Statistica Sinica: Supplement

SIMULTANEOUS CONFIDENCE BANDS IN NONLINEAR
REGRESSION MODELS WITH NONSTATIONARITY

Degui Li!, Weidong Liu?, Qiying Wang® and Wei Biao Wu*

YThe University of York, 2Shanghai Jiao Tong University,
3The University of Sydney and * The University of Chicago

Supplementary Material

In this supplemental material, we provide the proofs of Propositions 2—4
stated in Section 5 of the main document and some technical lemmas with
the proofs; see Appendices A and B. In Appendix C we provide a discussion
on how to construct the SCBs when the Nadaraya-Watson kernel smoothing

method is used to estimate the regression function.

Appendix A: Some technical lemmas

We start with some technical lemmas, which are very useful in the proofs
of Propositions 2-4. The first lemma is a well-known exponential inequality
for the martingale differences, see, for example, de la Pena (1999).

Lemma A.1 Let (di, F;)i>1 be a sequence of martingale differences and
o2 = Y " | E(d?|F;-1). Suppose there exists a constant a; > 0 such that
P(|d;| < a1|Fi—1) =1 for all t > 2. Then,

P dy > 1,52 < < e Y NS—
(Z “—y> = Xp{ 2<y+a1x>}
for all z,y > 0.

Lemma A.2 Let f(x) be a real function on a compact support [—A;, A;]
satistying | f(x) — f(y)| < C|x—y|. Under the conditions (C1) and (C3)(ii),
for any B,, < My+/n with My being a positive constant, we have

> {AXe+z)/h] = F(Xo/h)}

t=1

sup
|z|<Bn

= Op (7,,logn), (A.1)
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where

(nB,logn)*h,  if B,hlogn > 1,
[nh/(B,logn)]'/?, if B,hlogn < 1.

Mo =

In particular, by letting B, = My+/n/log® n with ay > 0, we get

n

sup D (X +2) /] = F(Xe/D)}| = Op(Vnhlog" =2 ). (A.2)
|z|<Mov/n/log®2 n | y—1

Proof. The proof is similar to Theorem 2.3 of Chan and Wang (2014).
Due to the condition that > - éx # 0 and Y oo k] < oo, there ex-
ists a positive integer gy such that Y 7_ ¢, # 0 for all ¢ > ¢o. Without
loss of generality we assume gy = 0 (otherwise it only requires a routine
modification). We start with several facts which can facilitate the proof.

F1. For any t > s, (X; — X;)/v/t —s has a uniformly bounded density
ds(x), satisfying sup,cg |ds(x +u) — ds ()| < C min{|ul, 1}.

F2. There exists a positive constant Hy which is independent of kq, ko, k3
and m such that

k3
sgp E(‘ Zf[(Xt er)/h]‘m | ]:/ﬂ)

t=ko

< HMm o+ 1D)(ks — k1)Y2h [1 + { (ks — kQ)l/Qh}mﬂ L (A3)

for all 0 < k; < kg < k3 < n and integer m > 1, where F, =
0—{773’775717"'}'

F3. sup, |> 7, f(X;+ z)/h])| = O (max {y/nh,1}logn) a.s.

The fact F1 is proved in Example 2.2 of Chan and Wang (2014). Using
F1 and the conditional arguments, fact F2 follows easily and the details
can be found in Lemma 5.1 of Chan and Wang (2014). Using F2 as a main
tool (taking m = logn), fact F3 can be proved by Markov’s inequality and
standard arguments (see Theorem 2.1 of Chan and Wang, 2014, for more
details).
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We are now ready to prove Lemma A.2. Let
(nB,/log®>n)*3, if B,hlogn > 1,
(nhB2?/logn)?/3, if B,hlogn < 1.
Let T, be the largest integer s such that sb, < n. Furthermore write
yj = =B, +j/m,,j =0,1,2,--- ,m,, where m; = [n/(h7,logn)|] and
my, = [2B,m!|+ 1, where 7,, is defined in the lemma. It is easy to find that
T,b, <n and

m, < 2B,m,, +1< Cn? (A.4)

due to nh* — oo. Using the fact |f(z) — f(y)| < Clz — y| and by the
standard arguments, we can show that

sup > {FIXe + ) /) - f(Xt/h)}|
< max |37 {FIX+9,)/h) = FX/)}| + Oua (7, logm)
< 1%?22(% i Ans(y;)| + 1;512%(1” An(yj) + Ous (7, logn),  (A.5)
where )
(s+1)bn
Ans(z) = D {fl(Xi+a)/b] = f(Xi/h)}, fors=2,... T, —1,
Ap(z) < <Z+ > ) |Fl(Xe +x)/h] — f(Xe/h)].

