Statistica Sinica 19 (2009), 1297-1318

GENERALIZED MAXIMUM LIKELITHOOD ESTIMATION
OF NORMAL MIXTURE DENSITIES

Cun-Hui Zhang

Rutgers University

Abstract: We study the generalized maximum likelihood estimator of location and
location-scale mixtures of normal densities. A large deviation inequality is ob-
tained which provides the convergence rate n™?/ (2+2p)(log n)" in the Hellinger
distance for mixture densities when the mixing distributions have bounded finite
p-th weak moment, p > 0, and the convergence rate n™/ 2(logn)™ when the mixing
distributions have an exponential tail uniformly. Our results are applicable to the
estimation of the true density of independent identically distributed observations
from a normal mixture, as well as the estimation of the average marginal densities
of independent not identically distributed observations from different normal mix-
tures. The validity of our results for mixing distributions with p-th weak moment,
0 < p < 2, and for not identically distributed observations, is of special interest in
compound estimation and other problems involving sparse normal means.

Key words and phrases: Convergence rate, Hellinger distance, large deviation, max-
imum likelihood, mixture density, normal distribution.

1. Introduction.

In this paper we study the generalized maximum likelihood estimator
(GMLE) of the average of marginal densities of observations from normal mix-
tures. Normal mixtures have been used in a broad range of applications and are
related to many problems in statistics (Lindsay| (1995), (Genovese and Wasser-
nran (2000) and |[Ghosal and van der Vaart! (2001} 2007alb))). A primary motiva-
tion of our investigation of the normal mixture is the compound estimation of
normal means (Robbins| (1951)), [Steinl (1956)), [James and Stein! (1961]), Donoho
and Johnstonel (1994)), [Abramovich, Benjamini, Donoho and Johnstone| (2006)),
Zhang| (1997, 2003, 2005), [Johnstone and Silvermanl! (2004)), and |Jiang and Zhang
(2007))), where the oracle Bayes rule can be explicitly expressed in terms of the
average of the marginal densities of the observations (Robbins (1956)), and [Brown
(I971))). In this compound estimation context, the average marginal density is
a mixture of normal densities but the observations, which are independent not
identically distributed (inid), are not generated from the mixture. Although little
is known about the GMLE of the average marginal density based on inid observa-
tions, it contains the important, better understood special case of the estimation
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of a normal mixture density based on independent identically distributed (i.i.d.)
observations directly generated from the mixture.

There is a rich literature on the estimation of normal mixtures based on
ii.d. data, including the generalized maximum likelihood method
(1950)) and its computational algorithms (Dempster, Laird and Ru-|
binl (I977) and Vardi and Lee (1993)), Fourier kernel estimators (1997)),
and more. In a broader context, nonparametric and sieve MLEs of density func-
tions have been considered by many (van de Geerl (1993] 1996), [Shen and Wong]
(1994), Wong and Shen| (1995)), (Genovese and Wasserman| (2000) and [Ghosal and
(2001, 2007D)). Among these papers, [Genovese and Wassermanl
(2000), and [Ghosal and van der Vaart! (2001], 2007b) directly study the estima-
tion of a normal mixture density based on i.i.d. data. For location-scale mix-
ing distributions with bounded support and a known lower bound on the scale,
|Genovese and Wassermanl (2000)) provides large deviation inequalities for sieve
MLEs of the normal mixture density with convergence rates n~/ 6(log n)(l/ 6)+
or n=Y/ 4(log n)l/ 4 in the Hellinger distance, depending on the choice of sieves.
These rates are improved to n~'/2(log n)*" in[Ghosal and van der Vaart] (2001)) for
the GMLE when the mixing distribution has an exponential tail. For location
mixing distributions with finite p-th weak moment, |Genovese and Wasserman
(2000) provides the convergence rates n~'/*\/logn or (logn)~?/?loglogn, both
for p > 2, depending on the choice of sieves, while direct use of the entropy
calculations of [Ghosal and van der Vaartl (2001, 2007b)) in the large deviation
inequality of [Wong and Shen| (1995) yields, respectively, the convergence rates
nt/P=1/2(logn)'/? for p > 2 and n'/(?)=1/2]og n for p > 1.

In this paper, we establish a large deviation inequality which unifies and
improves results in [Genovese and Wasserman! (2000) and [Ghosal and van der
(2001) and establishes the faster convergence rate of n~?/(+2P)(logn)s»
when the p-th weak moment is bounded. Our results also improve upon the
logarithmic factor of the convergence rates in [Ghosal and van der Vaartl (2001
2007b) when the mixing distribution has a heavier-than-normal exponential tail.
Moreover, our results are valid for sparse mixing distributions with finite p-

weak moment for small 0 < p < 2 (Donoho and Johnstonel (1994)) and in the

more general inid setting, both crucial features for applications to the compound

estimation and other problems involving sparse normal means.

In order to cover both the inid case and the more standard density estima-
tion problem based on i.i.d. observations, we consider a general model in which
the observations are independent and each observation is normally distributed
given its latent conditional mean and variance. This includes the inid case of
deterministic conditional means and variances and the i.i.d. case where the con-
ditional means and variances are themselves i.i.d. vectors, among other possible
data generating models.
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We organize the paper as follows. Section 2 states our main theorem for
inid observations from possibly different location mixtures with a known com-
mon scale. Section 3 contains extensions of the results in Section 2, including
location-scale mixtures, deterministic and i.i.d. latent variables, sieve MLE, and
more technical discussion of related work. Section 4 discusses the connection to
compound estimation. Section 5 provides mathematical proofs.

