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1. Simulation Studies

In this section, simulation studies are conducted to examine the finite sam-
ple performance of the SCQR method. For comparison, several other meth-
ods are also considered: SQR(7) and USQR; the ¢;-penalized quantile re-
gression in high-dimensional sparse models in Belloni_and Chernozhukov
(2011) over O, denoted by L1QR; the method of simply taking the union
of active covariate sets identified by quantile-adaptive model-free variable

screening method (He, Wang, and Hong (2013)), denoted by QaSIS; the



method of Xu—and Chen (2014) with a ¢;-penalized procedure, denoted
by PXC; and the sure screening method (Fan_and Txi (2008)), denoted by
SIS. The following criteria are used to compare the performance of different

methods:

Cor: mean number of correctly identified variables (with nonzero coefficient
functions);

Inc: mean number of incorrectly selected variables;

UF': a proportion of under-fitted models;

CF': a proportion of correctly fitted models;

OF': a proportion of over-fitted models;

Err: the average of estimation errors, defined as [ [, [|83, — 8% 2dr]"/%.

We set © = [0.1,0.9] and choose 7 = 0.25, 0.5, and 0.75 for the SQR(7).
Typically, we use equally spaced grid points with the step size 0.01 on
[0.1,0.9]. The C,, in the EBIC is taken as log(p)/2, which is also used by
Lee, Noh, and Park (2014). If not specified, the sample size is n = 200,
and the number of covariates is p = 1000. For the bandwidth, a smaller
h leads to a higher computation burden, while a larger one may result in
some bias of the estimate, and will make our method difficult to distinguish
the important covariates from the unimportant ones. We use the rule of

thumb bandwidth and choose h = 1.9n7/% ~ 0.32, which performs well in



our simulation studies. All simulation results are based on 500 replications.

Scenario 1. We first consider a random coefficient model to compare the
performance of methods based on a continuous range of quantile levels and
that with a single or multiple quantile levels. Let Z;, ..., Z, be independent
standard normal random variables, and U be a uniform random variable

n (—2,2). Then define z; = |Z; + U|/2. The relationship between the
covariates and the response is Y = [7 71 + B7,12 + 87323 Set 87, =
1, Bs, = 2I(t > 0.5), and 5 = exp(7?), where 7 follows a uniform

distribution on (0, 1).

Scenario 2. We consider a homogeneous error model. The covariates
(z1,...,2,)" follow a multivariate normal distribution N,(0,X), where ¥ =
(0ki)pxp With o = 0.5 for k # | and k # 5,1 # 5, 05 = 055 = 0 for
[ #5, and oy = 1 for k = [. Thus, x5 is uncorrelated with z; (j # 5). The
response is generated from the following model: Y = fx + fxg + Bx3 —
1.58z4 + 0.250x5 + €, where € is a random error term, and [ is set to be
2.5. Under this setting, the marginal correlation of x4 and Y is zero, and
x5 has a small contribution to Y without “borrowing” strength from other

covariates. This model was also considered by Fan_and Tyl (200R).

Scenario 3. We consider a heteroscedastic location-scale model, and gen-



erate Z = (21,...,2,)" from N,(0,X) with ¥ = (03,)px, and oy = 0.517*1,
Then let z; = z; for j # 3, and x5 = |z3|. The scalar response is gener-
ated from Y = x1 4+ 223 — 219 + 2x3¢. This implies that the coefficient of
r3 in model (2.1) is 2{1 + ®~!(7)}, which has a monotone behaviour in 7,

governed by the quantile function ®~1(7).

Scenario 4. We revise a challenging example from Wang (2009). Specifical-
ly, we first independently generate Z; and W; from the standard multivari-
ate normal distribution. Then set x; = (Z; + W;)/V/2 for every 1 < j < 5,
and x; = (Z; + Z?,:l Z;)/2 for every 5 < j < p. The response is generated
from Y = 1 + 2z9 + 323 + 424 + Dx5 + €. Note that it would be extreme-
ly difficult to identify x; (for example) as an active covariate, because the
correlation of x; and Y is much smaller than that of x; and Y for each
Jj > 0.

Scenario 5. We consider the case that the number of the nonzero coeffi-
cients is diverging with the sample size n. The covariates (zy,...,z,)" are
generated from N,(0,3) with ¥ = (o5)pxp and oy, = 0.5/"=%. Let the true
model size s = [y/n — 5], and 8} = (=1)"9Uy; for 1 < j < s, where Uy is
from a Bernoulli distribution with success probability 0.4, and Us; is from a
uniform distribution on (2log(n)/y/n,4log(n)/+/n). Other coefficients are

set to be zero. The response is generated from Y = 22:1 z;87 + €. The



sample sizes are n = 200 and 400.

