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Supplementary Material

This supplementary material provides regularity assumptions, technical lemmas, proofs for Proposi-

tion 1, Theorems 1, 2, and 3.

S1 Regularity Assumptions

Without loss of generality, let the area of Ω be 1. For the univariate splines,

we consider equally-spaced knots in our theoretical derivation. For a univari-

ate function ψ(·), denote ψ′(·), ψ′′(·) and ψ(v)(·) be its first, second and v-th

order derivative, respectively. For any bivariate function g defined on Ω, let

‖g(s)‖∞,Ω = sups∈Ω |g(s)| be the supremum norm of g, and let |g|υ,∞,Ω =

maxi+j=υ ‖∇i
s1
∇j
s2
g(s)‖∞,Ω be the maximum norms of all the υ-th order deriva-

tives of g over Ω. Let v be a nonnegative integer, and δ ∈ (0, 1] such that % =
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δ+v ≥ 1. LetH(%)([a, b]) be the class of functions ψ on [a, b] whose v-th deriva-

tive exists and satisfies a Lipschitz condition of order δ: |ψ(v)(x) − ψ(v)(x′)| ≤

Cv|x− x′|δ, for x, x′ ∈ [a, b]. Let D0([a, b]) = {g : Eg(Z) = 0, Eg2(Z) <∞}

be the function space defined on [a, b] andWd+1,∞(Ω) = {g : |g|k,∞,Ω <∞, 0 ≤

k ≤ d+ 1} be the standard Sobolev space.

The following are the technical assumptions needed to facilitate the techni-

cal details,

(A1) For k = 1, . . . , p, β0k ∈ H(%) ∩ D0 and the true bivariate function α0(·) ∈

Wd+1,∞(Ω).

(A2) The density function f(x, z, s) of (X1, . . . , Xp, Z,S) satisfies

0 < cf ≤ inf
(x,z,s)∈Rp+1×Ω

f(x, z, s) ≤ sup
(x,z,S)∈Rp+1×Ω

f(x, z, s) ≤ Cf <∞.

The marginal density function fz(·) of Z is twice continuously differen-

tiable and the marginal density function fs(·) of S is bounded away from

zero and infinity on Ω.

(A3) Recall that Srd(4) denotes the spline space of degree d and smoothness r

over 4. For every α ∈ Sr3r+2 and every τ ∈ 4, there exists a positive

constant F1, independent of α and τ , such that

F1‖α‖∞,τ ≤

 ∑
Si∈τ,i∈{1,...,n}

α(Si)
2


1/2

≤ F2‖α‖∞,τ ,
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where ‖α‖∞,τ denotes the supremum norm of α over triangle τ , F2 is the

largest among the numbers of observations in triangles τ ∈ 4 and F2/F1 =

O(1).

(A4) The errors satisfy

E {εi|Xi = xi, Zi = zi,Si = si} = 0

and

E
{
ε2+ν
i |Xi = xi, Zi = zi,Si = si

}
<∞

for some ν ∈ (3,∞).

(A5) For some positive constant π, (minτ∈4 Tτ )
−1 ≤ |4| ≤ π, where Tτ is the

radius of the largest disk contained in τ .

(A6) The number of knots Jn for the univariate splines and the triangulation

size |4| satisfy that Jn →∞, |4| → 0, and Jn � |4|2n log−1(n); and the

smoothness penalty parameter λnn−1|4|−3 → 0.

(A6′) h = o(n−1/5). For some % ≥ 1 and d ≥ 2, |4| � n−2/(5d+5) and

|4|1/(%+1)n2/(5%+5) � Jn � |4|2n log−1(n) and λnn−1|4|−3n2/5 = o(1).

(A7) The kernel function K(·) is a symmetric probability density with bounded

support in [−1, 1].
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(A8) Ω(z) = E(X1X
>
1 |Z = z) and Γ(z) = E(X1X

>
1 X>1 X1|Z = z) are twice

continuously differentiable. C(z) is uniformly bounded in [a, b].

The above assumptions are regularity conditions that can be satisfied in

many practical situations. Assumption (A1) describes the requirement on the

varying coefficient functions, which are frequently used in the literature of non

and semi-parametric estimation. Assumptions (A1) and (A2) are similar to As-

sumptions (A1) and (A2) in Yu et al. (2020). Assumptions (A3) and (A5) are

analogue to Assumptions (A2) and (A5) in Yu et al. (2020), which has been

widely used in the triangulation based literature (Wang et al., 2020; Lai and

Wang, 2013). Assumptions (A6) and (A6′) show the requirement of the number

of interior knots and the size of triangulation to ensure the consistency property

of spline estimator and to obtain the local linear estimator, respectively. Note

that the Assumption (A6′) only provides the order of h = o(n−1/5) to be sat-

isfied. This upper bounds on the bandwidth h in Assumption (A6′), is adapted

from Wang et al. (2018), which is a necessary condition for Proposition 1. The

naive empirical log-likelihood ratio is asymptotically non-central if the optimal

bandwidth is used, which has been discussed in Xue and Zhu (2007). To make

the likelihood ratio asymptotically parameter free, we adopt the undersmooth-

ing Assumption (A6′). Assumptions (A4), (A7) and (A8) which are analogue to

conditions 1, 2 and 3 in Wang et al. (2018), are common regularity conditions in
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non-parametric smoothing literature.

