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Abstract: Johnstone and Silverman (1997) described a level-dependent thresholding
method for extracting signals from correlated noise. The thresholds were chosen
to minimize a data based unbiased risk criterion. Here we show that in certain
asymptotic models encompassing short and long range dependence, these methods
are simultaneously asymptotically minimax up to constants over a broad range of
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linear inverse problems possessing a wavelet vaguelette decomposition.
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1. Introduction

Suppose that we are given n samples from a function f observed with noise:
l/z:f(tz)"i'ez’ Z:Lana (1)

with ¢; = (i—1)/n and e; drawn from a stationary Gaussian noise process. John-
stone and Silverman (1997) (JS below) discussed a number of wavelet threshold-
ing prescriptions appropriate to estimation of f in the presence of such correlated
noise e.

In particular, they described and illustrated a method for estimating thresh-
olds from the data based on an unbiased risk estimate. In addition they intro-
duced a family of asymptotic models encompassing both short and long range
dependence and argued that the good asymptotic properties (near adaptive min-
imaxity) of wavelet threshold estimators are unaffected by the presence of corre-
lations of these types.

One purpose of this paper is to describe the proof of this adaptive minimaxity
result (Theorem 5 of JS) for the unbiased risk based thresholding estimates. Even
in the i.i.d. error case, the proof given here simplifies and corrects that given in
Donoho and Johnstone (1995), for example the technical device of random half
samples used there is now avoided.
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As an asymptotic model encompassing situations of both short and long
range dependence, we adopt the setting used in JS. We provide some details
on the decorrelating effect of the wavelet transform — for example long range
dependent errors are converted in the wavelet domain into p— mixing sequences in
our model. We then show how the large deviation inequalities of Bosq (1993) for
a— mixing sequences may be exploited to show MSE consistency of the empirical
threshold choices.

It turns out that certain linear inverse problems possess a structure (captured
in the wavelet vaguelette decomposition of Donoho (1995)) that allows many of
the methods and ideas to be carried over from the regression with correlated
noise setting. We describe this in brief fashion in the concluding section.

This paper is entirely concerned with stationary Gaussian errors. Of course,
it would be of considerable interest to extend the results of this paper to station-
ary non-Gaussian errors and even to non-stationary situations. There is a recent
and growing literature based on Gaussian approximations of empirical wavelet
coefficients in a variety of situations. In addition to the numerous references
cited at the end of Section 8 of JS, we wish to mention Neumann and von Sachs
(1995).

1.1. Basic definitions and notation

We first establish some notation and recall the definition of SURE threshold-
ing for observed data. Let VW be a periodic discrete wavelet transform operator
(in practice implemented with a fast cascade algorithm), and let Y be the n-
vector of observations Yi,...,Y,. We suppose that n = 27 for some .J. Write

wip=WY)r  j=01,....0 -1, k=1,...,% (2)

with the remaining element labelled w_;. Let & = Wf be the corresponding
wavelet transform of the signal f = (f(¢;))i~,, and z = We be the transform of
the noise.

To construct the estimator, let ng be the soft threshold function

ns(w, A) = sgn(w) (Jw] = A), . (3)

If the noise process e is stationary, then so are the processes & — z;; in the
wavelet domain, and so we denote their standard deviations by ;. Let A; be a
sequence of thresholds to be applied to the coefficients at level j, and define 0 to
be the estimator

ik = n(wijk, ojA;)-
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Here 1 might be soft or hard thresholding, or some compromise between the
two, though in this paper we focus on soft thresholding. We write 8 for the
corresponding estimator of 8, and set

£ =w7.

Under this formulation, allowing signal at low levels (j < L, say) through without
thresholding corresponds to setting A\; = 0 for the relevant j. At higher levels,
where there is a considerable number of coefficients at each level and the signal
;1 can be assumed to be sparse, the noise variance O'j2- at each level can be
estimated from the data. One possibility is to use a robust estimator such as

57 = MAD{wjp, k =1,...,2/}/.6745, (4)

where MAD denotes median absolute deviation from zero and the factor .6745
is chosen for calibration with the Gaussian distribution. Other estimates are of
course possible, for example mean absolute deviation. We do not dwell on the
estimation of the variance; we assume for the rest of this paper that it has been
carried out, and treat UJQ- as known.

We measure error in the L? sense, and define the risk measure of an estimator
by R(6,60) = E||6 — 0||?, where the norm is the usual Euclidean norm. Since the
discrete wavelet transform is orthogonal, the risk of an estimator will be the
same as that of its discrete wavelet transform and so risk results obtained in the
wavelet domain carry over directly to the original “time” domain.

As shown in Johnstone and Silverman (1997), the co-ordinatewise nature of
thresholding implies that the Stein unbiased risk estimate investigated in the i.i.d.
Gaussian error setting by Donoho and Johnstone (1995) remains unbiased, even
in the presence of correlation. To be specific, we consider a general multivariate
normal model in which X ~ Ny(6,V). For this paragraph, the covariance matrix
V' is unrestricted. Stein’s method shows that the mean squared error of an
estimator 0 = X + g(X) may be written

E|IX +g(X) = 0| = B{tr V + ||g(X)||I* + 2tr [V Dg(X)]}
= E{U(: X)}, (5)

say, where Dg(X) denotes the d x d matrix with entries dg;/0z;(X). In the case
of soft thresholding at ¢, the kth component of g is

—t x>t
gp(x) = ¢ —xp |k <t .
+t xp < —t

The key point is that thresholding operates co-ordinatewise, so that g; is a func-
tion of z alone, and the matrix Dg in (5) is therefore diagonal.
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If the covariance matrix V is homoscedastic, vy, = 2. If 02 is unknown, it
can be estimated by 62 as defined in equation (4). We will treat o as known, and
via rescaling (x = X /o) we may assume that 02 = 1. The unbiased risk criterion
is then obtained by substituting the properties of g:

Ut)=d+ Y (xj ANt?) — 2I{ || < t}, (6)
k

which is identical to that used in the i.i.d. case. We therefore propose taking

~ ~

t(l‘) = argminogtgm U(t) (7)

As explained in Donoho and Johnstone (1995) this minimization can easily be
accomplished in O(dlogd) time.

For ‘small’ sparse signals, the noise coordinates can swamp the signal co-
ordinates in their contribution to the SURE criterion. The behaviour of ¢ can
be erratic, so one alternative is to retreat to the use of higher, ‘fixed’ thresh-
olds t" = \/2Togd. For further details, see Donoho and Johnstone (1995). The
pretest compares an unbiased estimate of ||0||2, namely s2 = d~* > %27 — 1, to a
threshold ~g4:

: { V2logd s7 < 74 (8)

=) >

Thus the unbiased risk choice # of (7) is chosen only when the pretest rejects.

Returning to the wavelet thresholding setting, we apply this prescription
separately on each level to the coefficients w; = {wjz, k =1,... 27}. The station-
arity assumption implies the homoscedasticity condition needed in the derivation
of (6). We then set

)\j:o*jf(wj/aj), nggj—l.

We recall that this estimator, and relatives with different threshold choices
are all easily implemented with O(nlogn) algorithms in software (for exam-
ple in releases .800 and later of the library WaveLab of MATLAB-based rou-
tines for wavelet and related time frequency-timescale analyses available from
http://stat.stanford.edu on the World Wide Web) and illustrations on var-
ious kinds of simulated and physiological data were given in Section 3 of JS.