2. The Main Theorem

In this section we consider inid observations from location mixtures with a
known common scale. Our main theorem establishes a large deviation inequality
and provides convergence rates of the GMLE to the average marginal densities
of the observations. The implication of these results in other settings will be
discussed in Section 3. We divide the materials into three subsections to describe
the statistical model, the estimator, and the main theorem.

2.1. The inid location-mixture model

Our problem is best formulated in terms of latent location variables or the
conditional means as follows. Let (Xj,6;) be independent random vectors with
the conditional densities

1 —0;
Xi|6: ~ —go(x ) ~ N6, 0?), i=1,...,n, (2.1)
o
under a probability measure P,, where X = (Xi,...,X,) € R" is observable,
0 = (64,...,0,) is the unknown vector of the conditional means of the observation

X, the variance ¢ > 0 is known, and ¢(z) = (27r)_1e_f”2/2 is the standard
normal density. We study the properties of the GMLE for the estimation of the
average marginal density of the observations:

1~ d
fa(z) = nz;de"{Xi <z} (2.2)
1=
This includes the cases of i.i.d. 6; and completely deterministic #; under different
choices of the probability measure F,, since a deterministic sequence of constants
can be treated as a sequence of degenerate random variables.
The average marginal density (2:2]) can be explicitly written as a normal

mixture density. Define the standardized normal location-mixture density as

ha(z) = / oz — u)dG(w). (2.3)

Let Gy, be the average of the distribution functions of the standardized (deter-
ministic or random) unknowns {6;/o,...,0,/0c} under P,:

Gn(u) = ;iPn{?; < u} (2.4)
=1
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Let ®(z) = [ foo ©(z)dz be the standard normal cumulative distribution function.
Since Py (X; < z) = [ ®(z/0 — u)dP{0;/c < u}, we have

o=t (5)= [ (D) e

as a mixture of the N(6,0?) densities.

2.2. The GMLE

The GMLE, as suggested in [Kiefer and Wolfowitz (1956)), is defined as fol-
lows. Let ¢ be the collection of all distributions in the real line IR and define

H ={hg:Geb} (2.6)

as the family of all location-mixtures (2.3]) of normal densities with the unit scale.
Given X, the GMLE of a normal mixture density with scale o is

ﬁn(£>, h,, = argmax lljh(f’) (2.7)

hest

Here h,, is the member A in the class . in (28] that maximizes the “likelihood”
[T, h(X;/o) of the standardized observation X /o, even though [[, h(z;) is
not necessarily the joint density of X /o for any h € . without the i.i.d. as-
sumption.

Since the family 57 is itself indexed by the completely unknown mixing
distribution G, given X the GMLE f, in (2.7) is a mixture of normal densities
of scale o:

fn(x) - lh@n (§>’ G, = argrengax Zlihg(f), (2.8)

where G,, is the GMLE of the mixing distribution G,. Although the maximiza-
tion is usually done over the parameter G € ¢ computationally, the formulation
in (2.7) is more relevant for studying fn as a density estimator since the properties
of fn are largely determined by the entropy of suitable sieves of the parameter
space S as a density family.

The GMLE f,, is well defined since its rescaled version hy, in 27 is a well
defined map from X /o € R" into .# (Lindsay| (1995)), and [Ghosal and van der
Vaartl (2001)). It follows from (23) and the definition of G, in (ZX) that the
support of Gy, is always within the range of the standardized data {X;/o,i <
n} due to the monotonicity of p(z — u) in |z — u|. Thus, hy (Xi/0), i < n,
are bounded away from zero and infinity for each vector X /o. This and the
uniform smoothness of h € 2 give the existence of the GMLE hy, and the
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uniqueness of i, (X;/0), i < n, due to the convexity of # and the log-concavity
of the likelihood [[;_; h(X;/o) in h € . The computation of the GMLE is
typically carried out using iterative algorithms. For example, one may use the
EM algorithm to maximize over the subfamily of all discrete distributions G
supported on a fine grid in the range of the standardized data.

The GMLE in (2.7) and (2.8)) is a sensible estimator for the average mixing
density f,, since the expected log-likelihood

E, logﬁ h(X;/o) = Zn: / log h(x)dPn{% < x}
=1 =1
~n [{og ()} o, (w)ds

is uniquely maximized at h = hg, € 5 and f,(x) = 0 ‘hg,(x/0) by [22) and
(Z3). It is called GMLE in the following senses. First, the maximization in (2.7))
is done over an infinite-dimensional parameter space % and the estimator Gn
in (2.8)) is completely nonparametric in the mixing distribution G € 4. Second,
in the general inid model (21, the individual X; are not generated from any
member of the family .%, = {o 'hg(z/0) : G € ¥} unless 0; themselves are
i.i.d. random variables.

2.3. Large deviation inequality and convergence rates

Define 1o
(0= [ (Vi-va)’)

as the Hellinger distance between two densities f and g. Our main result provides
a large deviation inequality for the Hellinger distance dp( fn, frn) at a certain
convergence rate €, depending explicitly on the weak moment of the average
mixing distribution Gy, in (2.4).

The p-th weak moment of a distribution function G is {1, (G)}?, where

1/p
py (G) = { sup xP G(du)} . (2.9)
>0 Ju|>x
Due to the Markov inequality, the p-th weak moment is no greater than the
standard p-th absolute moment: {u(G)}? < [ |u|PG(du). The convergence rate
€n, as a function of the sample size n, the mixing distribution G, and the power

p of the weak moment, is defined as

242
f(n,G,p)Emax[\/2logn,{n””\/lognu;”(G)}p/( p)}\/logn. (2.10)
n
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Let a,, =< b, denote a,, /by, + by, /a, = O(1) throughout the paper.

