W is a Brownian motion
process with zero drift during the time interval [0,v), and drift Oh(t — v) during
[v,00). This means that the process

W, — 0 /tM hu — v)du (1)

is a standard Brownian motion under Py ,). Let FE(y,) again denote the ex-
pectation with respect to P ). Continuous time change-point models with a
translated signal of known shape are suggested in Kolmogorov, Prokhorov and
Shiryayev (1990). Note that for h(t) = 1jg.(f) this model reduces to the one
considered above.

We study the Bayes risk

00 00 T
L(e,T) = Poo(T < 50)+c /0 1(0) /0 [E(M ( / GCE u)duﬂ p(dV)G(dB),

where p and G are probability distributions on [0, c0) and (0, co) respectively, and
I(0) = 6%/2. See Beibel (1997) for a related setup where h(t) = 1o «)(t) and G
is a normal distribution. The idea to put a constraint on Py (7" < 00) in order to
control the rate of false alarms goes back to Pollak and Siegmund (1975). See also
the discussion in Assaf, Pollak, Ritov and Yakir (1993) and Yakir (1996). Our
costs for stopping late are proportional to the square of the current drift. The
Kullback-Leibler information of P,y with respect to Py on o(Ws;0 < s < ?)

is given by I(0) [',, h*(u — v)du. This links our delay costs to the expected

v
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amount of incoming information. See also the discussion in Tartakovsky (1995).
The basic idea lying behind this approach is that it should be easier to detect the
change-point v when the signal 0h(t—v) is large. This means that we standardize
problems according to their difficulty. Our loss structure is also convenient from
a mathematical point of view since it is closely related to the observed likelihood,
see Proposition 3 below. It is not clear how to treat other delay costs in a similar
way. See however Corollary 1 below for a partial result concerning the weighted
delay I(6)(T —v)*. For h(t) = 1y oo(t) our delay costs are the average weighted
delay. The more general loss structure

Poo (T < 00) + c/oOO C(0) /OOO lE(g’y) (/;T h(u — V)dU)] p(dv)G(d0)

for some positive weights C'(0) with [,[C'(6)/1(8)]G(df) < co may also be treated
by introducing a prior distribution G(df) proportional to [C'(8)/1(8)]G(d6). All
conditions on G then become conditions on G.

The goal is to minimize L(c,T') over all stopping times 7' of W. We study
the case ¢ — 0. When the costs for stopping late become small, one allows for
more post-change observations. The asymptotic analysis of L(c,.) for ¢ — 0
therefore is in essence a large sample asymptotic. We provide an asymptotic
expansion of the minimal Bayes risk when the costs ¢ become small. Moreover we
show that certain mixture stopping rules are asymptotically optimal. This is the
content of Theorem 1 and Theorem 2 below. We also examine the performance
of non-optimal mixture stopping rules, see Theorem 3 below. This covers in
particular the case of a (slightly) misspecified signal h. Our results show that
the effect of the transition period does not appear in the leading terms clog(1/c)
and (c¢/2)loglog(1/c). The effect of the transition period only appears in the
constants K (p,G,h) and A((h,p,G),(h,p,G)) of Theorem 2 and Theorem 3
respectively. Hence this effect is of order O(c) as ¢ — 0. Such a difference seems
to be negligible from a practical point of view. Of particular interest is the case
h(t) = L10,00)(t), p = p and G = G in Theorem 3.

Let L} = infr L(c, T'), where the infimum is taken over all stopping times 7" of

2
W. Let Sy = inf{t > 0] [~ [5~ €’ Jonslu=s)awu—2 [ hQ("_s)d"p(ds)g(y)dy > b}
and f(c) =1/c.
We impose the following conditions on h, p, and G:
(A1) [§h%(s)ds < oo for all t > 0.
(A2) [5° h%(s)ds = +o0.
(B) J5° 5 1h(t) — h(t — 5)1 o<y 2dtp(ds) < oc.
(C1) The distribution G has an absolutely continuous Lebesgue density g on
[0, 00) with g(0) < oo.
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(C2) [ y*+g(y)dy < oo for some § > 0.