With the fact F3, it is readily seen that
max A,(y;) < Cmax{h\/b, + |n— Tpby|,1}1logn

1<j<man

< (Chp,logn a.s.

This, together with (A.5), implies that (A.1) will follow if we prove

T, Tn
 max || ZQ Ana(yy)] + | ZS Aus(yy)] | = Op(@,logn).  (A.6)
s is even s :L'Ss:odd
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We next only prove (A.6) for the case that s is even. The other case
can be dealt with similarly, and the details are thus omitted. To this end,
let ]-';;71, = Fo,2v+1)p, for v >0, and

A;ms(x) = An,Qs(z)[{|An,25(m)| S C* ﬁn}a
A:Ls($) = A/ns(x) - E(A;'LS('%.) | ’F;,s—l)7

where C is a positive constant which will be specified later. With these
notation, to prove (A.6) when s is even, it suffices to show

T /2
M = max |3 AL (y;)| = Op (7, logn), (A7)
>
Ao = max. ;E(An,2s(yj) | Friso1)| = Op (G, logn),  (A.8)
Tn/2
b = e |3 ) (18] > € 4
Tn/2
 max. ; E[An2s ()] {|Anas() > 7o)} ]
= Op(7M,logn). (A.9)

We first give the proof of (A.8). Letting s, = (25 — 1)b,, note that, for
any 2sb, <t < (2s+ 1)b,,

E{fI(Xe +2)/h] = F(Xe/ W)} |F o]
[ELA1CX + )0 = P/} Foe

‘/_OO {fl(Xs, +y vVt —sn +x)/h] = f(Xs, +yVE—50)/hl} ds, x(y)dy

< e [ ) e [y~ ) V] = de V) dy

Cla[h/(t = sn), (A.10)

A
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due to the fact F1. It is readily seen that

Tn/2
/\2n S Z max |E(An,28(yj> |]:;,s—1)|

1<j<mn
s=1

IA

CT,b,hb, 1%‘123;(% |y,

IN

Cnhb,' B, < Cq, logn, (A.11)

which yields (A.8).
We next consider the proof of (A.9). Using (A.3) in the fact F2 with
ki1 =0,ky = 2sb, + 1 and k3 = (2s + 1)b,, for any integer m > 1,

sup E|A,, oo(2)[™ < H™(m + D)I6Y2h [1 4+ (b12h)™1] .
p | s 0 n n

Using this fact, we have

EDan] < 2) 0D ElAuas(yy)l] {|Ana(y))l > C.71,}]

j=1 s=1

2(C.7,) Y Y El A2 (y)™

j=1 s=1
ORI (Ho/C.)™ (m -+ 1)hm, T, mac{ L, (B/2h)™)
Cn®(logn)"™(Hy/C.)™ (m + 1),

IN

<
<

due to (A.4) and the definitions of 7,, and b,. By taking m = logn and
C. > Hyé, it follows from the Stirling approximation of (m + 1)! that

1\ m+1
E\s,] < Cnledlen 2w(m+1)<£> (logn)'=™
e

< Cn%log”?n = O(7, logn), (A.12)

which implies (A.9).
Finally, we consider the proof of (A.7). Note that, similarly to the proof
of (A.10),

Iy = [E{FIX; +2)/h] = f(X;/h)} | Fur)l
= \/kth /_OO F(X5/h+y) |dis[(hy — ) /N5 — K] = dij(hy// ] — k)‘ dy
< Clafh/(j — k),
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for any k < j. This, together with (A.3) with k1 = (25 —1)b,,, ko = 2sb,, + 1
and k3 = (2s + 1)b,, implies that, for any =z € R, that

E[A2(x) | Frioo1] < 2E[A2 55(2) | Foyi2s—1)b]
(25+1)by,

> E({Xe+2)/0] = S/ | Fosn, ) +4 >

t=2sbp+1 25by +1<t] <ty <(25+1)bn

[E({ 1K +2)/h) = FXer /I H{ (X +2)/B] = F(Xea /) } | Fugoeryn, )

Cbi/*h +4 > E(|F1(Xe, +@)/h] = F(Xea /1) Ter 2 | Fraopn )

28bp+1<t1 <ta<(2s+1)by

< CbY2h+ Cby P a|h? > (t2—t2)""

25br+1<t; <t <(2s+1)by,

IN

IA

< CbY*h(1 + |z|hlogby).

Hence, we have

T /2
max E[A*Z(yj)] s }

0<j<mn
s=1

1/2 ,
< CT,bY?h (1 + hlogh, max L%!)

< Cnb;Y?h(1 + B,hlogn) < C72 logn.