1.2. Asymptotic model

In Johnstone and Silverman (1997), it was suggested that a useful class of
asymptotic caricatures of the finite sample model (1) is given by

Y(t) = F(t) + By t), te0,1]. 9)
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Here, our target function for estimation is f = F’ and By(t) is fractional Brown-
ian motion, namely the zero mean Gaussian process on R with covariance func-
tion r(s,t) given by

V)
r(s,t) = - (sl + 2 — |t — s, steR,  Hell/21).

The parameter a = 2(1 — H) € (0, 1], and the scale parameter e is thought of as
proportional to n~1/2.

Let i(t) = 29/24(27t — k) be a wavelet basis on R derived from a suit-
able wavelet ¢ of compact support with corresponding scaling function ¢. Here
the index A runs over a set A defined by pairs (j,k),j > L,k = 1,...,2/ for
the wavelet functions and (L — 1,k),k = 1,... ,2L for the scaling functions.
Form the inner products yy = [¥xdY,0\ = [y f, and 2y = [¢YrdBg where
73 = Var{[ ¢Y»dBpn} = 72273(1=¢) Note that for j = L — 1, the inner products
are taken with ¢,. To avoid annoying but inconsequential end effects, we ar-
gue as in Johnstone and Silverman (1997) that a model nearly equivalent to (9)
(i.e. involving an approximation of the variance structure valid up to absolute
multiplicative constants) may be obtained as

Yx = 0y + Ga’sz,\, A €A (10)

The noise variables z), which all have variance 1, are correlated, but can be
shown to have relatively weak dependence, in a sense articulated explicitly in
Section 2.

We can think of the initial segments {y; : j < J =logyn,k=1,... , 27} in
model (10) with e = 71/2=1/2 a5 being analogous to the empirical coefficients Wik,
in (2). While this is not literally correct, of course, one can use this identification
to transfer intuition from the asymptotic models to empirical data.

It is, however, simpler to do rates of convergence calculations in the approx-
imating model (10). By some general decision theoretic and wavelet theoretic
machinery (Donoho and Johnstone (1999)) we expect that these results can be
carried over to the original regression model (1) : some discussion of the issues
involved is given in the Appendix.

It will be assumed that the parameters a and 7 are known—since the latter
is a simple scale parameter, we will set 7 = 1 without further loss of generality.
(Some discussion of estimation of a,7 appears in Section 7.3 of JS.) We will

therefore have e = n=1/2, ,YJZ — 9-i(l-a)

and UJQ- = 62”7]2». This model encompasses
both the long-range dependence approximation (10) and, by setting o = 1, the
short-range dependence approximation.

We shall consider results for a broad range of function classes for the regres-

sion function f, corresponding to sequence space models for its coefficients 0. A
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flexible scale of functional classes is given by the Besov family, which is specified
in sequence space form as follows. Set ||0;|F = S 1 10;k[P and

by o(C) = {(0%) : Y_2°U0,[lE < C%},  s=o0+1/2—1/p.
i=0

For a fuller discussion of these spaces and the important roles of the indices
(0, p, q) see Frazier, Jawerth and Weiss(1991) and Donoho and Johnstone(1998b).
Here we note simply that ¢ is a smoothness parameter, corresponding to the
number of derivatives that the function f possesses in L,. The case p = ¢ = oo
corresponds to Holder smoothness, defined by the uniform condition |D™ f(x) —
D™ f(y)| < Colz — y|°, where o = m + § with § € (0, 1].

To state the main result, we consider the sequence model (10), and soft
threshold estimators of the form

05 =ns(yr, o)) (11)
L j<L
T tyy/04) > L,

where # is the pretest threshold given in (8).

If the parameters (o, p, ¢, C, «) were all known, then the best possible estima-
tion error of any threshold choice over the class b7 (C) is given by the minimax
threshold risk

R o (609,(C)) =inf sup  E|é,, — 0]%,
Tothpa () oebg (C) t5)
where é(tj) stands for the estimator (17(y;x,%;))jk and [|0]|? = Syea [|0]1? is the
l5(A) sequence norm. From results of Wang (1996), it is known that this minimax
threshold risk in model (10) is of the same order in € as the minimax risk over
all estimators: i.e. there is no great loss of efficiency, even in the presence of
long-range dependence, due to co-ordinatewise thresholding, and
Ra.a(n™"/2,b5,(C)) = 07, r(0.0) = 200/(20 + ).

Against this background, we have the following result for the estimator §*

of (11) using the unbiased risk based choice of thresholds:

Theorem 1. Set the pretest threshold in (8) at vg = 27 V824 gnd let A =
(1/p —1/2)4. Suppose that 1 < p,q < 00,0 < C < 00, and o > max(aA, A —
/2,20 —a/2). Then, asn =e /% — oo,

sup  E|0* — 0[* < Ry (1207 ,(C))(1 + o(1)).
oebg ,(C)
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This theorem says that the unbiased risk choice “gets the thresholds right”
asymptotically: without needing to know (o,p,q,C), and over a wide range of
a, the estimator does as well as if these parameters were known and used to
explicitly set optimal thresholds. Note especially that the extra logarithmic term
present in Theorem 3 of Johnstone and Silverman (1997) has been removed, due
to the lower thresholds chosen by the data-based rule.

In our result we do assume that the dependence parameter o and overall
scale 7 are known, and so we do not incorporate estimation of scale through
estimator (4). In Johnstone and Silverman (1997) it was shown how to incorpo-
rate estimation of o in model (10) for a different choice of threshold — we expect
that a similar extension here would also be valid, at the cost of further technical
complications to the proof. The same comment could also be made regarding
estimation of 7.

Outline of paper. Section 2 develops some correlation properties of wavelet
noise coefficients in model (10). In Section 3, some asymptotic oracle inequalities
are established for the SURE /pretest threshold selector (8). These inequalities
are to be used in later sections on the wavelet coefficients derived from a single
resolution level - they are stated under a set of dependence assumptions (Model
“S”) that is general enough to include both the fractional Brownian motion
setting of Section 2 and the extensions to linear inverse problems outlined in
Section 5. Section 4 gives the principal parts of the proof of Theorem 1, with
the details being postponed to the Appendix. In particular, the role of large
deviation properties for a— mixing seqgences is indicated. Section 5 indicates
how these results might be carried over to a class of linear inverse problems
where the observed representer coefficients in the WVD model satisfy on each
level the dependence assumptions of Model “S”. The analog of Theorem 1 is
given as Theorem 6. Finally, in addition to proof details, the Appendix contains
some remarks on the possible extension of these results to the sampling model

(1).
2. Properties of the fBM Sequence Model
Rewriting (10), we consider the model
Yik = ij; + anjk (12)
Wik :/’gbjkdBH. (13)

In this section, we draw conclusions about the reduced dependence structure of
the wavelet coefficients wj; which will form the basis for the proof of Theorem 1.
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Following for example Barton and Poor (1988), the stochastic integrals defining
w,x have mean zero and covariances given by

E [ fdBu [ gaBiy = (1/27) [ €500 (14)

In this section, we deduce some properties of the error process j — {w;;}
that will be used in the proof of Theorem 2. First, we use scaling properties of
p(de) = €|~ (1= d¢ in (14), along with %\k(f) = 279/2¢1k277€4),(273¢)  to conclude
that

ri(k) 2 Bwzwjo = 27909y (k). (15)
J kW

In what follows, chiefly for convenience, we use the Meyer wavelet ¢ (com-
pare, for example Daubechies (1992), Chapter 4). We recall, in particular, the
properties
(i) supp ¢ C [—87/3,—2n /3] U [27/3, 87 /3],

(ii) On [—2m, -7 U [1,2x], || > co.
1°. Decay of autocorrelations ro(k). Using (14),

ro(k) = (1/2) [ e p(e)Plgl =g (16)

= (ke /2m) [ /)Pl -0~ d, a7)

From property Meyer (i), we can assume [)(w)| < eag, |w|MoI{|w| < 37}. This
implies

[ro(R)] < (o /m)k=o 720 57 [w] Moot du
< canrk2Mo, (18)
Here and throughout, cops denotes a constant depending on o and My, not
necessarily the same at each appearance.