(C3) Jo~ [H(y)log [H(y)||g(y)dy < oo, where H(y) = ¢'(y)/9(y)-

A few words on our conditions are in order. Let B denote a standard Brownian
motion. Then the distribution of Bs+0 [ h(u)du is equivalent to the distribution
of Bs for 0 < s <t if and only if fot h%(u)du < co. Condition (A1) therefore
implies that the measures P ) and Py are equivalent on o(Ws;0 < s <t) for
all 0 <t < oo. Condition (A2) implies that Py ) and Py are orthogonal on
o(Ws;0 < s < 00). The Kullback-Leibler information of P,y with respect to
Pg,0) on o(Ws;0 < s < 00) is given by

Eyon [10g E00)
6 dPg,0)

So, condition (B) implies that the averaged Kullback-Leibler information

0o dP(9 V) )
Ew ) | log ——= pldv
/o @) ( dPg0) lo(W,:0<5<00) .

is finite. If h is nondecreasing, then

) — 1(0) /0 Tlh(E) — h(t — v) L)t

o(Ws;0<s<00)

o
/ [(t) — h(t — 5)Lsen]2dt < s lim B2(t).
0 t—00

Condition (B) is therefore satisfied whenever h is nondecreasing with lim;_,~ h(t)
< oo and [;° sp(ds) < oo. Note also that the Conditions (A1) and (A2) are triv-
ially satisfied whenever h is nondecreasing with lim;_, h(t) < co. The conditions
(C1) to (C3) are of a more technical nature and are needed in an approximation
argument below, see Proposition 5 in the Appendix. Note however that condition
(C2) implies [;° y*g(y)dy < oo and so provides, together with condition (B), the
finiteness of

/ > / 1 E g (10 How
o Jo @) dPg,0)
Theorem 1. Let h, p, and G satisfy the conditions (A1), (A2), (B), and (C1)

to (C3). Then L: = L(c, Sg(c)) + o(c) when c — 0 .

Theorem 2. Let h, p, and G satisfy the conditions (A1), (A2), (B), and (C1)
to (C3). Then L(c, Sp(c)) = c[log(1/c) + $loglog(1/c) + K(p, G, h)] + o(c) when
¢ — 0 for some constant K(p,G,h).

)] p(dv)g(6)do.

o(Ws;0<s<00)

See Bemark 3 in Section 3 for a more explicit expression for K.

Let L(¢, T) = Poo (T < 00)4-c [ 1(0) [3°[E9,0)(T—v)"]p(dv)G(df). Then ob-
viously L(c, T)=L(c, T)+c [5° I(0) [5° [Eo,) (ST 1= (u—v)]|du)]p(dv)G(dH).
The asymptotic results of Theorem 1 and Theorem 2 therefore immediately yield
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Corollary 1. Let h, p, and G satisfy the conditions (B) and (C1) to (C3). If in
addition 0 < h <1 and [;°[1 — h(u)?]du < oo, then

~ oo 2
inf L(e, T) = L + ¢ /0 L Gay) / 1 — h2(w)]du + o(c)

00 2

= L{c, o)) + ¢ /0 L Glay) / [1— h2(w)]du + o(c)

as ¢ — 0.

Let h denote a positive function on [0,00). Let }5(97” for € (0,00) and
v € [0,00) denote the probability measure on o(Ws;0 < s < 0o) under which the
process W, — 0 fOt E(u —v)1,<yydu is a standard Brownian motion. Let p and G
be probability distributions on [0, 00). Let

~ 00 00 t = 2 L -
Sy = inf {t > 0| /0 /0 ¥ Jone =)Wt [ B2 (ums)du 51y a0 )y > b} :

Theorem 3. Let (h,p,G) and (h, p, G) both satisfy (A1), (A2), (B), and (C1) to
(C3). Let [y°[h(u) — h(u))?du < 0o and suppose that p and G are dominated by p
and G respectively with [;° log (dp(u)/dp(u))p(du) < oo and Jo log (9(y)/3(v))
g9(y)dy < oo. Then L(c, S’B(C)) = L* 4+ cA((h, p,G), (h, p,G)) + o(c) when ¢ —
0, where A((h, p, G), (h, p,G)) = Ep|log (dP/dP\a(I/VS 0 <s <)) equals the
Kullback-Leibler information of P = el P(gy pldv)G(d

10" Jo° Plowyp(dr)G(df) on o(Ws;0 < s < o0).

Remark 1. If 5 = p and G = G, then A < [ I(y)g(y)dy [°[h(u) — h(u)]*du.