Note that |Ay,(y;)| < 27, and for each j, {AF (y;), Fyr .} forms a sequence
of martingale differences. It follows from the martingale exponential in-
equality in Lemma A.1 that, there exists an M, > 0 sufficiently large such
that, as n — oo,

P(/\ln > M*ﬁn 10g TL)

T /2
< P(AlnzM*nnlogn, o nax Z (AR (y;) | For o 1]<Cnilogn)
my, Thn/2 Tn/2
< ZP ZAM y;) = M7, logn, ZEA*Q v;) | Fro1] < CT5 logn
M21
< mpexpy — x og’n
2C'logn + 2M, logn
< CnPexp{—M.,logn} — 0, (A.13)

where the last inequality follows from (A.4). This yields Ay, = Op (7,, log n).
Combining (A.11)-(A.13), we prove (A.6). O

6
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Lemma A.3 Let f(x) be a real function on a compact support [—A;, A
satistying | f(x) — f(y)| < Clx —y|. Under the conditions (C1) and (C3)(ii),
we have

n

S (X + @)/

t=1

sup
|z|<Moy/n/ log* n

= Op (V/nh) , (A.14)

where M, is a positive constant.
(i) If, in addition, filh f(x)dx # 0, then

n

Z fI(Xe +z)/h]

t=1

) =Op [(vrh)™'].  (A.15)

inf
|z|<Moy/n/ log* n

(ii) If, in addition, [} f(x)dz =0, then

sup
|z|<Bn

> X+ a)/h]

t=1

= Op [7, logn + (nh*)"/4] (A.16)

for any B, < My+/n, where 7, is defined as in Lemma A.2. In particular,
by letting B,, = My+/n/log" n, we have

> fl(Xe +a)/h)

t=1

sup
2| <Mov/m/ loge2 n

= Op {\/ﬁh log4=92)/3 5, 4 (nh2)1/4} . (A7)

for any as > 0.

Proof. Under the condition (C1) and the condition on f(x), it follows from
Corollary 2.2 of Wang and Phillips (2009) that

Ay

ﬁ g FOG/) o | F@drL(1,0)

where Ly (s,t) is the local time of the standard Brownian motion W(z),
defined by

Luv(s,4) :nmi/o H(W(z) - 5| < e)da.

e—0 2¢

The results (A.14) and (A.15) follow easily from (A.2) and the fact that
P(Lw(1,0) > 0) = 1. Similarly, the results (A.16) and (A.17) follows from

7
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(A.1) and the fact that

n 2

> f(Xi/h)

t=1

E < Cv/nh,

whenever filh f(z)dz = 0 (see, for example, Proposition 3.1 of Wang and
Phillips, 2011). We have thus completed the proof of Lemma A.3. O

Lemma A.4 Suppose that (i) {f.(z,y)} is a sequence of real functions
satisfying sup, , | fn(2,y)] < oo and there exists an a > 0 such that,
whenever |y — | is sufficiently small,

sup | fu(@,y) — fulz,y1)] < Cn®ly — yil; (A.18)

x7y7n

(i) there exist positive constant sequences 7, — oo and Bf = O(n*) for
some k > 0 such that

n

sup »  fA(Xe,y) = Op(n). (A.19)

ly|<Bj t=1

Furthermore, suppose that the condition (C4) is satisfied. Then, for any
ny;Plog? ' n = O(1) with p defined in (C4)(i), we have

n

Z Utfn(Xt; y)

t=1

sup = Op [(7nlog n)l/z} : (A.20)

ly|<B;;

n

where u; = e; or |e;| — E[|es|] or €2 — 1. Consequently, under the conditions
of Theorem 1, we have, for j =0,1,---,

> K[(Xe — @) /hlu

t=1

sup
|| <M/ / logt n

=O0p [(nh2)1/4 log*/? n} , (A.21)

sup
|z|< Mo/ logt n

Ut

in[(Xt —x)/h]M

P o(z)

—Op [h(nh2)1/4 log/? n] (A.22)

where My is a positive constant and K;(z) = 2/ K (z).

Proof. The proof of (A.20) is similar to Theorem 2.1 of Wang and Chan
(2014), and we thus omit the details. In order to prove (A.22), let

fulery) = TE =W gy,

o(x)

8
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Due to K(x) = 0 for || > A and (2.2) in the condition (C4), it is easy
to verify that f,(z,y) satisfies (A.18) and (A.19) with 7, = h%(nh?)"/? and
then the result (A.22) follows from (A.20). The proof of (A.21) is similar

and hence the details are omitted. O
Lemma A.5 Under the conditions (C’l) (C3)(ii) and (C5), we have
A
T, = sup K(Xi/h—x)—
[]< Mo/ (hloge0 n) Z Az

= Opllog™**n], (A.23)
and for any |s| < 2A,

TQn

Zy(s + x) Zy(x) — r(s)

sup
|z|[<Mov/n/(hlog® n) | =1

= Opllog ™ n], (A.24)

where r(s) = [ K(x)K(x + s)dz/\s defined as in (2.3) of the main docu-
ment, cg > 103, A\; and Ay are defined in Section 2 of the main document,

and My is a positive constant.

