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STATISTICAL INFERENCE FOR MULTIVARIATE
FUNCTIONAL PANEL DATA

Shuang Sun and Lijian Yang*

Tsinghua University

Abstract: Statistical inference is developed for vector-valued functional panel data
which are i.i.d. with respect to subjects and infinite moving average in time.
B-spline estimation is proposed for trajectories, which are used to construct a
two-step estimator of the vector mean function. By using explicit Gaussian
strong approximation in vector form, in the context of moving average panel,
the proposed spline estimator is shown to be oracally efficient in the sense that
it is asymptotically equivalent to the infeasible estimator with all trajectories
known. This deep theoretical result points to a limiting Gaussian distribution of
the vector mean estimator, which allows for the construction of various simultaneous
confidence region (SCR) for the vector mean function itself and linear combination
of its elements. Asymptotic correctness of the SCRs is both established in theory
and validated in simulation experiments. The proposed SCRs are applied to an
Electroencephalogram (EEG) multivariate functional panel data set, validating
multiple scientific facts.

Key words and phrases: B-spline, Electroencephalogram, moving average, oracle
efficiency, simultaneous confidence region.

1. Introduction

Functional data analysis (FDA) has been an important area of statistics
research for more than two decades. Comprehensive introduction to FDA can
be found in Ramsay and Silverman (2005)), Ferraty and Vieu| (2006), |[Hsing and
Eubank (2015)), and [Kokoszka and Reimherr| (2017)).

A functional random variable is a square-integrable continuous stochastic
process: specifically, n(-) € C[0, 1] almost surely, with Esup,c(, 1 7*(2) < co. For
such 7(-), both mean function En(-) and covariance function cov{n(z),n(z’)},
z,x' € [0,1] exist and are continuous. A functional random vector is a vector-
valued functional random variable n(-) = {nW(-),...,n¥(:)}T where each
element is a square-integrable continuous stochastic process. A functional data
set in the abstract sense consists of repeated observations {7;(-)}/_, of a functional
random variable n(-) or {n;(-)}"; of a functional random vector n(-).

As the essential first step in functional data analysis, estimation of the
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population mean function En(-) was studied in [Ma, Yang and Carroll (2012),
Zheng, Yang and Hardle| (2014) for sparse longitudinal data, and |Cao, Yang and
Todem| (2012), |Cao and Wang| (2018), |Cai et al| (2020), Yu et al. (2021)), and
Huang, Zheng and Yang (2022) for dense functional data, all with simultaneous
confidence band (SCB). All of these works are valid only for i.i.d. observations
n:(-),1 < i < n. More recently, Li and Yang (2023) has extended SCB
methodology for functional mean to functional time series 7,(-),1 < t < T,
while Zhong and Yang (2023) has established simultaneous confidence region for
auto covariance function cov{n,(z),nn(2’)}, x,2" € [0,1], h € N, of functional
time series. See also Horvath, Kokoszka and Reeder (2013) for related work on
functional time series.

In contrast to i.i.d. functional observations or functional time series, func-
tional panel data combines both in a realistic and informative manner. A

functional panel data consists of stochastic processes {nit(')}?j,t:1 called tra-
jectories, where for each fixed i € {1,...,n}, {n.(-)},_, is a functional time

series of length T, and each {n;(-)},_,,1 < i < n has the same distribution
of a standard functional time series {nt(-)}thl. Within the functional time
series {nt(-)};[:l, each n.(-),t € 1,...,T has the same distribution as n(-).
Instead of functional random variables from CJ0, 1], functional random vectors
n(-) taking values from (C[0,1])" are investigated in this paper to accommodate
the multivariate circumstances. Those multivariate trajectories are decomposed
as Mi(-) = m(-) + &€4(-), where m(:) = {mM(),... mE()}T is the vector
mean function of 7(-), and centered trajectories &:(-) = {€1(),..., & ()}T
are small-scale variations of x on the t-th trajectory of the i-th subject, being
(C[0,1))" random variables with mean E&;(-) = 0; and matrix covariance
function E&;;(-)&;:(-)" of size L x L.

An example which motivates investigation of multivariate functional panel
data is the Electroencephalogram (EEG) signals for human subjects during the
task of surround suppression paradigm, studied in Langer et al.| (2017). Recorded
at sample rate 500Hz (i.e., one recording per 0.002 second), the multichannel
EEG series of n = 126 participants during T' = 63 consecutive trials constitute
multivariate functional panel data, {n;(-)};23%2,, see Figure 1. For more details
of this example, see Section 5, and for EEG data as multivariate functional data,
see |Zhang et al.| (2020).

To model the distribution of the vector-valued functional time series
{mt(-)}tT:l, the centered variations &;;(-) are embedded into a strictly stationary
functional vector infinite moving average FVMA (c0),

€)=Y AuGiyv(-), t=0,41,42,...,1<i<n, (1.1)
t'=0

where the operator A, : {£2[0,1]}" — {£2[0,1]}" are bounded linear operators
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Figure 1. Plot of raw EEG signals on channels O, O3, P3, P, C3, F3 for one subject
during one trial, which can be regarded as a sample of multivariate functional panel data.

playing the roles of coefficient matrices in vector moving average models, see
Liitkepohl (2005). The sequence of functional random vectors {Ci;(-)}tez with
()T =10, ..., ¢ ()} are multivariate analogs of strong functional white
noises in Definition 3.1 of : they are functional random vectors of
which each element is an £? continuous process, i.i.d. over index t € Z, with
vector mean function E¢;(-) = 0, and matrix covariance function G¢(x,z") =
{Gg’l/)(w, ) u—y = ECu(x)Ciu(2) 7. Model extends the FMA (co0) proposed
in |Li and Yang (2023).