S2 Preliminaries

In this section, we depict the following bivariate splines properties. We first in-

troduce some notations. For any vector a = (a1, ..., an)> ∈ Rn, denote the norm

‖a‖r = (|a1|r+ · · ·+ |an|r)1/r, 1 ≤ r < +∞, ‖a‖∞ = max (|a1| , . . . , |an|). For

any matrix A = (aij)
m,n
i=1,j=1, denote its Lr norm as ‖A‖r = maxa∈Rn,a6=0 ‖Aa‖r

‖a‖−1
r , for r < +∞ and ‖A‖r = max1≤i≤m

∑n
j=1 |aij|, for r = ∞. Given se-

quences of positive numbers an and bn, an . bn means an/bn is bounded, and

an � bn means both an . bn and an & bn hold. We define the norm on the

space G. For any functions φ1, φ2 ∈ G, define their theoretical inner product as

〈φ1, φ2〉 = Eφ1(X, Z,S)φ2(X, Z,S). Define their empirical inner product as

〈φ1, φ2〉n = 1
n

∑n
i=1 φ1(Xi, Zi,Si)φ2(Xi, Zi,Si). Hence, ‖φ‖ =

√
〈φ, φ〉 and

‖φ‖n =
√
〈φ, φ〉n.

Lemma 1. (Theorem 10.2, Lai and Schumaker (2007)) Suppose that |4| is a π-

quasi-uniform triangleation of a polygonal domain Ω, and φ(·) ∈ Wd+1,∞(Ω).

(i) For bi-integer(α1, α2) with 0 ≤ a1 + a2 ≤ d, there exists a spline φ∗(·) ∈

S0
d(4) such that ‖∇a1

s1
∇a2
s2

(φ − φ∗)‖∞ ≤ C|4|d+1−a1−a2 |φ|d+1,∞ where C is a

constant depending on d and shape parameter π.

(ii) For bi-integer(α1, α2) with 0 ≤ a1+a2 ≤ d, there exists a spline φ∗∗(·) ∈
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S0
d(4) (d ≥ 3r + 2) such that ‖∇a1

s1
∇a2
s2

(φ− φ∗∗)‖∞ ≤ C|4|d+1−a1−a2|φ|d+1,∞

where C is a constant depending on d, r and shape parameter π.

Lemma 1 shows that S0
d(4) has full approximation power, and S0

d(4) also

has full approximation power if d ≥ 3r + 2.

Lemma 2. (Lemma B.4, Yu et al. (2020)) For any k = 1, · · · , p, φk ∈ H(%) ∩

D0
k, there exist a constant c and a function φ∗k ∈ U0

k such that ‖φk − φ∗k‖∞ ≤

c‖φ(%+1)
k ‖∞J−%−1

n .

Lemma 3. Suppose that Assumptions (A2), (A5) and (A6) hold. Then

sup
φ1,φ2∈A

∣∣∣∣〈φ1, φ2〉n − 〈φ1, φ2〉
‖φ1‖‖φ2‖

∣∣∣∣ = Oa.s.

(
J1/2
n |4|−1n−1/2 log1/2 n

)
where A =

{
φ : φ(x, z,S) =

∑p
k=1

∑
j∈J ηkjUkj(z)xk +

∑
m∈M γmBm(s),

xk, z, ηkj, γm ∈ R, s ∈ Ω}.

Proof. The proof is similar as the proof of Lemma B.7 in Yu et al. (2020).

Lemma 4. Under Assumptions (A2), (A5) and (A6), there exist constants 0 <

cA < CA < ∞, such that cA ≤ λmin(nA11) ≤ λmax(nA11) ≤ CA, where A11

is given in (2.2).

Proof. The proof is similar as the proof of Lemma B.8 in Yu et al. (2020). Details

are omitted.
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S3 Proof of Theorem 1

Proof. We first prove the consistency of α̂. Define Hw = I−W(W>W)−1W>.

Note that

θ̂ = A22Q
>
2 B>HwY

= A22Q
>
2 B>Hw(β>0 (Z)X + α0(S)) + A22Q

>
2 B>Hwε

= θ̃µ + θ̃ε.

According to Lemmas 1 and 2, there exist α∗(S) = B(S)Q2θ0 and β∗(z) =

U(z)η0, which are the best approximation to α0 and β0 with the approximation

rate at ‖α∗−α0‖∞ ≤ Cα|4|d+1|α0|d+1,∞ and ‖β0(z)−U(z)η0‖∞ ≤ CβJ
−%−1
n .

Hence, it is easy to find that ‖β0(Z)>X−Wη0‖∞ = Op(CβJ
−%−1
n ). Denote by

γ0 = Q2θ0 the spline coefficients of α∗. We have the following decomposition:

θ̂ − θ0 = θ̃µ − θ0 + θ̃ε. Note that

‖θ̃µ − θ0‖ ≤
∥∥A22Q

>
2 B>Hwβ

>
0 (Z)X

∥∥
+
∥∥A22Q

>
2 B>Hw(α0 −BQ2θ0)− λnA22Q

>
2 PQ2θ0

∥∥ .
For any vector a, according to Lemma 4 and the proof of Theorem 2 in Wang

et al. (2020), one has na>A22a ≤ C|4|−2. Hence, we have

∥∥A22Q
>
2 B>Hwβ

>
0 (Z)X

∥∥ ≤ C1/2|4|−1n−1
∥∥B>Hw(Wη +Op(h

p)1)
∥∥

≤ Op

(
J−%−1
n

)
|4|−1n−1

[∑
m∈M

{B>mHw1}2

]1/2

= Op

(
J−pn
)
.
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Similarly,

∥∥A22Q
>
2 B>Hw(α0 −BQ2θ0)

∥∥
≤ C1/2|4|−1n−1

[∑
m∈M

{B>mHw(α0 −BQ2θ0)}2

]1/2

= Op

(
|4|d|α0|d+1,∞

)
,

and λn‖A22Q
>
2 PQ2θ0‖ ≤ λn

n|4|4
(
|α0|2,∞ + |4|d−1|α0|d+1,∞

)
.

Thus,

‖θ̃µ − θ0‖ = Op

{
J−%−1
n +

λn
n|4|4

|α0|2,∞ +

(
1 +

λn
n|4|5

)
|4|d|α0|d+1,∞

}
.