Proof. We only prove (A.24) as the proof of (A.23) is similar but simpler.
Let

92(y) = N [K () K (y — s) — r(s) K*(y)]
and BS = My+/n/(hlog®n). By the condition (C5), g2(y) has a compact
support on [—A, A] with |g2(z) — g2(y)| < Clx — y| and ffA g2(y)dy = 0.
Letting

An(z, 50,8) = ZK X,/h— 2 — s)K(X,/h — )

SQ(xh—b—so —

with s, = s or 0, it follows from Lemma A.3 with f(z) = go(z) and ay =
co > 103 that, for any |s| < 2A,

sup |An(gj7 So, S) - T(S)|

lz|<Bg
n -1 n
= [y iInf K*(X,/Jh—x—s su X /h—=x
? |z|<Bg, ; ( t/ 0)] \x|<g<> —1 ( t/ )
= Opllog™**n]. (A.25)
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Due to (A.25), we have

|An(, 50,8) — 7(s)]
AV (2,50, 5) + ri2(s)|
= Op [log_?’?’ n]

sup A2, 5005) = r'2(s)| <
|z|<BS lz|<Bj

and thus
Ty, = sSup |ATIL/2(I',S,S)A71./2(.I,O,S) _T(S)}
lz|<Bg
< sup |[AYP(z,s,8) —1'2(s)] AP (2,0,5)] +
lz|<Bg
sup [/3(s) [AY2(2,0,5) = r/2(s)]
|z|<Bg
= OP[log_33 n]>
as required. O

To introduce Lemma A.6, let H(a) = Hs(a) be defined as in Lemma
A3 of Bickel and Rosenblatt (1973). It follows that

lima *H(a) = 1/y/7.

al0

Further denote by P¢ the conditional probability given £ = (ny; —oo < k <
o0) and Po(B) = P(BN A) for any event B. Set

alV = j/(ogn)®,  1<j<[(logn)wl,

j
agg) = ja/x,, 1 <j <wz,/a,

where a > 0 is a constant, x,, = d,, + z/(2log h™1)!/% for z € R and w > 0
is a constant such that

inf{s™2(1 —7(s)): 0 < s <w} > 0. (A.26)

It is clear that such w exists, and is finite due to (2.3) in the main document.

Furthermore, write
m = max {[(log n)’w], wz,/a}

10
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n

A = {max max sup E
= 121<J<meZ P

Zy(x + i) Zi(x) — r(a})| < (logn)~™,

n

inf K(X,/h —x) > /nhlog™"

x€L, —

supZKXt/h—x)<\/_hlog } (A.27)

J)GIn t=1

It follows from Lemmas A.3 and A.5 that P(A) — 1 as n — oc.

Lemma A.6 For any a > 0 and 0 < t < w with w defined as that in
(A.26), under the conditions of Theorem 1, we have

[wa:"/a]
PA( U {m (v+a(2))>“})_”“’"¢< n) ((1)01/2 +o(znt(zs)), (A.28)

j=1

i (é‘i& Ma(v+5) > x”) = %xnw(xn)(f&mw +o(zath(zn)) (A.29)

and
[wen/a] [wen/a]
Pa U {M v+ a(Q) > In} U { (v+ a(Q)) < —asn} = o(zny(zn)) (A.30)
j=1

uniformly over |v| < h™! — w, where ¥(z) = e **/2/(v/2r). On the other
hand, we also have

[wzn/a)
PA( U {Mn(v+a§2>)<—xn}) = 2nth(zn) ((1)01/2 +o(znt(zn)) (A.31)

j=1

and

Fa <o<i£1£w My +5) < ‘”C") = e Gt ol i@ (AB2)

Proof. We only prove (A.29) as the proofs of the other results are similar.
Throughout the proof, we let t, = [(logn)*w] + 1, s; = j/(logn)®, 1 < j <
t, —1 and s;, = w. Then

Pa ( sup Mn(v +s) > xn>

0<s<w

11
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IN

Pa ( max M, (v+s5) > 2y — (logn)_2> +

1<j<tn,
Pa ( max sup |M,(v+s) — My(v+ sj—1)] > (logn)2>
1<j<tn S5 1<s<s]

= =yt ~—4n2'

Using the notation in Section 5 of the main document, we may write
Mn(v—i—s) M (v+s;21) = Zthjet,

where W;(v, j) = Z;(v+5)— Zi(v+s;_1). Note that, on A, for any |v| < h™!

