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Supplementary Material

Section [S1| contains the proof of eq. (3.1) and (3.2) of the main text, namely it focuses on the
main result of the paper for the case when 0 < a < 1. Section [S2| reports the full set of results
of the simulation studies described in the main text. In addition to the four models described
in the main text (beta model, curved exponential family, truncated regression and logistic
regression) two further models are considered, given by a gamma model and a Behrens-Fisher
model, respectively. Finally, Section reports the tail probabilities estimated by simulation

for the statistics in Table 1 of the main text, for all models and all simulation settings.

S1 Proof of (3.1) and (3.2)

In the same setting as in Section 3 of the main text, we consider ¢ = O(m®),

0 < a < 1. The case a = 0 corresponds to the standard asymptotic setting,
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where n = O(m).

The core results we prove here are
pry (F5, (S(@)) < u) = u+Om=72). (SL.1)

and

pry (F3(S(¥)) <u) =u+O0(m™). (S1.2)

Hence, as with @ = 0 (Lee and Young, 2005), the order of error is
different with constrained and unconstrained bootstrap.

In order to prove and we need some preliminary results
about the distribution function Fy(x) of S(¢). From Sartori (2003, formula

(6)), U, = Uy(¥) can be expanded as
Up: U¢|)\+B+R€, (Sl?))

where the terms on the right-hand side are of order O,(m®+1/2) O, (m*)
and O,(m®™1), respectively. Indeed, using (A1) in the main text, we have
Upn = 20 Uppy = Op(mV72) with Uyjy, = Uy, — dyais,Un be-
ing Eo(Uy)n,) = 0 and Varg(Uyjn,) = typyn, = O(m). Note that iyyn =
Varg(Ugn) = D0 iygypn,. Similarly, we have B = >~ | B'(¢, \;) = O,(m*®),
where B(1, )\;) is the term of order O,(1) of the expansion of the pro-
file score in the ¢th stratum, having both mean and variance of order

O(1). The same additivity property holds for b(f) = Es(B), so that
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b(#) = Y b (¢, \;) = O(m®). Finally, the remainder term is Re =
I Re' (Y, \;), with Re' (1, ;) having mean and variance of order O(m™1),
so that Re = O, (m™®te-L=1/2}) = O (m(®=V/2) when 0 < o < 1. There-
fore, the terms in are in descending order as opposed to what happens
when o > 1.
Let M(6) = Eo(S(¢)) and Vary(S(¢)) be the expectation and variance

of S(¢). We first show that
M(0) = —— 2= + Mi(0) + O(m~“+9/2) (S1.4)

with b(@)l@,d,l)\(@)*l/z = O(m(afl)/Q) and

M, (0) = Ey (5—26) = O(m*=3/%). (S1.5)
Lypy|x
Moreover,
Varg(S(¥)) = 14 v(0) + O(m™?), (51.6)

where v(0) = (Varg(B) + 2 Eg(UypB)) /ipyix = O(m™1).

In order to show (S1.4)), as a first step, consider the expansion

~

iy (0y) = dgyn + C + Op(m?), (S1.7)

with

~

q

d . X

¢= Zd}\iz¢w|/\i()\iw — ;) = O, (mlet/2y
i=1
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where the order is again determined using (A1) in the main text. Hence,

S . 1 C )
ligun (0} /2 = w}/f{l—ﬁﬁw,,(m 1>}, (SL8)

with C/Z'ww)\ = Op(m_(o‘+1)/2).

Using (S1.3)) and ( -

1 C
S(yp) = W#P\ {U¢|>\+B+Re}{l—§ —}-Op(m—l)}
T A
Ud)\)\ B Re 1U¢|)\C 1BC 1 ReC
/2 ;12 ;12 2 32 2 3/2 5 3/2
ww\A TMJP\ WM)\ WNA TWJP\ dﬂb\)\
+0,(m™") + Oy (m*=97%), (S1.9)

where O,(m~!) + O,(m@=3/2) + 0,(m*%/2) = O,(m~'). The term of
order O,(m@=3/2) is given by pr‘/}\B times the term of order O,(m™') in

(S1.8). Its expectation is of order O(m(*=3)/2). The orders of terms in

(S1.9) are as follows:

U¢|,\ B o Re _
1/2 - Op(l) ) W = OP( ( 1)/2> ) 1/2 = Op(m 1) )
byl n byl n bipp|n
1UypC . 1BC
3/‘2 — OP( ( +1)/2) % (1>7 2 3/2 Op(m 1)7
byl bpap|n
L ReC a+3)/2
5 3 = = 0,( (a+3)/ )
Lypap|n

Expansion (S1.4]) for E¢(S(¢)) is obtained using (S1.9) and recalling
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that b(f) = O(m®). We have

U, B b(0
Eo .172|)\> o <'1/2 ) - -1</2) = O(m@V72),
v Lyl A LI

Re o 1 Uy C (o
Eo 1/—2) = O(m\“¥72) g, (5%) = O(m~37%) = o(1),

1 BC 1ReC

Eg —W> = Op(m~ %) By <——3—2> = O(m~(*V72),

2, 2%
Yl A

giving (S1.4).
Expansion (S1.6)) for Varg(S(¢))) is also obtained using (S1.9)). In par-

ticular, the leading term has variance equal to 1, and, using a standard
expansion for the stratum profile score Ujb (1, Xw) (see e.g|Pace and Salvan,
1997, formula (8.88)), Covy(Uyr, B) and Vary(B) are easily seen to be of
order O(m®). Further terms of give contributions to the variance of
order O(m™2).