Theorem 1. Suppose (X;,0;) are independent random vectors with the condi-
tional distribution (ZI)) under P,, with a fized o > 0. Let f, be the average
marginal density in Z2) and f, be its GMLE in (27). Then, there exists a
universal constant t, such that for all t > t, and logn > 2/p,

t2 2

nen) < —t2logn 211
2logn = ’ (2.11)

Pn{dH(fn,fn) > ten} < exp ( -

where €, = €(n, Gy, p) is as in (ZI0) with the average mizing distribution G,, in
@4) and p > 0. In particular,

n~P/2+2p) (Jog 1) (2+3p)/(4+4p) iy (Gn) = O(1) for a fivedp
en < { n=1/2(log n)3/4{M$/2 v (1ogn)1/4}, G([=Mp, M) = 1,p = o0
n= 12 (log n)l/ NS/, J el G (du) = O(1),p =< logn,

where o and ¢ are fixed in the third case.

The strength of the large deviation inequality (Z.IT]) is evident from its uni-
formity in {p, ¢, 0} and the explicit continuous dependence of the convergence rate
€n, on p and the weak moment. As a result, the convergence rates in Theorem 1
significantly improve upon the existing results, cf. Section 3.3.

Remark 1. Tt follows from [23I) and [28) that f,(z) = o~ 'hg,(z/0) and
fnlx) = Uﬁlhén (z/0) are all normal location mixtures, so that

it (fnr fn) = di (b, ha,), (2.12)

due to the scale invariance of the Hellinger distance. It follows that Theorem 1
also implies the consistency of the GMLE G, for the estimation of the average
mixing distribution G,, in (24]) through Fourier inversion. However, this consis-
tency argument does not provide rates for the convergence of G, in distribution,
even for i.i.d. data.

Remark 2. According to the proofs in Section 5, the conclusions of Theorem 1
are also valid for any approximate GMLE G,, which guarantees

. hén (X’/J) —2t2ne2 /15
1 { h, (Xi/0) } =e |

i=1

Remark 3. Since the constant ¢, in Theorem 1 is universal, we are allowed to
optimize over p to obtain

2,2
t nen,*) < e—t2 logn

2logn

Pn{dH(fn, fn) = ten’*} < exp < -

I
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with €,. = inf{e(n,Gp,p) : logn > 2/p}. This optimal p is approximately
achieved at p < logn under the condition [ el®!®G,,(du) = O(1).

Remark 4. Since the large deviation bound is non-asymptotic, Theorem 1 allows
o = o, to depend on n. This is utilized in our discussion of sieve estimators in
Section 3.

3. Consequences of the Main Theorem

The general inid formulation (2.I]) and the possible dependence of the proba-
bility measure P,, on n allow applications of Theorem 1 in many settings, includ-
ing location-scale mixtures, location mixtures with unknown scale, deterministic
latent variables as in the compound estimation theory, and i.i.d. observations
from normal mixtures. The large deviation inequality can be also used to study
the GMLE (2.8) as a sieve estimator for a general smooth density function. These
variations of Theorem 1 and related work are discussed in this section.

3.1. Location-scale mixture or location mixture with unknown scale

As in (21)), the inid location-scale normal mixture model is best described
by a sequence of independent random vectors (X, &;, 7;) with the following con-
ditional densities under P,:

Xil (&, i) ~ %w(x i

)

) ~ N(gia’rz?)? T; Z ag, (31)
1

where ¢ > 0 is a known lower bound for the latent scale variables. This includes
the location model with an unknown common scale 7; = 7 as long as we have
the knowledge of the lower bound o for the common 7.

As far as the densities of the observations X; are concerned, the location-
scale mixture model (B.1]) is identical to the location mixture model (Z1]). This
can be seen as follows. Since the N (¢&;/o,72/0?) density is the convolution of the
N(0,1) and N (& /o, 7?/0? — 1) densities, (1)) implies

Pn{% < x} = Entb(m> — En/cp(:r — u)d® (l‘_&/a)

Ti/o \/TE)o? —1

with the convention ®((u — ¢)/0) = I{{ < u}. Thus, (2] holds with

Pn{% < u} = E,® <“_5/0> (3.2)

1/71-2/02—1

This gives the equivalence between the two models (Z1)) and ([B1]), since (B3.1]) is
formally more general than (ZI)). The equivalence of (2.1 and (B naturally
leads to our second theorem.



1304 CUN-HUI ZHANG

Theorem 2. Suppose [B1)) holds under certain probability measures P, instead
of 2J). Then all the conclusions of Theorem 1 hold with €, = ¢(n, Gy, p), where

ZE @(\/%) ZE q>< 725;2) (3.3)

Moreover, (ZII)) provides the convergence rate e, =< n~P/(2+2P) (1og n)(2+3p)/(4+4p)

L
f
D n 1 n
sup ° ;PR{\&] >af+ Z:Enff - 0(1) (3.4)

for a fized p > 0, while e, =< n~2(logn)/CN)*3/4 for p =< logn if for some fized
O0<a<2andc>0,n 30 By (el 4 eler i)e/0- a/z))—O(l).

Remark 5. For a = 2, we adopt the convention eler)o/(1=e/2)

when cr; < 1, =1, or > 1, respectively.

=0,=1,or=00

Theorem 2 is useful for more explicit calculations of the convergence rates
en = €(n,Gp,p) in terms of the moments of & and 7. It is also helpful for
comparisons between our and existing results in Section 3.3, since the convergence
rates for models (2]) and (B.1]) are different in[Ghosal and van der Vaartl (2001)).