and s;_; <5 <55,

(Wi(v, j)ey| < 2(nh®) " *(log n)*?

and
ZI/Vt(v,j)2 E(e})? < 2(vh + sh) Z Xt/hfv—s)—K(Xt/hfv—sj_l)]%r
t=1 t=1

Z K2(Xo/h—v —s;-1)[1/Sn(vh + sh) = 1/S,(vh + s;_1h)]?
t=1
< C logf32
Then, as in the proof of Proposition 3 (see Appendix B below), we have
=2 — 0 as n — oo.
For Z,;, by Theorem 1.1 in Zaitsev (1987) and letting ¥, = =z, —
2(logn)~2, we have

Pe ( max M, (v + s;) > z, — (log n)_2) I{A}

1<j<tn,

2\1/4
< Pe (s Yol 5) > 0, ) 1A} + OB exp (M) |

1<j<tn Z/z(bg n)t

where £ = (mg; k = 0,£1,42,---) and Y, (+) is separable Gaussian processes

with mean zero and covariance function
Cove(Ya(s1), Ya(s2)) = Y Zi(51)Z(s2).
t=1

12
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Set
1 = Xy Xy
i = K(——-v—s;))K(— —v—s;).
Oij Sn(vh+sih)5’n(vh+sjh) ; ( h v 53) ( h v S)
It is easy to see that, on A, uniformly in v and ¢, 7,
oi; —1(s; — si)| < Clogn)~. (A.33)

Therefore, using Lemma A4 in Bickel and Rosenblatt (1973), we have on A
Ct2e= /2

)+ G

< P ( max Y, (s;) > 19n> + Ch(logn)~'/2,

o 1<j<tn

Pe ( max Y, (j) > 19n> < P ( max ?n(sj) >,

1<j<tn 1<)ty

where 17”() is a separable stationary Gaussian processes with mean zero
and covariance function r(-). Furthermore, by Lemma A3 in Bickel and
Rosenblatt (1973), we have

P ( max ?n(sj) > ﬁn) < P ( sup ?n(s) > 19”>

1<j<tn 0<s<w
= () Ol + o).
N B
This implies the upper bound in (A.29) [Lemma A3 in Bickel and Rosenblatt
(1973) assumes that Cy = 1. For general Cy > 0, one only needs to use
a simple scale transform|. The lower bound in (A.29) can be obtained

similarly. 0

Appendix B: Proofs of Propositions 2—4
We next give the proofs of Propositions 2—4 stated in Section 5 of the

main document.

Proof of Proposition 2. By the condition (C5), B, = v/n/(log® n) with
cop > 103, and using Lemma A.3, we have

: -2 _ 2\—1/2

Jof 5.%(@) = Op (k)77 (B.1)
it V@) = Op [, (B.2)
sup |Vui(z)] = Op [(nhQ)l/Qlog_g?)n]. (B.3)
|z|<Bn

13
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Consequently, by (A.21) of Lemma A.4, we have

sup |, ()] = Op(log™?n). (B.4)

|z|<Bn

Similarly, it follows from (A.22) of Lemma A.4 that

s Mool < sup gy 1D KX = 0)/Hlo(X) = otallee/o(a)| +
s PRI
|;’2%n Sn Z Kl U(I) t
= Orlh 10g”2 >=0P<log "), (B.5)

due to the fact that nh!'®log®n = O(1). For I'y,(z), by noting

Zwt (X;—x)=0,

the conditions (C2) and (C3)(iii), (B.1)—(B.3) as well as Lemma A.3, we
have

sup |I'ip(z)] = sup —g(z) — ¢'(2)(X; — 2)]
|z|<B, |z|<B, S(
2\—1/4| _ ,|2
< Op|(mh?) LJE‘;" @) sw - Zm )| I1X; —al
< Op [hQ(niﬂ)fl/‘l} sup |go(z)] [ sup ZKQ (X¢ —x)/h]+
|z|<B, |z|<Bn }—1
|Vn1 )]
K;]
w1<B, Vaa(®) ;| . |]
= OP([nhO sup go(x)]l/ > = Op(log—?n). (B.6)
|z|<Bn
By (B.4)—(B.6), we complete the proof of Proposition 2. O

Proof of Proposition 3. Letting ¢, = ¢, — é, — &; with é; defined in (5.2)
of the main document and

& = e {ler] > (nh?)/*(logn)~*} — E [esI{]es] > (nh?)/*(logn)~*}]

we have

M,(z) — Moy(z) = Sn(lxh) tz;: K(X,/h — ) {ét 4o+ é {1 - W] } |

14
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Note that, by the conditions (C3)(ii), (C4)(i) and (C5),

E[ sup | ZK(Xt/h — x)étu

z€L, —1
CnEley|I{|e1| > (nh2)1/4(logn)’4}
C«<nh2)l/4<nl/2—60h)—p nl—éop(log n)4(2p_1)E|61’2p
O((nh2)1/4n1—50p<10gn)4(2p—1)).