Higher order cumulants of S(¢), r = 3,4, ..., have the form

O(maJrl)

ke (S(1)) = O(mrei/2)

_ O(m(a+1)(177'/2)) — O(nlfr/2>

as in standard asymptotics.
As in Section 3 of the main text, the developments here rely on the
assumption that the distribution function of S(¢) admits a valid Edgeworth

expansion. In particular, in the continuous case,

x — M(0)

Fy(z) =pry (S(¥) <z) =@ (W

) + O(m~(@t/2) = (S1.10)
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where the order of the remainder term is that of the third cumulant of S(%)).
Using (S1.4]) and ( - we have
Fy(z) = ®(z) — p(z)M(0) + O(m~@+D/2) (S1.11)
We first focus on constrained bootstrap. From (S1.11J),

F

Oy

(z) = ®(z) — ¢p(z)M(0y) + O, (m(e /) (S1.12)

We, then, show the analogous of expression (3.18) of the main text in

the case 0 < a < 1, i.e.

M(0y) = M(0) + A + O, (m@=3/3) | (S1.13)
with
bi(0)  Cb(o)
A = Tz 5 (S1.14)
| R

that is of order O,(m™') and where b;(6) is given in (S1.17) below. In order

to show (S1.13)) let Re = Eg(Re). Then, from (S1.4) and (S1.5),

~

M) = {ivon@0)} " {50,) + Rel6,) ) +0,(m D7) (s1.15)
where Re(f,) is of order O,(m®~'). Now,
b(0y) = b(0) + by (0) + O, (M), (S1.16)

where

Zb’ (W, \) iy — Ni) (S1.17)
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and b} (1, ;) = 9b* (¥, \;)/OA;, and so on. Using (Al) in the main text,
and being b4 (¢, A;) of order O(1),
q . ~
D B (0, X)) (i — X)) = Op(m@™D2) 4 O, (mo 1) (S1.18)
=1

The remainder in (S1.16|) includes also the term
I . .
5.2 Do (0 2) (Aay = A)?
i=1

which is of order O,(m®"), being b , (1, A;) of order O(1). Moreover,
Reldy) = e + Oymle=72).
Using (S1.8)), we get

M (0) = i, 3b(0) + My + O, (m@=)/%) | (S1.19)

with

~ — b0
-5

which is of order O,(m™') because both terms are of the same order and
linear in j\w — N\
Therefore, (S1.19)), (S1.4) and (S1.5) give (S1.13)).

As a result, the following Taylor expansion of (S1.12)) holds
Fy, (x) = Fy(z) — ¢(x)A + Op(m*=272). (S1.20)

In order to prove 1) note that Fj (S(v)) < wu is equivalent to

S(1h) < sy, with s, the u-quantile of Fy (-), such that Féw(su) = u. Let ¥
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be the u-quantile of Fy(-). Tt is useful to express s, in terms of s?. Using

S1.20[), we get
‘-) g
U= FB(S?L) = I éw(Su) = Po(Su) — gb(su)A + Op(m(a 3)/2) .

Hence, Fy(s,) — Fy(s2) = ¢(s,) A+0,(m@=3/2). On the other hand, letting

Fy(x) = dFy(x)/dz, from
Fy(s,) = Fp(su) + (sy — su) Fy(su) + Op((s, — 5u)°%)

and

Su = Syt A+ Op(m(a_g)/z) +0p(m*7?)

= 2+ A+0,(m32),
Hence, S(v) < s, is equivalent to S(1) < 8% + A + O,(m*=3/2) and
pry (B, (S(8)) < u) = pry (S(0) < ' (w))

where S(v) = S(¥) — A+ O,(m@=3/2) with A given by (S1.14)), and such
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that Eg(A) = O(m@=3)/2) (see (S1.18)). Moreover, we have

Eo(S(¥)) = Eo(S@))+ O(me=3/2), (S1.21)
Varg(S(v)) = Varg(S(¥)) — A) + O(m™2)
= Vary(S(x)) + Varg(A) — 2Covy(S(1)), A) + O(m™?)

= Varg(S(¢)) + O(m™?), (S1.22)

since Varyg(A) = O(m~2) and Covy(S(¢)), A) = O(m~?2), where the order of
the latter is determined by the orthogonality between Uy, and the leading

term of b;(6). Finally, (S1.1)) holds because

pr (S() < Fy'(w)) = b1y (S() < By () + O(m™72) + O(m™?)
= ry (S() < Fy(w)) + O(ml*97?)

= u+O0(m/?).

The proof of (S1.2]) for unconstrained bootstrap is obtained along the
same steps as above. In particular, an expansion for Fy(z) of the form

(S1.20) holds with a different A term, which is still of order O,(m™1).