For the univariate functional random variable Cftl)(), 1 <1 < L, the -
th element of (), its covariance function G?’l) (z,2") = EC(”( )C(l)( ) s
continuous, and Mercer Lemma @, Lem. 1.3) entails that Gél Na o) =
POy AD O () ,(cl)(a:’) with eigen values A\’ > A > ... >0 and corresponding
eigenfunctions {¢"}2° . the latter an orthonormal basis of £2[0,1], such that
> 1>‘(l < 09, {wkl)}k 1 € C[0,1] and fG” (2 35) ( )da' = )\(l)w(l( )
The well-known Karhunen—Loeve expansmn follows: ¢P(-) =302, ¢ (), i
which the rescaled elgenfunctlons d) , called functional pr1nc1ple components
(FPCs), satisfy ¢’ = (A)2p" and [ ¢P(2)o (z)de = AP¢) for k > 1;
the random coeflicients ( (t,i s, called FPC scores, are therefore uncorrelated over
k € N, with mean 0 and variance 1. It is assumed that 337° [|¢\"] < oo
(see Asm. (A4)), thus the Karhunen—Loeve series converges absolutely uniformly
almost surely by Dominated Convergence Theorem. Denote

o= (0 uP) o= (ol o)
G = (¢, ;@) ,Ak:(A,S),...,A,QL)) ,

where w l), ztll)c and )\() are respectively the k-th eigenfunction, FPC,
FPC score and cigenvalue for ¢{(-), the I-th element of (;(-). Denote by
“o” the element-wise product of two matrices of the same dimension, specifi-
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cally {Cll’}l o {dw )} ”, L= {cll/dll,}fl’gl, then the matrix covariance function
G¢(z,2') and the functional random vector (;;(-) are written as follows:

Gelea) = Y Sico i (x) 6 (@)T}. (12)

x>
I
—

K

Cit() =) Cur 0 Px(*), (1.3)

b
Il
—

where 3 . = cov ({;) is in fact a correlation matrix. Equations and
are vector analogs for functional random vector {;;(-) of Mercer Lemma
and the Karhunen-Lo¢ve expansion, with {¢x()},cy, called FPCs and random
coefficients {C;u } KeN. called FPC scores for ¢;;(-), all vectors of dimension L.

As in Zhong and Yang (2023), elements of the FVMA(c0) coefficient oper-
ators A, are defined relative to the orthonormal basis, then for any ¢ € N, the
operator A; is defined via

{chowk } Zatkocko¢k( ), CkGRL, ZHCk”Z<OO,

=1
a; € RE ,||atk|]OO < Cup, Cy €(0,00), p, € (0,1),k € N,

(1.4)
where for any vector ¢ = (c,...,cr)" € RE el = (|la|” + -+ + |en|?)YT,
1 <r<oo, ||l =maxi<<r(|ci], ..., |ce]). The constraints in ([1.4) on moving

average coefficients ay, are vector versions of constraints in |[Zhong and Yang
(2023).
According to (|1.1)),

ézt ZAt’{ZCzt t’ko¢k } Zgztko¢k

where

itk = Z Ay © Gig—v ks L € Z, k€ Ny.
=0
Thus for each fixed i € {1,...,n},k € N, the vector time series {&;i }1ez with
Teo= (€0, .,y is an L-dimensional VMA (co) series of {Citeez. These
VMA (c0) series are uncorrelated over k € N, and i.i.d. over i € {1,...,n}. One
notes that VMA(00) is a sufficiently broad class which includes the most common
VARMA(p, q), see Liitkepohl| (2005]).

Assume for convenience that for each fixed k € Ny, Y72 aw o ay, = 1y,
then each element of &, are of mean 0 and variance 1 as well. Since {&;1} ren,
are uncorrelated over k € Ny, &€;(-) = > o &iur © ¢r(+) is also the Karhunen—
Loeve expansion of functional random vector &;(-), and random coefficients
{Eitk}k€N+ are the corresponding FPC scores. The matrix covariance function
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G(z,z') = {G) (2,2 )} 1< < of €4(-) has the following expression similar to
Mercer Lemma

Glee) =Y Sieo {ou)an(=)).

where Xy = cov (&) = Xpc 0 Z:io atka,; is actually a correlation matrix,
1<k<oo. When L =1, 3, =3, = 1.

In practice, however, trajectories {m;;(-)} are unknown, and the observed
multivariate functional panel data take the form of

Y :m(]]\-J +§£itkod)k(]{7) +0'z‘t<]{,) ° it (1.5)

for 1 <i<mn 1<t<T,1<j<N,with Yy = (Yil,...,YA)T, 4 =
(aﬁ}}, . ,agtLj))T, o = (0,...,0lP)7, all vectors of L-dimension. The terms
0.:(j/N) o €;; represent measurement errors which occur with data collection,
€it; independent over ¢ > 1, ¢ > 1 and i.i.d. over j > 1, with covariance matrix
Xite, which is in fact a correlation matrix after normalization, and elements
of the vector standard deviation function o;(-) satisfying Holder continuity in
Assumption (A2). B-spline is used to approximate the vector-valued trajectories
{mi+(-)} from observed vectors {Y;;;}, and further a two-step B-spline estimator
for the vector mean function m(-) is built.

Unlike existing works [Huang, Zheng and Yang (2022)), |Li and Yang] (2023)
and [Zhong and Yang] (2023) using classic implicit Gaussian strong approximation
of the kind in Einmahl (1989)), this work uses explicit Gaussian strong approxi-
mation result of Gotze and Zaitsev (2010)). As a consequence, finite number of
distinct distributions is no longer required of FPC scores or measurement errors
(Supplementary Material Lem. S.1), significantly broadening the applicability
scope of the proposed method. Another noteworthy feature of the asymptotic
results is that only length 7" of the time series needs to go to infinity, the number
n of subjects can either be bounded or go to infinity, see also Remark 4.