For any b with ‖b‖ = 1, we have b>θ̃ε =
∑n

i=1 αiεi and

α2
i = b>A22Q2B

>HwBQ2A22b.

Following the similar argument in Lemma S.7 in Wang et al. (2020), we have

max1≤i≤n α
2
i = Op (n−2|4|−2). Thus,

‖θ̃ε‖ ≤ |4|−1|α>θ̃ε| = |4|−1

∣∣∣∣∣
n∑
i=1

αiεi

∣∣∣∣∣ = Op

(
n−1/2|4|−2

)
.

Hence,

‖θ̂ − θ0‖

= Op

{
J−%−1
n + n−1/2|4|−2 +

λn
n|4|4

|α0|2,∞ +

(
1 +

λn
n|4|5

)
|4|d|α0|d+1,∞

}
.

Observing that α̂(S) = B(S)γ̂ = B(S)Q2θ̂, we have

‖α̂− α0‖L2
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≤ ‖α̂− ρ0,α0‖L2
+ |4|d+1|α0|d+1,∞

≤ C
(
|4|‖θ̂ − θ0‖+ |4|d+1|α0|d+1,∞

)
= Op

{
J−%−1
n |4|+ n−1/2|4|−1 +

λn
n|4|3

|α0|2,∞

+

(
1 +

λn
n|4|5

)
|4|d+1|α0|d+1,∞

}
.

Next, we prove the consistency for β̂.

Define HB = I − BQ2

{
Q>2

(
B>B + λnP

)
Q2

}−1
Q>2 B>. Let α0 =

(α0(S1), . . . , α0(Sn))> and note that

η̂ = A11W
>HBY = A11W

>HB

(
β>0 (Z)X +α0

)
+A11W

>HBε = η̃µ+ η̃ε.

Note that,

‖η̃µ − η0‖ ≤
∥∥A11W

>HB(β>0 (Z)X−Wη0)
∥∥+

∥∥A11W
>HBα0

∥∥
≤ Op

(
J−%−1
n

)
‖A11W

>HB1‖+
∥∥A11W

>HBα0

∥∥
= O(1)‖A11W

>HBα0‖.

By the Lemma 4, there exist constants 0 ≤ cA < CA < ∞, such that with

probability approaching 1 as n→∞,

cAI((Jn+%+1))×(Jn+%+1) ≤ nA11 ≤ CAI(Jn+%+1)×(Jn+%+1).

Hence, we have

‖η̃µ − η0‖
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≤ O(1)‖n−1W> (I−BQ2{Q>2 (B>B + λnP)Q2}−1Q>2 B>
)
α0‖

= O(1)‖R‖,

where R = (R1, . . . , Rp(Jn+%+1))
>, with

Rj = n−1W>
j

[
α0 −BQ2{Q>2 (B>B + λnP)Q2}−1Q>2 B>α0

]
for W>

j = (W1j, . . . ,Wnj). Next we derive the order of Rj , j = 1, . . . , p(Jn +

%+1). For any αj ∈ S, we haveRj = 〈wj, α0−ρλ,α0〉n = 〈wj−αj, α0−ρλ,α0〉n+

λnn
−1〈ρλ,α0 , αj〉E , where ρλ,α0 = arg minρ∈S

∑n
i=1{α0(Si)− ρ(Si)}2 + λ

2
E(ρ)

is the penalized least-squares splines of α(·, ·).

By Assumptions (A1)-(A6) and Lemma S.6 in Wang et al. (2020), |Rj| =

op(n
−1/2), for j = 1, . . . , p(Jn+%+1). Therefore, ‖η̃µ−η0‖ = Op(n

−1/2J
1/2
n ).

Note that η̃ε = A11W
> (I−BQ2V

−1
22 Q>2 B>

)
ε. For any b with ‖b‖ = 1,

we have b>η̃ε =
∑n

i=1 αiεi and

α2
i = n−2b>(nA11)

(
W>

i −V21V
−1
22 Q>2 Bi

) (
Wi −B>i Q2V

−1
22 V21

)
(nA11)b,

and conditioning on {(Wi,Si), i = 1, . . . , n}, αiεi’s are independent. By Lemma

4, we have that max1≤i≤n α
2
i ≤ Cn−2 max1≤i≤n

{
‖Wi‖2 + ‖V12V

−1
22 Q>2 Bi‖2

}
,

where for any b ∈ Rp,

b>V12V
−1
22 Q>2 Bib

= n−1b>V12

(
Q>2 Γn,λQ2

)−1
Q>2 Bib ≤ Cn−1|4|−2b>W>BBib
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and the j-th component of n−1W>BBi is

n−1

n∑
i′=1

Wi′j

∑
m∈M

Bm(Si′)Bm(Si).

Under Assumption (A2), we have

E

{
n−1

n∑
i′=1

Wi′j

∑
m∈M

Bm(Si′)Bm(Si)

}2

= O(1),

for large n. Thus with probability approaching 1,

max
1≤i≤n

∣∣∣∣∣ 1n
n∑

i′=1

Wi′j

∑
m∈M

Bm(Si′)Bm(Si)

∣∣∣∣∣ = Op(1),

max
1≤i≤n

‖V12V
−1
22 Q>2 Bi‖2 = Op(|4|−2).

Therefore, max1≤i≤n α
2
i = Op{n−2(|4|−2 + Jn)} and ‖η̃ε‖ = Op(n

−1|4|−1 +

n−1J
1/2
n ). Let η̂ = (η̂1, . . . , η̂p). ‖β0(z)−U(z)η0‖∞ ≤ CβJ

−%−1
n and observing

that β̂k(Z) = U>k (Z)η̂k, we have ‖β̂k − β0k‖L2 ≤ C (‖η̂k − η0k‖+ J−%−1
n ) =

Op

(
n−1/2J

1/2
n + n−1|4|−1 + J−%−1

n

)
, and the consistency of β̂ is proved.