However, while (S1.21)) is still true, (51.22)) holds with an error of order

O(m™"), because there is no orthogonality between Uy, and the leading

terms of by(#), given in (S1.23|) below. Therefore, for unconstrained boot-
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strap we have

pry (S(¥) < Fy'(w)) = prp (S®) < Fyl(w) + O(m*™372) + O(m™)
= pry (S(W) < Fy ' (w) +O(m™)

= u+0(m™").

In order to obtain an expansion for M (6), with M () given in (S1.4)), we

follow the same steps as in (S1.15)—(S1.19)), giving (S1.13). In particular,

we have

where

q o q o 1 q '
ba(0) = ba(w,N) = Y by (& — ) + mei —X) + 52%(
1=1 i

=1
I, -
+52 b — ¢ Zb (W — ) (S1.23)
i=1
From Sartoril (2003, below formula (9)), with o < 1, ) —1) = O, (m~(@+1/2),
so that leading terms of by () are the first two summands on the right-hand
side of (S1.23), which are of order O,(m@~1/2). The other terms give a

contribution of order O,(m*~!). This leads to
M(6) = M(0) + Ay + O, (me=9/2) (S1.24)

where the term A; has form similar to (S1.14) and is of order O,(m™!),

with expectation of order O(m(®=3)/2) because the leading term in (S1.23)
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are of the same order as b;(6) in (S1.16)).

The remaining steps are analogous to those from (S1.20)) with A re-

placed by A;.

S2 Full set of simulation results

We report the full set of results of the simulation studies described in the
main text. In addition to the models described there, which include also
the logistic regression model described in the final section, two further mod-
els are considered, given by a gamma model and a Behrens-Fisher model,

respectively. Some details about them are given as follows.

Gamma model

We take a stratified gamma model with common shape parameter, for which

Y;; has density function

1 a— Yij
g(@/maaﬁz) = F(Oé) o yz’j ! eXp{__j} (le > 0)7

where I'(+) is the gamma function. The parameter of interest is ¥ = log(a)
and the stratum-specific nuisance parameters are given by \; = log(/3;). The
simulation data sets where generated for )y = log(2) and the elements of X
are fixed to the logarithm of random draws from an exponential distribution

with rate 1/2 and held fixed over all the replications.
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The results for this model, reported in the following, are similar to those

for the beta model.

Behrens-Fisher model

Suppose that Y;; are normally distributed, with common mean 1) across all
strata, and stratum-specific variances exp(\;). This example was studied in
Young| (2009), where it is illustrated that R*(¢) is performing worse than
constrained bootstrapping of R(1)) in a simulation study with ¢ = 20 strata
and the stratum sample size varying between 3 and 10. The simulation
experiments are carried out for ¢y = 0 and )\ generated from a uniform
distribution in (0, 1) and held fixed over all the replications.

The findings in [Young (2009) are confirmed also in the more extensive
simulation studies here, whose results are reported in the following. For
the Behrens-Fisher model, the location-adjustment to R(¢)) does not have
much of an effect to the distribution of the statistic. On the other hand, the
location-and-scale adjusted statistic recovers inferential performance. So, it
seems that only a scale adjustment is sufficient to recover first-order infer-
ential performance. Indeed, for this model the profile score bias is exactly
equal to zero, so that the distribution of the first-order statistic R(¢) is

essentially centred around zero. Also, both constrained and unconstrained
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bootstrap perform extremely well across all the simulation scenarios, and,
along with Rf,, they outperform R*(¢)) in the most extreme settings.

A remarkable observation in this model is the excellent accuracy of
the score statistic S(¢) for all combination of ¢ and m considered. This
can be explained by the fact that the leading term Uy of U, in (S1.3)
is exactly normally distributed. Moreover, M (6) and v(#), in and

(S1.6) respectively, are equal to zero.

Results

For each model, simulation results for the 23 statistics are visualized. For
plotting purposes, the statistics have been split in two groups. Table (1| lists

the first group, and Table [2| the second one.
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Table 1: Statistics computed in the simulation experiments (first group for plotting).

Statistic Plotting  Description

Symbol
R(v) R Signed likelihood root
S(v) S Score statistic
T(¢) T Wald statistic
O HpT (v)} T Transformed p-value from unconstrained bootstrap of T'(1))
O HpT (¥)} T Transformed p-value from constrained bootstrap of T'(¢)
O H{p7 (¥)} S Transformed p-value from unconstrained bootstrap of S(v)
O~H{p5 (v)} Se Transformed p-value from constrained bootstrap of S(v))
O pR()} R* Transformed p-value from unconstrained bootstrap of R(1))
O HpE()} Re Transformed p-value from constrained bootstrap of R(1))
R*(¢) R* Modified signed likelihood root
R, (¢) R, Signed likelihood root computed from the modified profile like-

lihood
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Table 2: Statistics computed in the simulation experiments (second group for plotting).

The mean ' and the standard deviation 6% of R(1) are estimated through uncon-

strained bootstrap, by simulating from the model at § = é, and likewise for S(¢) and

T(3)). The mean if* and the standard deviation 6% of R(¢) are estimated through con-

strained bootstrap, by simulating from the model at 6 = éw, and likewise for S(v) and

T(¥).