For Scenarios 2—5, the error term ¢ is independent of the covariates and
follows from the standard normal distribution N(0,1) or a t-distribution
with degree of freedom 3, denoted by #(3). The simulation results for Sce-
narios 1—5 are reported in Tables A.1—A.5. In Scenario 1, SQR(0.25) fails
to identify the covariate z,, yielding Cor= 2.00 and UF= 1.00. SQR(0.5)
has a similar performance to SQR(0.25). On the other hand, the covariate
x9 has a strong effect on the response over © = [0.1,0.9]. Therefore, the
SCQR successfully identifies the active covariate xs, yielding CF= 0.82.
Under Scenario 2, when the error term follows from N(0, 1), we observe
that both the SCQR and SQR(7), with 7 € {0.25,0.5,0.75}, have very
similar performance in terms of model selection and estimation accuracy.
Specifically, the values of Cor are both 5 (the true model size), and the
values of Inc are close to 0. Besides, the SCQR has a slightly better per-
formance in estimation accuracy than the other methods. The results also
suggest that the USQR and QaSIS methods tend to yield an over-fitted
model (2.1) with OF=0.87 and 0.86, respectively. Both the SIS and L1QR
tend to yield an under-fitted model with UF= 1.00. Moreover, when the
error term follows from a ¢(3) distribution, SQR(7) has an unstable per-

formance with CF varying from 0.20 to 0.79. The results of Scenario 3 are



similar to those of Scenario 2. Under the challenging case of Scenario 4, the
QaSIS and SIS both tend to yield an under-fitted model, while the other
methods are all over-fitted. But the SCQR still enjoys the smallest Err
(=0.23) and Inc (=0.94) with the error N(0,1), and Err (=0.18) and Inc
(=0.97) with the error ¢(3). For Scenario 5, Table A.5 suggests that our
method can also handle the case with the true model size diverging as the
sample size n increasing. Based on the results of Tables A.1—A.5, we also
observe that the SCQR method performs better than the PXC in terms
of correct-fitting. For example, under the setting of Scenario 2 with the
error N(0,1), the SCQR method yields CF= 0.99, while the PXC method
only has CF= 0.09, due to over-fitting. On the other hand, when the data
follow from a heteroscedastic location-scale model (Scenario 3), the SCQR

procedure is more robust than the PXC, especially for heavy-tailed data.

Furthermore, to gain a direct insight into the efficiency of our algorithm,
the average computational times (in seconds) over 500 replications for the
SCQR, USQR, QaSIS and L1QR are reported in Table A.6. The results
indicate that the SCQR costs the least time among the four robust methods,
namely our method is fast to choose the correct model and estimate the
coefficients. We also conduct simulation studies to assess the impact of

h in practice. The simulation results under the setting of Scenario 2 are



reported in Table A.7. The results demonstrate that the model selection
results of our method are robust with the bandwidth h varying in a proper
interval. The results for the other scenarios are similar and are not shown

here to save space.

Scenario 6. We assess the performance of the proposed method in model s-
election and estimation accuracy at tail quantiles. The covariates (zy,...,z,)"
are generated from N,(0,%) with ¥ = (o), and oy, = 0.5, The
nonzero coefficients are set to be 7, = 1, 53 = 4/3, 875 = 1 and
*10 = 2. Other coefficients are set to be zero. The response is gener-
ated from Y = 7,11 + 7373 + 87 575 + 57 19710 + €, where € follows from
N(0,1). We implement the SQR(0.06) as well as the SCQR, USQR, L1QR,
and QaSIS with © = [0.05,0.1] and © = [0.04,0.09], respectively. The re-
sults are reported in Table A.8. We observe that there is a slight variability
in model selection for the SQR when © varies from [0.05,0.1] to [0.04, 0.09].
For the SCQR, the results are very similar for the two choices of ©. These
suggest that the method focusing on examination of model sparsity at a s-

ingle or at multiple quantile levels may be sensitive to the choice of quantile

levels in model selection, while the SCQR approach is robust.



Table A.1. Simulation results for Scenario 1.

Method Cor Inc UF CF OF Err
SCQR 2.83 0.02 0.16 0.82 0.02 0.31
USQR 2.99 1.90 0.01 0.31 0.68 0.37
SQR(0.25) 2.00 0.00 1.00 0.00 0.00 0.88
SQR(0.5) 1.82 0.06 0.98 0.01 0.01 1.06
SQR(0.75) 2.88 0.34 0.07 0.72 0.20 1.05
L1QR 2.99 93.63 0.01 0.00 0.99 1.61
QaSIS 2.98 201.4 0.02 0.00 0.98 -
PXC 2.71 4.56 0.26 0.03 0.70 -
SIS 1.58 13.42 0.86 0.00 0.14 -
Table A.2. Simulation results for Scenario 2.
N(0,1) t(3)
Method Cor Inc UF CF OF Err Cor Inc UF CF OF Err
SCQR 5.00 0.01 0.00 0.99 0.01 0.19 4.77 0.00 0.23 0.77 0.00 0.31
USQR 5.00 3.07 0.00 0.13 0.87 0.23 4.94 2.28 0.06 0.17 0.77 0.37
SQR(0.25) 5.00 0.05 0.01 0.94 0.05 0.24 4.50 0.25 0.49 0.20 0.31 0.82
SQR(0.5) 5.00 0.01 0.00 0.99 0.01 0.21 4.74 0.01 0.26 0.70 0.04 0.37
SQR(0.75) 4.99 0.04 0.01 0.95 0.04 0.24 4.81 0.01 0.21 0.79 0.00 0.31
L1IQR 4.00 87.6 1.00 0.00 0.00 3.28 3.92 93.2 1.00 0.00 0.00 3.46
QaSIS 4.85 178.4 0.14 0.00 0.86 - 4.87 179.8 0.12 0.00 0.88 -
PXC 5.00 2.97 0.00 0.09 091 - 492 2.89 0.07 0.09 0.84 -
SIS 3.00 12.00 1.00 0.00 0.00 - 2.99 12.01 1.00 0.00 0.00 -