S4 Proof of Proposition 1

Proof. Recall that Ω(z) = E
(
XiX

>
i |Z = z

)
, Γ(z) = E

(
XiX

>
i X>i Xi|Z = z

)
.

By the definition of gi{β0(z)} , we have the following decomposition,

gi{β0(z)} =
{
Yi − β>0 (z)Xi − α̂(Si)

}
XiKh(Zi − z)

=
{
Yi − β>0 (Zi)Xi − α0(Si) + β>0 (Zi)Xi − β>0 (z)Xi

+α0(Si)− α̂(Si)}XiKh(Zi − z)
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=
{
εi + [β0(Zi)− β0(z)]>Xi + [α0(Si)− α̂(Si)]

}
×XiKh(Zi − z)

= εiXiKh(Zi − z) + XiX
>
i [β0(Zi)− β0(z)]Kh(Zi − z)

+ [α0(Si)− α̂(Si)] XiKh(Zi − z)

:= ξi + L1i + L2i.

Denote β(1)
0 (z) =

(
β′01(z1), β′02(z2), . . . , β′0p(zp)

)>. By the smoothness of β0k,

k = 1, 2, . . . , p, we have β(1)
0 (z) = O(1)1p×1 for all z.

It is clear that Eξi = 0, and we have

E (L1i) = E
{
E(XiX

>
i |Zi)

[
β

(1)
0 (z∗)(Zi − z)

]
Kh(Zi − z)

}
= β

(1)
0 (z∗)E [Ω(Zi)(Zi − z)Kh(Zi − z)])

= β
(1)
0 (z∗)

∫ b

a

Ω(u)(u− z)Kh(u− z)f(u)du

= β
(1)
0 (z∗)

[
h

∫ b

a

v(Ω(z) + Ω′(z)hv + 1/2Ω′(z)h2v2)K(v)(f(z)

+f ′(z)hv + 1/2f ′′(z)h2v2)dv
]

= O(h2)1n×1.

According to the proof of Theorem 1, we also have

E (L2i) = E{XiKh(Zi − z)(α0(Si)− α̂(Si))}

= E {XiKh(Zi − z)E [(α0(Si)− α̂(Si)) | {Xi, Zi,Si}ni=1]}

= E {XiKh(Zi − z) (α0(Si)− E [α̂(Si)| {Xi, Zi,Si}ni=1])}
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= E
{

XiKh(Zi − z)
(
α0(Si)−B(Si)Q2θ̃µ

)}
≤ E {|XiKh(Zi − z)|}

×E
(∥∥∥α0(Si)− α∗(Si) +B(Si)Q2

(
θ0 − θ̃µ

)∥∥∥
∞

)
. E {|XiKh(Zi − z)|}E

(
‖α0 − α∗‖∞ +O(|4|)‖θ0 − θ̃µ‖2

)
,

where by Theorem 1, we have

E
(
‖α0(Si)− α∗‖∞ + |∆|‖θ0 − θ̃µ‖2

)
= O

(
J−%−1
n |4|+ λn

n|4|3
+ |4|d+1

)
,

and E{|XiKh(Zi − z)|} = E
[
E{|Xi|

∣∣Zi}Kh(Zi − z)
]
� E [Kh(Zi − z)] ×

1p×1 = O(f(z))1p×1. If h = o(n−1/5), when |4| � n−2/(5d+5) and Jn �

|4|1/(%+1)n2/(5%+5), we have EL2i = O(h2)1p×1 by Assumption (A6′). There-

fore, we have E{gi{β0(z)}} = O(h2)1p×1. In the following, we calculate the

variance of gi{β0(z)}. Firstly, we have

E
(
ξiξ
>
i

)
= E

{
ε2iXiX

>
i K

2
h(Zi − z)

}
= σ2E

[
E
(
XiX

>
i |Zi

)
K2
h(Zi − z)

]
= σ2Ω(z)f(z)µ20h

−1 (1 + o(1)) .

Secondly, we have

E
(
L1iL

>
1i

)
= E

{
XiX

>
i K

2
h(Zi − z)X>i (β0(Zi)− β0(z))(β0(Zi)− β0(z))>Xi

}
= E

{
XiX

>
i K

2
h(Zi − z)

[
(Zi − z)2X>i β

(1)
0 (z∗)β

(1)
0 (z∗)>Xi
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+ o(Zi − z)2X>i Xi

]}
= E

{
E
[
XiX

>
i X>i β

(1)
0 (z∗)β

(1)
0 (z∗)>Xi

∣∣Zi]K2
h(Zi − z)(Zi − z)2

}
×{1 + o(1)}

� E
{
E
[
XiX

>
i X>i Xi

∣∣Zi]K2
h(Zi − z)(Zi − z)2

}
(1 + o(1))

= E
{
Γ(Zi)K

2
h(Zi − z)(Zi − z)2

}
(1 + o(1)) = Γ(z)f(z)µ22h (1 + o(1)) .

Finally,

E
(
L2iL

>
2i

)
= E

{
XiX

>
i (α0(Si)− α̂(Si))

2K2
h(Zi − z)

}
= E

{
E
[
XiX

>
i (α0(Si)− α̂(Si))

2K2
h(Zi − z)| {Xi, Zi,Si}ni=1

]}
= E

{
E
[
(α0(Si)− α̂(Si))

2| {Xi, Zi,Si}ni=1

]
XiX

>
i K

2
h(Zi − z)

}
= E

{
E
[
B(Si)Q2(θ0 − θ̂)(θ0 − θ̂)>Q>2 B>(Si)

]
× XiX

>
i K

2
h(Zi − z)

}
= E

{
XiX

>
i K

2
h(Zi − z)‖B(Si)Q2(θ0 − θ̃µ)‖2

2

}
+σ2E

{
XiX

>
i K

2
h(Zi − z)‖B(Si)Q2A22Q

>
2 B>Hω‖2

2

}
.