Statistic Plotting  Description
Symbol

T(y) — T s Location adjusted T'(¢)), unconstrained bootstrap
T() — pT T¢ Location adjusted T'(¢), constrained bootstrap
S() — i S Location adjusted S(¢), unconstrained bootstrap
S() — i® Sf Location adjusted S(v), constrained bootstrap
R(y) — pft R} Location adjusted R(v), unconstrained bootstrap
R(y) — pft Ry Location adjusted R(v), constrained bootstrap
(T() —pTy/eT T Location-and-scale adjusted 7'(1), unconstrained bootstrap
(T(p)—ph)/et  Tf Location-and-scale adjusted T'(¢), constrained bootstrap
(S(y) — p%) /63 Sp Location-and-scale adjusted S(), unconstrained bootstrap
(S() — %)/  S¢ Location-and-scale adjusted S(1)), constrained bootstrap
(R(y) — ) /61 i Location-and-scale adjusted R(t)), unconstrained bootstrap
(R(y) — af) /5" 7 Location-and-scale adjusted R(t)), constrained bootstrap
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Figure 1: Gamma model. Estimated null distribution of statistics for the statistics in
Table [1] for various combinations of ¢ and m. The N(0,1) density function is superim-

posed.



52. FULL SET OF SIMULATION RESULTS

q=10 q=10 q=10 q=100 ¢=100 q=100 q=1000 q=1000 q=1000

m=4 m=8 m=16 m=4 m=8 m=16 m=4 m=8 m=16

5L

nl

o

nd

density
OORENOORENOORENOORENOORRENOORRENOORRENOORRENOORRENOORENOOR N
QU0 UIOOUIOUIOOUIOUIOOUIOUTIOOUIOUIOOUTIOUTIOOUIOUTOOUIOUIOOUTOUTOOUIOUIOOUTIOUIO
S

Figure 2: Gamma model. Estimated distribution of p-values for the statistics in Table

for various combinations of ¢ and m. The Uniform(0,1) density function is superimposed.
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Figure 3: Gamma model. Estimated null distribution of statistics for the statistics in
Table [2| for various combinations of ¢ and m. The N(0,1) density function is superim-

posed.
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Figure 4: Gamma model. Estimated null distribution of p-values for the statistics in
Table [2| for various combinations of ¢ and m. The Uniform(0,1) density function is

superimposed.
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Figure 5: Beta model. Estimated null distribution of statistics for the statistics in Table[T]

for various combinations of ¢ and m. The N(0,1) density function is superimposed.
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Figure 6: Beta model. Estimated distribution of p-values for the statistics in Table[T] for

various combinations of ¢ and m. The Uniform(0,1) density function is superimposed.
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Figure 7: Beta model. Estimated null distribution of statistics for the statistics in Table[2]

for various combinations of ¢ and m. The N(0,1) density function is superimposed.
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Figure 8: Beta model. Estimated null distribution of p-values for the statistics in Table 2]

for various combinations of ¢ and m. The Uniform(0,1) density function is superimposed.
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Figure 9: Curved exponential family. Estimated null distribution of statistics for the
statistics in Table [I| for various combinations of ¢ and m. The N(0,1) density function

is superimposed.
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Figure 10: Curved exponential family. Estimated distribution of p-values for the statis-
tics in Table [If for various combinations of ¢ and m. The Uniform(0,1) density function

is superimposed.
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Figure 11: Curved exponential family. Estimated null distribution of statistics for the
statistics in Table [2| for various combinations of ¢ and m. The N(0,1) density function

is superimposed.
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Figure 12: Curved exponential family. Estimated null distribution of p-values for the
statistics in Table [2| for various combinations of ¢ and m. The Uniform(0,1) density

function is superimposed.
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Figure 13: Truncated linear regression model. Estimated null distribution of statistics
for the statistics in Table [I] for various combinations of ¢ and m. The N(0,1) density

function is superimposed.
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Figure 14: Truncated linear regression model. Estimated distribution of p-values for the
statistics in Table [I| for various combinations of ¢ and m. The Uniform(0,1) density

function is superimposed.
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Figure 15: Truncated linear regression model. Estimated null distribution of statistics
for the statistics in Table [2| for various combinations of ¢ and m. The N(0,1) density

function is superimposed.
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Figure 16: Truncated linear regression model. Estimated null distribution of p-values for
the statistics in Table [2| for various combinations of ¢ and m. The Uniform(0,1) density

function is superimposed.
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Figure 17: Behrens-Fisher model. Estimated null distribution of statistics for the statis-
tics in Table 1] for various combinations of ¢ and m. The N(0,1) density function is

superimposed.
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Figure 18: Behrens-Fisher model. Estimated distribution of p-values for the statistics
in Table [If for various combinations of ¢ and m. The Uniform(0,1) density function is

superimposed.
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Figure 19: Behrens-Fisher model. Estimated null distribution of statistics for the statis-
tics in Table [2| for various combinations of ¢ and m. The N(0,1) density function is

superimposed.