2°. Spectral density of k — wo, : Decompose (—oo,00) into union of intervals of
length 27 centered at 27 Z and apply to (16) to get

ro(k) = (1/2m) 7, e*€ 3 ez [(€ + 2mf) 2I€ + 2mj| =7 dg
= (1/2m) [T e™ fy (€)dE. (19)

Because of the support properties of the Meyer wavelet, we conclude that fy is
bounded away from 0 and oo:

0 < fmin < fy(§) < fmax < 0 for all |w| < 7. (20)
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From this follows a bound on eigenvalues: For any (a;) € l2(Z):

>k amo(J — k)ag
2 |a;|?

fmin S S fmax- (21)

Indeed using (19), we have

S agri = W = (1/21) [ 15 a4 gy €)de
gk T

and using (20) together with orthogonality of exponentials gives (21).

3°. The sequence k — wji, is p— mizing: We recall from (e.g. Ibragimov and
Rozanov (1978)) that for stationary Gaussian sequences (X,,n € Z), we may
define

p(n) = sup |[Corr (D a;X;, > bpXp)l- (22)
(a;),(bx) §<0 k>n

Using correlation bound (18) on k — wq and setting 5 = o + 2My,

Cov (Z a;jwo;, Z brwok) < Cam ZZ |aj|‘j - k|_ﬁ‘bk|
k

§<0 k>n j
< camr Y lag| - DI (D (n + || + k) ~2)H?
§<0 k>0
< cant[lall DI} (n+ 5 — 1)' 2012
j=0

< cantllall[[Bll(n —2)~Y,

since Y20 |ro 4+ 1+ k|72 < ri ™27 /(28 — 1) for 8> 1/2.
From the eigenvalue bound (21) on the spectral density,

Z a? < r;iln - Var (Z a;woj;)-
J
This yields a p— mixing rate for k — woy:

p(n) < cant frpn ™ @Mt (23)

Remark. The chief advantage of the Meyer wavelet for this paper is that it
possesses infinitely many vanishing moments - this implies, as in step 1° above,
that the autocorrelations ro(k) and hence the p—mixing rate p(n) have decay
faster than any polynomial. This makes it trivial to find values of My such that
inequalities (69) and (75) below are satisfied. The same conclusions could be
achieved with other wavelets (e.g. having compact support in the time domain,
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such as the various Daubechies families) that have a sufficiently large number
My of vanishing moments. We have not carried out this analysis in detail, since
it is not clear that the large deviation inequalities which lead to the conditions
(69) and (75) are in fact optimal for this application.

3. Asymptotic Oracle Inequalities for Hybrid-SURE

The goal of this section is to formulate and prove Theorem 2, showing that
the hybrid-SURE prescription is asymptotically consistent, in the sense that it
essentially achieves the best mean squared error possible among threshold esti-
mators. The result is ‘local’ in the sense that it applies for each signal u, and
not just to worst case behavior over a set of signals.

We assume that the data (v;)%, is a subset (increasing as d increases) of
a stationary Gaussian sequence satisfying a set of conditions that we denote
“Model S”:

Model S. z; = p; + z; i = 1,...,d where (z);ez is a mean zero, unit
variance stationo%ry Gaussian sequence such that
(i) r.(k) = / e (9)Pg(€) dE; where v is the Meyer wavelet,

oo

(i) g(§) is continuous and positive for |¢| € [T, 37],
(iii) there exist constants ¢; > 0,c2 € R such that |g(¢&)| < ¢1|¢]* as |£] — 0.

Although model S appears to impose rather special structure on the noise
process (z;), it is precisely the situation that applies to wavelet coefficients {w;}
from model (12) when the level j is held fixed. Compare (15) and (16). It also
is designed to apply to the noise processes arising in the linear inverse problem
settings described in Section 5.

Let us note some consequences of Model S which will be used in the proof
of Theorem 2. These properties reflect the fact that Model S forces the sequence
(z;) to be “close to i.i.d.”, and were established in the previous section for the
case of the noise processes k — wjj in model (12).

(i) The spectral density f,(§) satisfies

0<fmin§fz(£)§fmax<00 fOI‘ ‘£| ST{‘;
(ii) correlation decay:  Given My € N, 3 c3 = c3(Mo,g) s.t.
|2 (k)| < ezh 27720,

(iii) p-mixing:
Pz (77,) < (03/fmin)n_62_2M0- (24)
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To state the theorem, we define the ideal threshold risk:

d
_ -1 .
R(p) = inf d ;r(t,uz),

where 7(t, ;) = E[ns(z,t) — p;]? (compare (3)) and the fized threshold risk:

d

Rp(p) = d="y r(td, ).
1

As in Section 1.1, we define our hybrid-SURE thresholding estimator in
Model S by setting = = (x;)%,, s2=d ' S{(x? — 1), and

i (x); = {77(1‘1',755) if s2 <4 (25)

n(mi,f) if 33 > vy ’

where
t= argming<;<;r SURE(t, (x;)), th = /2logd.

Thus, when 72 = 72(u) = d=1 ¢ p? is small, the hybrid estimator will
usually default to the fixed threshold choice. When p = 0, this is guaranteed
by the following large deviations inequality for 53, established in the Appendix.
Suppose that {z;,i = 1,...,d} is drawn from a Gaussian stationary sequence
of mean zero, variance one and bounded spectral density f(w) on [0,7]: foo =
sup{f(w) : 0 < w < w}.Then

P{Is31 > 1} < 2exp{— 3 min(t/ 1), (26)

o0

Theorem 2. Assume stochastic model S, and that

1>~y >>1/d llogd.

(a) For each n € (0,1/2), uniformly in u € RY
d7E || i = |P< R(w) + Re(uI{r* < 370} + O(d"2),  d— oo. (27)

(b) There exists a positive constant ¢, such that uniformly in p for which 72(u) <
1
§de;

A E || i* = |*< Rp(p) + Olog d e=+), d—oo.  (28)
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Notation. We begin the outline of the proof of Theorem 2 with some defini-
tions. Let F,; denote the empirical c.d.f. of {u1,...,uq}. The empirical loss of
thresholding estimator (ng(xi,t));i:l is

d
ﬁ(t7 Fd) = d_l Z["?(l’zat) - Mi]QJ
1

and its corresponding risk

d
r(t,Fq) = EL(t,Fy) = d™" Y r(t, ).
1

The unbiased estimate of the risk of (ng(z;,t)) is given by
d
Ua(t) =d™ 'Y 1—2{a} <} +a] At
1

and it satisfies EU,4(t) = r(t, Fy).