On the one hand, for (k, k′)-th entry, k, k′ = 1, 2, . . . , p, we have

E
{
XikXik′K

2
h(Zi − z)‖B(Si)Q2(θ0 − θ̃µ)‖2

2

}
≤ E

{
|∆|2XikXik′K

2
h(Zi − z)‖Q2(θ0 − θ̃µ)‖2

2

}
≤ O

(
|∆|2

) (
E
{
X2
ikX

2
ik′K

4
h(Zi − z)

})1/2
(
E‖θ0 − θ̃µ‖4

2

)1/2

= O
(
|∆|2h−3/2

) (
E
{
‖θ0 − θ̃µ‖4

2

})1/2

. (S4.1)
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On the other hand, for (k, k′)-th entry, k, k′ = 1, 2, . . . , p, we have

E
{
XikXik′K

2
h(Zi − z)‖B(Si)Q2A22Q

>
2 B>Hω‖2

2

}
≤ C|∆|−4n−2E

{
XikXik′K

2
h(Zi − z)‖B(Si)B

>Hω‖2
2

}
≤ C|∆|−4n−2

(
E
{
X2
ikX

2
ik′K

4
h(Zi − z)

})1/2 (
E
{
‖B(Si)B

>Hω‖4
2

})1/2

= O
(
n−1h−3/2

)
. (S4.2)

Combining (S4.1) and (S4.2), we haveEL2iL
>
2i = O(|∆|2h−3/2+n−1h−3/2)1p×p.

Hence, we have

V ar{gi{β0(z)}} = E
{
gi{β0(z)}gi{β0(z)}>

}
= E

(
ξiξ
>
i + L1iL

>
1i + L2iL

>
2i

)
= E

(
ξiξ
>
i

)
(1 + o(1))

= σ2Ω(z)f(z)µ20h
−1 (1 + o(1)) .

S5 Proof of Theorem 2

Proof. First, for convenience we suppress the argument z in the functions such

as β(z), Ω(z) and so on, since we fix z ∈ [a, b] in this proof.

For the minimization problem (3.3), we use the Lagrange multiplier method:

min
1

n

n∑
i=1

log
[
1 + δ>(z)gi{β(z)}

]
+ ν>(z)H{β(z)},
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where ν(z) is a q × 1 vector of Lagrange multipliers. Define

M1n(β, δ) =
1

n

n∑
i=1

gi(β)

1 + δ>(β)gi(β)

and

M2n(β, δ) =
1

n

n∑
i=1

∂g>i (β)

∂β
δ

1 + δ>(β)gi(β)
+ ν>C(β).

We first obtain their derivatives with respect to the three variables β, δ and ν.

∂M1n(β, δ)

∂β>
=

1

n

n∑
i=1

∂gi(β)

∂β>
(1 + δ>(β)gi(β))− gi(β)δ>

∂gi(β)

∂β>

(1 + δ>(β)gi(β))2
,

∂M1n(β, δ)

∂δ>
= − 1

n

n∑
i=1

gi(β)g>i (β)

(1 + δ>(β)gi(β))2
,

∂M1n(β, δ)

∂ν>
= 0,

∂M2n(β, δ,ν)

∂β>
=

1

n

n∑
i=1

∂2g>i (β)

∂β>∂β
δ(1 + δ>(β)gi(β))− ∂g>i (β)

∂β
δδ>

∂gi(β)

∂β>

(1 + δ>(β)gi(β))2

+
∂C>(β)

∂β>
ν,

∂M2n(β, δ,ν)

∂δ>
=

1

n

n∑
i=1

∂g>i (β)

∂β>
− ∂g>i (β)

∂β>
δg>i (β)

(1 + δ>(β)gi(β))2
,

∂M2n(β, δ,ν)

∂ν>
= C>(β),

∂H(β)

∂β>
= C(β),

∂H(β)

∂δ>
= 0,

∂H(β)

∂ν>
= 0.

Hence, we have the following Taylor expansions of the system of equations

at (β0, 0, 0). Denote the solution to this equation system as
{
β̃(z), δ̃(z), ν̃(z)

}
.

Let ∆n = ‖β̃ − β0‖+ ‖δ̃‖+ ‖ν̃‖.

0 = M1n

(
β̃, δ̃, ν̃

)
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= M1n(β0, 0) +
∂M1n(β0, 0)

∂β>

(
β̃ − β0

)
+
∂M1n(β0, 0)

∂δ>

(
δ̃ − 0

)
+
∂M1n(β0, 0)

∂ν>
(ν̃ − 0) + op(∆n)

=
1

n

n∑
i=1

gi(β0) +
1

n

n∑
i=1

∂gi(β0)

∂β>

(
β̃ − β0

)
− 1

n

n∑
i=1

gi(β0)g>i (β0)δ̃ + op(∆n),

0 = M2n

(
β̃, δ̃, ν̃

)
= M2n(β0, 0, 0) +

∂M2n(β0, 0, 0)

∂β>

(
β̃ − β0

)
+
∂M2n(β0, 0, 0)

∂δ>

(
δ̃ − 0

)
+
∂M2n(β0, 0, 0)

∂ν>
(ν̃ − 0) + op(∆n)

=
1

n

n∑
i=1

∂g>i (β0)

∂β
δ̃ + C>(β0)ν̃ + op(∆n),

and 0 = H
(
β̃
)

= H (β0)+C>(β0)
(
β̃ − β0

)
+op(∆n) = C>(β0)

(
β̃ − β0

)
+

op(∆n). Putting the above equations into a matrix form, we obtain


−n−1

∑n
i=1 gi(β0) + op(∆n)

op(∆n)

−H(β0) + op(∆n)

 = Σn


C2
nn
−1δ̃

β̃ − β0

ν̃

 .

where

Σn =


−C−2

n

∑n
i=1 gi(β0)g>i (β0) n−1

∑n
i=1

∂gi(β0)
∂β> 0

n−1
∑n

i=1
∂g>i (β0)

∂β
0 C>(β0)

0 C(β0) 0

 .