0) relative to P =

The rest of this paper is organized as follows. In Section 2 we construct
a suitable model and establish some key facts. Section 3 contains the proof of
Theorem 2. Theorem 1 is then proved in Section 4 and Theorem 3 is proved
in Section 5. Most of our arguments are analogous to those of Beibel (1997).
The Appendix contains an approximation argument which we need in the proof
of Proposition 3 in Section 3. These arguments extend some of the results of
Paulsen (1999) to our setting.

2. Some Results on the Structure

We assume throughout this article that the conditions (A1), (A2), (B), and
(C1) to (C3) are satisfied. Let B denote a standard Brownian motion. Let Y be
a positive random variable with P(Y < y) = [J g(s)ds and 7 be a nonnegative
random variable with P(7 > t) = [, o) p(ds) for all ¢ > 0. Let B, Y and 7 be

independent under P. Put W; = B; + [§ Reds, where Ry = Yh(s — ) {r<sy
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Let 7 = FV = o(Ws;0 < s < t) and F2V7 = 0(By;0 < s < t,Y,7). Let Ps
denote the probability measure on o(Bs,0 < s < 00,Y, ) given by

t Y2 t
by, = €XD —Y/ h(S—T)st——/ h%(s — T)ds
‘7:t Y TN 2 TN

for all 0 < ¢t < co. Obviously the Py-distribution of (Y, 7) coincides with the
distribution of (Y,7) under P. Moreover (W;, F4;0 < t < o0) is a standard
Brownian motion and independent of (Y, 7) under P,,. This implies

o) (o] t 2 ot
:/0 /0 ¢ Jona Mu= o)Wt [ hlu=s)du 40y 00\ dy.

dPs
dP

dP
dP.

Let ¢y = %m. Then
T
L(e,T) = Poo(T < ) + cE ( / Rﬁds> : (2)
0

YV\e first derive a stochastic differential equation for log ;. Let ]Sbt = E(R|F;) and
R? = E(R?|F;). Let W denote the innovation process Wy := W — fot R.ds. This
process is a standard Brownian motion under the probability measure P relative
to the filtration F (see Liptser and Shiryayev (1977, pp.297-299)). Theorem 7.13
in Liptser and Shiryayev (1977) yields that

Proposition 1.
1 - A
dlog ¢y = §(Rt)2dt + R, dW; . (3)

We need one more probability measure. Let Py denote the probability mea-
sure on 0(Bs,0 < s < 00,Y,T) given by

dFRy

— =eX Y/ ht—ht_TlT dB
ap 0(Bs;0<s<00,T,Y) p{ 0 [ () ( ) { St}] t

2 roo
Y [h(t) — h(t — 7)1{T<t}]2dt}.

2 Jo

Note that [5°[h(t) — h(t — T)1{;<p]?dt < oo holds with P-probability one. The
process (W; — Y [3 h(s)ds;0 < t < 00) is a standard Brownian motion under P,
with respect to the filtration F5Y7. Moreover (W; — Yfée h(s)ds;0 <t < o0)
is independent of (Y, 7) under Py. Therefore the distribution of W under Py is
given by [5° Po,0)9(8)df. The probability measures P and P are equivalent on
the o-algebra o(Ws;0 < s < 00,Y,7). The following remark summarizes the
essential features of our setup.
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Remark 2. Let P(W’Y’T)7 PCEOW’Y’T) and PéW’Y’T) denote the distribution of

(W,Y,7) under P, P, and Py, respectively, C[0,00) the space of all real-valued
continuous functions on [0,00) vanishing at zero, py the Wiener measure on
([0, 00), and 77 and 73 denote the transformations from C[0, co) x (0, 00) x [0, 00)
to itself given by T1(f(.),0,v) = (f(.) — 0 [;h(s)ds,0,v) and To(f(.),0,v) =
(F()=0 f; h(s—1)1g<qds, 0,v). Then PLVVT) = piW Y -1 — pWyn -1 —
ww @ G ® p.

Let Ny = dP/dPy|lo(Ws;0 < s <t) and Noo = dP/dPy|lo(Ws;0 < s < 00).
We have

¢ ¢
lim | / h(s)dw, / / W(s)ds| = Y (4)
t—o0 0 0
with Py-probability one.
Proposition 2. P(lim;_ [logty/ [¢ R2ds] = 1/2) = 1.