2. Deterministic latent location and scale variables

Since P, is allowed to depend on n in Theorems 1 and 2, it can be also
considered as the probability measure given the means 6 in (Z1) or given the
means & = (&1,...,&,) and standard deviations 7 = (71,...,7,) in (31)). Here
we treat the more general case of deterministic £ and 7 in ([B.I]). Define

1 - U0 — G
a0 = 3207 ) &)

=1

frenr®=ny bo(P28), (3:6)

T T
—1 3 K3

Theorem 3. Suppose X;, i < n, are independent N(&',TZ?) observations under
Pn£ + with unknown deterministic vectors § and T and a known lower bound
0<o <. Let fy be the GMLE in &7) and an +(x) be the average density of
Xi, i <mn, in B0). Then, for allt > t, and logn > 2/p,
2

n) < e—t210gn
2logn/ —

t?ne

Pn,gﬂ-{dH(fn, fogr) 2 ten} < exp ( _

I
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where t, is a universal constant and €, = €(n, GnE ) is as in (ZI0) with the
distribution G, gr B3H). In particular, e, = n~P/(2+2P) (log n)2+30)/(4+4p) for
a fivedp >0 if n= Y0 (|&[P+7P) = O(1), while €, < n~/?(log )/ 2)+3/4 for
p=<lognifn™ Y "  exp (|c£i\a—|—]cn|0‘/(1_o‘/2)) = O(1) for some fizred 0 < av < 2
and ¢ > 0.

Since & and T are teated as deterministic, Theorem 3 follows immediately
from Theorem 2 with P, = P, &r Clearly, Theorem 3 is applicable to the case
of deterministic means in (2] with § = 0; and 7, = 0.

3.3. The i.i.d. case and related work

Let H denote a bivariate mixing distribution of location and scale. Suppose
throughout this subsection that we observe

iid. X;~ fu(z) = // %gp(m;g)H(df,dT) (3.7)

under a probability P, = Py, and H (IR x[o,00)) = 1 with a known lower bound
o > 0 for the scale.

Since the inid model (B is more general than ([B.7), the large deviation
inequality (ZI1) in Theorems 1 and 2 provides €, < n~P/(+2P) (log n)(2+3p)/(4+4p)
as the convergence rate for the GMLE fn under

sup 2’ Py {|¢| > z} + Ent? < o0, (3.8)
>0

and e, =< n~/2(logn)"/?)+3/4 under Eg exp(|cf|*+|cr|*/(1=2/2)) < 00 for some
O0<a<2andc>0.

For the estimation of fy under (8.7) and the support bound H([—M, M] x
[0,0%]) = 1 with finite M and o*, [Genovese and Wassermanl (2000) provides
large deviation inequalities for certain sieve MLEs with convergence rates
n~Y%(logn)/9+ or n=1/4(logn)'/* in the Hellinger distance, depending on the
choice of sieves. For the Kullback-Leibler loss, [Li and Barronl (1999) obtained
the convergence rate n~/4(logn)'/%. These rates are improved in [Ghosal and
van_der Vaart] (2001) to n'/2(logn)® for the GMLE, under the exponential
bound Eyel®l”® < oo and the support bound H(IR x[o,0*]) = 1 with finite
o*, where ¥ = 1/2 4+ 1/(2 V «) under the independence of location and scale
H(d¢,dr) = Hy(d€)Hy(dr), and k' = 1/242/(2V «) is slightly worse in general.
Under the same conditions, further improved entropy bounds in (Ghosal and van
der Vaart! (2007b)) lead to v = 14+1/{2(2V «)} via the entropy integral of Wong
and Shen| (1995)). Thus, Theorem 2 improves upon the power of the logarithmic
factor of the convergence rates in [Ghosal and van der Vaartl (2001, 2007h) from
kK tok =3/4+1/{2(2V «a)}, and extends the large deviation inequality to inid
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observations and distributions with wider support. The right-hand side of (Z.IT])
is of larger order than the e—¢(lg ™? in [Ghosal and van der Vaart (2001)), but the
difference is minimal since both large deviation inequalities require large t.

Under ([3.7) with fixed 7 = o and (d/dz)P{|¢| < 2} x 2PT! with p > 2,
Genovese and Wasserman| (2000) provides the convergence rates n~"/4y/logn or
(log n)_p/ 2]oglogn depending on the choice of sieves. Under the weak moment
condition zPP{|{| > z} = O(1), the entropy bounds in [Ghosal and van der
Vaart! (2001, 2007b) lead respectively to the convergence rates nl/p*1/2@
and nY/()=1/2165 n via Wong and Shen| (1995)). In comparison, the better con-
vergence rate n P/ (2+2P) (Iog n)(2+3P)/(4+4P) in Theorem 2 is a significant improve-
ment. In particular, our theorems are applicable for small 0 < p < 2, a case of
particular interest in the compound estimation and other problems for sparse
means, cf. Section 4.

3.4. GMLE as a sieve estimator

Let %, = {0~ 'h(z/o) : h € 7} be the family of mixture normal densities
with scale 0. For location-scale mixtures (B.7)) without a lower bound for the
scale, i.e. with H(IR x(0,0]) > 0 for all o > 0, [Genovese and Wasserman! (2000)
studies sieve MLEs with sieves inside %, without giving explicit convergence
rates to fr, where o, — 0 slowly. In[Priebel (1994), normal-mixture sieve MLEs
exhibit more sparse solutions than standard kernel methods, so that the MLE
over normal mixture sieves .%,, provides an attractive alternative to more con-
ventional smoothing methods for density estimation. Here we provide a direct
application of Theorem 1 to the GMLE (2.7)) as a sieve estimator for a general
dansity fy, with ¢ = o, — 0.