Table A.3. Simulation results for Scenario 3.

N(0,1) t(3)
Method Cor Inc UF CF OF Err Cor Inc UF CF OF Err
SCQR 2.90 0.07 0.08 0.87 0.05 0.34 2.43 0.02 0.27 0.71 0.02 0.72
USQR 2.99 2.02 0.01 0.20 0.79 0.64 292 0.98 0.06 0.38 0.55 1.02
SQR(0.25) 1.96 0.03 0.99 0.01 0.00 1.67 1.76 0.00 1.00 0.00 0.00 1.72
SQR(0.5) 2.60 0.14 0.27 0.63 0.10 1.17 2.17 0.01 0.46 0.53 0.01 1.36
SQR(0.75) 2.72 0.29 0.17 0.69 0.14 1.35 2.22 0.15 0.35 0.56 0.09 1.55
L1QR 1.99 90.58 1.00 0.00 0.00 1.98 2.00 106.0 1.00 0.00 0.00 1.61
QaSIS 2.97 147.7 0.04 0.00 0.96 - 2.96 152.7 0.03 0.00 0.97 -
PXC 2.88 041 0.06 0.62 0.32 - 1.06 0.06 0.79 0.17 0.04 -
SIS 2.44 12.56 0.46 0.00 0.54 - 2.68 13.3 0.28 0.00 0.72 -
Table A.4. Simulation results for Scenario 4.
N(0,1) t(3)
Method Cor Inc UF CF OF FErr Cor Inc UF CF OF Err
SCQR 5.00 0.97 0.00 0.03 0.97 0.18 5.00 0.94 0.00 0.06 0.94 0.23
USQR 5.00 11.51 0.00 0.00 1.00 0.33 5.00 7.66 0.00 0.00 1.00 0.34
SQR(0.25) 5.00 1.13 0.00 0.04 0.96 0.36 5.00 0.96 0.00 0.08 0.92 0.37
SQR(0.5) 5.00 1.03 0.00 0.03 0.97 0.29 5.00 0.96 0.00 0.05 0.95 0.29
SQR(0.75) 5.00 1.12 0.00 0.04 0.96 0.34 4.99 0.95 0.01 0.08 0.91 0.36
L1QR 5.00 88.8 0.00 0.00 1.00 1.00 5.00 99.03 0.00 0.00 1.00 5.87
QaSIS 2.77 184.6 0.87 0.00 0.13 - 1.25 282.5 1.00 0.00 0.00 -
PXC 5.00 2.52 0.00 0.01 0.99 - 499 243 0.01 0.00 0.98 -
SIS 0.11 14.89 1.00 0.00 0.00 - 0.09 15.9 1.00 0.00 0.00 -




Table A.5. Simulation results for Scenario 5.

n = 200 n =400

Error Method Cor Inc UF CF OF Err Cor Inc UF CF OF Err
N(0,1) SCQR 8.87 0.17 0.04 0.83 0.13 0.31 14.99 0.03 0.01 0.97 0.02 0.26
USQR 8.91 7.60 0.03 0.01 0.96 0.91 14.99 6.49 0.00 0.00 1.00 0.46
SQR(0.25) 7.74 0.67 0.29 0.38 0.33 0.89 14.82 0.31 0.05 0.76 0.19 0.38
SQR(0.5) 8.39 0.40 0.150.59 0.26 0.59 14.97 0.10 0.01 0.90 0.09 0.30
SQR(0.75) 7.62 0.65 0.30 0.35 0.34 0.94 14.88 0.36 0.04 0.71 0.25 0.37
L1QR 3.49 81.87 1.00 0.00 0.00 2.39 6.11 166.3 1.00 0.00 0.00 2.49

QasSIS 8.65 171.0 0.26 0.00 0.74 - 14.50 163.5 0.37 0.00 0.63 -

PXC 8.98 5.83 0.01 0.020.98 - 15.00 4.00 0.00 0.00 1.00 -

SIS 6.65 8.35 0.950.00 0.05 - 10.96 8.28 0.99 0.00 0.01 -
t(3) SCQR 5.88 0.02 0.63 0.350.02 1.32 13.12 0.03 0.32 0.66 0.02 0.70
USQR 7.23 1.47 0.48 0.11 0.41 1.93 14.21 2.10 0.18 0.14 0.68 1.45
SQR(0.25) 4.13 0.09 0.90 0.07 0.03 2.35 9.53 0.17 0.74 0.18 0.08 1.80
SQR(0.5) 5.57 0.09 0.66 0.26 0.07 1.73 2.57 0.10 0.37 0.56 0.07 0.96
SQR(0.75) 4.12 0.08 0.90 0.07 0.03 2.38 9.93 0.22 0.68 0.19 0.13 1.70

Table A.6. Average computational times (in seconds) for robust methods.