Proof. We have log 1y = log N; + log 11)150), where @ZJ§0) = dPy/dPx|F,. Theorem
7.13 in Liptser and Shiryayev (1977) provides

log 4" = /0 " Eo(Y|F.)h(s)dW, — % /0 1By (Y| F.)]2h2(s)ds. (5)

Clearly (4) implies Py(limy—oo Ep(Y|F:) =Y) = 1 and so Py(lim;_,[log ﬂ)go)/
J3 h*(s)ds] = Y?/2) = 1. The Py-martingale N; converges under Py with prob-
ability one to Na. Therefore Py(lim;_,oo[log Ny/ [y h?(s)ds] = 0) = 1. We have
fho 2 (w)du < 2 f§ h(u)[h(u) — h(u — T)1{r<uy)du for t > 7. Condition (B)
therefore yields lim o[ [! h?(s—7)ds/ [3 h?(s)ds] = 1 with probability one. The
assertion now follows since P and Py are equivalent on o(Ws,0 < s < 00).

We need some further notation. Let .7-"tW " denote the o-algebra o(Ws;0 <

s < 7). Let B = B(R|F"™) and B2 = B(R2F™7). Theorem 7.13 in
Liptser and Shiryayev (1977) yields (by conditioning on )

| om0 )

— =ex R dWs — (1/2 R )%ds ¢ . 6

ey a/2) [0 ©)
Let N\ = dP/dPy|F"" and N = dP/dPy|o(Wy;0 < s < 0o, 7). Then (4)
implies

No 9P

0= 7)

o(Ws;0<s<00,7,Y)

with Fy-probability one, and so

E(log NO)) = (1/2)E(Y?)E ( /0 CIh(t) — h(t - 7)1{T<t}]2dt) < 0.
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Moreover Noo = dP/dPy|lo(Ws;0 < s < 00,Y). Since (W0 < s < o0) C
o(Ws;0 <'s < 00, 7) we obtain 0 < E(log No) < E(logNég)) < 00. Let VtT) =
1/?\%(7) - [R,ﬁT)]Q and §’§T) = h2(t — T)l{Tgt}/[fttAT h%(u — 7)du + 1]. We have
E(f V0 ds) = Bllog ([ h2(t — 7)dt + 1).

Proposition 3. For all stopping times T with E(fOT R%ds) < oo, L(c,T) =
Epyt + %fOT J/%\QSds] and

3 ([ ) = etogn) + Lo [ - )

Lp Th2 ds+1
5 og(/TAT (3—7')8+>

1 T 5 1 Tr . 12
+-FE (/ vl — Vgﬂ]ds) +ZE (/ [Rgﬂ — Rs} ds) :
2 0 2 0

(8)

= E(log ¢r) +

w -~

(") _ g

ds) < oo and

E
E (/OT(R@ - Rs)2d3> <E (/Ooo(fagf) - RS)QdS)
=2 {E <log Né?) — E(log NOO)] < 00.

Proof. Fubini’s theorem, Po(T < o0) = E(1/¢r1{r.)) and Proposition 1
yield, for all F" -stopping times T with L(c,T) < oo,

L(c,T):E{¢51+g/OT§§dS}:E{¢;1+clong}+gE (/()T(ﬁg—[RS]Z)d‘S) .
(9)

Another Fubini type of argument provides

T I T —(7) . 9 T , . N2
E / (R2—[R,)?)ds | =E / [R2" —(R())Yds | +E / (RO - R,) ds | .
0 0 0
(10)
This yields (8). Proposition 5 in the Appendix provides E( [ |VgT) —v{ |ds) <
+o0o. A third Fubini type of argument, together with (5) and (6) for 0 < ¢ < oo,
yields

E (/Ot (B - Rs>2ds) =E (/Ot (B - EO(Y\]:s)h(s)>2ds) (11)
_E (/Ot = EO(Y|fs)h(s)>2ds>
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=2[E(log N\") - E(log Ny)| (12)

Note that E(R gT)|.7-"S) = R,. The submartingales log Nt(T) and log N; are uni-
formly integrable. The last assertion follows if we let ¢ — oo.