For densities hg = [ p(z — u)G(du) in [23) and fo, define

_ iy fo(Xi) 2
(G, o,t) = Pg{n glog <a—1h(;(Xi/a)> >t }

Theorem 4. Suppose X; are i.i.d. wvariables with density fo under a proba-
bility measure Py. Suppose qo(Gp,0n, Snen) — 0 for certain distributions Gy,
and constants o, and sy, where €, = €(n,Gn,py) is as in (ZI0) for certain
pn > 2/logn. Let f,(x) =0, ha, (x/0,), Gy be as in (Z8) with the data X /oy,
and fn(z) = J,jlhén(x/an). Then, there exists a universal constant t, such that

for all t > max{t,,2s,\/logn},

PO{dH(fme) > ey +dH(fn7fO)}

t2 2
L) oGy 0 snen) = 0. (3.9)

< _ 7
= &P ( (4logn)



THE GMLE OF NORMAL MIXTURE DENSITIES 1307

Since the observations X; are i.i.d. random variables from the density fo
under Py, log(fo(X;)/fn(X;)) are i.i.d. variables under Py. Thus, sufficient con-
ditions for qq (Gn,an,snen) — 0 can be derived from the Weak Law of Large
Numbers. The convergence rate in (3.9) is regulated through the tail and smooth-
ness of the density fy, respectively, in terms of the weak p-th moment of G, in
(210) and the bandwidth o,, > 0. Since densities with unbounded support are
considered, further investigation of sieve MLEs or other smoothing methods is
beyond the scope of this paper.

4. Discussion

Although the estimation of normal mixture densities is a problem of impor-
tant independent interest, a primary motivation of our investigation is the use
of the GMLE in the compound estimation of normal means (Zhang| (1997, 2003)
and [Jiang and Zhang| (2007)) under the risk function

1/ 2
En’e{nz (0:-0.) } (4.1)
i=1

where En,H is the expectation under which (Z.I]) holds with deterministic param-
eter vector 8 = (1,...,0,) and known o = 1. Here we provide a brief technical
discussion of this connection, especially the crucial role of the convergence of the
GMLE under the p-th weak moment condition for 0 < p < 2.

Since the normal density is a special case of the Laplace family discussed
in [Robbins (1956)) and Brown! (I971)), the oracle Bayes rule, which minimizes
the compound risk (@) among all separate estimators of the form 8; = #(X;), is
given by

) h(x)
QZ- = t* Xl s t* r)=x+ G s 4.2
6,(X0. ta@) =r+E 0 (42)
where h¢ is as in (23), hl, = (d/dz)hg, and Gy, in (24) becomes the empirical
distribution function of the unknown constants {6y,...,6,}. The basic idea of

the general empirical Bayes estimation (Robbins (1956))) is to approximate the
oracle (42) using a nonparametric estimator of h¢, . For example

. A _ h’Gn(:L")
Oi = tn(X0), ta(z) =2+ max{hg (x),n"2}’

(4.3)

provides a general empirical Bayes estimator with the GMLE hg in 2:8).

An important problem in the compound estimation of normal means is the
optimality for sparse means due to its connection to wavelet denoising and other
nonparametric estimation problems (Donoho, Johnstone, Kerkyacharian and Pi-
card (1995), Johnstone and Silvermanl (2005), and [Zhang| (2005)). It has been
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pointed out in [Donoho and Johnstone! (1994) that a sparse mean vector 6 can
be viewed as a member of small £, balls ©,,, ¢, = {0 : n= >, [6;]P < Ch}
with 0 < p < 2. Thus, the optimality in the compound estimation of sparse nor-
mal means is commonly expressed as the simultaneous asymptotic minimaxity
in a broad class of small ¢, balls (Donoho and Johnstonel (1994), [Abramovich,
|Ben3am1n1 Donoho and Johnstonel (2006)), LJohnstone and Silverman! (2004), a
Zhang (2005)

Theorem 1 provides a uniform large deviation inequality for the convergence
of the Hellinger distance dy(hg,ha, ) in the weak £, balls. This result plays a
crucial role in our investigation of the compound estimation of sparse normal
means, since the £, balls ©,,;, ¢, are subsets of weak ¢, balls {0 : ;' (Grn) < Cp}
by (29) and (24)). In a forthcoming paper (Jiang and Zhang| (2007)), the general
empirical Bayes estimator (£3]) is demonstrated to provide superior numerical
results compared with the extensive simulations in Johnstone and Silvermanl
(2004) and is proved to possess the the simultaneous asymptotic minimaxity
in all the weak £, balls of radii (logn)**3/P+P/2/n < CF < nP(logn)*t9/2,
0 < p < 2, compared with [Abramovich, Benjamini, Donoho and Johnstone
(2006)) and Johnstone and Silverman! (2004). Here a,, < b, means a,/b, — 0.
This simultaneous asymptotic minimaxity is established using Theorem 1 along
with an oracle inequality for Bayes rules with misspecified priors and a Gaussian
isoperimetric inequality for certain regularized Bayes rules.

5. Proofs

Our proofs are closely related to those in [Shen and Wong (1994),
land_Shen! (1997), and [Ghosal and van der Vaart! (2001, 2007b)). Large deviation
inequalities for sieve MLEs of a density are typically obtained via an entropy in-
tegral (Shen and Wong| (1994)), and [Wong and Shen| (1995))). A direct application
of this method (Ghosal and van der Vaartl (2001))) to the GMLE (2.7) provides

convergence rates from the entropy integral for the family

My = {hG e A G(~M, M) = 1} (5.1)

at truncation levels M = M, satisfying P,{h, € S, } ~ 1, i.e., 1 — Gn([—M,,
M,]) < 1/n. In the proof of Theorem 1 below, we use much smaller truncation
levels M,, by approximating h,(X;/o) with certain sieves for | X;/o| < M,, and
bounding hy,(X;/c) with the constant ©(0) for |X;/o| > M,. This is a crucial
difference between our and previous proofs, since a smaller truncation level M =
M,, leads to a smaller order of the entropy for the family (5.1]), which then leads to
faster convergence rates. Still, we use a modification of an exponential inequality
in Wong and Shen| (1995) and an improved version of the entropy bounds in

Ghosal and van der Vaart! (2001, 2007b).
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We need three lemmas. The first one approximates a general normal mixture
23)) by a certain discrete mixture under the the supreme norm in bounded
intervals,

|hlloo,pr = sup |h(z)], M >O0. (5.2)

|z <

It also considers the L, norm |||, = ([ |h(z)|Pdz)'/P, p = 1, 00, and the Hellinger
distance dg(+,-) for mixing distributions with bounded support. Let |x| denote
the greatest integer lower bound and [z] the smallest integer upper bound of z.