N(0,1) £(3)
Scenario SCQR USQR LIQR QaSIS SCQR USQR LIQR QaSIS
1 359 585 4854 120.0 - - -
P 45,7 176.6 4722 1238  68.7 2056 503.9 129.0
3 650 1014 2970 90.3 829 121.2 2951  90.4
4 50.2 182.1 511.5 131.0 58.4 199.6 499.7 133.1
5 54.2 124.0 295.3 93.0 72.1 129.5 319.2 100.0




Table A.7.  Simulation results of the SCQR method for Scenario 2 with
different bandwidths.

N(0,1) £(3)
h Cor Inc UF CF OF Err Cor Inc UF CF OF Err
0.16 4.98 0.00 0.02 0.98 0.00 0.21 4.66 0.00 0.34 0.66 0.00 0.37
0.32 5.00 0.01 0.00 0.99 0.01 0.19 4.77 0.00 0.23 0.77 0.00 0.31
0.48 4.99 0.00 0.01 0.99 0.00 0.19 4.69 0.00 0.31 0.69 0.00 0.35
Table A.8. Simulation results for Scenario 6.
© = [0.04,0.09] © = [0.05,0.1]
Method Cor Inc UF CF OF Err Cor Inc UF CF OF Err
SCQR 3.99 7.66 0.01 0.01 0.98 0.02 4.00 4.60 0.00 0.07 0.93 0.02
USQR 4.00 23.16 0.00 0.00 1.00 0.02 4.00 17.63 0.00 0.00 1.00 0.02
SQR(0.06) 3.97 10.48 0.02 0.00 0.97 0.73 3.98 8.95 0.02 0.01 0.98 0.69
LIQR 4.00 81.99 0.00 0.00 1.00 0.04 4.00 82.30 0.00 0.00 1.00 0.04
QaSIS 3.34 67.37 0.51 0.00 049 - 3.42 65.76 0.48 0.00 0.52 -




2. Sufficient Conditions for (C3)

Some sufficient conditions for (C3) are presented in the following examples,
and the proofs are included at the end of the Supplementary. Let M € M3
Ezample 1. Suppose that n=' 7" | f(0|X;)X; X[, is positive define.
This condition is considered by Koenker (2005) Then condition (C3) is
satisfied for sufficiently large n. Ezample 2. By Fzample 1, we can also
assume that f(0|X;) > f for a constant f > 0, and n=' Y27 | X; X/, is

bounded away from 0. Then condition (C3) holds.

Ezample 3. Suppose that the following conditions hold: (I) there exist
positive constants f and f, which are independent of 7 and x, such that
£ < f(0]z) < f. (A1) sup,, | f(ulz) — f(O|z)| < Aglu| for a constant Ay > 0.
(IIT) The eigenvalues of n~' 3" | X; X[, are bounded from below and
above by some positive constants m; and ms, respectively. (IV) Assume
that {d°7 (X u)?}¥2/(vnd> 0| X/ ul?) = ms > 0, where the support
of u belongs to M3 and w # 0, and 3 is a constant free of u. Condi-
tions (I) and (II) are considered by KZheng, Peng, and He (P015), while
condition (III) is a variant version of their condition (C4). Condition
(IV) is similar to condition (D.5) of Belloni_and Chernozhukov (2011). If

llull2 < imlfng/@Aomg/?), condition (C3) is satisfied for sufficiently large



3. Technical Proofs

In this section, we establish the proofs of Proposition 1 and Theorems 1—6
in the main text. For any two numbers,; a < (2) b means that there exists
a constant ¢ > 0, satisfying a < (>) cb.

Lemma 1. If h — 0 and nh* — 0, then we have that uniformly in T and
B, with supp(B,) € MY,

-zy»y X{B,) E:Mhy X B,) + op(n1%).

Proof. Let & = Y; — X/ 3. for the ith subject. With a slight abuse of
notation, denote F'(-) as the cumulative distribution function of €. Note
that

—Zm .fﬁ——th -X/B,)

:_ZE’ —&/h) — 1(& < 0)]

- / s®(—s/h)[dF(s) — dF(s)] — / sI(s < 0)[dE(s) — dF(s)]

+ /S[@(—s/h) —I(s < 0)]dF(s]X)
EUl + U2 + Ug,

where F() is the empirical cumulative distribution of €,7 = 1,...,n. Let



u = sh™!. For U; and U,, the integration by parts gives
Uy = —h / (E(uh) — Fuh))d{ud(—u))}
—_h / B (uh) — F(uh)|®(—u)du + h / (E(uh) — Fuh)jud(—u)du
= Uy + Uns,

U, = / B(u) — Fu)]I(u < 0)du.