We use a pretest decomposition based on the event Ay = {83 > 74}, which
tests for the presence of significant signal. Thus,

Ry(p) = d'E| i* — p||> = Ria(p) + Raa(p) (29)
and to establish Theorem 2 we show that
Ria(p) 2 d7 B{|| i* = |*, Ag} < R(p) + cd™ 7,
Roa(p) 2 d 7 E{|| @ — ||, AS} < Rp()I{r* < 374} +o(d~'/?).

Strategy for “signal” term Riq. On Ay, we use SURE threshold #, so that
Ria(p) <d™">  [n(as,t) — = EL(i, Fy).

We first address an issue that was overlooked in Donoho and Johnstone
(1995). The minimization yielding ¢ is performed only over the interval [0,5],
so that a priori one might expect only that Ry4(u) approximates

R(p) = inf d7* t, ;) > R(w).
(1) o > r(t, i) > R(p)

In fact there is little to be gained by searching over larger thresholds. In the
Appendix we prove

Lemma 3. Ifd > 8 and § > 0, then for all i € R?,

R(M) —R(p) < 2d~! \/W O(ch 1)
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Consequently, in the proof below, we may replace R(u) by R(x) with no
harm to the uniform O(d"~/?) term.

L(t, Fy) and U(t) are both unbiased for EL(t, F;), so we have the bound and
the basic decomposition

Ria(p) — R(p) < EAy,

Ag = L(E, Fy) = r(t, Fa) + r(E, Fy) = Ua(f) + Ua(f) — inf r(t, Fy).

t<th

We bound A, via maximal deviations of empirical process type:
[Aal <NIL(,Fa) = (5 Fa) oo +2 1 Ua() = 7, Fa) oo,

where [[glloc = sup{lg(t)| , 0 <t <tj}.
For Ry4, the task is thus to show a uniform bound on the expected maximal
risk deviation

sup By | L(-, Fa) = (-, Fa) [loo< cd™ 12,
UERD

and a similar bound for the unbiased risk deviation. For this purpose, let

Wd(t) = L(t, Fd) — T’(t, Fd),
Zd(t) = Ud(t) — T’(t, Fd).

For expectations of V' = ||[Wyl|oo Or || Z4|l00, We use the simple bound
EV < c+ (EVHY2PWV > o)Y/2, (30)

where ¢ = ¢4 will be of the desired order O(d?~1/?).
To estimate sup norms, we use a simple discretization: let t; = jd, and J
denote the set of indices j for which ¢; € [0,tL]. Clearly,

[ flloo < sup|f(t;)] +sup Af(t;,0), (31)
J J
where

Af(tj,0) = sup{|f(t) = f(t;)] : t; <t < t; 46}

Analysis of W4 We now describe how we reduce the analysis of W, and Z; to
the application of appropriate exponential inequalities for dependent sequences.
Write

d

=1
2 iYi(t), (32)
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from which it is seen that t — Wy(t) is continuous and piecewise differentiable.
From the formula for r(¢, 1) in Donoho and Johnstone (1994) and direct calcu-
lation,

0 < 0r(t,u)/ot < 2t, and (33)
(0/0t) [n(ws,t) — wi]® = —2sgn z[z; — (sgn )], (34)

from which
[Willeo < 2 ave |2;] + 4t4. (35)

Let

Ag=Nje{[Walty)] < d" 723,
By = {|Willeo < 6ta}.

Then, so long as § satisfies 640 < d"~ /2, we have, from (31)
AgN By = [[Wylleo < 2d7 V2. (36)

In view of (30), (36) and the corresponding bound (76) for || Z;||oo described
in the Appendix, the chief remaining task in the bound for the signal term R4 is
to obtain good tail bounds for the probabilities of AG, B;, C5 and Dj. When the
errors z; are i.i.d., this was accomplished in Donoho and Johnstone (1995) using
the well-known Hoeffding exponential inequalities for large deviations. When
the errors z; are dependent, but strongly mixing, Bosq (1993) has provided some
explicit large deviations inequalities of Bernstein type which we restate here for
the convenience of the reader.

Bosq’s inequalities. Let (X;,7 € Z) be a zero-mean stochastic process, and
let 7° _ and FiXp be the sigma-fields generated respectively by {Xs,s < i}, and
{Xs,s > i+ p}. The a— strong mixing coefficients are defined by

a(p) = supsup{|P(AN B) = P(A)P(B)|, A€ F', Be F¥,}.
i A,B

The first Bosq inequality is oriented towards bounded X; and is given in the
Appendix. The second inequality imposes the ‘Cramer conditions’:

Proposition 4. Assume that there exist constants m < M such that
() 0<m<EX?<M, icZ (37)
(b) BE|X;|" < MV 2YIEX?;, ~>3, i€ Z.
If Sp=X1+---+X,, and 1 < p, < 5, then for every e > 0 and v > 2, we have
P(S,| > ne) < (2pn, + 1+ M~ 1) exp( L 2 (38)
€ Xp(——— —
" = \“Pn P00 5+ e
+dy (1+ ) ma(pa), (39)
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where fy =v/(2y + 1) and

5 4
do = 11MO= DA/ 2 4 ——
We illustrate the use of Proposition 4 to bound P(A;). We show that the
Cramér conditions apply to X; = Y;(t) + €;, where Y;(t) is defined in (32) and
€; i N(0,1) are introduced simply to ensure that EXE > Ee? = 1, so that

m = 1in (37). Since ¢; have a distribution symmetric about zero, one can verify
that, with Sq = 3¢ X;,

N>

P{[Wy(t)| > ¢} < 2P{d™!|S,] > c}. (40)
Analysis of soft thresholding shows that

(s, t) = i) < 2(2F + 1), and (41)
r(t,p) <1+ 12 (42)

Using the bounds E|U + V|? < 27" HE|U|Y + E|V['} and EZ% < 2Fk! for Z ~
N(0,1), and after some analysis, one verifies that (37) holds with the conservative
choice M = My = 163(1 + t2)3.

Bound (24) provides control on the p— mixing rate pz(p) for the underlying
stationary Gaussian noise sequence {Z;}. We call upon some standard results
relating mixing coefficients to derive bounds on ax (p), the a— mixing rate needed
to apply the Bosq bounds. Indeed

4ax (p) < px(p) (43)
< py(p) (44)
< pz(p). (45)

It should be noted here that

px(p) & supsup{|Corr (U, V)| : U € Lo(F'.),V € Lo(F2,)},

which reduces to the earlier expression (22) only in the stationary Gaussian case.
Inequality (43) is standard (Bradley (1986), p. 166), while (44) follows, e.g. from
the Csaki-Fischer theorem (Bradley (1986), p. 173), and (45) follows because
Y;(t) is a function of z;. We conclude, for the Meyer wavelet, that for any My,

ax(p) < cant fmpup @20, (46)

To apply Proposition 4, set ¢ = d71/2 in (40), and pg = d". We may write
bound (46) in the form a(p) < ap~® where a and b depend on («, My). Using
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c1 to denote a constant depending on v alone, we obtain from (38), after some
bounding,

P{Wa(t)| = d" %} < eq, (47)
€14 = 2d" exp(—d" [60My) + ¢y M,/ 2!~ 0rtn=1/2)8y - (4g)

This bound, with appropriate choice of M allows control of P(Ag;). The
completion of the bound for E||Wj|«, the corresponding bound for E||Z;|~,
and the treatment of the ‘noise’ term Ry4, and the proof of part (b) of Theorem
2 are deferred to the Appendix.