52. FULL SET OF SIMULATION RESULTS

q=10 q=10 q=10 q=100 q=100 q=100 q=1000 q=1000 q=1000
m=4 m=8 m=16 m=4 m=8 m=16 m=4 m=8 m=16
8
10 =
05 °
00
8
1.0 |
05 “
00
28
9 a
00
8
10 ol
05 7
00
2.0
13 @
0.5
0.0
2.0
15
258 “
@00
g 78
13 ©
05
0.0
22
1.0
05 #
0.0
2.0
15 2
05 o
00
4!
1.0 )
05 =
0.0
8
10 |
05 o
00
2.0
15
08 #=
0.0

O 9 (O A2 O 42 (O AL PP A2 ¢ A2 O 12 (O AL PP A2 (O A2 O 72 O A2 R A2 (O A2 R 2 (O A2 PP 2 O A2
S S RSB 8 RS A RS S DB KBS

SN
p-value
Figure 20: Behrens-Fisher model. Estimated null distribution of p-values for the statis-
tics in Table [2] for various combinations of ¢ and m. The Uniform(0,1) density function

is superimposed.
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Figure 21: Logistic regression model. Estimated null distribution of statistics for the
statistics in Table [1| for various combinations of ¢ and m. The N(0,1) density function

is superimposed.



52. FULL SET OF SIMULATION RESULTS

q=10 q=10 q=10 q=100 q=100 q=100 ¢ =1000 ¢ =1000 q=1000

m=4 m=8 m=16 m=4 m=8 m=16 m=4 m=8 m=16

oL

nl

density
OORRENOORENOORENOORRENOORRENOORRENOORRENOORRENOORENOOR S NOOR N
OUI0 U100 UIOUTIOOUIOUIOOUTIOUIOOUIOUTOOUIOUIOOCUTIOUTOOUIOUIOOUTIOUTOOUIOUIOOUTIOUIO
S

e

nd

py)
3

O 2O A2 O A2 P A2 PP A2 A2 R A2 P A2 PP A2 A2 R 42 P AL DD A2 P A2 PP 2 D A2 D DDA L
N N SN S N S N S N N I S N N N S S N N
p-value
Figure 22: Logistic regression model. Estimated distribution of p-values for the statistics
in Table [If for various combinations of ¢ and m. The Uniform(0,1) density function is

superimposed.
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Figure 23: Logistic regression model. Estimated null distribution of statistics for the
statistics in Table [2| for various combinations of ¢ and m. The N(0,1) density function

is superimposed.
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Figure 24: Logistic regression model. Estimated null distribution of p-values for the
statistics in Table [2| for various combinations of ¢ and m. The Uniform(0,1) density

function is superimposed.
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S3 Empirical tail probabilities

Tables report empirical tail probabilities for the statistics in Table 1
of the main text, for all models and all simulation settings. The rows of
each table are subdivided into 6 different blocks, each one corresponding to

a different model.



S3. EMPIRICAL TAIL PROBABILITIES

Table 3: Empirical tail probabilities x100 for the statistics in Table 1 of the main text
and all models that have been considered in the simulation experiments. The figures

shown have been rounded to 1 decimal and are for ¢ = 10 and m = 4.

Nominal
Model Statistic 1.0 25 50 950 97.5 99.0
R 01 01 03 652 756 85.3
R* 08 22 43 945 971 93.8
RY 1.0 25 47 956 97.7 99.2
Gamma Re 1.0 25 48 953 97.7 99.0
¢ 15 31 5.6 944 969 98.7
¢ 1.0 25 48 953 975 99.0
R 00 00 01 535 693 80.1
R* 09 21 45 946 971 98.7
RY 1.0 24 50 947 972 988
Beta Re 09 24 49 951 975 99.0
RS 12 28 58 942 968 985
RS, 09 23 49 951 975 93.9
R 11.8 194 281 994 99.8 99.9
R* 14 32 61 956 97.6 99.0
R 08 21 44 958 980 99.2
Curved exponential family — pe 14 30 59 953 97.6 99.0
RS 19 41 71 942 969 986
¢ 14 31 60 954 97.6 99.0
R 1.0 24 46 934 968 987
R* 12 26 51 951 975 99.1
RY 1.0 24 46 953 97.7 99.1
Truncated regression R° 1.1 26 52 950 97.5 99.0
¢ 12 28 53 948 97.3 99.0
R, 12 28 51 949 974 99.0
R 49 80 121 880 918 95.1
R* 1.9 40 7.0 929 960 98.1
, RY 14 29 54 944 97.0 988
Behrens-Fisher Re 1.1 27 52 947 97.3 989
Ry 49 79 121 879 91.8 95.1
RS, 1.0 26 53 947 974 99.0
R 38 71 125 944 97.0 984
R* 05 22 50 944 971 98.7
o . RU 21 26 31 994 996 99.7
Logistic regression Re 0.8 24 52 956 97.6 99.0
¢ 29 55 91 917 945 97.2

: 1.0 26 53 948 973 99.0

s
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Table 4: Empirical tail probabilities x100 for the statistics in Table 1 of the main text
and all models that have been considered in the simulation experiments. The figures

shown have been rounded to 1 decimal and are for ¢ = 10 and m = 8.