Lemma 1. Let hg denote the mizture density in [23). Let a > 0, n = ¢(a),
and M > 0. Given any mizing distribution G, there exists a discrete mizing
distribution G.,, with support [-M — a,M + a] and at most m = (2|6a?| +
1)[2M/a + 2] + 1 atoms, such that

1
HhG - thHoo,M < 7]{1 + (271')1/2} (5.3)

Moreover, if G([—M, M]) =1, then

HhG - th”p <n,p=1,00, dH(hG7th) <n, (54)

for a certain discrete G, with support [—M, M] and at most m atoms, where
m < C*|logn| max(M/+/|logn|,1) for a certain universal constant C*.

Remark 6. |Ghosal and van der Vaartl (2007b)) proved (54) with m < C*|logn|
max (M, 1). Compared with their proofs, we partition the interval (—M —a, M +al]
into larger subintervals to allow the smaller number of atoms m in (5.4]).

Proof. Let j* = [2M/a + 2] and k* = [6a?]. Define semiclosed intervals

to form a partition of (=M —a, M + a]. It follows from Carathéodory’s Theorem
that there exists a discrete distribution function G,,,, with support [—M —a, M +a]
and no more than m = (2k* 4+ 1)j7* 4+ 1 support points, such that

/ukG(du):/ WG (du), k=0,1,...,2k* j=1,...5" (5.5)
I I

We prove (5.3)) for any Gy, satisfying (5.5).
For t?/2 < k* 4+ 2, the alternating sign of the Taylor expansion of e~ t*/2
yields

k* 2 /o\k 2 /9\k*+1
e (—t*/2) (/2"
o< Rem() = (-1 o0 - X G < GEAE
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Thus, since k* + 1 > 6a?, for x € I; N [-M, M], Stirling’s formula yields
holo) - e @) < | [ ol = )G - Gon(d)
(Lji—1UIL;Ul; 41)°

—i—‘ /Ij1UIjUIj+1 Rem(x — u){G(du) — Gm(du)})

{(2a)?/2}F" ! (e/3)""
Ver(k*+ 1) © T on(er + 1)1

Since (¢/3)% < e™1/2 and k* + 1 > 6a2, (¢/3)% ™1 < ¢79"/2, 5o that (5.6) implies
B.3).

For (5.4)), we define I; = (=M +(j—1)a, —M +ja] and impose the constraints
Ji, WM{G(du) — Gm(du)} = 0 along with Gr([~M, M]) = 1 for all intergers
Jj <j*—2, withm = (2k*4+1)(5* —2) 4+ 1 atoms for G,,. The proof of (5.3)) then
yields ||hg — ha,, ||oo < n(1+41/+/27). The L; bound follows by integrating (5.6)
over x, which gives

=t < [| [ ole = u){Gldn) — Gt

(i =) [ /|z_u|§2a{G(d“) + G (du))de

1
™

Finally, d%,(ha, ha, ) < ||ha — ke, ||1 gives the bound on the Hellinger distance.
H m m

< p(a) + (5.6)

Our second lemma provides an entropy bound for the family .7 in ([2.6]) and
sy in (B). For any semi-distance dy in s = J#,, the n-covering number of
Sy is the smallest possible cardinality of its n-net: with Ball(hg,n,dp) = {h :

do(h, ho) < 1},

N(n, #ir,do) = inf { N : 4, C UY_ Ball(h;,n, do) }.
=1 J

Lemma 2. There exists a universal constant C* such that

M
log N, 4| - sonr) < C*(log )2 max ( 1) (5.7)

V]logn|’

forall0 <n < (27r)*1/2 and M > 0. Moreover,

M
log N (n, s, do) < C*(logn)? max < 1), (5.8)

V]logn|’

where dy is the Hellinger, Ly or Lo distances.
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Remark 7. [Ghosal and van der Vaartl (2007h) proved the upper bound
M+1
log N (1, #4,do) < C*[logn| max(M, 1) log <(+)>
n

with dy being the Hellinger, L1 or L., distances. Compared with their proof,
the smaller upper bound (58 is a consequence of the smaller m in (54) and
the cancellation of log(M + 1) in an application of Stirling’s formula in the proof
below.

Proof. Let a = a,;, = \/2log(2/n) and

2M C* M
m = (2|6a*] + 1)[~— + 2] + 1 < —|logn| max <1,>. (5.9)
a 2 V/[log ]
It follows from Lemma 1 that there exists a discrete distribution G,, with support
[-M — a, M + a] and at most m atoms such that

7 1 1
hg —h <=0 ——nF — 0. 5.10
e = hgullon < 3 i + 3 (5.10)

The next step is to approximate the hg,, in (B.I0) by hg,,, where Gy, is
supported in a lattice and has no more than m atoms. Let 8 be a variable with
the distribution Gy, and 6, = 7, sgn(0)[|0|/n], Define G,,,, as the distribution
of 6,. Since |0 — 6,| <,

Hth - th,nHoo S CTU? C{ = Sup |@,($)| = (2€7T)_1/2. (511)

The support of G, 5 is in the grid Q, »r = {0, £n, £, 2n, .. . JN[-M —ay,, M +ay).