A modified oracle inequality for fixed thresholds. Before concluding
this section we state a slightly improved version of the oracle inequality of Donoho
and Johnstone (1994) and Johnstone and Silverman (1997). From Lemma 1 of
Donoho and Johnstone (1994), the risk of univariate soft thresholding satisfies
the following two inequalities for all t > 0, u € R:

r(t, p) < r(t,0) + p,
r(t, ) <t +1.

Combining these yields
rt,p) < r(t,0) + (2 + 1)(p* A1),
This yields immediately:

Proposition 5. If X; has marginal distribution N(u;,1),7 = 1,...d, and i
denotes co-ordinatewise soft thresholding at t, then

d
Bl — > < dr(t,0) + (2 + 1) p2 A L. (49)
1

We recall from (A2.6) of Donoho and Johnstone (1994) that for ¢t > 3/2,
r(t,0) < 8t 3¢(t).

In particular, if t; = /2log d, then r(y/21logd,0) < 2d~'(logd)~3/? and
d
Ellji, — pll* < 2(logd) ™/ + (2logd + 1) > i A 1.
1

Finally, if now y; has marginal distribution N(6;,02),i =1,...,d, if 6F denotes
soft thresholding at t40, and if d = 27, then

E|0F -0 < c(57320% + 5> 62 Ao?). (50)
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The significance of (50) vis-a-vis previous versions of the oracle inequality is that
the first term 573202 is now a summable sequence in j. We note also that the
bound (A.24) in Donoho and Johnstone (1995) is incorrect — consider = = 0 —
but that systematic use of (50) below corrects the error.

4. Proof of SURE Minimaxity

In this section we describe the main steps in the proof of Theorem 1. We
assume model (12) and note that it implies
Var i, = O'Zk ¢2agmili=a), (51)
We rescale to use variance one oracle inequalities by level:
Lj = (yjk/gj) Aﬂfk(y) — Yj J< L
1j = (0k/ ;) ! o (x5) j = L,
where L is fixed. Then

E| 6" —0|*= " E@®
ik
=320+ (Y. + ) oFEi () — pyl?

Jj<L L<j<jo Jj>Jjo
< O(GZQ) + S1e + So.

Our approach is to decompose E||§*—6||? into low, mid and high levels.
e Low levels (5 < L): trivial, since L is fixed.
e Mid levels (L < j < jg): use global oracle inequality (27).
e High levels(j > jp) : use ‘small signal’ oracle inequality (28).

Hence, using the global oracle inequality (27) for mid levels:

S1e € Yjcjo Y0 R(pj) + Rp(pj) {72 < 3y;} + 2079/}
= S11c + S12¢ + Si3e, (52)

and using the small-signal inequality (28) and the bound dlogd - e =
O((log d)~3/?) for high levels:

Sae < D Y03 Rp(y) + cojj
Jj>jo
= S21¢ + S22

Focus first on the main term, Sqi:

. ~ 2
Si1e < Z l?_fEHQj,(tj) =0 I
L J
J<jo
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Hence, by maximising over © = b7 (C),
N 2
sup S11e < inf sup E||0; ) — 0 ||
o () e ts)
= Rin(e,0) < €7,

The proof is completed by showing that we may choose jy so that all other
terms are o(e?"). We start with Sy, : let 0]2-6 = 3’yj2ja]2- with y; = 2~Vi. Then if
éjF denotes soft thresholding at ¢;+/21og 27,

Siae < Y B0 — 0 1{[16;]* < 3.
Ji<jo
<e Y {5Pf + 5y o nORIHI0 P < &l
Ji<jo k
where we have used the modified oracle inequality (50). To further bound Sia,
we borrow a definition from Theorem 3 of Johnstone and Silverman (1997):

W,(6,C;n) = sup 252 N
lzll,<C 7
min(né?, CP6%>P) 0<p<2
min(né?, anl_Q/p) 2<p<o0’

where, in both cases, the minimum is obtained at nd? if and only if § < Cn~1/?.
Defining also the Besov ‘rings’

one checks easily that ©U) is essentially isomorphic with the £, ball {6, : ||0;]], <
C277}. Hence

sup S12 < ¢ Z j_3/20]2- +c E Jmin{W,(o;, C27%9;927), Wa(oj, cje; 29)1.
e — —
J<Jjo J<Jjo

Write Wp;(e), Wa;(e) as abbreviations for the preceding terms. We first analyse
Whpj(€). In the case p < 2,

2o? if o; < C27%979/p

CP2=3IPg P if o > C27SITIIP, (53)

Wy(o;,027%;27) < {

grows exponentially in j while 7 — C’p2_5jpaj2-_p

= (Ce_a)p62a2_jp["+o‘(1/ 2-1/P)] decreases exponentially in j. The functions cross

The function j — 2j0]2» = agia
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at the switching value j, € R given by the solution to the equation o; =
C2~(5+1/p) j namely
oix(0tel2) — Ceme, (54)

The value at the crossing point j, (which yields the maximum of j — W);(e)) is
then
2j*0_j2 — 62a2j*a — CT/O’GZT

(recalling that r = 20a/(20 + «)).

For the case p > 2, the situation is the same as in (53) except that the second
term is now C22728721(1-2/p) — (022-2/9  Note, however, that the switching
value j, is still given by (54). In summary, we conclude that j — W),;(e) decays
geometrically from a maximum j,:

W,i(e) < CT/7e2 . g=mli=ixl, m >0, 55
pJ

so long as
o>a(l/p—1/2);. (56)

For small j, however, the small signal constraint contained in Ws;(e€) leads
to the better bound. Indeed, since W(d,C;n) = né* A C2, it follows that

Waj(e) = 2702 A3, = 2, < 327Vigiae?,
Recalling that r = 20a/(20 + a),a —r = a?/(20 + «) and (54), we obtain
G_QTWQJ'(G) < 302a/(20+a)2—\ﬁ+(j—j*)o¢. (57)

Combining (55) and (57), and letting ¢; = ¢;(a, 0, C), we get

Jo
€ 2 sup Size < o(1) + ¢ Z jE_ZTWQj(e) + che_2Tij(e)
S

J<i1 J1
<o(1) + e Z jz—\ﬁ-k(j—j*)a + eo Z jz—m(j—j*) = o(1)
J<Jji J=j1

if we choose, for example, j; = j, + (logy 7% )2.
Turning now to Stz we have

6_2T513e = CEQ(a_T) Z 2j(o¢+77—1/2).
Ji<jo

Since (o — r) = a?/(20 + «), this term is automatically o(1) if a +7n — 1/2 < 0.
On the other hand, if « + 77— 1/2 > 0, then

6—27’5136 < ce2(a=r)gjo(a+n—1/2)
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Writing jo = bj. and recalling (54), we find that the exponent of € is positive
when
b<a/la+n—1/2). (58)

The analysis of terms in Ss. is straightforward (and deferred to the Ap-
pendix) except for the constraint on jy imposed by the ‘small-signal’ require-
ment of Theorem 2, namely that the inequality 72 < (1/3)7; be valid for all
pj =06/e and 0; € 0W) for j > jo. Since O is essentially equivalent to the 4y
ball {6, : [|6,]|, < C27%7}, the requirement is that

sup{[|6;113 = [10;ll, < C277} < (1/3)y;2707

for all j > jo. Noting that sup{[|0[|3,, : [|0]lpn <7} = n(1=2/P)+2 and recalling
that 2jaj2- = 2/2¢2@ the condition is that for all j > jo,