Using oscillations of the empirical process (Shorack and Wellned ([986),
p.531), we have that uniformly in 3 and T,

o -0 45 s )] )

hlog

and

[Ua| = Op([hlorgL(n) log (hlo;(n))]l/g)'

Applying the integration by parts and the Taylor’s expansion, we obtain
that |Us| = O,(h?), which is free of 3, and 7. This, together with the results
of Uy and U,, gives

1 & 1 &
- (Y —-X8,) -~ Y =X < U, + Uy| + |U
(n;m Br) = & sV = XIB))| < U1+ Lol + U5

which is of order

OP([MOS(“) log (hlo;;(n))] T 7).

Thus, the conclusion follows from h — 0 and nh* — 0. O

3.1 Proofs of Proposition 1 and Theorems 1—2

Proof of Proposition 1. Suppose that B is an optimal solution, and

M = {j : ||bjl]l2 # 0} is the support of B. We can rewrite the objective



function as
1B =Dl =Y b, = d;ll5+ > ;5.
jeEM j¢M
Note that each term in the right hand side of the above equation is not
negative. Then set b; = d; for j € M, and the objective function be-
comes />y lld;l[3. Thus, to minimize the objective function, M must

correspond to the indices of the largest ¢ values of d;.

Proof of Theorem 1. To prove Theorem 1, we first show the convergence
of {U4(DW)}. For this, it suffices to show that the inequality (3.6) in the main
text holds since {{/(D")} is bounded above. An application of Lipschitz

condition of £,(3) gives that for any A > ¢,

- 1. : A
U(B) <UD) + 7 > (B = B b (B)) + 5518~ D% = Qa(B|D).
k=1

(C.1)



By the definitions of Qy(B|D) and D!+ we have
UDY =0,y (DYDY > @,y (DY D)

A0
pit) Zm“ﬂ 0., (8)) + 2| DI — DI

N

~ 1
1 I+1 ! 1+1 1112
=U(DY) + = > (B = BLL 6 (BE) + KHD[”—D“HF

k=1
A — ¢
2 Py pHl _ pldy2
+ =0 I

Al

=Qu(DI DIy + 22 pit+1 — i, (©2)

By (C.1) and (C.2), we obtain

Al
THDUH] D%, (C.3)

Z;{(D[l}) 2 LN{(D[lJrl}) +
which implies that the inequality (3.6) in the main text holds whenever
A > 6/(1 — p). Because (D) has an upper bound, (C.3) implies that

{t/(D"M)} has at least one limiting point in the feasible region.

We now show that there exists a subsequence such that DI is conver-
gent. When MY — oo as | — oo, the result is trivial. Next, we assume
that {\} is bounded, and hence there exists a subsequence S such that
M — X. For each | € S, denote the support of DU by MU, that is,
MU = {5 K'Y (B T“) # 0}. By (C.3) and the fact that ¢(DW) is

D[Z]H2

convergent, we know that || DI+ — % — 0 as | € § goes to infinity,

which implies that M is also convergent. Also, MU is a discrete sequence,



and hence there exists a constant I* € S such that MU = M foralll € S
and [ > [*. Thus, Algorithm 1 becomes a gradient descent algorithm on the
space MU for all [ € S and [ > I*. Since a gradient descent algorithm for
minimizing a convex function over a closed convex set yields a sequence of
iterations that converges (Nesfenrod (2004)), we conclude that the subse-

quence {DW : | € S} is convergent.

Next, we prove that Algorithm 1 will stop in a finite number of steps.

By (C.3) and assuming that Al > ¢/(1 — g), we get
iy e < AN T S | i) e
S (DY) (D)) zTZHD - DY

> R Z | D+ — DU,

which yields that

2K (1 — o) {U(D™) —U(D" 1)}
I+1 _ pll2
02111<HLHD DRl < 0P L '

Let A* = 2(1 — 0)/(0¢). By the above proofs, we know that the decreasing

sequence U (D) has at least one limiting point, denoted by U (D*). Then

we have

* y y [L+1]
min HD[lJrl DU]H% SA K{u( ) U(D )}
0<I<L L

_NE{G(DY) a0}
= 17 .




Note that \* and ¢(-) are bounded above. Thus, for any > 0, there exists
L = O(1/&2) such that for some 1 < [ < L, K~H|DIY — D2, < 2. In
other words, Algorithm 1 stops in a finite number of steps with the stopping

criteria being K—1/2||DIHU — DU||p <.