Empirical Likelihood Ratio Tests for Varying Coefficient Geo Models

Then we have Σn
P−→ Σ =


−Σ11 Σ12 0

Σ12 0 Σ>23

0 Σ23 0

 , and Σ23 = C(β0). By

Proposition 1, it is easy to find that

Σ11 = σ2
0Ω(z)f(z)µ20,Σ12 = Ω(z)f(z). (S5.3)

By the simple calculation, we have

Σ−1 =


−Σ−1

11 + Σ−1
11 Σ12ΥΣ12Σ

−1
11 Σ−1

11 Σ12Υ Σ−1
11 Σ12S

>

ΥΣ12Σ
−1
11 Υ S>

SΣ12Σ
−1
11 S −R

 ,

where Υ = V
(
I−Σ>23S

)
, R =

(
Σ23VΣ>23

)−1, S = RΣ23V, and V =(
Σ12Σ

−1
11 Σ12

)−1
. Thus, we have the following

C2
nn
−1δ̃

β̃ − β0

ν̃

 = Σ−1


−n−1

∑n
i=1 gi(β0)

0

−H(β0)

+ op(∆n).

By this, under the local alternative hypothesis H1, we could figure out that

∆n =

∥∥∥∥∥∥∥∥∥∥∥


δ̃

β̃ − β0

ν̃



∥∥∥∥∥∥∥∥∥∥∥
≤

∥∥∥∥∥∥∥∥∥∥∥


C2
nn
−1δ̃

β̃ − β0

ν̃



∥∥∥∥∥∥∥∥∥∥∥
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=

∥∥∥∥∥∥∥∥∥∥∥
Σ−1


1

0

0


{
− 1

n

n∑
i=1

gi(β0)

}
−Σ−1


0

0

1

H(β0) + op(∆n)

∥∥∥∥∥∥∥∥∥∥∥
≤ Op

(
n−1/2h−1/2

)
+ op(∆n),

which implies that ∆n = Op

(
n−1/2h−1/2

)
.

Combining the above results, we have
C2
nn
−1δ̃

β̃ − β0

ν̃

 =


−Σ−1

11 + Σ−1
11 Σ12ΥΣ12Σ

−1
11

ΥΣ12Σ
−1
11

SΣ12Σ
−1
11


{
− 1

n

n∑
i=1

gi(β0)

}

−


Σ−1

11 Σ12S
>

S>

−R

H(β0) + op
(
n−1/2h−1/2

)
. (S5.4)

Given the following results−SΣ>12Σ
−1
11 = −RΣ23VV−1Σ−1

12 = −RΣ23Σ
−1
12

we have the asymptotic expression for ν̃,

ν̃ = −SΣ>12Σ
−1
11

{
1
n

∑n
i=1 gi(β0)

}
+ RH(β0) + op

(
n−1/2h−1/2

)
= −RΣ23Σ

−1
12

{
1
n

∑n
i=1 gi(β0)

}
+ RH(β0) + op

(
n−1/2h−1/2

)
. (S5.5)

By equation (S5.5), under the null hypothesis H0 : H {β0(z)} = 0, we have

ν̃ = n−1R1/2Σ23Σ
−1
12

n∑
i=1

gi(β0) + op
(
n−1/2h−1/2

)
.
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Since

−ΥΣ12Σ
−1
11 = −ΥV−1Σ−1

12 = −V(I−Σ>23S)V−1Σ−1
12

= −Σ−1
12 + VΣ>23SV−1Σ−1

12 = −Σ−1
12 + VΣ>23RΣ23VV−1Σ−1

12

= −Σ−1
12 + VΣ>23RΣ23Σ

−1
12 ,

for the asymptotic expression of β̃ − β0, (S5.4) together with (S5.5) gives

β̃ − β0 =
(
−Σ−1

12 + VΣ>23RΣ23Σ
−1
12

){ 1

n

n∑
i=1

gi(β0)
}

+ op
(
n−1/2h−1/2

)
= −Σ−1

12

{
1

n

n∑
i=1

gi(β0)

}
+ VΣ>23RΣ23Σ

−1
12

{ 1

n

n∑
i=1

gi(β0)
}

+op
(
n−1/2h−1/2

)
= −Σ−1

12

{
1

n

n∑
i=1

gi(β0)

}
−VΣ>23ν̃ + op

(
n−1/2h−1/2

)
.

Using the expression of δ̃

δ̃ =

{
n−1

n∑
i=1

gi(β0)g>i (β0)

}−1{
n−1

n∑
i=1

gi(β0)

}

+

{
n−1

n∑
i=1

gi(β0)g>i (β0)

}−1{
n−1

n∑
i=1

gi(β0)
[δ̃>gi(β0)]2

1 + δ̃>gi(β0)

}

=

{
n−1

n∑
i=1

gi(β0)g>i (β0)

}−1{
n−1

n∑
i=1

gi(β0)

}
+ op

(
n−1/2h−1/2

)
,

and the above asymptotic expression for β̃ − β0, the empirical log-likelihood
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ratio statistic can be written as

2`(z) = 2
n∑
i=1

δ̃>gi

(
β̃
)
−

n∑
i=1

δ̃>gi

(
β̃
)
g>i

(
β̃
)
δ̃ + op(1)

= 2n

{
1

n

n∑
i=1

g>i

(
β̃
)}

δ̃ − nδ̃>
{

1

n

n∑
i=1

gi

(
β̃
)
g>i

(
β̃
)}

δ̃ + op(1)

= 2nh

{
1

n

n∑
i=1

g>i

(
β̃
)}

Σ−1
11 (

1

n

n∑
i=1

gi

(
β̃
)

)

− nh

{
1

n

n∑
i=1

gi

(
β̃
)}>

Σ−1
11 Σ11Σ

−1
11

{
1

n

n∑
i=1

g>i

(
β̃
)}

+ op(1)

= nh

{
1

n

n∑
i=1

g>i

(
β̃
)}

Σ−1
11

{
1

n

n∑
i=1

g>i

(
β̃
)}

+ op(1)

= nhν̃>Σ23VΣ12Σ
−1
11 Σ12VΣ>23ν̃ + op(1) = nhν̃>R−1ν̃ + op(1).