Nominal
Model Statistic 1.0 25 50 950 97.5 99.0
R 0.1 03 09 786 865 92.8
R* 09 23 46 947 974 93.8
RY 1.0 24 49 952 97.7 99.1
Gamma Re 1.0 25 49 950 975 99.0
¢ 12 28 54 944 972 987
RS, 1.0 25 49 950 975 98.9
R 01 02 05 738 828 90.5
R* 0.9 23 49 947 971 989
RY 0.9 24 49 945 971 98.8
Beta RC 09 24 48 948 974 99.0
RS 1.0 26 52 944 969 988
RS, 09 23 49 948 972 939
R 58 105 174 988 995 99.8
R* 1.1 30 53 951 975 99.0
R 09 23 45 954 977 99.3
Curved exponential family — pe 1.1 29 52 950 974 99.1
Ry 1.3 33 58 945 97.1 98.8
¢ 1.1 30 53 950 974 99.1
R 08 1.9 41 944 972 93.8
R* 09 22 46 954 97.8 99.1
R 08 1.9 43 957 97.9 99.2
Truncated regression Re 09 22 47 954 97.7 99.1
¢ 0.9 23 47 953 97.6 99.0
R, 09 22 47 954 976 99.0
R 20 43 76 920 952 97.6
R* 1.0 25 50 943 97.0 99.0
, RY 1.0 23 48 945 97.3 99.1
Behrens-Fisher R° 1.0 23 48 945 97.3 992
Ry 20 43 76 919 952 97.6
RS, 0.9 24 49 945 972 99.0
R 22 47 86 948 97.0 99.1
R* 09 27 53 948 970 99.1
o . RY 01 07 24 972 989 99.6
Logistic regression Re 0.9 26 52 945 979 99.1
¢ 1.6 36 6.7 940 969 984

3 09 26 52 948 974 99.0

ls




S3. EMPIRICAL TAIL PROBABILITIES

Table 5: Empirical tail probabilities x100 for the statistics in Table 1 of the main text
and all models that have been considered in the simulation experiments. The figures

shown have been rounded to 1 decimal and are for ¢ = 10 and m = 16.

Nominal
Model Statistic 1.0 2.5 50 950 97.5 99.0
R 02 06 15 857 91.6 96.0
R* 1.1 25 49 950 974 989
Rv 1.0 26 50 952 975 99.0
Gamma Re 11 26 51 951 975 99.0
¢ 12 28 53 949 97.3 989
¢ 12 26 51 951 974 989
R 02 04 1.1 834 898 948
R* 1.0 24 50 949 97.5 99.1
Rv 11 26 51 948 974 99.0
Beta R* 1.0 24 50 950 975 99.1
Ry 1.0 25 51 949 97.3 99.0
RS, 1.0 24 50 950 97.5 99.1
R 37 77 131 984 99.2 99.8
R* 1.1 27 51 953 97.8 99.1
RY 1.0 24 49 955 97.9 99.2
Curved exponential family — pe 11 26 52 953 97.8 99.1
Ry 13 33 58 945 971 988
¢ 11 30 53 950 974 99.1
R 09 1.9 43 945 97.3 99.0
R* 1.0 22 48 951 97.7 992
Rv 08 21 47 952 97.8 99.2
Truncated regression Re 09 22 47 951 97.7 99.2
¢ 1.0 22 49 950 97.7 99.1
RS, 09 22 48 951 97.6 99.2
R 18 35 64 937 96.7 98.6
R* 12 29 53 948 974 99.0
, RY 12 28 52 949 975 99.1
Behrens-Fisher Re 12 28 51 949 975 99.1
Ry 18 35 64 938 96.6 98.6
RS, 12 29 51 949 974 99.1
R 1.7 37 7.0 957 98.0 99.3
R* 1.0 27 52 954 97.7 99.3
o . RY 06 1.8 38 963 984 99.5
Logistic regression Re 1.0 26 51 949 975 99.0
¢ 12 31 60 946 972 989

7 1.0 27 52 951 976 99.1

s
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Table 6: Empirical tail probabilities x100 for the statistics in Table 1 of the main text
and all models that have been considered in the simulation experiments. The figures

shown have been rounded to 1 decimal and are for ¢ = 100 and m = 4.

Nominal
Model Statistic 1.0 25 50 950 975  99.0
R 00 00 00 27 52 100
R* 06 1.6 35 928 962 984
Rv 1.0 28 54 959 980 99.3
Gamma Re 09 26 52 952 976 99.1
¢ 13 34 61 942 969 O8.7
¢ 1.0 26 52 952 975 99.1
R 00 00 00 07 14 34
R* 08 20 38 934 967 98.7
RY 09 23 45 937 970 98.7
Beta Re 09 25 49 948 974  99.1
Ry 13 29 57 938 969 987
Ry, 1.0 25 49 947 975  99.0
R 751 842 90.3 100.0 100.0 100.0
R* 16 37 71 960 979 992
RY 07 17 37 950 975  99.0
Curved exponential family — pe 13 32 62 957 978 99.1
R 1.8 42 7.7 947 972 987
¢ 15 33 63 9.7 977 99.1
R 04 12 25 911 951 982
R* 09 22 48 950 979 99.3
Rv 08 20 44 951 978 99.3
Truncated regression RC 09 22 46 948 976  99.2
¢ 09 23 47 946 975 992
R, 09 22 46 948 976 99.2
R 52 88 128 885 922 952
R* 1.7 35 6.7 942 968 986
, RY 12 28 53 951 977 989
Behrens-Fisher Re 1.1 28 53 952 977 990
Ry 53 89 128 884 922 953
Ry, 1.1 28 53 952 977 990
R 81 140 205 980 99.0 99.5
R* 14 32 64 964 981 992
o . Rv 01 02 08 986 996 99.9
Logistic regression R 1.3 3.2 6.2 964 982 99.2
¢ 28 57 95 942 968 983

7 1.3 32 61 964 981 99.2

s
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Table 7: Empirical tail probabilities x100 for the statistics in Table 1 of the main text
and all models that have been considered in the simulation experiments. The figures

shown have been rounded to 1 decimal and are for ¢ = 100 and m = 8.