Proof of Theorem 2. Note that

1 . 1
41 _ p* _ +1] _ nl - [ U - N _ p*
1D D*||» _H{D Dl + )\H\II(D )}+{D )\m\I/(D )= D } i
(+1] _ pll] [l] m_ -
<[t~ 4 G|+ Dl = ot - 7|
By the definition of D"l and s < t, we have
1
[+1] _ m_ l] * _ 1 _ [
HD {D )\[l] }H HD {D p\U \D(D )}HF
Thus,
1 .
(+1] _ p* m_ - 1y _
|DEH — D < 2| D — (D) — |

The Taylor’s expansion yields that

1D — D* — (A") =1 (D) |

ZHB B, s (83) — sl (B)(8Y — 8513

[T~ 5 (B ) (B — B33+ 514 (85,

Sk

||<I /\[l] Tk(B ))(ﬁgi Tk ||2 \/ ZH&% Tk ||27

1

-
i



where BTk lies between ,Bgi and 3}, , and I denotes the identity matrix. The

last two inequalities are due to the fact that (a + 0)? < 2(a® + b?) and

\/25:1 (a2 +02) < /oK a2+ /32 12, respectively. This, combining

with ¢ < AU < ¢/[1 —1/(4v/2)], yields that

2 .
ID"*Y — D*[|p < 274 DY — D*||p + \/;II‘P(D*)HF-
[terating this relationship, we obtain
1] * -l [0] * 8 *
|ID¥ = D*|[p < 27| D™ — D*[|F + 5H‘I’(D )7

This completes the proof.

3.2 Proofs of Theorems 3—6

Lemma 2. Under condition (C}), there exist positive constants c; and b
such that for 1 < j <p,

P{’% ixij[l(q <0)— T]’ > b} < 2exp{—cinb*}.

Proof. Since {I(¢; <0):i=1,...,n} are i.i.d. Bernoulli random variables
with mean 7, it follows from the Hoeffding’s inequality (Hoeffding (T963))
that

1 n
P{]E ;xijmei <0)— T]) > b} < 2exp{—cinb?}.
This completes the proof. O

Proof of Theorem 3. Without loss of generality, we assume that © =

(0,1). Define the collections of under-fitted models with model size t as



Mt ={M : M* ¢ M,}. For any M € M, define M’ = M UM* € M3
Consider 3, , close to B85, such that [g [|B, 1 — Brapll3dT = (win™")?
for some w; and k1 > 0. Let ug pp = B%M, — B,y Then the definition
of integration implies that (w;n=2)2/2 < K=" S0 | [lwgar |3 < (20n7)?
for sufficiently large K. Set A = (w1, U, ..., ug) = D — D*. Further define

the following criterion:

where ¢, = Y; — XZT,B:k, and A,y is the sub-matrix of A associated with

the index of rows in M’. By the identity (Knighfi (I99%))
Ir—s|—|r|=—s{I(r>0)—I(r<0)}+ 2/ [I(r <t)—I(r <0)]dt,
0
we have

pr(r—s) — p.(r) :s{l(r<0)—7'}+/os [I(r <t)—I(r <0)]dt.



Thus, O, (Aj) can be written as follows:

AM’ = X M’uk’ M’ Ezk < O) — Tk}
KZZ

k=1 =1
ZM/uch/
k 1 i= 1

K n
Z ‘_ZXzM' (e < 0) = 7] lwrar 12

K ijl,u’klw’

ZZ/ [T(ei < ) = I(e < 0)]dt

=—I5 +I. (06)

Let

uk g

ng:n Z/ ZM ezk: St)—[(ﬁzk SO)]dt

An application of Hoeffding’s inequality (Hoeffding (I963)) yields that for

some ¢ and v > 0,
P{|ly — Ely| > (1n/2)n %2} < 2exp{—cyn' =1},

This, combining with conditions (C2) and (C4), implies that with proba-

bility greater than 1 — 2n exp{—con!=*2}

1 X v Wi " K ,
— ZZ/O (e <) = I(ew < 0)]dt > ; [Esyals

Define the event

{12 > —Z [xrvalF }



In view of (C.6), to prove P{O,(Ays) < 0} — 0, it suffices to establish
P{I, > I} — 0. On the event 2, we obtain that for some positive constant

V7,
P{Il > ]2}

1 &1 LK
P{Ekz:; HEZZ_:XZ‘,M/[I(EM <0)— Tk]HzHuk,M/HQ > ﬁ Z ||ukM,||§}

K
<{[ g 13 3 Xowlren < 0=l [ ZHwHP”—K;wH%}

P

VAN

1 12 o X
<p{ g I3 X <00 =l [ 3 o] > 2 3 o)

By ||_ZX1M/ e < 0) —7il|l,] > Vzuln,&}

1<k<K n

5 Aol o) e

k=1 jeM'

By Lemma 2 and condition (C4), there exist some positive constants ¢z and

¢4 such that

1 n
P{’— g zij[I (i, <0) — 7| > V2t_1/2n_§2} < czexp { —yn'TH 2L
n
i=1

(C.8)
Note that P{Q°} < 2nexp{—cyn!~%2}. This, together with (C.7) and (C.8),
yields that