22259+ (1=2/)45 < (1/3),2%9 €22, (59)

Let 6 =s—(1/2—1/p); = 0 — A, since & equals o if p > 2 and s if p < 2. Since
~; = 27V7, condition (59) becomes

3022\/3—(a+25’)j S 620('
If o + 26 > 0, the function j — j(a + 25) — /7 is increasing for j > ji(a,7) =

[2(a+25)]72. Since jo = jo(€) T as € — 0, we get for sufficiently small € that (59)
will hold for all 5 > jg so long as

a+25>0 (60)
3022\/%_]'0(04+25') < 6201' (61)

Writing jo = bj. where 27+ was defined at (54), it follows by comparing
exponents of e that (61) is met for all small € so long as

b> (a+20)/(a+ 20 —2A). (62)

In summary, all terms other than Sy are o(€?") so long as (56) and (60)
hold and jo = bj. can be chosen so that b satisfies both (58) and (62). Some
algebra shows that these latter conditions amount to

o>alAjo>A—-qaf2, and o> 20A — a2,

and this completes the proof of Theorem 1.

Remark. Without the pretest, the error term 2/7~7/2 resulting from the global
oracle inequality (compare (52)) would have to be summed over all resolution
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levels, instead of simply up to level jy. From the treatment of error term Sis3e
above, it is apparent that if & > 1/2 (for example), this sum diverges and so
conclusions can be drawn using only the global oracle bound.

5. Extensions to a Class of Linear Inverse Problems

The purpose of this section is to sketch how the preceding results for thresh-
old selection in correlated noise might be carried over to a class of linear inverse
problems. The discussion will be informal and mostly by example. We imagine
data observed indirectly in a model

y=Kf+ 2, (63)

where K is a bounded linear operator of Ly, and Cov(z) = I. Specific examples
that we have in mind include
1. Integration
u
_ / F(t)dt
— o0
2. Fractional Integration
t —_
/ It) u) t, O<a<l.

|t—u|1 o

(Here Q is a homogeneous function of degree 0, and for example, o = 1/2
corresponds to the Abel Transform)

3. Certain Convolutions:

Kf(u)= k(u—t)f(t)dt, where

Examples include

k(x) = e‘ml{x < 0} (=a=1)
or te ~ =l (=a=2).

The heuristic connection between correlated noise and linear inverse prob-
lems can be expressed almost trivially. Consider a correlated regression model
y = f + e where e has covariance operator X, and suppose that ¥ has invertible
non-negative square root L, so that ¥ = LL* and e 2L Formally writing
L'y = L' f + 2, we may then identify K in (63) with ¥~1/2,

To exploit this connection, we use the notion of a wavelet-vaguelette de-
composition (WVD) of K due to Donoho (1995). This is a modification of the
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singular value decomposition which aims to simultaneously almost diagonalize K
and achieve sparse representations of functions f likely to be of interest.

We review some elements of the WVD here. Suppose that the function f
we wish to recover has wavelet representation f = > (f,;x)1ji. However, the
observed data is (a noisy version of) K f, so we suppose in addition that it is
possible to construct representers v, such that

(K fovik) = (f, djn)-

Then for observed data y;i = [y, V;k), we have
which motivates use of a thresholding based reconstruction rule
=" 0k tik) vjk-
ik

The proposal here, of course, is to use a version of the unbiased risk estimate
(SURE) to estimate #; from the data y.

Two conditions will be necessary for asymptotic results on the validity of
this thresholding proposal. First, the WVD structure itself requires fine scale
homogeneity:

Iella ~ 277, j— o0 (64)

uniformly in k. Secondly, we impose the conclusion
if f=0, k — y;1, is a stationary sequence. (65)

The proposed estimator essentially applies existing software to the data
({wjr}):
1. Data:
wir = [V, k)

2. Robust scale estimates: Fix L and
for j > L, & = MAD(yjr,k=1,...,27)/.6745
3. Hybrid-SURE thresholding:

e ) st (wi/8) L<j <J
J W j<L.

4. Reconstruction:

F=3" s
A
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By Parseval’s inequality

E|f = fI? =3 Blij —wy,
j

where w; = {wj, k=1,...,27}.
To formulate an asymptotic result, consider a Gaussian white noise model
for our linear inverse problem:

Y (du) = K f(u)du + eW (du), u € [0,1], (66)

and convert it to sequence space form by integration against the collection of
representers yy:

[V, Y] = [, K f] + efyn, W1, A €A,
so that, using an obvious notation,
yx = Oy + ewy, A€ A. (67)

We proceed by analogy with the fractional Brownian motion model (10), but
with a different noise normalization. Indeed, the observed noise components
have covariance structure

Ew\wy = /%WZ /ﬁﬁa

and in view of (64) and (65), we have at level j, 032- = Var (wy) ~ 2272, As
an example, in the case of fractional integration, where 7y (w) = ‘ﬁ% hx(w), we
w

find

|w\2°‘

|Q(w)[?
The covariance structure of & — {wj;} is thus analogous to that of the
wavelet coefficients of fractional Brownian motion (compare (12)). In particular,

EBwywy = [ ¥y Yy

in the examples listed earlier, Model S will apply, so long as one starts with a
Meyer wavelet or other wavelet with sufficiently many vanishing moments (for
example, for fractional integration, g(€) o< [€22/|Q(€)|?|). Note however that
the noise level here is parametrized by e (and not €“), and that the levelwise
variances 0]2- ~ 2%7¢2 will, for the typical case in which v > 0, grow with j (in
contrast to the fractional Brownian motion case in (51)). In the construction of
the hybrid estimator (25), it is necessary to use higher thresholds in the small
signal case when s2 < 7,4: here we replace v/2logd by

tF = /281log d, (63)
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where § = 1+ 2v4, and 74 = max(y,0). This phenomenon was originally
noted by Abramovich and Silverman (1998). With this modification, Theorem 2
remains true at each resolution level j.

It is now possible to mimick the proof of Theorem 1 to obtain an asymptotic
adaptive minimaxity result for the hybrid SURE estimator, simultaneously over
a broad scale of Besov constraints.

Theorem 6. Suppose that operator K in model (66) possesses a WVD satisfying
(64). Suppose that the sequence data (67) satisfies (65). Let 0* be the SURE
pretest estimator specified in (11) with o3 = €*227 and t§ = \/2Blogd in (25)
for3=2y+1. Seta=2y+1and A = (1/p—1/2);. Then for 1 < p,q < 00,0 <
C < 00, and o > max{aA,A — a/2,2aA — a2},

sup  E[0* = 0]* < Ry, (7287 4(C) (1 + o(1)),
oebg ,(C) ’

and, as shown by Donoho (1995),
Rr s (C) (n=Y?) < nr(00), r(v,0) =20/(20 + 1+ 2).

Notice that the range of validity of this result is constrained to functions of
greater smoothness as vy increases (in the sparse case, A > 0.) This phenomenon
is discussed further in Mallat (1998) who also shows how appropriate wavelet
packet bases can be used to address the problem.

Acknowledgements

Thanks to Brenda MacGibbon for comments on the manuscript, and the
hospitality of the Australian National University when the work was revised.
Two referees also provided detailed comments that improved the revision. This
work was supported in part by NSF grant DMS 9505151, NIH 1 R01 CA72028-02

and the Guggenheim Foundation.