The paper is organized as follows. Section 2 proposes SCR for the vector
mean function and SCB for any linear combination of its elements built from B-
spline estimation, and establishes theoretical properties of them. Implementation
details of the proposed SCB and SCR are given in Section 3. Section 4 examines
finite sample performance of the proposed methods in simulation settings. An
EEG data is studied in Section 5 with the new SCB and SCR tools. All technical
proofs are collected in the online Supplementary Material.
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2. Main Results

2.1. Spline estimation of vector mean function

For simplicity of notations, one defines a bijective single rank over ¢ and t,
r(i,t) = n(t—1)+1i, for 1 < i < nand —oo < ¢ < T, so that any double
summation $7, 327 is converted to Z?(f,t):l‘

For sequence of real numbers a, and b,, denote a, =< b, if a, = O(b,)
and b, = O(a,), as n — oo. For any sequence ¢ = (¢n),cy, € (¥, denote the
norm |cf[, = (3, en, lc,[P)Y/P. For any positive definite matrix H, denote by
Amax (H) and Ap, (H) the maximal and minimal eigenvalues of H. For any
function f (-) € C[0, 1], denote the norm ||f||Oo = supxe[o 1] |f( ) |. For functions

f,g € L£2[0,1], denote the inner product ( = f[o 3 x)dx with norm

1fll2 = {(f, f)}"2. For any non-negative 1nteger q and fractlon w € (0,1], denote
by C@#) [0,1] the space of functions with y-Holder continuous g-th derivative,
ie.,

lelly,, = sup

z,y€[0,1],x#y

Cem0,1]={¢:[0,1] = R ;
[0, 1] { [0, 1] P

o () = 92 (1) ‘ § m} |

Besides, for vector-valued function f = (f™),..., f(L))T € (€[0,1])", denote

171l = max || £9]_, 151, =

1<I<L

, (2.1)

1<l<L ’

and for vector-valued functions f,g € (£2]0, 1])L with f = (f(l)’_”’f(L))T’

g=(g",....,g") ", denote (f,g) = 1, (fV,9D), |Ifll, = {(£, )}

Since m(-) and ¢y (+) both belong to (C**) [0, 1])L under Assumptions (A1)
and (A4) below, n; () can be regarded as a functional random vector taking
values from (C@#) 0, 1])L. Had trajectories {n; (-)}//;=; been all observed
over the entire interval [0,1], the population vector mean function m (-) can
be estimated by the sample mean

nT

m()=nl)" Y ml(). (2.2)

r(i,t)=1

This “estimator” is infeasible as it makes use of unobservables. It however serves
as a benchmark.

To describe the spline functions, one denotes by {te};;l a sequence of equally-
spaced points, t, = £/(J,+1),0 <l < J,+1,0=ty <ty <---<t; <1=t; 4,
called interior knots, which divide the interval [0, 1] into (Js+1) equal subintervals
Iy = [toytegr), £ =0,...,J, —1and I, = [t;,1]. Let HP=? = HP=2[0,1] be
the polynomial spline space of order p on I, £ =0, ..., J,, which consists of all
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(p—2) times continuously differentiable functions on [0, 1] that are polynomials of
degree (p — 1) on subintervals I,, ¢ =0,...,J;. Then, we denote by {By,(-),1 <
¢ < J, + p} the p-th order B-spline basis functions of H®~2 (de Boor, 2001),
hence H (=% = {ZZ;TP AepBep()Aep € R}.

Trajectories and their mean are estimated by spline regression

nT N . 2
N _ ~ ~ . J
() = (7)) ) = aremin Y -a(3)] @)
(6,6)=1 g()e(Hr-2)" j=1 2
2.2. Assumptions
We first list in order some constraints on constants
pe (0,1, geN, p* =q+pu, ve (1] (2.4)

0 <o,min{2u, 2p }) (2.5)
pr+1
(1 0 6 0
/BQE <O,m1n{2,y2,122p*}>, (26)

46
T0>max{4,p*(2_2ﬂ2_9)_9}, (2.7)

1 2
max{lu,;<+>}<’7<1§ﬁg. (2.8)

2 To

Elementary algebra shows that (2.5)) is needed for (2.6)) to be solvable for S35, (2.5))

and (12.6)) for (2.7) to be solvable for 7, and that (2.5), (2.6) and (2.7) together
ensure the existence of v that satisfies ([2.8]).

The above constraints allow the following technical assumptions.

(A1) The vector mean function m(-) € (C*[0,1])* for the integer ¢, constant
pand p* =g+ pin (2.4).

(A2) The vector standard deviation functions o (-) € (C®*) [0,1])* for v in (2.4),
and maxi <, )<n1(||Tit]| 0 + ||oit]0) < Co for 0 < C, < 0.

(A3) AsT — o0, N =N (T) = 0o, n x T = O (N?) for the 6§ in (2.5).

(A4) There exists ¢, > 0 such that G, (z,x) > ¢, I, Yz € [0,1] with G, (z, z) de-
fined in (2.9). The rescaled FPCs ¢4 () € (C'2"[0,1])F with >3, ||@klo.+
Yore i Nbrllgn + Xmey |Pkllo < 0o with the norm defined in (2.1)).