P{U(D}p) > U(Dar)} < 2nexp{—con' "} + 3Kt eXp{ — 04n%}_

(C.9)



Therefore, the Bonferroni inequality implies that
* .
P{U(DM’) > J\/Illelﬁlt_u(DM)}
<2np' exp{—con' 72} 4 s Knf'p’ exp {- cnl=6m26 3

Note that U(D) is strictly convex. Thus, the above results hold for any 3,

such that \/fe 18000 — Biapll3dr > wen™%. For any M € M, let B,
be the augmented vector of 3; 5 with zeros corresponding to the elements
in M'/M*, where M'/M* is the complement set of M* in M’. Since M’ =

{M U (M*/M)} U{M'/M*}, it follows from condition (C2) that ||BT,M/ -

Brarllz = 18z 1+ |2, and hence \/f@ ||BT,M’ — Brarllzdr > won 2. Then
the definition of integration implies that (win™"2)2/2 < K~ 31 |8, ar—
By, arll3 < (2win™"1)? for sufficiently large K. Consequently, we have that

under condition max{& + &»,& /2 + 26} < (1 —&)/2,

P{ max U(Dy) > min U(Dy)}

MeM}i MeM?!

<P{U(Dj;) > min U(Dy)}

MeM?t
<2np’ exp{—con' "} + s Kn®'p'exp { — en' 872} = 0.
This completes the proofs.

Proof of Corollary 1. If M, ¢ M™*, then there exists some j € M, but

j & M*. Thus, it follows from Theorem 3 that |M*| < |M,| with probability



tending to 1. This is contradictory to the fact |M*| = |M,|. Hence, we must
have M, C M* with probability tending to 1. This, together with Theorem
3, yields the conclusion.

Lemma 3. Suppose that conditions (C1)—(C4) hold. Then for a constant
Cs > O,

1 2 *
. L . < &) _ .
nlg%op{\/fHD D*|lp <cn™} =1
Proof. By the convexity of p,(-), it suffices to show that for any given a > 0,

liminf P{ inf inf O,(Ay)>0}>1—a,
oo MEM! [|A]r=b

where b = ¢;v/Kn~¢. Following similar arguments to the proofs of (C.5),
(C.7) and (C.9), we can obtain the conclusion. O
Proof of Theorem 4. For any M € M!, define M' = M U M* € M3

Similarly to (C.7), we can get that with probability tending to 1,

| X
%H_Q& < On(A) = Z [ka (eik — XIM,uk’M/) — pr, (Em)] < pn~%e,

(C.10)
Under the assumption F(]e]) < oo, we obtain that n=' > | p., (x) —p
E{p. (i)}, and 31 < E{p,, ()} < vz for some constant 0 < v3 < oc.
Therefore, we have that with probability tending to 1,

1 1
— <

K n
Vs n_K Z Zp’rk <6ik’ - XZM”u’k’,M’) < 2u3. (Cl]_)

k=1 i=1



In view of Lemma 3, (C.11) and condition (C3), following similar arguments
to the proof of (A.20) in the online Supplementary Material of Lee, Noh]
and Park (2014), we can show that there exists some constant vy > 0 (

independent of M € M") such that with probability tending to 1,

K n

Z Z [ (Yi — X;,FMBT}C,M) — pr (Yi — XIM’BW,M’)} > 2vy > 0.

k=1 =1

1
nk

(C.12)

Then it follows from (C.11) and (C.12) that with probability tending to 1,

min EBIC(M) — EBIC(M’)

MeM?t

= min
MeM?t

llog {1 I (nK)™1 Zszl Z?:l[pm (Y; - X’IMIBTk,M) — P, (Y; - XZM"BT;C,M’)] }
(nK>71 Z?:l Z:'Lzl p‘l’k (K - XZM’ﬁTk,M’)

(1) - |M’|>cn10§fl”)]

{ og(2), P S S o (= X B ) = (= X)) }

> min min

MeML 2(nK) S S (Vi = X B )
o lostn)
. V4 & IOg(n)
> min {10g(2), —} —wn*C,————= >0, (C.13)
MeM? 2v3 n

where the first inequality follows from log(1+z) > min{x/2,log(2)} for any
x > 0, and the last inequality follows from the assumption C,, log(n)/n!=% =
o(1). By (C.13), we have that for any underfitted model M with size ¢, there

exists an overfitted model M" = M U M* such that EBIC(M) > EBIC(M’)



with probability tending to 1 as n — oo. Thus, to prove Theorem 4, it

suffices to show

P{ min EBIC(M) > EBIC(M*)} — 1. (C.14)

t
MeM:

Note that

min EBIC(M) — EBIC(M*)

t
MeM!.