IAINA

As p>1+4[1/d] assumed in the condition (C4)(i), it follows that

sup =op ((nh2)1/4 log > n).

IEZ’n

This, together with the fact that P(A) — 1 where A is defined in (A.27),
implies that Proposition 3 can be proved if we show that

Pa {sup
ern

where €] = & + & [1 — 1/E(e})"/?].
The proof of (B.7) is similar to (A.21) by making use of the expo-

> K(Xi/h—)é,

t=1

> K(Xi/h—x)e;

t=1

> (nh2)1/4(logn)_2} = o(1),(B.7)

DN | —

nential inequality in Lemma A.1. Hence, we next only sketch the proof
to save space. Let w; = —a, +jm;1, j=12---,2a,m,, where a, =
h='y/n/log® n, m, = n°. Note that

* g - 1
E[(e)?] < 2E[& +ze{e§ [1_W]}
< CE[efI {les] > logn}] < Clog™"n

due to the condition (C4)(i) with p > 14 [1/d] > 5 (do < 1/4), and for
given 71,79, -- and conditional on A, (e}) forms a martingale difference
with the conditional variance

2

V. = Y K*(Xi/h—w)E[(e])’] < Cv/nhlognE[(e})’]
t=1
< Cv/nhlogn/log" n = Cv/nh/log®n.

It is readily from Lemma A.1 that

(nh?)*4(log n)Q}

M| —

Pa {Klg_lgif% | ;K(Xt/h —wjer| =

15
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IN

22 Pa {Z K(X;/h —w;)ef > (nh?)Y*(logn)~2/2, Vi < C\/ﬁh/log(in}
j=1 t=1

2my, exp { — C(logn)*} = o(1),

IN

where we have used the fact that | K (X;/h — w;)ef| < C(nh?)/*/log* n. By
recalling | K (x) — K(y)| < Clz — y|, the above result and standard Taylor’s
expansion yield (B.7). The proof of Proposition 3 is thus completed. U

Proof of Proposition 4. Recall z,, = d,, + z/(2log h™')!/2 for z € R and
P(A) — 1, as n — oo. It suffices to show that, for any z € R,

Pa (M= 2) = (1= ) =0, (B.8)

As in Bickel and Rosenblatt (1973), we split the interval Z, into 2N
subintervals:
W17V17"' 7WN7VN

with the length of W, being w > 0, length of V; being v > 0, and N =
L|Z.|/(w + v)], where w is defined as in (A.26) and v is sufficiently small.
We can ignore the last two incomplete intervals in view of Lemma A.6,
which implies that

sup M, () = max su M, (z
xell':i (@) 1§’f§Ner;£Vk (@),

and

inf Mn(:c) = min  inf Mn(x)

€T 1<k<N 2EW,UV;
It can be verified that

Pa (sup Mn(x) >z, or inf Mn(az) < —xn) -

CCEIn meIn

Pa [ max su M, (x) >z, or min inf M,(z) < —x
1§k;§Nx€V€k n(®) 2 2 1<k<N zE€Wy n(7) "

< Pa ( max _sup Mn(m) > :pn) + Pa ( max inf Mn(x) < —xn)
1<k<N ZEVy 1<k<N z€Vy

= Rnl + Rn2-
Without loss of generality, assume that Wy, = [ay, ar, +w). We further have

P max sup M, (z) >z, or min inf M,(z) < —z, | —
‘ A 1gngm€V€k n(@) 2 2n 1<k<N 2€Wy n(@) "

16



Supplement to Simultaneous Confidence Bands

N [wzn/a] — N [wz,/a] —
Pa U {Mn(ak +a§2)) > fn} or U U {Mn(ak +aj(2)) < _xn}
k=1 j=1 k=1 j=1
N _ [wan/a] )
< kz::l Pa (TSG%k My (x) > xn) —Pa jgjl {Mn(ak +a;”) > xn} +
al . [wen/al o
]; Pa (wle%k M, (x) < xn) —Pa ]gjl {Mn(ak + a; ) < —;pn}
= RnS + Rn4.