3. Proof of Theorem 2

We recall that S, = inf{t > 0|}y > b}. We have P(S, < o) =1 for all b > 1
since the probability measures Py, and P are orthogonal on o(W,,0 < s < 00).
Obviously P (limp_.o Sy = +00) = 1. Proposition 2 therefore yields

(blinolo l / R%ds / logb] = 1) =1 (13)

Proposition 3 yields

S
E (/ bRids> <2logh+ E
0

for some constant A. The same arguments as in the proof of Lemma 3 of Beibel
(1997) therefore imply

S
log</b hg(u—T)du—Fl) + A,

NSy

S
E (/ ' Rgds> < 4logb+ O(1), (14)
0

as b — oo. Let &(b,y,s) = inf{t > 0]y [, h%(u — s)du > n}, where n, =
(1/3)logb. Obviously {fosb R2ds < my} = {S, < &(b,Y,7)}. It holds that

dP
2
/ Rds<m,><b 3B (dP

The independence of Sy, Y and 7 under P, yields

S
) +b%POO(/ "Rlds<n,). (15)
0

B Y, 1
bY,T)

Pl [ R2s <) = [T [T P(8 < €00 5))atwiuptds) < 1. (16)
Now fo"c(b’Y’T) R%ds = n. So,

2 £(b,Y,7) £(b,Y,7)
B (o g, ) SV B (ol ) <43 )
Fetvim

It follows from (15), (16), and (17) that

S
P(/O " R2s < %logb> <213 (18)
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Inequalities (14) and (18) yield the uniform integrability of log( fos” R%ds / log b);
see the proof of Proposition 4 in Beibel (1997). Combining (13), (14) and (18)
we arrive at the following Proposition.

Proposition 4. E(log[fT/\S h?(u—7)du+1]) = loglog b— [5° log (I(y)) g(y)dy+
o(1), as b — cc.

Proof of Theorem 2. Proposition 3 has L(c, Sg()) = E{?j)gﬁl(c> +clog(vs,,,) +

%fosﬁ(c) [1?23 — (ES)Q]ds}. For sufficiently small ¢ it holds that E(1/1s,,, +
clogvs,,,) = ¢+ clog(1/c). Proposition 3 and Proposition 4 yield the asser-
tion.

Remark 3. We have K (p,G,h) =1 — (1/2) f0°° log( ())g(y)dy + E([ZvT -

V4 ]ds) +E(log N&T') — E(log Neo) with E(log N&&) =[5 I(y)g(dy) [ (J5° [h(t)-
h(t — s)l{s<t}]2dt)p(ds). If limy o0 h(t) exists and lim;_,o h(t) = 1, then

E logN / / Eg.1) [log (/ exp «9/ —h(t = s)1s<p|dWy

+ I(@)s}p(ds))]g(9)d9,o(dy).

4. Proof of Theorem 1

We compare the performance of the stopping times Sg(.) with the perfor-
mance of c?-optimal solutions. Let T, for 0 < ¢ < 1 be an c?-optimal stopping
rule, that is a stopping time with L(c,T.) < L¥ + c?. We may assume with-
out loss of generality that T, < Sg(). Theorem 2 yields ¢~'(L} — clog(1/c)) <
(1/2)loglog(1l/c) + O(1) as ¢ — 0. Similar arguments as in the proof of Lemma
5 and Lemma 6 of Beibel (1997) therefore provide, as ¢ — 0,

Sp(e
fT/féﬁ)( ) h%(s — 7)ds + 1

fT/\T h2(s —71)ds+1

E — 0. (19)

Moreover T, — oo in P-probability. The function g.(z) = 1/x + clog x assumes
its unique minimum over the interval (0,1) at = ((c). Proposition 3 therefore
provides

0 < L(c, Sp(e)) — Lt < L(c, Sp(e)) — Le, Te) + ¢

<cB ([ "[RO~ RJ'as) e ([ [V - 7] as)

Sp(c
fT/féﬁ)(c) h2( - )d8+1

fT/\T h2(s —71)ds +1

+cE | log
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Proposition 3 and (19) now yield Theorem 1.