We see that E
(
R1/2Σ23Σ

−1
12

∑n
i=1 gi(β0)

)
= 0 and as n→∞,

C−1
n Var

(
R1/2Σ23Σ

−1
12

n∑
i=1

gi(β0)

)
→ R1/2Σ23Σ

−1
12 Σ11Σ

−1
12 Σ>23R

1/2

= R1/2Σ23(Σ12Σ11Σ12)−1Σ>23R
1/2

= R1/2Σ23VΣ>23R
1/2

= R1/2R−1R1/2

= Iq×q.

Thus, by the Central Limit Theorem, under the null hypothesisH0 : H{β0(z)} =

0, we have n−1/2h1/2R1/2Σ23Σ
−1
12

∑n
i=1 gi(β0)

d−→ N(0, Iq) which means

√
nhR−1/2ν̃

d−→ N(0, Iq).

Thus, 2`(z)
d−→ χ2

q . Under local alternative hypothesis H1 : H{β0(z)} =
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(nh)1/2d(z), we have

√
nhR−1/2ν̃

d−→ N(R1/2d, Iq).

Thus, 2`(z) = nhν̃>R−1ν̃ + op(1)
d−→ χ2

q(d
>Rd).

S6 Proof of Theorem 3

Proof. We first prove the asymptotic normality of Dn under the null hypothesis.

We have the decomposition for Dn = Dn1 +Dn2, where

Dn1 = C−2
n

n∑
i=1

∫ b

a

ξ>i (z)G>(z)G(z)ξi(z)w(z)dz

= C−2
n

n∑
i=1

ε2i

∫ b

a

Kh(Zi − z)2X>i G>(z)G(z)Xiw(z)dz,

Dn2 = C−2
n

n∑
i=1

n∑
k 6=i

∫ b

a

ξ>i (z)G>(z)G(z)ξk(z)w(z)dz

= C−2
n

n∑
i=1

n∑
k 6=i

εiεk

∫ b

a

Kh(Zi − z)Kh(Zk − z)X>i G>(z)G(z)Xkw(z)dz.

Note that,

E
{
X>i G>(z)G(z)Xi

∣∣Zi = z
}

= tr(G(z)Ω(z)G>(z))

= tr
[
(σ2µ20f(z))−1Iq×q

]
= q(σ2µ20f(z))−1,

and EDn2 = 0. We also have

EDn1 = hσ2

∫ b

a

E
{
Kh(Zi − z)2X>i G>(z)G(z)Xi

}
w(z)dz
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= hσ2

∫ b

a

E
{
E
[
X>i G>(z)G(z)Xi

∣∣Zi]Kh(Zi − z)2
}
w(z)dz

= σ2

∫ b

a

[
E
{
X>i G>(z)G(z)Xi

∣∣Zi = z
}
f(z)µ20 +O(h2)

]
w(z)dz

= q +O(h2).

Define K(4)(x) =
∫
K2(y)K2 (y − x) dy and Iik(z) = X>i G>(z)G(z)Xk.

Thus, X>i G>(z1)G(z1)XkX
>
i′ G

>(z2)G(z2)Xk′ = Iik(z1)×Ii′k′(z2). When

i 6= k, we have

E(Iii(z1)Ikk(z2)
∣∣Zi = z1, Zk = z2)

= E(Iii(z1)
∣∣Zi = z1)E(Ikk(z2)

∣∣Zk = z2)

= tr(E
[
G>(z1)X>i XiG(z1)

∣∣Zi = z1

]
)

×tr(E
[
G>(z2)X>k XkG(z2)

∣∣Zk = z2

]
)

= q2µ−2
20 σ

−4f−1(z1)f−1(z2).

Thus, we have

ED2
n1

= h2n−2

n∑
i=1

n∑
i′=1

∫ b

a

∫ b

a

E
{
ξ>i1G

>(z1)G(z1)ξi1ξ
>
i′2G

>(z2)G(z2)ξi′2
}

×w(z1)w(z2)dz1dz2

=
n∑
i′ 6=i

h2n−2

∫ b

a

∫ b

a

E
{
ε2i ε

2
i′Kh(Zi − z1)2Kh(Zi′ − z2)2Iii(z1)Ii′i′(z2)

}
×w(z1)w(z2)dz1dz2
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+
n∑
i=1

h2n−2

∫ b

a

∫ b

a

E
{
ε4iKh(Zi − z1)2Kh(Zi − z2)2Iii(z1)Iii(z2)

}
×w(z1)w(z2)dz1dz2

=
n∑
i′ 6=i

n−2σ4

∫ b

a

∫ b

a

{
E(Iii(z1)× Ikk(z2)

∣∣Zi = z1, Zk = z2)f(z1)f(z2)µ2
20

+O(h2)
}
× w(z1)w(z2)dz1dz2

+
n∑
i=1

n−2Eε4i

∫ b

a

∫ b

a

{
hE(Iii(z1)× Iii(z2)

∣∣Zi = z1

)
f(z1)K(4)

(
z2 − z1

h

)
+o(h2)

}
× w(z1)w(z2)dz1dz2

� q2 +O
(
h2
)
.