(nK)_l Zf:l Z?:l[ka (}/; - X';FIBT]C,M) — P, (}/1 - XIM*IBT]C,M*)] }

= min [log{l + — =
(nK)~t lec(:l > e Pry (Y; - XZM*'BW,M*)

t
MeM!.

oy log(n)
+ (1M] = M=

(nK)fl lec(:l Z:‘L:l [Prk(yi - X?TIBT]C,M) — Py (Y — XZTBT;C,M*)} }

> min min{log(2),

Me: 2(nEK) Yy S pr (Vi = X[ B, )
* log(n)
+ (IM] = |M*])C
> min min{log(2), —-n~%} 4+ C log(n) _,
B MGM-tF ’ 41/3 n )

where the second inequality follows from (C.10) and (C.11). This implies

that (C.14) holds, and hence completes the proof.

Proof of Theorem 5. Note that for sufficiently large K,

- . 1/2 1< . B 1/2
[ / 18, = Bilidar] " <[ = D 1By, — Bl + (csn 2]
k=1
K
1 n ) 1/2 B
<[ 1B, =Bl e
k=1

_
VK

1D = D*|[p + esn,



where the first inequality follows from the definition of integration, and
the second inequality follows from +/|a| 4+ |b] < +/|a| + \/|b|. Therefore, it

follows from Lemma 3 that

P{[/ 18, - B:lgar] " = 2en7} < P{—=ID — D"|lp > csn~®} 0.
©

1
s
This completes the proof.

Proof of Theorem 6. Let M, = MT U M*. As in the proof of Theorem

5, it suffices to show that for sufficiently large K,
P{LHD[Z] — D*||r >c5n_§2} —0 as n — oo. (C.15)
VK -
To show (C.15), in view of the proof of Theorem 2, we have

1 1 .
PL DR, = Dl 2 eon~ p <P{—llban (DY) 2 57 }

SOKTP|fr, (8] = En*% 7 |,

(C.16)
where ¢5 = ¢5/(2w1). By the definition of ¢, (3), we get
. . 1O Ezk (Gt
|£Tk,](ﬂ7—k>| S‘szz] 1+q) ’ ‘ Z.qukq) ‘
Ezk
_‘— Z Tij[me — 1+ <I>( ’ ‘ 5 Z L€ 2h2

(C.17)



Note that exp{—e%/(2h*)} = o,(hn=%2) as h — 0. Then for sufficiently

large n,

752

E Tij€ik |-

:Op

‘nh me

Moreover, the assumption E(|e]) < oo and condition (C4) imply that

2h2

n Y xijeik| < 00. Therefore, we get that the second term in the right

hand side of (C.17) is of order o,(n"2).

For the first term in the right hand side of (C.17), it can be checked

that

1 ~ €ik
szw 1+q><h)H

:—wa (e = e < 0)) + (B() = I(ea > 0))]]

| A

—wa (e < 0) ‘ ) wa 6““ (ezk>0)]‘ (C.18)

Note that [®(e;x/h) — I(eix > 0)] = P(eix/h) if € < 0, and [P(ep/h) —

I(e;x > 0)] = —P(—€/h) if € > 0. Thus, we have

1 €; _ 2

E Lij|-

Then by condition (C4), we obtain that the second term in the right hand

side of (C.18) is also of order 0,(n=%2). It follows from (C.16)—(C.18) and



Lemma 2 that for some positive constants cg and cz,

1 * — ) * -
P{ DY = Dl 2 cin™ée} <KpP{Jirs(83)] 2 con™®}
1 n
<K P{’— e — I(eg < 0 ‘> —& 8}
<Kp nZ[ (e < 0))| > esn™®/
<cgKpexp{—cn!s17%2},

which implies that (C.15) holds with 0 < (& + 2&) < (1 —&).
3.3 Proofs of Examples 1-3

Ezample 1. For simplicity, we assume that for each vector u € {u :
luplls < 6, M € M?}, XJu > 0 for all 1 < i < n. Define B =
n~t Y f(01X5) XXy, Note that

1—52 Z/o | [F(%|XZ) — F(0]X;)]ds I%Z/O i [sf(0[X;) + o(s)]ds

nl
1 n
=5 D FOX)(X{yuar)® + o(u” Bu)
=1
1 ;
ZZLUMBUM 2 U”’U,H%

where the first inequality follows from the fact that the largest eigenvalue
of B is bounded above by some positive constant. The second inequality

holds because the smallest eigenvalue of B is bounded away from 0.

Ezxample 2. The proof of Example 2 can be obtained with a slight modifi-

cation of the proof of Example 1.



Example 3. Note that

nlngZ/ : [F(%|Xi)—F(O|Xi)}ds

XT’U, n n
1 A
>1 Z / (57 (01X0) — Aos?)ds > o S FOX) (X u)? — 205 X l?
i=1 =1
_ n 3/2
1 _ Ay [UL(” DY Xi,MXIM)UM]
—uk(n? Zf(0|xi)xi,MXiTM)uM -2 =
fm1 I e (Hul! )23/
2 - -

Ao [N

fm
=|rur|§(—21 = )

ms

where the first inequality follows from the mean value theorem and condi-
tion (II), and the third equality follows from conditions (I), (III) and (IV).
If we take |luf|z < ifnlmg/(QAofng/Q), we obtain that condition (C3) holds

with v = fr, /3.
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