5. Proof of Theorem 3

Let P denote the probability measure on o(Bs;0 < s < 00,Y,7) given by

;Z—]Iz Brossciy = exp {Y/:At[ﬁ(u —7) —h(u—71)]dB,
S 45(r) §(v)
o MU R R du} e

for 0 <t < 0o. Then

dP
dP

= exp {Y/Too[iz(u —7) = h(u—71)]dB,

—Y—2 Oo~u—7'— u—7))%du dﬁ_(T)M
[ =) b= P T

Under P the process By = By —Y [!, ,[h(u— ) h(u—7)du = Wy =Y [*  h(u—

T)du is a standard Brownlan motion. Let P, denote the probability measure
on 0(B,0 < 5 < 00,Y,7) = 0(B,0 < s < 00,Y,7) given by dPs/dP|FPY7T =
exp{—Y [} h(s — T)dBs — (Y?/2) [!,, h?*(s — T)ds} for all 0 < t < co. Then
(We, Fi;0 < t < 00) is a standard Brownian motion with respect to P.. There-
fore Py, and Ps coincide on o(Ws;0 < s < 00). Moreover dPs /dPs|o(Ws;0 <
s <o00,Y, )= (dp(1)/dp(7))(g(Y)/9(Y)). So, W is independent of (Y, 7) under
P,. Let

0(Bs;0<8<00,Y,T)

- dP
T

.
/ I L 5 45 ) dy.

Now
log I;t = log 1y — log Ly, (20)

where L; = dP/dP|F,. The submartingale log L; is uniformly integrable with
respect to P. Moreover L; converges, as t — 00, to Lo, = dP/dP|U( 5;0<s<
00). Obviously Ps (S, < o0) = 1/b for b > 1. Proposition 3 yields, for b > 1,

log (/Tgb~ h*(s — 1)ds + 1)

NSy

gb -~ Sb ~ ~ 2
+E ( / [vir) — Vgﬂ]ds> +E ( / [Rgﬂ — Rs} ds) :
0 0

Sy
E (/ Rids) =2logb+ E(log Lg,) + E
0
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We have P(limy oS, = 00) = 1 and limy_ o E(log Lg,) = E(log L) =
A((h, p,G), (h,p,G)). Theorem 3 therefore follows if we show that

E llog (/st h2(u — 7)du + 1) = loglog b — /OOO log (I(y)) g(y)dy + o(1) (21)

/\Sb

when b — oo. Similar arguments as in the proof of Proposition 4 give (21) if we
show that i
i) P(limy oo [ R2ds/2logb] = 1) = 1.
i) B([ R2ds) < 2logb+ O(1).
i) P( [ R2ds < (1/3)logb) < 2b~1/3.

Proposition 2 and (20) yield P(lim;co[loge/ [ R2ds] = 1/2) = 1, and
thus i). From (20) with b > 1, E(log¢g,) < b — E(log Lg, ). Similar arguments
as in Section 3 therefore provide ii). The same arguments as in the proof of (18)
in Section 3, with .5, replaced by Sy, provide iii).
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Appendix. The Integrated Posterior Variance

50
Following the lines of Paulsen (1999) we will now approximate Vg ) = R} —

[RIST)P by @tT) = h2(t — 1)/}, B*(u — T)du + 1]. Proposition 5 below transfers
the results of Proposition 3.3 and Lemma 4.1 in Paulsen (1999) to our setup.
Note that we allow for g(0) > 0. Then g is not left-continuous at 0. This
leads to the additional term g(O)(ng))_l in (25) below, which is not a closable

martingale. This complicates our arguments further. For 7 <t < o0, let }A/t(T) =

E(Y|F"7T) and l//?(ﬂ = BE(Y2|FVT). It 7 < t < oo, I%f) = h(t — T)}A/t(T) and
]/%\?(T) = h2(t — 7')}//;2(7). Let ng) = }//\2,@ — [}AQ(T)P. Then VET) = h2(t — T)VIST).

Let I = ! h2(u—7)du = [ h2(u)du.
Proposition 5. E([> v — 90|ds) < +o00.
Proof. Let £ (v) = inf{t > T\ItT) = v} = 7 +inf{t > 0| [J h*(u)du = v}. Then

r

v _ g0
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where v, = vé(z)( ) Let o € (0,2). Then

/Oo‘v - o /Oo‘v - ‘ads (22)

0 s S + 1 0 $ S + 1 ’

The Holder inequality with p = 2/(2 — «) and ¢ = 2/« now yields

/°° v, - ——["ds < O()22 (/OO (s + 1), - 1]2d5> @)
0 1+s B 0

where C(a) = [5°(s+1)72%/(2=2) ds. Note that 2a//(2—a) > 1 and so C(a) < o0
for o > 2/3. Inequalities (22) and (23) yield