(A5) On the probability space (€2, A,P) are FPC scores { itk }r(i,t)ezr>1 indepen-
dent over k > 1 and i.i.d. over r(i,t) € Z with sup,~; E||¢11x][5> < oo for
7o in ([2.7), measurement errors {€;;; },(;.0)>1,551 independent over r(i,t) > 1
and ii.d. over j > 1, and {Ciuk}r(ityeze>1 independent of {€;;}rai0>1,5>1,
with covariance matrices Xy . = cov ({i1,) , 2it,e = cov(€,1). There exist
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iid. N(0z,Xy ) random vectors {Zim ¢} o1 nr,. for 1 < k < kr,
and iid. N(0y,%;.) random vectors {Zy;.};_, for 1 < r(i,t) < nT on
a new probability space (Q,A,P), Cy, Cy € (0,400), 71, 72 € (1,400),
B1 € (0,1/2), B in , such that

T

. J— . ﬂl -
P | 2 (= Zin)| > (D) < )
r(i,t)=1—nl,r 9

T

P max max Z (€itj — Zije)|| > NP2 % < CoN ™2,

1<r(i,t)<nT 1<7<N

j=1 2
where positive integers k,r = O{(nT)“} for some w > 0, L,z >
—10log(nT")/log pa, I,7 =< log(nT) and p, the geometric decay rate in
(1.4). To avoid complex notations, {Citk}:(Ti:g":TlfnlnT,kzl’ {Eitj}:(jgjt];le,jzl

are used to represent random variables on (Q,ft, P) with the same joint
distribution, and P to represent P.

(A6) The spline order p > p*, the number of interior knots J;, = N7dy for 7 in
28), dy + dyt = O(log? N) for 0 in ([2.5), as N — oo.

(A5’) The FPC scores {Citk }r(i,t)ezk>1 are independent over k£ > 1 and i.i.d. over
r(i,t) € Z, the measurement errors {€;;},i>1,;>1 are independent over
r(i,t) > 1 and ii.d. over j > 1, and {€;;},@>1,;>1 are independent of
{Citk }r(i,tyezi>1.  There exist constants r > 4 + 2w, 79 > (2 4 6)/Ps,
for some w > 0, 0 in and s in , such that sup,; E[[Ci1kll5" +
Sup,.; y>1 Ell€ir1||5* < co. For covariance matrices Xy ¢ = cov(Cii k), Zire =
cov(e; 1), there exists a constant ¢y > 0, such that Apax(Zk.¢)/ Amin(Zikc) <
Cx, )\max(Eit,e)/Amin(Eit,‘S) < CA7Vk7 i? te N-‘r'

Assumptions (A1) and (A2) are typical for spline smoothing. In particular,
(A1) controls the size of the bias of the spline smoother for m (-) and (A2) requires
that the variance function is uniformly bounded on its domain. Assumption (A3)
restricts that total sample size n x T increases by a fractional power 6 of N, the
number of observations for each trajectory. The collective bounded smoothness
of the principal components is stated in Assumption (A4). Assumption (A5)
provides the Gaussian strong approximation of measurement errors as well as
the FPC score innovations {Citk },—) - o x—;- Lhe “high level” Assumption (A5)
can be ensured by an elementary Assumption (A5’). Assumption (A6) makes
constraints on the number of interior knots J,; and the measurement times V.

Remark 1. The assumptions above are quite mild and easily satisfied. Default
values for q, u, 0, p, v are g+ pu =p* =4, v =1,0 =1, p = 4 (cubic
spline), v = 3/8, dy < loglog N are used for simulation in Section 4. The
choice of ¢ = 0, p = 1/2, p* = 1/2, v = 1/2, § = 3/5, p = 1 (constant
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spline), v = 16/25,dy < loglog N also satisfies all assumptions and allows for
non differentiable trajectories, as in [Mohammadi and Panaretos| (2023)).

Remark 2. The Gaussian process ¢(-) of Theorem 1 is L-dimensional according
to definition in (2.12]). This rules out the possibility of dimension L — oo, since
as a weak limit, () is fixed.

Remark 3. We concur with one referee that it is feasible to allow time dependent

measurement errors {sitj}r( making use of techniques in [Huang, Zheng

i,t)>1,j>17

and Yang (2022). This has been omitted due to space constraint.

Remark 4. A referee has observed that the number n of subjects does not have
to diverge; hence, it is feasible to make inference on each subject’s vector mean
function as long as T' goes to infinity.

Remark 5. The independence of FPC scores {Citk}r(i,t)ez,k21 over k > 1 is
presumed in most existing literature, and is needed to combine strong Gaussian
approximation of {Citk}r(i7 ez for all £ > 1 in one common probability space, see
Lemma S.5 in the Supplementary Material.

2.3. Asymptotic properties of the infeasible estimator

The infeasible estimator m(-) is examined in this subsection.
Define a limiting matrix covariance function

Go(w,7') =3 Ao {gu(@)gn ()}, (2.9)
k=1
where A, is the long-run covariance matrix of the vector series {&},cz
+oo oo oo 00
Ay = Z ]E&tkfzt+h,k = (Z atka; +2 Z Z atka't]»h,k) o Xy .
h=—c0 t=0 t=0 h=1

Noting that all elements of A, are uniformly bounded for £k € N,, one can
find a sequence of independent Gaussian vectors {Uy},cy, of L-dimension with
EUk = OL and EU}CUJ = Ak Define

U:{( }/QOUI)T7< ;/%UQ)T,...}T, (2.10)
1/2

where A/, k > 1 denote the element-wise square-root of the vector, then
IE‘,||UH§ < O Xl < oo, thus U € €2 a.s.. In fact, U is a Gaussian
¢*random variable since u*(U) is Gaussian for all u* € (¢?)". For any u =
(u{,uy,...)" € £2, where {uy}ren, are vectors of length L, consider a map
I1: 22 — (£2[0,1))" defined as IT(u)(-) = Y22, uy 0 y(-), then II is isometric,
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which yields a Gaussian (£2[0,1])"-random variable