Nominal
Model Statistic 1.0 25 50 950 975  99.0
R 00 00 00 205 298 435
R* 08 20 44 938 971 989
RY 09 24 50 952 978 99.1
Gamma Re 11 24 50 949 975 99.1
¢ 1.1 27 53 943 972 990
¢ 1.0 25 50 949 975 991
R 00 00 00 107 175 286
R* 08 22 46 944 972  99.0
RY 09 23 47 943 971 989
Beta Re 09 24 49 947 97.2  99.0
RS 11 26 52 944 971 989
R, 09 24 49 947 974  99.0
R 406 544 660 100.0 100.0 100.0
R* 1.1 28 53 953 977 991
RY 08 21 41 952 976  99.0
Curved exponential family — pe 11 27 51 954 976 99.0
Ry 12 30 58 949 974 988
¢ 1.1 27 52 953 976  99.0
R 05 15 32 922 959 982
R* 1.0 25 50 951 974  99.0
Ru 09 24 47 951 975  99.0
Truncated regression Re 09 25 51 950 974 989
¢ 1.0 26 51 948 97.3 988
R, 1.0 25 51 950 973 989
R 21 46 80 929 960 97.8
R* 1.1 26 52 952 975 991
, RY 10 25 51 954 976 99.1
Behrens-Fisher Re 1.0 25 51 954 976 99.1
Ry 21 45 80 928 959  97.9
RS, 1.0 25 52 954 975 991
R 40 7.7 129 97.2 987 994
R* 1.1 25 53 949 975 99.0
o . RY 03 12 25 967 987 99.6
Logistic regression Re 1.1 25 53 949 975 99.0
¢ 16 35 64 938 966 985

: 1.1 26 53 949 975  99.0

s
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Table 8: Empirical tail probabilities x100 for the statistics in Table 1 of the main text
and all models that have been considered in the simulation experiments. The figures

shown have been rounded to 1 decimal and are for ¢ = 100 and m = 16.

Nominal
Model Statistic 1.0 25 50 950 975  99.0
R 00 00 01 487 612 73.7
R* 12 27 53 949 974 990
RY 12 28 55 951 97.7  99.0
Gamma Re 12 27 54 950 97.6 99.1
Ry 1.3 29 57 948 975  99.0
RS, 13 28 55 951 976 99.1
R 00 00 00 348 472 611
R* 09 23 47 947 974 989
RY 1.0 23 46 947 973 989
Beta Re 09 22 47 948 974 989
RS 1.0 24 49 945 974 989
RS, 1.0 24 48 948 974 989
R 10.0 303 422 999 100.0 100.0
R* 1.0 26 55 953 975  99.0
R 08 23 49 952 976  99.0
Curved exponential family  pe 09 26 54 952 975 990
Ry 1.1 28 56 950 974 989
RS, 1.0 26 54 952 975  99.0
R 07 15 35 930 962 933
R* 10 24 51 952 974 989
RY 1.0 23 48 952 975  99.0
Truncated regression Re 08 25 50 952 974 989
Ry 1.0 25 51 950 97.3 989
R, 09 24 51 950 973 989
R 1.7 36 66 934 964 984
R* 12 28 54 946 974 989
‘ RY 1.1 28 53 946 974 989
Behrens-Fisher R° 1.1 27 53 946 974 989
Ry 1.7 36 6.7 933 964 984
RS, 11 29 54 945 974 989
R 27 59 100 97.0 986 99.4
R* 11 28 55 950 97.6 99.1
o _ R 07 1.9 42 960 982  99.3
Logistic regression Re 1.1 28 56 951 97.6  99.0
Ry 14 32 62 945 972 989

Ry 1.1 28 55 95.0 976 99.1

s
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Table 9: Empirical tail probabilities x100 for the statistics in Table 1 of the main text
and all models that have been considered in the simulation experiments. The figures

shown have been rounded to 1 decimal and are for ¢ = 1000 and m = 4.