Next, we calculate ED2
n2. Note that

ED2
n2

= h2n−2

n∑
i=1

n∑
i′=1

n∑
k=1

n∑
k′=1

∫ b

a

∫ b

a

E
{
ξ>i1G

>(z1)G(z1)ξk1ξ
>
i′2G

>(z2)G(z2)ξk′2
}

×w(z1)w(z2)dz1dz2.

When k 6= i and k′ 6= i′, E (εiεi′εkεk′) 6= 0 only in two cases, the first one is

{i = i′, k = k′}, and the second one is {i = k′, k = i′}. In particularly, we have

ED2
n2 = h2n−2σ4

∑n
i=1

∑n
k 6=i
∫ b
a

∫ b
a
(Π1 + Π2)w(z1)w(z2)dz1dz2, where

Π1 = E {Iik(z1)Iik(z2)Kh(Zi − z1)Kh(Zk − z1)Kh(Zi − z2)Kh(Zk − z2)}

= E
{
E
[
Iik(z1)Iik(z2)

∣∣Zi, Zk]Kh(Zi − z1)Kh(Zk − z1)

Kh(Zi − z2)Kh(Zk − z2)}

=

∫ b

a

∫ b

a

E
[
Iik(z1)Iik(z2)

∣∣Zi = x, Zk = y
]
f(x)f(y)
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×Kh(x− z1)Kh(x− z2)Kh(y − z1)Kh(y − z2)dxdy

=

∫ b

a

{
h−1E

[
Iik(z1)Iik(z2)

∣∣Zi = z1, Zk = y
]
f(z1)K(2)

(
z2 − z1

h

)
+O(h)} × f(y)Kh(y − z1)Kh(y − z2)dy

= h−2E
[
Iik(z1)Iik(z2)

∣∣Zi = z1, Zk = z2

]
f(z1)f(z2)

{
K(2)

(
z2 − z1

h

)}2

+O(1)

and

Π2 = E {Iik(z1)Iki(z2)Kh(Zi − z1)Kh(Zk − z1)Kh(Zi − z2)Kh(Zk − z2)}

= E
{
E
[
Iik(z1)Iki(z2)

∣∣Zi, Zk]Kh(Zi − z1)Kh(Zk − z1)Kh(Zi − z2)

× Kh(Zk − z2)}

=

∫ b

a

∫ b

a

E
[
Iik(z1)Iki(z2)

∣∣Zi = x, Zk = y
]

×f(x)f(y)Kh(x− z1)Kh(x− z2)Kh(y − z1)Kh(y − z2)dxdy

=

∫ b

a

{
h−1E

[
Iik(z1)Iki(z2)

∣∣Zi = z1, Zk = y
]
f(z1)K(2)

(
z2 − z1

h

)
+O(h)

}
×f(y)Kh(y − z1)Kh(y − z2)dy

= h−2E
[
Iik(z1)Iki(z2)

∣∣Zi = z1, Zk = z2

]
f(z1)f(z2)

{
K(2)

(
z2 − z1

h

)}2

+O(1).

Since

E
[
Iik(z1)Iik(z2)

∣∣Zi = z1, Zk = z2

]
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= E
{
E
[
X>i G>(z1)G(z1)XkX

>
i G>(z2)G(z2)Xk

]
|Zi = z1, Zk = z2

}
= E

{
X>k G>(z1)G(z1)E

[
XiX

>
i

]
G>(z2)G(z2)Xk|Zi = z1, Zk = z2

}
= tr

{
E
[
X>k G>(z1)G(z1)E

(
XiX

>
i

)
G>(z2)G(z2)Xk|Zi = z1, Zk = z2

]}
= tr

{
E
[
G(z1)E

(
XiX

>
i

)
G>(z2)G(z2)XkX

>
k G>(z1)|Zi = z1, Zk = z2

]}
= G(z1)E

(
XiX

>
i |Zi = z1

)
G>(z2)G(z2)E

(
XkX

>
k |Zk = z2

)
G>(z1)

= G(z1)Ω (z1) G>(z2)G(z2)Ω (z2) G>(z1) � q,

and similarly, we have E
[
Iik(z1)Iki(z2)

∣∣Zi = z1, Zk = z2

]
� q. Combining the

results for Π1 and Π2, we have

ED2
n2 � σ4h

∫ ∫
f(v)f(v + hu)w(v)w(v + hu)

(
K(2) (u)

)2
dudv

= h

∫ (
K(2) (u)

)2
du

∫
f 2(v)w2(v)dv +O(h2),

Hence we have V ar(Dn1) = o(V ar(Dn2)), and it follows that

Dn − E(Dn) = Dn2 {1 + o(1)} .

We can write Dn2 as Dn2 = 1
n

∑n
i 6=k
∫ b
a
Z>i (z)Zk(z)w(z)dz, where Zi(z) =

√
hG(z)ξi(z). Let Un = 1

n−1
Dn2 = 2

n(n−1)

∑
1≤i<k≤nK(Zi,Zk),whereK(Zi,Zk)

=
∫ b
a
Z>i (z)Zk(z)w(z)dz.DefineAK asAKg(x) =

∫∞
∞ K(x, y)g(y)dF (y),where

F is the distribution of Zi. Then we have the associated eigenvalues and eigen-

functions, denoted as {λk, ψk}∞k=1 . The remaining proof for Dn under the null

hypothesis test is analogous to the sparse case in Theorem 2 and Corollary 1 in

Wang et al. (2018).
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Secondly, we prove the asymptotic distribution for Dn under alternative hy-

pothesis. Notice that 2`(z) = nhν̃>R−1ν̃ + op(1) as shown in Theorem 2 and

by (S5.5) under local alternative,

ν̃ = −RΣ23Σ
−1
12

{
1

n

n∑
i=1

gi(β0)

}
+ RH(β0) + op

(
n−1/2h−1/2

)
.

The remaining proof is the same as the sparse case in Theorem 3 in Wang et al.

(2018).
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