IU)() =Y AN oUiop() => Usogul) (2.11)

with matrix covariance function G.,.
One defines next several rescaled Gaussian processes derived from II(U)(-)

@) = G, () IIU)(-), (2.12)
o1 () = [diag {G,(, )} 2 G2 () o), (2.13)
ou() = {bTGL( )b} PTG () (), (2.14)

where b € R*/{0.} and the diag(A) sets all off-diagonal elements of a square
matrix A to zero. They are respectively (£2[0,1])", (£2[0,1))" and £2[0,1]
Gaussian random variables, with matrix covariance functions

Ee (z) Qo(m/)T = G;l/Q (z, ) G, (2, 2") G;1/2 (',2'),

Epr(2)pr (@) = [diag {Go (@, 2)}] 7" Gy (2, 2') [diag {G (', 2)}] 77,
Epp(x)pp(2’) = b G (x,2')b {bT(;QP(a:,;It)bbTG'S(,(:L",m’)b}il/2 , z,x’ €[0,1].

Weak convergence of the infeasible estimator m (-) follows.

Theorem 1. Under Assumptions (Al), (A4) and (A5), as T — oo, the infeasible
estimator m(-) converges at the (nT)Y? rate to m(-) with asymptotic matriz
covariance function G,(x,x'), i.e.,

(nT)"* G2 () {m() —m ()} = o ().

©

Consequently, (2.13) and imply that
(nT)"? [diag {G (-, )} {m () —m ()} = @1 (),
(nT)"? {bT Gy ()b} b7 {m () —m ()} = @ ().

For any a € (0,1), denote by Qp.1-» and Q11— respectively the 100(1 — «)-
th percentile of the absolute maxima distribution of yp(x) and |¢r(x)
z € [0,1], i.e.,

|| over

]P’{ sup |gp(x)| < Qb,l—a} =1—a, beR*\ {0},

z€[0,1]

P{ sup |ler(z)], < QL,I—a} =1-a.

z€[0,1]
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Corollary 1. Under Assumptions (A1), (A3)—(A5), as T — oo, one has

P l sup (nT)"?

z€[0,1]

{67 G (2,2)b} b7 {m(x) — m(2)}] < Qb,la] S 1-a,

P l sup (nT)l/2 H[diag {GQP(IIZ,(E>}]71/2 {m(z) — rn(al:)}HOo < QL,l—a‘| —1—a,

z€[0,1]

where b € R¥ \ {0, }.
To construct SCBs for m(-), one shows next that the spline estimator m (-)

in (2.3) is a good substitute of the infeasible estimator m ().

2.4. Oracle efficiency

The next Theorem states that up to order o0,{(nT)~/2}, the proposed two-
step spline estimator m(-) is oracally efficient, i.e., it is asymptotically equivalent
to, or as efficient as the infeasible estimator m(-) with all trajectories n;(-) fully
known by “oracle”. Thus m(-) enjoys all the same asymptotic properties as m(-).

Theorem 2. Under Assumptions (A1l)—(A6), the B-spline estimator m () is
oracally efficient, i.e. as T — oo,

sup (1) [l (@) = (@), = 0, (1).
xe|0,

Corollary 2. Under Assumptions (A1)—(A6), for any o € (0,1), as T — oo, an
asymptotic 100(1 — )% correct SCB for any linear combination b"m(-) of m(-),
s given by

BT () £ {bT Gyl )b} " Qoo (n7) 72, b e RE\ {0,
and an asymptotic 100(1 — a)% correct SCR for m(-) is given by
() £ [diag {Gy ()} 1.Qra-a (nT) 7.

2.5. Multiple comparison

This subsection concerns simultaneous comparison of vector mean functions
from multiple samples.

Suppose for each s = 1,...,5 an independent set of functional panel data
of size n, and time length 7' is recorded, for which Assumptions (A1)—(A6) are
satisfied, then as T" — oo,

()2 [diag {Gys (- )N 2 {1ing (1) = m()} = 1),

where ¢ (-), s =1,...,5 are independent (L?|0, 1))"-Gaussian processes.
For 1 < s < s < S, denote sample ratios 7,¢ = limz_,o, ns/n,, which satisfy
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Tss € [¢r, C;] for some constants 0 < ¢, < C; < 0o. For 1 < s < ¢ < S, define
(£2]0,1])"-Gaussian processes

P10 () = [diag {Goo ()} 1 () + [rewrdiag {Go ()N r0(:),

which is of zero mean and covariance function Gy (z,2') = G, (v, 2") +
Tow Gy (z,2'), and percentiles Q!* <) Q™™ gatisfying

P{ sup [ iag (G2} 0] <Q(”)}:1_“’
xe|0,

IP’{ sup  max H[diag (Gow (z,2)}] 7" LPL’SS/(H:)H < Q(m‘”‘)} =1-a.

z€[0,1] 1<s<s’'<S

Denote difference of vector mean functions d. (-) = m,(-) — my(-) with estimate
dss’(‘) - ms() - ms'(')‘

Corollary 3. AsT — oo,

P [ sup (nST)l/2 H[diag {Gs (z, x)}]fl/z{dss/ (x) — dso (a:)}“

z€[0,1]

s@%*i?] —1-aq,

o0

Plsup e (0.7)"? [diag {Gow (0} {duw () — duw (@) ]| <Q<'““>1

zel0,1] 1S5<s’'<8

—1—a.
Consequently, a multiple SCR for dyy (-),1 <s< s < S is

dyy (z) + [diag { G (2, 2)}]* 1,Q™) (n,T)?, 1< s < s < S.