Nominal
Model Statistic 1.0 2.5 50 950 975  99.0
R 0.0 0.0 0.0 0.0 0.0 0.0
R 0.2 0.5 1.2 837 903 953
Rt 1.3 3.2 6.4 964 982 99.2
Gamma Re 1.0 25 51 948 974 989
¢ 1.4 3.1 6.2 939 96.7 985
Ry, 1.0 2.5 51 950 974  98.9
R 0.0 0.0 0.0 0.0 0.0 0.0
R 0.3 0.8 1.8 886 935 96.7
Rv 0.5 1.3 28 914 949 976
Beta Re 0.7 1.9 3.8 937 964 98.6
R§ 1.0 2.3 46 929 957  98.1
Ry, 0.8 1.8 39 93.7 965 985
R 100.0 100.0 100.0 100.0 100.0 100.0
R 3.2 6.3 106 97.8 99.0 99.6
RY 0.4 1.3 27 928 964 985
Curved exponential family  pe 22 48 83 969 985 994
¢ 3.1 6.0 9.8 96.2 98.0 99.2
¢ 2.4 4.9 83 969 98.6 994
R 0.1 0.4 0.8 80.5 87.9 93.6
R* 1.0 2.3 52 948 975 98.9
Rv 0.8 2.0 44 948 975 989
Truncated regression R 0.9 2.2 46 944 972 988
¢ 0.9 2.1 47 942 971 987
RS, 0.9 2.1 46 944 972 988
R 5.3 87 123 87.8 920 95.1
R 1.5 3.3 6.3 94.1 96.8 98.6
, RY 1.0 2.6 52 951 975  99.0
Behrens-Fisher Re 1.0 27 51 951 975 99.1
R§ 5.3 87 123 87.8 920 95.1
R, 1.1 2.7 51 951 974  99.0
R 40.2 532 643  99.9 100.0 100.0
R* 2.0 4.5 83 97.1 985 995
o . RY 0.0 0.1 05 97.2 98.9 99.8
Logistic regression Re 1.8 4.2 81 97.0 985 994
¢ 3.7 75 118 952 97.3  98.7

v 1.8 4.2 82 97.0 985 995

s
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Table 10: Empirical tail probabilities x100 for the statistics in Table 1 of the main text
and all models that have been considered in the simulation experiments. The figures
shown have been rounded to 1 decimal and are for ¢ = 1000 and m = 8. The table

includes all the results of Table 2 of the main text.

Nominal
Model Statistic 1.0 25 50 950 97.5  99.0
R 00 00 00 00 00 00
R* 07 15 33 921 955 982
R 11 27 53 951 977  99.2
Gamma Re 1.0 25 50 946 97.2  99.0
Ry 11 28 54 942 968 989
RS, 1.1 25 49 945 972  99.1
R 00 00 00 00 00 00
R* 07 18 38 937 968 988
RY 08 19 41 940 970 987
Beta Re 1.0 23 48 950 974 99.1
Ry 11 25 51 947 973 989
¢ 09 23 48 951 975  99.0
R 100.0 100.0 100.0 100.0 100.0 100.0
R* 14 35 69 966 983 994
R 06 18 40 950 977  99.2
Curved exponential family  pe 12 33 64 962 982 994
¢ 15 36 71 958 980 99.2
RS, 1.3 32 65 963 982 994
R 02 05 1.1 842 904 951
R* 1.0 25 51 948 973 989
R 0.9 23 48 949 972 989
Truncated regression Re 09 24 49 945 972 987
Ry 09 24 50 944 97.0 988
RS, 09 24 50 944 97.0 988
R 94 46 76 921 956 98.0
R* 12 28 53 948 975  99.0
RY 11 27 52 950 976 99.1
Behrens-Fisher R° 1.1 27 51 949 97.6 99.1
¢ 24 47 76 921 955  98.0
¢ 11 26 51 950 97.6 99.1
R 181 284 393  99.7  99.9 100.0
R* 14 31 61 958 979 99.1
R 04 11 24 963 984 994
Logistic regression Re 15 31 60 958 97.9 992
Ry 1.9 41 75 947 971 988

RC

ls

1.4 3.2 6.0 958 979 99.1
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Table 11: Empirical tail probabilities x100 for the statistics in Table 1 of the main text
and all models that have been considered in the simulation experiments. The figures

shown have been rounded to 1 decimal and are for ¢ = 1000 and m = 16.

Nominal
Model Statistic 1.0 25 50 950 975  99.0
R 00 00 00 00 00 02
R* 09 21 43 943 969 985
Rv 1.1 25 50 952 976 989
Gamma Re 1.0 25 49 950 975 989
¢ 11 26 51 948 973  98.6
¢ 1.1 25 50 950 975 988
R 00 00 00 00 00 00
R* 1.0 23 45 943 972 988
Rv 11 23 47 944 972  98.8
Beta Re 1.0 24 48 948 974  99.0
Ry 12 25 50 947 973 989
R, 11 24 49 948 974 989
R 982 993 99.7 100.0 100.0 100.0
R* 10 28 55 959 981 993
RY 07 21 45 953 979 993
Curved exponential family — pe 11 26 54 957 981 993
R 1.1 28 57 955 97.9 992
¢ 10 26 54 957 980 993
R 02 05 12 866 924 964
R* 08 22 48 950 977 989
Rv 08 20 45 948 977  99.0
Truncated regression Re 08 21 46 949 976  99.0
¢ 09 22 47 948 975 989
R, 08 21 46 949 975 989
R 15 34 61 939 966 985
R* 1.1 26 50 949 975 989
, RY 1.1 26 50 950 975 99.1
Behrens-Fisher Re 1.1 26 50 951 975 99.1
Ry 15 34 62 938 967 985
Ry, 1.1 26 49 950 975  99.0
R 85 152 237 993  99.7 100.0
R* 13 29 55 951 977 99.0
o . RY 07 19 39 955 980 99.2
Logistic regression Re 1.3 29 55 951 97.6 99.0
¢ 16 34 60 947 972 989

7 1.3 29 55 951 976 99.1

s
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