The last step is to bound the covering number of the collection of all hg,,, , .
Let 2™ be the set of all probability vectors w = (wy, ..., wp,) satisfying w; > 0
and 3T, wj = 1. Let £ be an n-net of 2™

inf  Jlw—w™"; <n, YweP",

wmnepmn
with [ 2™ = N(n, 2™, ||-|l1). Let {0;,7 = 1,...,m} be the support of Gy, , and
w™" be a probability vector in ™" satisfying > 7", [Gmn({6;}) — w}n’" <.
Then,

I, = Soupeta 69| <€ Y- |Gmattoh) = | < Cin
=1 o0 =1
where C} = sup, ¢(z) = 1/v/27. Thus, by (5.10) and (511,

m

he — Z wip(x — 0;)

j=1

‘ (1/2 1/2
< (-2 42
00, M \ 2 2

+Ci + C’S)n <n. (512)
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Counting the number of ways to realize w™" and {6;} in (B12), we find

N1 ar) < N2 - ) (97, (5.13)
with m satisfying (5.9) and [Qy a| =1+ 2| (M +a)/n].

Since &™ is in the ¢; unit sphere of R™, N(n, 2™, || -||1) is no greater than
the maximum number of disjoint Ball(vj,n/2,]-,|1) with ||v;|li = 1. Since
all these balls are inside the ¢; (1 + 1/2)-sphere, volume comparison yields
N, 2™ | -|h) < (2/n+1)™. This and (5I3) imply, via Stirling’s formula,

2/n+ 1" ™

N(nw}f?H : ||OO,M) <

m!
B B
< {(MQ)(?JE(XM))S} mn_me{%(m SO (514

For n = o(1), a = y/2log(2/n) — oo, so that m > (1+0(1))24a(M +a) — oo and
n+2)(n+2(M +a))e = (140(1))de(M +a) < m+1. Thus, N(n, I, || -||co,m) <

n~?™ by (G.I4). This and (5.9) imply (5.7). The proof of (5.8) is similar to that
of (5.4) and is omitted.

Lemma 3. Let (X, 0;) be independent random vectors with the conditional distri-
butions X;|0; ~ N(0;,1) under P,. Let Gy, and p, (G) be as in [Z4) and (Z9), re-
spectively, with o = 1. Then for all constants M > 1/8logn, 0 < A < min(1,p/2)
and a > 0,

E{ 11 ani|f{|XiZM}}A < oxp [zmM)A{% n n(zﬁ‘i\f))}}

=1

Proof. Since Y i | Eh(X;) = n [ h(z)hg, (z)dz,
{H XTI >M}} H( 1+ a En| X | X5] > M})

i=1 i=1

< exp {]a|)‘n/ lz[*ha, (a:)d:c} (5.15)
|z|>M

Let Z ~ N(0,1) and 6 ~ G,, under P,. Since Z + 6 ~ hg, and A <1,
/ %M e, (2)dx = E|Z + 0M{|Z + 6| > M}

|z|>M

M M
< Ba22P1{12) = o} + Eal20P 1 {10] = 5}
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< 2MA‘1E,L\Z\I{|Z| > %} +/ (22))* G (dz). (5.16)

A
|| > 2L

Let Cp = p1,/(Gr). It follows from integrating by parts and ([2.9) that

/ M(Q\xy)*c:n(dx)gw/ MGn(d:c)+2’\/M / G (du)da
|z|> 5 |z|> 5 5 Ju>z

MACP Lo /00 Ch oA _ MAP2PChp

SOz T Jy w2 T Ty

Since A < p/2 and M > /8logn, inserting the above inequality into (5.16) yields

AM> [ 2Cyp
|z e, (z)dx < / zo(x)dr + 2M> =L
/|sz M Ju Mp
AN 2°CY
< —— 2M L.
Mnv/27 Mp

This and (5.15]) imply the conclusion.

Proof of Theorem 1. Since the Hellinger distance is scale invariant as in
212), we assume o2 = 1 without loss of generality. Since d%(f,g) < 2, (I)
automatically holds for te, > t.e, > 2. Since €, > (logn)+/2/n by ZI0) and ¢,
is large, it suffices to consider large n.

Let Cp = ) (Gn), n = 1/n2, and M = 2ne2 /(logn)®/2. Define

h*(x) = nl{|z| < M} 4 (nM?)z2I{|z| > M}. (5.17)

We first find an upper bound on the likelihood ratio Ly(hg ,he,) in the
event {du(hg, ,ha,) > ten}, where for all positive functions hy and ho,

Ln(h1,h2) = [ | {Z;E%; }

=1

We consider any approximate GMLE that guarantees

n h A (X’L) 2 2
_ Gn —2t%ne2 /15
. > n . .
Ln(hGn, he,,) I | {hGn( Z)} >e (5.18)