3. Implementation

This section describes implementation of the SCB and SCR in Corollary 2.

3.1. Knot selection

The number of knots J, for spline smoothing is selected subject to the
constraints of Assumption (A6). The smoothness order (g, ) of vector mean
function m (-) and eigenfunctions {¢y},cy, is taken as (3,1) or (4,0) by default
with a matching spline order p = 4 (cubic spline). Therefore, J, = [¢N” loglog N]|
is recommended with constant ¢, where [a] denotes the integer part of a. The
default values of parameters v = 3/8 and ¢ = 1 are found to be adequate in the
simulation study.
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3.2. Estimation of matrix covariance function

Recall that the matrix covariance function of &, (-) is G(z,z") = E€; ()€, (2'),
which is well approximated by the sample version G(x,z’ ) = (nT)~! Z:(j;t)=1
Eq(x)€) (x'). Since trajectories {&;(-)} are unobservable, G(z,z’) is infeasible.
Yet it suggests to use the plug-in sample covariance

Ga)={G" @)} =) Y L€l (),

1<LU<L

where £;,(-) = 9(-) — m(-). It is feasible to show that

G (z,2") — Gl (x,2")

max sup  (nT)"? =0,(1).

1<L,I'’<L (z,z')€[0,1]2
The limiting matrix long-run covariance function G (-, -) of &;(+) is essential
to construct the SCB and SCR. Note that
G, (z,7) = lim nT E{m (z) — m (z)} {m(z) — m(z)}"

T—o0

= lim E— Z {M: (z m ()} L XT: {n(a") — m(ml)}T .
VT

T~>oo

One defines

5, () = } S i) - rin()).
t=(j—1)B+1

fori=1,...,n,j=1,...,[T/B], where B — oo and B =0 (T) as T — o0, one
would then use the following estimator of G, (z,z")

n T/B

G, (z,2' ) (z,2) € 0,17,

7,1]1

3.3. FPC analysis

For functional random variable 52-(2)(-), the [-th element of functional random
vector &;(+), its covariance function is the I-th diagonal element of the matrix
covariance function G(z,z), with

2
[ 6@yl = 0w @), [ @) =1
[0,1] [0,1]
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The eigenvalues and eigenfunctions for GV (-, .) are approximated as

{ (l)()E%(p 2 )‘gl)z)‘gl)zzoa kzla"',Js+p:

[ 60 a0 @) ar = 30E0 @), [ {0} = 1}'

Linear algebra shows that 1&8) and ;\(l) are well defined.
Next, the number of elgenvalues to select is k = max{x®,[ = .., L},
where H,(l) = argmin, ., . ;. +p{2k AP XD S 0.95). Note that {/\kl), k=
.,Js + p} are the complete set of eigenvalues of Gh (+,+), which are non-
negative since the integral operator defined by function G*V(-,-) is non-negative
definite.

3.4. Estimating the percentiles

Define ﬂ(u)( ) SO a0 4y () for u=(uy,...,u; )", where u; € R",
qj;k = ( Al(cl), e k ) Noting that {w 1 <k < J, + p} is orthonormal basis

of HP=2 I : REVsHp) —y (=2 jg 1sometric. Define U as an L(J, + p)-
dimensional random vector by

. . \T . 1 .
U:{(A}/QoUl) (A}/ipoU,H,) } , Up ~ N(01,Ay),
where

A R . R . T )
Ak = / / {)‘1:1/2 o) '(pk(l‘)} {A]:l/? o ’(,bk(x)} ° G<p (ZZT, 33/) d.ﬁUdl’/,
[0,1] J[0,1]

A ()\(1) ...,X,&L))T 1<k< J,+p, and )\1/2 5\,:1/2 denote the element-wise
square-root and inverse of square-root of vector )\k, then U is a data version of
the ¢?-random variable U in (2.10). For a large integer s,;, generate Gaussian

random vectors {Us} distributed as U , and denote Gaussian functional
1<s<sm

random vector ¢y, () and Gaussian functional random variable ¢, s(-) by

Bra() = [ding { G0 )] H@0)
—1/2 _ .

2os() = {bTGL(. ) BTIIT)(),

I
—_

yeeeySM-

One takes respectively the empirical quantiles Qp;_o of {sup,cpo.1) [Po,s (@) 321

and QL,I—a of {sup,e(o.1] [PL.s(7)[|oo )32 as estimates of Qp1-o and Qr1-a-
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For any vector b € RY/{0.}, the SCB for b"m(-) is given by
T.A TE Y 1/2
bTan() £ {b7G, (9B} Qo (1) (3.1)
and the SCR for m(-) = {mM(.),... ,m(L)(')}T is given by
. : ) 12 A ~1/2
() + [dlag {Gw(-, )H 1,Qp 1o (nT) 2. (3.2)

4. Simulation

In this section, one examines finite-sample performance of the proposed SCB
and SCR. The data are generated from the following model: Y;;; = m (j/N) +
Sho&in 0 dr (G/N) + 00 (j/N)oggy, for 1 < i <m 1 <t <T,1<j<
N, with L = 3. Mean functions m®V) (z) = 5 + 2sin {47(0.5 — 2)}, m® (z) =
5 + 2sin {47(0.5 — z)}, m® (z) = 5 + sin {47(0.5 — x)}, = € [0,1], and FPC
components