Appendix

Proof of (26). Using the spectral representation of the process {z;}, we can find
iid. N(0,1) variates (; and eigenvalues \; 4 < fs so that chi 22 = chi >‘i,d<i2-
Setting «; = d_lAi’d, we have

d
s3=Y"ai(¢? - 1).
1
Using the elementary identity
P{Y (¢ —1)] > t} < 262 2 ei-lult
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for |u| < 1/4(max |oy;]), and optimizing over u, we obtain (26).

Proof of Lemma 3

Graphs of the risk rg(t, pt) of soft thresholding as a function of threshold ¢ are
essentially constant (at p?) for large ¢: the proof is essentially a (long-winded)
formal verification.

1°. Risk as a function of threshold. Differentiation of the formula for the risk of
soft thresholding (e.g. Donoho and Johnstone (1994), Formula (A2.1)) gives

rolt, 1) = (00 (t, 1) = 2Bt — ) + B(—t — )] — 20(t — 1) + Bt + )]

2°. Monotonicity. For 4 > 1 and ¢ > 2, r(¢,u) is an increasing function of ¢.
Indeed, one checks that Ory/0p = plp(t — p) + ¢(t+p)] > 0, so that it will suffice
to verify that h(t) = (1/2)r:(¢,1) > 0 for all ¢ > 2. Further calculus shows that

Wit)=dt—1)—ot—1)+D(t+1) -t +1)<0  fort>2.
Since h(2) > 0 and h(t) — 0 as t — oo, the claim follows.
3°. We now verify that if t > ¢; and g > 0, then
rty, ) — 7t 1) < 20t — p) + 2té(t). (69)
The left side equals the expectation of
(z — t1)? x>t

0 2| <t
t1) — p)? — t) —p? <
ns(x,t1) — pl ns(z,t) — pl* < (x4t —p)? —t<z<-—t

2z — p)(ty —t) x < —t,

as follows by checking cases. Changing variables to z = z — p and integrating by
parts gives

| @)oo = 8-~ (0 -w? [ Po(e)dz < Bt p). (70
1 1— M
On the range —t < x < —ty, setting u = —(z — u) yields
—t1 t+p ~
[ et -pPe - pde = [ - n)Pewde < &n), (1)
-t t1+p

exploiting > 0 and (70). Finally, on the range x < —t,

2ty 1) [ (0= W)l — pdr =2t )6l + ) S 260 ()

—00
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Combining the last three displays and noting that ®(t;) < ®(t; — p) for u > 0
yields (69).

4°. We proceed to the proof of Lemma 3. Suppose that r(¢, Fy) attains its mini-
mum on [0, 00] at tg. Then

R(p) = iI}f”’(ta Fy) =r(t1, Fq) + r(to, Fa) — r(t1, Fg)

2 Inf r(t, Fa) + A=Y [r(to, pi) — vt wa) [ I{to > t1}.

Step 2° implies that when p; > 1, r(tg, u;) > 7(t1, p;). Hence, on rearranging the

previous display and then substituting (69) and setting ¢; = v/2log d, we get

R(u) = R(p) <d > [r(ty, ) — r(to, pa) I{ms < 1,80 > t1}
<2[p(ty — 1) + tad(t1)] < 20(t1)(e" + t1)
< 4g(0)e /240 < 9 1oV I0nd,

Proof of Theorem 2

Bound for P(Bg). It follows from (35) that {ave;|z;| < t4} implies Bg. On the
other hand (ave|z;|)? < s2+1, so

P(Bg) < P{sj > t7 -1}

<
< e d(t5—1)/8f0 _ €945

where we have used the tail bound (26) for 33. Clearly €5y << €14, so we will
ignore this term below.

Completion of bound for E|Wy||. Bound (30) calls for a crude bound for
E||Wyl%. Using

1Wlloo < Wa(0) + tal|Wlloo

< Wy(0) 4 4¢3 + 2tqave |z,

together with the observation that Wy(0) 2 d_l(x%d) —d) and (ave |z|)? < s2+1,
leads, after some calculation, to

Bl[W4ll3, < (8t3)*.

Substituting this and (47) into (30) (with ¢ = 2d7~'/2) and letting Ny =
tq/d =< 6t§d1/ 271 denote the number of discretization points, we have

E|[Walloo < 2d"'? + 8127/ Nye1q,
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uniformly in p € R. The dominant term in v/Nge14 is
/Nyerq ~= MYt ,d1/2)B/2—n—2bn+n—1/2)6y]
so some algebra shows that E||Wy||oo = O(d"~'/?) so long as
b= a+2Mo > [5/2 = 3n+ (1/2 = n)5,]/(2n0,)- (73)
Analysis of Z4. By definition,
d
a(t) = d_lzl —2I{x? <2} + 22 A2 —r(t, )
=R RS A) (74)
The functions ¢ — Y;(t) are discontinuous, so we need to give a stochastic
estimate of AZ; in (31). If t < t/, we have, using (33), and (¢')2 —2 < 2t4(¢' — ),
Y(#) =Y (@) <2I{t < |z| <t} +dtq(t' —1). (75)
Let Ny(t,t') = #{t : t <|a;| <t'}. From (75),
AZy(t,6) < 2d7 Ny(tj, t; + 6) + 46t .

Clearly, Ed"'Ny(tj,tj+6) < 2¢(0)d where ¢(x) is the standard Gaussian density.
Let
8Nd(tj, 0) = d_l{Nd(t]’, t; + 0) — ENd(tj,j +5)}7 and
Ca=Njes{|Za(ts)| < "%}
Dy = Nje{0Na(t;,0)| < (1/3)d" "/},

It follows from the above analysis and (31) that if we take § = d~/2/t4, then
for sufficiently large d,

CaN Dy = || Zglloe < 2d7 V2. (76)
Bound for E||Z||«. We first state the inequality from Bosq (1993) appropriate
for bounded random variables.

Proposition 7. Assume that there exist constants m < M such that
0 < mp < esssup| X1 + -+ + Xiqp| < Mp, 1€ Z,p>1. (77)

IfS,=X1+--+X,, and 1 < p, <n/2, then for every e > 0,

2 n M n

€

P(|Sp| > ne) <8 exp(—
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We follow the approach for E||W ||, using now (78) to estimate P(C§) and
P(D§). Consider first C§, and note that (77) hold for X; = Y;(t) (defined in
(74) ) with m = 1 and M = 2 + t2. As before, we have the a-mixing bound
ax(p) < ap~® with b = o + 2My. We apply Proposition 7 with parameters
e =d" 12 p; = d", and find, after simplification, that

P{|Za(t)] > d" "%} < esa,
€3a = c3 exp{—d"/25(2 + t3)*} + cqd?/ 4~ 0TI,

Turning to Dg, we note that (77) holds for X; = I{t; < z; < t;+0}—P{t; <
x; < tj + 0} with m = 1/4 and M = 1. Again using Proposition 7, now with
€= d”_1/2/3 and pg = d", we eventually obtain

P{lON4(t;,0)| > (1/3)d"1/?} < eyq,
€44 = ¢5 exp{—ced} + crdd/ A= b3/,

The dominant term in both e3q and e4q is O(d5/4_(b+3/2)77). Noting that 61t =
tidl/ 2+€ and assembling pieces, we find that

P{[|Z|oc > 2d7 17} < cgt3dT/ Ao 0T3/2m,
Since || Zglloo < 2 + 12, (30) yields
E||Zglloo < 24" Y% 4 (2+12) - P(|| Z4]|oo > 24" H/2)1/2.