Recalling lim,oa 'H(a) = 1/y/7, N < Cih™! and 2,9 (z,) < Cyh, where

C1 and Cy are two positive constants, it follows easily from Lemma A.6 that

limlimsup(R,1 + Rn2) = 0,

v=0 oo

lim lim sup limsup(R,3 + Rna) = 0.

a—=0  »0 n—o00

Combining the above facts, the result (B.8) follows if we prove, for any
z € R,

N
lim lim sup lim sup |Pa (U Ak) —(1—-e27) =0, (B.9)
k=1

a—=0 450 n—+00

where A}, = U[.wx"/a] B, ; and

J=1

—~ —

By = {Mn(ak + a§~2)) > xn} U {]\/[n(a;c + a§-2)) < —xn} .

We next give the proof of (B.9), which is similar to the relevant argu-
ment in Liu and Wu (2010). Let

)
)

Dis = {ulw+a?) > 2, U {Tafar +0?) < =, )
) +

where, conditioning on £ = (nx; k € Z), Y, (+) is separable Gaussian pro-

cesses with mean zero and covariance function
Cove (Yo(s1), Yals2) = > Zu(s1) Zi(52),
=1

17
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and ?n() is separable stationary Gaussian processes with mean zero and
covariance function r(s) = [ K(z)K(z + s)dx/\K?).
By Bonferroni’s inequality, we have for fixed 1 <1 < N/2,

St Y e (ﬂ A) =P (O A’“)

d=1 1<i1 < <ig <N
2l—1 d
d—1
<> (-1 Y Pal[)A ]
d=1 1<i1 < <ig<N j=1

To estimate the probability Pa (ﬂ;{:l Aij>, recall Wy, = [ag, ap + w). Let
q; = tj41 —%; for 1 < j < d —1 and define

Z’:{1§i1<---<id§N: min qj§L2/w+2J}. (B.10)

1<j<d~-1
Let 0 <dy <d-—2 and
Yy, = {1 <y < --- <ig < N :the number of j such that ¢; > [2/w + 2] is do}.

We have ¥/ = UZO_ZQOE&O and the number of elements in the sum ZZQO Pa (ﬂ?zl Aij>
is bounded by CN%*1 = O(h~%~1) where C is a positive constant inde-

pendent of N. Suppose now iy, - - ,i4 are in ¥ . Note that
d [wan/a]  [wzn/a]

Na = U U Bun 0B
j=1 ji=1 ja=1

Without loss of generality, assume that ¢ < [2/w + 2|, ¢ > |2/w +
2], yqag+1 > |2/w + 2|. By Theorem 1.1 in Zaitsev (1987), on A, we

have

P£ (Bil,jl ﬁ'--ﬂBid,jd) < PE (D.‘ Nn---ND-~

11,71 id,Jd

)+ Cexp{—(logh™')*}.

(B.11)
Set o = > 1, Zi(a;, + agf))Zt(aik + ai)). Recalling the definition of Z;(s),
we have, on A, for 3 <k <dy+1,1=1,2, 04 =0;for 3 <k #s<dy+1,
og. = 0; for 1 <k <dy+1, o, = 1; and

O1g — T (ai2 —ay + (J2 —jl)axgl) ‘ < CO(logn)~.

18
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For notational simplicity, we set

Yk:Yn(al-k—i—a(i)), 1<k<d, 1<j<][wz,/al.

J
Using the estimations of the covariance above, we get the covariance matrix

V. of (Yi)i<k<dyt1 satisfying
‘Vn - V) < C(logn) ™%, (B.12)

vV U ) v )
OIdo—l ,ul

pw=r(ay, —a; + (jo — j1)ax,'). By (B.12), we have
V' =V < Clogn) ™, ‘\/det(V) ~ /et (V)

where

< C(logn) .
(B.13)
Let p,(y) denote the density function of (Yi)1<k<dy+1, and p(y) denote the

density function of the Gaussian random vector with covariance matrix V.
Then, by (B.13), we have

P (y) — p(y)| < C [(logn)~*p(y) + exp (—yV 'y’ /2) [exp {C(logn) 2[y[*} = 1]] .
(B.14)

Note that |j2 — jilaz,’ < w and aj, — aj, > w+ v. It is readily seen that

1| < supys,, [7(t)] < 1. Then it follows from Lemma 2 in Berman (1962)
that, for some 6 > 0, we have

P(D; , N---ND;

1,J1 ide)

< C(1+ (logn)?) / p(y)dy + Cexp {—(logh™")*}

(1]

< Cplotito (B.15)
where y = (Y1, Yao+1) and
d0+1
=t = ﬂ [{y; >z + (£logn) >} U{y; < —z, — (Elogn) 2} .
j=1

Noting that ([wz,/a])? = O((logn)*!) and by (B.11), we have for some
0 >0,

di > Pa (é Aij> < Ch.

do=0 E,do
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We now estimate

( 2. —Z> Pa (ﬁ A@) : (B.16)

1<) < <ig<N !