Let {hj,j < N} be an n-net of 7 under the seminorm || - ||oo,as, (B2)), as in
Lemma 2, with N = N(n, 7, | - |oc,m). Let ho; be densities satisfying

hoj € 7€, du(hoj,ha,) > ten, |hoj — Rjlloo,mr <1, (5.19)
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if they exist, and J = {j < N : hy; exists }. For any h € 5 with dg(h, hg,) >
tey, there exists j € J such that

ho,j(x) + 21 = hoj(z) + 2h*(x), |z| < M

S P 2] > M
= ) € Y
v V2
due to h*(z) = n for |z| < M and supyec 4 h(x) = ¢(0). It follows that
(271’)_1/2
Ly(hg heg,) < L (ho; + 2h*, h Il —_—
( Gn Gn) Slelg ( 0t Gn) 2h*(X;)
! | XM

in the event {du(h¢, ,ha,) > ten}. Thus, by (BIS),

P dn(hg, ha,) = ten }

(2m) /2 S g~ 2%nen /15 }

<Pn{suan(h0,j—|—2h*,hGn) H 20 (X;)

e’ X, |>M

{{Suthoj hG+2};*( )] 26—415277,5%/5}

JGJ’L 1 n

T —1/2 2, 2
+Pn{ 11 (;h)(X) > e "en/3}. (5.20)

| X:|>M

Next, we derive large deviation inequalities for the right-hand side of (5.20).
For j € J, a modification of the proof of Lemma 1 of [Wong and Shen| (1995)

yields

. ho (Xz) + h*(Xl) A2

Pn »J > e nt En/5
{I[l ha, (Xi) B

i3 /5 H E, \/ {ho,;( h(z;;ih)*(Xz)}

< o {m? & iE ( ¢ {ho,j<Xh2n+<;S*<Xi>} B 1) }
:exp{ “n +n</\/(h07j+2h*)hgn - 1)} (5.21)

Since [ h* =4nM by (G.I1) and dg(hoj, ha,) > ten,

d? (ho.j, h




THE GMLE OF NORMAL MIXTURE DENSITIES 1315

ten)?
g—(;) + /Sy,

Since |J| < N, the above inequality and (5.21]) yield

h 2h* (X; t2e2
{sugH 04 (Xi)+ )( )26 4nt?e 2/5}Sexp(logN—i—n\/&yM—nlOe”).
e i=1
(5.22)

Since N = N(n, 7, || - |loo,nr) with = 1/n? and M = 2ne? /(logn)?/? > 4,/logn
by (2I0), Lemma 2 provides

M
log N + n+/8nM < C*(2logn)? max (W, 1) + V&M

{0 Yot < (o

for large n and t* < t. Thus, by (5.22)

h 20" (X;
{SupH ol + ( )264”96%/5}9”96%/20. (5.23)
je‘]z 1 )

By (5I7), 1/h*(z) = 2%/(nM?) = (nxz/M)? for |z| > M, so that

(2m)~1/2 nt2e2 /3 o2t Hlogn
P, > e2n n (3logn)E
{ 1 2h*(X) X [>M ‘

| Xs|>M
(5.24)
Since M = 2ne2 /(logn)®/? > /16logn by [@I0) and logn > 2/p by assumption,
Lemma 3 is applicable with a =n/M and A = 1/logn < 1, yielding

1/logn
nX; e 2C,\P
E ! < — +2 — . 2
{ 11 |5 } _eXp(\/Qﬂlogn+ en( M) ) (5.25)
| Xs| =M
Since M/2 = ne? /(logn)?/? and C), = iy (Gr), Z10) gives

ne2/logn  (€,1/n/logn)?1+?) .-
n(2C,/M)? —  n(y/lognC,)p ~—

Therefore, (5:24) and (5:20) give

Pn{ H (277)_1/)2 > e2nt2 2/3} < 67(2t2/372e)n6%/10gn+e/\/27rlogn‘

2h* (X
| X;|>M
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Inserting this inequality and (5:23)) into (5:20), we find that (ZI1]) holds for large
n and t, < t, since ne2 /logn > 2logn by (ZI0).

The rate €, =< n~?/(2+20) (log n)(2+32)/(4+4) i5 clear from (ZI0) under i (G

= O(1). The rate e, = n~"?(log n)3/4{M71/2 V (logn)'/*} also follows immedi-
ately from (ZI0) under Gy, ([—M,, M,]) = 1. If [ el®® G, (du) = O(1) for certain
positive ¢ and a < 2, then

1 (k) . 1/(ak)
12 (G) < C{/\cu\akcn(du)} < C{k!/ewl Gn(du)} — Ok,

so that (ZI0) with p = logn =< ak yields

— (log n)1/4+1/(20c).

U = nl/(@+20) (1og )P/ (4+4p) (kl/a

)p/ (2+2p)
logn

This completes the proof.

Proof of Theorem 2. Due to the equivalence of (ZI]) and (B.I)), it suffices to
translate the rate €, = €(n, Gy, p) into functionals of the moments of & and 7,
where G, is as in ([B3]). Again we assume o = 1 without loss of generality. By

B2), we may write 0;](&;, i) ~ N(&, 72 —1), so that §; = & + Z; /77 — 1, where

Z; are i.i.d. N(0,1) random variables independent of (&;,7;). For the p-th weak
moment, ([B.4]) implies

7P &
{uy (Gu)Y <sup -3 Pu{lfs + Zimi| > «}
> i=1

2P x or
<sup - an{\ei\ >+ Y EalZi B! = O(1).
i=1 =1
Moreover, |(Z;/2)er;|® < max{(Z;/2)2, (er;)® 1=/} implies
E,el0:/A < | <e|cgi/2|a 4 lemsle/(me/?) +6zg/4)_

Hence, n =t 31" | B, (ell” 4 e(”i)a/(lia/z)) = O(1) implies

/e'cu/4aGn(du) =n! ZEne‘cei/4‘a = 0(1),
1=1

and the conclusions follow from Theorem 1.

Proof of Theorem 4. Define

— - fO(XZ) ns2e2
A= {H o tha, (Xefow) = ¢ }

=1
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Since the Hellinger distance is scale invariant as in (2I2)), the left-hand side of
(B9) is no greater than

Po{dH(hén, ha,) > ten, A;} + Pyl Ay}
< ensieipn{dH(hGna hGn) > EnyA%} + QO(Gnv On, Snﬁn)v

where P, is the probability under which X; are i.i.d. variables with common
density o, 'hg, (z/0,). Hence, ([B3) follows from Theorem 1.
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