1% 1 1% a/2
E(/ Vo — ‘ds)SC(a)E{Ml_a</ (s + )95 1] ds) }
0 s+ 1 0
where M = supp<s<oo . +1‘ The Holder inequality implies

0 1
F </ Vs — ‘ds)

0 s+1

1 00 qo/2 1/q
SC(&){E(Mp(l_O‘)>}/p{E</ ‘(s—kl —1‘ ds) } :
0

Let o =2(1+4n)/3, ¢ =3(1-n)/[2(1+n)] and p = ¢/(qg—1) = 3(1 —n)/(1 - 5n)
for some n € (0,1/5). Then qa/2 < 1/2, and so Lemma 1 below provides

1
s+1

Vg —

ds < ( sup

0<s<oco

Vs —

qo/2

E [/Ooo {(s—l—l)vs—lrds} qa/2:E [/Too ((I§7)+1)Vg)—1)2/12(5—7)(13} < 00.

Since 0 < v,gT) < E(Y2FY") and E(Y219) < 0o we have E[supg<icoo \v,ﬁ”\ﬁ] <
oo for 0 < B < 1+6§/2. Now p(1 —a) = (1 —n)(1 —2n)/(1 —5n). Hence
p(1 —a) < 14 /2 for i sufficiently small. Then E(MP(1=®) < oo and the
assertion follows.

Lemma 1. E[ffo((féT) + 1)) = 1)282(s — 7)ds]® < oo for all 0 < a < 1/2.

Proof. We first derive stochastic differential equations for f/t( ™ and [I; 1 )+1]Y( ")

It holds that }AQ(T) = ,u(Xt(T), It(T)) and }//ZQ(T) = p(XtT), It(T)), where

u(x,t)Z/O yeVt T dy// y)dy,
p(z,1) Z/Oooy eVt dy// y)dy,
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and XtT) = th/\t h(u — 7)dW,,. Note that after the random time change &™) the
process X (™) becomes a Brownian motion with linear drift. See Novikov (1971)
and Chapter 5 in Kiichler and Sgrensen (1997) for this type of transformation. We
have (see Paulsen (1999)) O,u(z,t) = v(z,t) and (1/2)0,0,u(x,t) + Opp(x,t) =
—p(x,t)v(x,t), where v(x,t) = p(z,t) — p(x,t)?. Therefore Itd’s formula implies

(r

dy; - U(Xt(T), I,fT))dYﬁ” = ng)dYET) and further
d ([1;) +17," - Xﬁ) = [(17 4 1)v 1] ax . (24)

with Yﬁ” = Xt(T) — I }A/UT)h(u—T)du. Lemma 1 on p. 21 in Stein (1986) yields

TAL

for all B > 0 and A € (—o0,400),

2
Yy
V=B

F By — A)eMBE g(y)dy = EAY) d
(By — A)e 7g(y)dy = g(0) + 9(y)dy.
0 o Laly)
Then, with A = Xt(T) and B = It(T), for 7 <t < oo,
T)x\T T 1 T
1% - X{7 = g(0)— + E(HY)|F), (25)

o

where w(T) . foo oY ft th(u—T)qu—% ft thQ(u—T)du o W,r

= Jo A A 9(y)dy = dP/dPs|F,"". See
Proposition 4 in Woodroofe (1992) for a related identity. We note two useful facts.
We have E(|H(Y)log |H(Y)||) < oco. Therefore Doob’s inequality and EY? < oo
provide E [SUP0§t<oo E(H(Y)\FJ/VT)] < oo and E {supOSKOO E(Y\FJ/V’T)} < 00.
Moreover for z > 1,

P ( sup [1/9{”)] > 37) = P07 < 00) = Ex <[¢(2>]1{0<T><oo}> = 1/x,(26)

0<t<oo (2% z
where o7 = inf{t > 0\[@[1tT)]_1 > x}. Note that Poo(o*;(f) < o0) =1 for x>
1. We immediately obtain E(supogt@o[l/w;)])ﬁ < oofor 0 < g <1 So
E(supp<icoo \(It(T) + 1)Yt(T) - Xt(T)|ﬁ) < oo for all 0 < § < 1. Representation
(24) and the Burkholder-Davis-Gundy inequalities now yield the assertion. Note
that dXt(T) = h(t —7)dW; for 7 < t < 0.
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