Combining these last two displays, some algebra shows that E||Z||ec = O(d"~1/?)
so long as
b=a+2My > (3/4+n/2+¢€)/n. (79)

Combining the conclusions reached from (73) and (79), we obtain for M chosen
sufficiently large, the ‘signal term’ bound

Rig — R(p) < cd’™ /2,
Bound for ‘noise’ term Raq. On the event Aj, fixed thresholding is used:

Rog = d "E[>_(n(zi, th) — m)? Ag] < Re(p). (80)

)

It remains to show that 72 > 3+, forces P(Aj) to be small enough that Ryg =
o(d~1/?). On event A

a7 (e th)? <d ) e <14,

(2
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and so
Rog < 2(1 + 74 + 72)P(AS). (81)

When 72 > 374, we may write

G={d7 Y (F D) +d Y 2uiz < (77 — )} (82)
Cls3< -3y u{Va2d 'S 2pm < —7%/3) (83)
é BTd U CTd' (84)

For event B4, use the large deviation inequality (26) to write

dr?

L min(7'2,3foo)}
= o(d™/?) (85)

(14 72)P(Brq) < 2(1 + 7%) exp{—

since d’yg >> logd.
For event C,4, Vig = > ;2 is Gaussian with mean 0 and variance bounded
by foo 3o 42 = foor2d. Consequently,

(14 7%)P(Crq) < (1+ 73)P{(2/d)7\/ food N(0,1) > 72/3} (86)

= o(d™?) (87)

for 72 > 3~4. Combining (85) and (86) with (81) shows that Ryy = o(d~1/?)
uniformly when 72 > 3+4.

Proof of Theorem 2(b). We use the decomposition (29) as before, as well as
the bound Ryy < Rp(p) from (80). By Cauchy-Schwarz, we have

dR1g < P(Aq)'? Y (Eln(zi,ts) — i)', (83)

Using (41), A
Eln(zi,ts) — p]" < 4E[2] + t3]° < 16t. (89)

We use a decomposition of A4 similar to (82), along with the bound 72 < v,4/3,
to write

Ay C {83 > ’}/d/?’} U {Vd > ’yd/3} 2 B,uUCy.
Arguing as before, we obtain
max{P(By), P(Cy)} < 2™

from which we conclude, in conjunction with (88) and (89), that dR14 = O(dlog d-
e_cstdQ) = O(e‘cgdﬁ).
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Completion of proof of Theorem 1

We now bound the terms in Sy.. First

2 .—3/2
Sme<c Y ati ¥
J>jo
— C€2a Z j—3/22—j(1—0&)
J>jo
< C/€2a

Thus
6—2TS226 < 0/62(04—7“) — 0(1)

since @ —r = a?/(20 + a) > 0.
Using the oracle inequality (50) and p— maximal ideal risk bound W);(e)
defined above (53),

Soe<cy E|0f — 0,

Jj>Jjo

<cd o JPo] 3] 0) AR
3>jo k

<c Z j—3/20]2, +c Z JWh;(e€)
J>Jjo J>jo

= Séle + Sgle'

The first term is bounded exactly as for Sag, while (55) shows that

G_QTSg]f <c Z jor/og—mi=is)
J>Jjo
< cjo2 MU0 = cjo2mm O = o(1),

since (62) forces b > 1.

Remarks on extension to the sampling model

The first version of this paper projected that further research would show
that results given here for the white noise model would carry over to the sampled
data model (1). Since the referees have asked for details of this unattempted
project, we describe here some conjectures as to how the argument might proceed.
These conjectures are based on the results of Donoho and Johnstone (1999)
(hereafter DJ-I) and a modified approach using orthogonal wavelets (such as
Coiflets) described in Donoho and Johnstone (1998a) (DJ-II).

Suppose then that we have observations from model (1), with stationary
Gaussian errors e; with correlation function r, ~ Ak % ask — ooand 0 < o < 1.
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Write y = (y;), f = (f(t;)) and e = (e;). Take a (boundary corrected) discrete
wavelet transform § = Wy using filter coefficients corresponding to the Meyer
wavelet (after appropriate truncation because of non-compact support), or using
a filter of compact support with a sufficient number of vanishing moments for
both scaling function and wavelet - the Coiflet family is a key example. Apply
the estimator * of (12) to g. An estimator f (t;) is then obtained by applying
the inverse discrete wavelet transform.

Let ¢ and 1 be the scaling function and wavelet corresponding to the discrete
transform. Given wavelet coefficients 6;, let f = f[0] = > 01¢1 be the associ-
ated function on [0, 1] (with the same convention re scaling coefficients as in the
introduction) and given f, let §[f] denote the corresponding wavelet coefficients.
Define the function space 7 (C) as {f[0] : 6 € b7 (C)}, the definition being
justified by the characterization of norms of Besov function spaces in terms of
wavelet coefficients (cf. Meyer (1990)).

We conjecture that the result of Theorem 1 extends to the sampling model
(1) and that

sup  R(f*, f) < Ry o (%67 ,(C))(1 + o(1)), (90)
feFg ,(C)

where R(f*, f) denotes either ||f[6*] — fllLafoa) or nt SIf(t) — f(t)]2. We
confine further discussion to the former, but the latter might be treated, for
example using remarks in DJ-II. We emphasise that these estimators are obtained
by treating sampled data (1) in a manner that is a) implementable in computer
code, and b) directly analogous to the estimator for which Theorem 1 is proved.

There are two issues in extending the results of DJ-LII to the current situ-
ation: firstly, modification of the results for a given b7 (C') from the Brownian
noise to the fractional Brownian noise setting, and secondly the incorporation of
adaptation over the parameters (o, p, q,C) of ©.

We describe how the approach of DJ-LII is used to deal with the first issue.
We employ the Parseval inequality and a decomposition

1) = FIl=110%(5) — 01l < 10%(5) — 0l + (16 — 6. (91)
Here § = W = 0(6), where the latter form emphasises the dependence on the
wavelet coefficients 0[f]. Temporarily, suppose that § and 6 are considered only
for levels j < jo = 7ylogyn, where v = y(a,p,0) < 1 is chosen so that the full
difficulty of estimation over b7  (C) occurs at levels up to jo. Then analogs of two
key lemmas of DJ-I can be employed:

sup || — 02 =o(n™"), r=20a/(20 + a), (92)
oebg ,(C)

sup  [10(0)[log () < (1+An)C, A, —0. (93)
6ebg ,(C) ’
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These lemmas crucially require the vanishing moments assumption on the scaling
function.

Now (92) is used to show that the second term in (91) is negligible with
respect to n~" For the first term, one uses (93) to write, setting C, = (1+A,)C,

sup  E|6%(5) —00)I° < sup  E[6*(y) — 0] (1 + Agy)
oebg ,(C) 0ebg ,(Cn)
~ Rio(n™2:07 ,(C)).

?7Dq

Here y denotes data from model (10), and the factor 14 Ay, is a bound to allow
for the fact that the covariance matrix Cov(g) = Cov(We) is asymptotically of
the form of the covariance of the noise in (10), at least for levels 7 < vlog, n.

Finally, to handle the adaptation across (o,p,q,C), it seems possible that
one could proceed as in the proof of Theorem 1, using the value jo(n) constructed
there to apply the bounds derived from (92) and (93).
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