= V2sin(272)(V4,vV3,V2) T, ¢ (z) = V2 cos(2mz)(V2,V2,V1) T,

)
= \/§sm(4m?)(\/ﬁ, VI,V1D)T, ¢4 () = V2 cos(4mz)(v0.5,1/0.25,1/0.5) T,
)(v/0.25,V0.5,v0.25)",
(
(

= V2 cos(6m2)(+/0.25,10.16,1/0.25) ",
¢ (x) = \/§SIH(87TQZ) \/0.09,\/0.097\/0.16)T,

@i (1) =0 for all k > 8. FPC scores iy = Yy @ik © Civp—er . With agr = 0.813,
ay;, = agy, = 0413, az, = —0.213, ay, = 03, Vt > 4, k= 1,...,7. For all
1<i<n 1<t<T, 1<k<T7 1<j <N,y and €;; are mutually
independent and identically distributed. Elements of &;;; = (sﬁi}, e ,555))T are
independent and distributed as N(0,1) or U(—+/3,4/3). Multivariate normal
distribution and t-distribution are considered for (;;,, both distributions with

two forms of covariance matrix Xy = {E(Z d )}l V1
Case 1. Autoregressive (AR-1): 2,(57’5_/) = 0.15/"-1
Case 2. Toeplitz (TOEP): B = 1(1 = 1) + (0.05 + 0.11-')1(1 £ ).

The homoscedastic and strongly heteroscedastic deviation function, set re-
spectively as (1) = Onomo(:) = 0.513 and o4(x) = Opetero(z) = 0.5{5 —
exp(—x)}/{5 + exp(—x)}13 are both considered. The number N of observations
per curve is taken to be 900 and 1,600. The population size and the number
of curve segments for per individual are respectively n = [4log N] and T =
[0.25N°8]. Cubic spline is used, i.e. p = 4, and number of knots is taken as
J, = [N3/8loglog NJ.
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Table 1. Coverage frequencies for m()(-) —m(?(-) = (1, -1,0)m(-) by SCB (B.1).

{
- Sce N 1o _Su~NOD e~ UEVEYE)
Ohomo O hetero O homo Ohetero
900 0.95 0.942 0.945 0.947 0.944
AR-1 0.99 0.984 0.985 0.986 0.983
1.600 0.95 0.954 0.953 0.955 0.951
Normal ’ 0.99 0.992 0.993 0.991 0.992
900 0.95 0.935 0.935 0.936 0.935
TOEP 0.99 0.984 0.987 0.979 0.985
1.600 0.95 0.946 0.942 0.941 0.943
’ 0.99 0.988 0.991 0.99 0.99
900 0.95 0.946 0.944 0.945 0.944
AR-1 0.99 0.986 0.986 0.983 0.984
1.600 0.95 0.954 0.955 0.95 0.948
, ’ 0.99 0.993 0.99 0.991 0.991
Student’s t
900 0.95 0.934 0.932 0.932 0.933
TOEP 0.99 0.979 0.977 0.983 0.982
1.600 0.95 0.943 0.946 0.944 0.946
’ 0.99 0.994 0.993 0.993 0.992
10.0{ 10.0{

Figure 2. Plots of the true m()(-) (solid) and cubic spline estimator /(" (-) (dashed),
with 95% SCB (dotted) and SCR (dot-dashed). The number N of observations in (a)
and (b) are 900 and 1,600 respectively.

Table 1 displays the empirical coverage frequencies of proposed SCB of
b"m (-), namely the percentage out of 1,000 replications of the true curve b"m ()
being covered by the cubic spline SCB at the N points {1/N,..., N/N}, in
which constant vector b is taken as (1,—1,0)". Similar results for b = (1,0,0)"
are given in Table S.1 of the Supplementary Material. Table 2 displays the
empirical coverage frequencies of the SCR of m(-). Overall, the empirical coverage
frequency approaches the nominal confidence level as IV increases.

Figure 2 depicts the SCB for m® () = (1,0,0)"m (-), with SCR of m(-) =
{m(l)(-)}lL:1 for [ = 1 also displayed. The SCRs are wider than SCBs which
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Table 2. Coverage frequencies for m (-) by SCR (3.2)).

Citk Sk N 1— 552 ~ N(0,1) 552 ~ U(_\/gv \/g)
O homo Ohetero O homo Ohetero
900 0.95 0.932 0.935 0.928 0.932
AR-1 0.99 0.98 0.979 0.98 0.98
1.600 0.95 0939 0943 0.939 0.943
Normal ’ 0.99 0993 0.991 0.992 0.993
900 0.95  0.926 0.93 0.924 0.926
TOEP 0.99 0981 0.98 0.981 0.981
1.600 0.95 0925 0928 0.932 0.926
’ 0.99 0987 0987 0.983 0.984
900 0.95 0919 0.92 0.921 0.918
AR-1 0.99 0976 0972 0971 0.973
1.600 095 0924 0924 0921 0.92
’ 0.99 0.99 0.988  0.991 0.991
Student’s t
900 0.95 0934 0.932 0.932 0.936
TOEP 0.99 0987 0987 0.985 0.985
1.600 0.95 0.94 0.939  0.937 0.946
’ 099 0982 0982 0.984 0.982

are based on linear projection of m(-), and as expected, the SCBs and SCRs
become narrower as N increases (thus n (N) and T (N) increase). Figure S.1
of the Supplementary Material shows the cubic spline estimator and SCB for
(1,-1,0)"m (-) = mW(-) = mP(-) = 0, by which one can test H, : mV(-) =
m®(-). Since the constant function 0 is entirely covered by the SCB, one retains
the null hypothesis, which is consistent with the fact.