Since i1 — i; > [2/w + 2], we have a;,,, —a;; > (w+v)([2/w +2]) >
24 w +v. Then,

oo =0 for 1 <s#k<d, 1<y, jr <|wz,/al. (B.17)
By Theorem 1.1 in Zaitsev (1987), on A, we have

Pe <ﬂ Aij) Pe (ﬂ D; ) + Cexp {—(logh™")*} (B.18)

J=1

and

d d
Pe (ﬂ AZ]) >P (m D:;) — Cexp{—(logh™")*}. (B.19)
=1
By (B.17),
d d
({12 - ITeam:
j=1 j=1
By Lemma A4 in Bickel and Rosenblatt (1973), on A we have
‘Pg(Di) _ P(ﬁfj)‘ < Ct2(logn) /2 exp {—(z, + (logn)2)/2}
< Cht?(logn)=33/2, (B.20)

where [N)jE is defined as

wap /a] [wxy, /a)
{ U {Yn(az +a(2))>mn:t(logn 2}} |: U {Yn ai, +a§f> <—mn—(:t(10gn)_2)} .

By Lemma A3 in Bickel and Rosenblatt (1973), we have

P(ﬁjj) = (2+ o(1)2p1h(z) Haa(a) ) Pw. (B.21)

Hence, by (B.20) and (B.21),

PUDEI{A} = (2+o(l)mwle) 2D i 1A)
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= 2+ 0(1))ﬁhw6_zH2(l(a) -I{A},

where o(1) is bounded by an non-random number which tends to zero.
Hence, we have

SRS IN(pTY

1<i1 < <ig<N !

(Dl

1<i1 < <ig<N >

= _(2+0(1))Nﬁhwe ] A)/d!

= -(2 +o(1))(w + U)lwezﬁT)] P(A)/d,

which implies the result (B.9), by letting n — oo, I — 00, v — 0 and a — 0.
]

Appendix C: Asymptotic Gumbel distribution for the Nadaraya-
Watson estimator

We next consider using the Nadaraya-Watson kernel smoothing method to
estimate the regression function g in model (1.2), develop the asymptotic
Gumbel distribution for the maximum deviation of the estimator with ap-
propriate centering and scaling, and then give a brief discussion on how to
construct the SCBs for the function g¢.

The Nadaraya-Watson estimation is defined as

=Y K [(Xe—2)/h) Y)Y K[(X¢—)/h], (C.1)

where K is a non-negative kernel function and h is a bandwidth. To con-
struct the SCBs, we have to obtain the asymptotic distribution for the

normalized maximum absolute deviation

An = sup |V (2) [gn(x) — g(x) = bg(2)] fo(2)], (C2)

|z|<Bn
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where B, is a sequence of constants which may diverge to infinity,

=Y g(X)K[(X,—x)/h] /Y K[(X,—x)/h] —g(z) (C3)

t=1

is the bias term for g,(-) and the normalizing term

1/2
{ZK Xt—$/h} {ZK? Xt—a:)/h]} . (C4)

Similarly to the proofs in Section 5 of the main document, we may derive
the following asymptotic Gumbel distribution.

Theorem C.1. Let Conditions (C1) (C3)(i)(ii), (C4) and (C5) be satisfied.
Then, for z € R,

P{(zlog h1)1/2 (Zn - dn> < z} e % (C.5)

where h and d,, are defined as in Theorem 1.

In order to use the above theorem to construct the SCBs of the un-
known regression function g, we need to consistently estimate the variance
function o?(z) and the asymptotic bias term by (). The function o%(z) can
be estimated by using (3.1) in the main document with g,(-) replaced by
gn(+), and we denote the resulting estimate by &2(x). Furthermore, under

some smoothness condition on g, we may further show that

xs<u£ |bg () — b3 ()| = op(R?), (C.6)

where b5(z) = ¢'(v)7 0 "1(36 th + 1q"(z) :igi;h{ g and ¢” are the first and
second-order derlvatlves of 7 and V,j() is defined in Section 1 of the main
document. Note that ¢’ and ¢” can be consistently estimated by using the
local cubic smoothing method, and then we can obtain the estimation of
by (), which is denoted by gg(x). Using Theorem C.1 and (C.6), for given
a, the (1 — a)-SCB for g over the set {z : |x| < B,} can be constructed by

[Gn(x) = by(@) = la(@), Galw) = by() +1a()], (C.7)

where

lo(z) = [2a(210g hH)72 4 dy] Gn(2) V7 ().
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and z, is defined as in Section 3 of the main document. However, Chan and
Wang (2014) showed that the performance of the local linear estimation is
superior to that of the conventional Nadaraya-Watson estimator in uniform
asymptotics for nontationary time series. Therefore, in the present paper,
we concentrate on the SCBs using the local linear smoothing method for

the regression function g.
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