5. Real Data Analysis

We apply the proposed method to a data set under Multimodal Resource for
Studying Information Processing in the Developing Brain (MIPDB) project of
Child Mind Institute. The data were presented as a resource for the investigation
of information processing in the developing brain, including EEG, eye tracking
and cognitive and behavior data collected from 126 individuals aged 6-44. EEG
data were recorded at a sampling rate of 500Hz on 128 channels of HydrocCel
Geodesic Sensor Net. 126 individuals were divided into 6 groups according to their
ages and accordingly cognitive developing stages, groups 1-6 indicating young
to old. We focus on analyzing EEG during the task of surround suppression
paradigm, see Langer et al. (2017)) for more details.

In the task of surround suppression paradigm, each trial began with the
presentation of the fixation spot for 500 ms, after which four circular stimuli
were flickered on-and-off at 25Hz for 2,400 ms on a plain background. Then
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the following trial was initiated after an inter-trial interval of 500 ms. The task
consisted of 63 complete trials. In our study, multichannel EEG signals during
each trial are extracted as trajectories, which constitute multivariate functional
panel data, with NV = 2.9 x 500 = 1450, T' = 63 for n; = 18, ny, = 17, n3 = 18,
ny = 22, ns = 13, and ng = 17 respectively in S = 6 groups (some individuals
with incomplete data records are deleted).

Our study focuses on signals from 6 channels, namely O1, O2 over occipital,
P3, P4 over parietal, C3 over central scalp and F3 over frontal (named by E70,
E83, E52, E92, E36, E24 in 128-HydrocCel Geodesic Sensor Net respectively).
Hence, in fact L = 6 and m(:) = {m©V(:),mO) (), mF) (), mF) (), m(C) (),
mF2) ()} T is the vector mean function on 6 channels.

Cubic spline estimators for mean functions of group 1 with 95% SCB of
the each selected channels and 95% SCR of all selected channels are depicted in
Figures S.2 and S.3 of the Supplementary Material, respectively. Mean functions
at O1, 02, P3 and P4 show similar fluctuating patterns, which is quite reasonable
since occipital O1 and O2 reflect visual processing and parietal P3 and P4 sensory
and visual functions. Figure 3 displays the SCBs for testing

Hy: mW()=m" () versus Hy,: m® (z) £ m") (z) for some z € [0,1],

with significance level v = 0.05 for (1,1") = (1,2),(3,4),(1,3),(1,5),(1,6),(3,5)
respectively, in which [ # ' € {1,2,3,4,5,6} correspond to {O1, Oy, P3, P;,C3, F3},
so for instance, m©1)(-) = mW(-),m“)(.) = m®(.). The constant function 0 is
entirely covered by the SCB in subfigures (a) and (b), indicating that difference
between O1 and O2, as well as between P3 and P4 are negligible. Subfigures
(d)—(f) show however, that constant function 0 is not entirely covered by SCB,
rejecting hypotheses, Hy : m©)(:) = m(©) (), Hy : m©@)(.) = m)(.) and
Hy: m) () = m(©)(.), thus quantitatively validates that the flickering stimuli
elicit visual evoked potentials of higher amplitudes over posterior scalp (where
01,04, P3, Py lie), which is also found by Langer et al. (2017). Subfigure (c)
implies the rejection of Hy : m(©(.) = m)(.), suggesting that O, is evoked of
higher potential amplitudes and more sensible to visual stimuli than Ps.

Based on Corollary 3, vector mean functions of the six groups are compared
by testing the hypothesis that they are all equal, i.e.,

Hy:my (1) = ma() = ms(-) = my() = ms() = me(-),
vs. Hy : my (z) # my (2), forsome 1 <s<s' <S=6, z€[0,1].
The p-value is < 107 (i.e., a confidence level of > 99.99% is needed for the

multiple SCR in Corollary 3 to contain d,, = 0 for all pairs 1 < s < s’ < 5 = 6),
providing strong evidence against Hy. Thus one tests

Hy:my() =my(), vs. Hy : my(z) # my(z), for some x € [0,1]. (5.1)
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0s 05s 1s 15s 2s 2582 Os 05s 1s 15s 2s 25s2.

Figure 3. Plots of cubic spline estimator (solid) and 95% SCB (dotted) for b m(-) of
group 1, with reference constant function 0 (dot-dashed), (a)—(f) correspond to b m(-) =
m(OD () =m(O2) (), mP3) () —m P (), m (O () =m(P) (1), m(O1) () —m(Ca) (), m(O1) () —
mF3) () and m() (-) — m(C3)(.) respectively.

for all pairs (s, s’) to further probe. Figure 4 depicts the p-values, showing no
strong evidence against the null for (s,s") = (1,2), (2,3), (4,5), (5,6), while
for other pairs (s,s’) the p-values are all < 0.019. These findings suggest that
significance of EEG mean difference between groups is positively related to age
gap of the groups. This fact points to further investigation into the basic sensory
excitation by visual stimuli in the brain development.

6. Conclusions

A computationally efficient B-spline estimator is proposed for the mean
estimation in multivariate functional panel data. Asymptotic properties of
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group 5

group 3

group 2group 3group 4group 5group 6

Figure 4. Heat map for p-values of two-sample tests described in (5.1).

the estimator are established with simultaneous confidence band (SCB) and
simultaneous confidence region (SCR) as byproducts, which are versatile inference
tools. The SCBs and SCRs have satisfactory performance in simulation studies,
and have uncovered illuminating phenomena about Electroencephalogram (EEG)
data. The methodology is expected to find wide applications on other physiolog-
ical data such as event related potential (ERP) and Electrocardiogram (ECG).

Supplementary Material

The online Supplementary Material provides technical lemmas, detailed
proofs of the theorems, and additional figures and tables.
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