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FORM OF THE CONDITIONAL VARIANCE FOR STABLE
RANDOM VARIABLES

Renata Cioczek-Georges and Murad S. Taqqu
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Abstract. Non-Gaussian stable random variables always have infinite variance, but
the conditional second moment E[X3|X;] for a jointly a-stable vector (X1, X2) with
index 1/2 < o < 2 may exist when some conditions on the spectral measure are met.
Wu and Cambanis (1991) obtained a functional form of the conditional variance Var
[X2| X1 = z] for symmetric a-stable vectors with 1 < a < 2. This paper extends their
result to the whole range 1/2 < a < 2 and also provides a formula for the conditional
variance in the case where (X1, X2) are skewed and « # 1.
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1. Introduction and the Main Result

Let (X, X>) be a symmetric a-stable (Sa.S) random vector with index 0 <
a < 2. Assume that X; and X, are non-degenerate. Then E|X;|P < oo,i =
1,2, if and only if p < a. However, conditional moments E[|X,|?|X;] can exist
with higher values of p. If the components of (X;, X,) are linearly dependent,
conditional moments of any order exist. If we exclude the trivial case of linear
dependence, then as shown in Cioczek-Georges and Taqqu (1994a), conditional
moments of order up to p < 2a + 1 may exist. One can therefore investigate the
regression E[X,|X, = 2] if 0 < @ < 2 and the conditional variance E[X2|X; =
2] — B[ X,|X, = 2] if 1/2 < a < 2.

Recall that the joint characteristic function ¢ of an SaS vector (X, X,) is
given by

$(t,r) = Eexpl(i(tX, +rXy)) = exp(—/S [t51 + 155 °T(ds)),

where T, called the spectral measure, is a finite symmetric measure on the Borel
sets of the unit circle S, in R? (see for example Samorodnitsky and Taqqu (1994)).
There is a one-to-one correspondence between the measure I' and the distribution
of (X1, X5). The marginal characteristic function ¢, of X is given by

¢1(t) = Eexp(itX,) = exp{—o{|t|*},
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where o1 = ([g, [s1/°T(ds))"/* is the scale parameter of X.
For the case 1 < a < 2 the regression always exists, and Kanter (1972)
proved that for all x € R,

[s, 8717 s, (ds)
EX5| X =z] =2
[X5| Xy = 7] Js, 1s1]°T(ds)

x, (1.1)

where a<#> = |a|?sign(a) for a,3 € R. This result can be extended in some
situations to @ < 1. We have shown (Cioczek-Georges and Taqqu (1994a,b))
that E[|X5|| X, = z] < oo for all z € R if and only if

5] 1" '(ds) < oo for the case 0 < a < 1, (1.2)
and if and only if
—/ In |s;|T'(ds) < oo for the case @ = 1. (1.3)
Sa

The equality (1.1) also holds for 0 < a < 1 as shown by Samorodnitsky and
Taqqu (1991). They obtained this result under a condition slightly stronger than
(1.2) or (1.3), namely, assuming that [, |s:[7"T'(ds) < oo for some v > 1 — a,
0 < a < 1. (The form of the first derivative of the characteristic function ¢x, |,
of X, given X; = x used by Samorodnitsky and Taqqu to establish (1.1) follows
from (1.2) and (1.3) as well, and to establish its existence one does not need the
stronger condition stated above.')

In the Gaussian case (« = 2) the regression is always linear. In view of
(1.1), linearity extends to symmetric a-stable, 0 < a < 2, vectors whenever the
regression exists. However, the behavior of the conditional variance is completely
different in the two cases, as will be seen below.

Let us focus first on the second conditional moment. Again, results of
Cioczek-Georges and Taqqu (1994a,b) (c.f. also Wu and Cambanis (1991) for

'In fact, even Relation (1.3) is stronger than what is needed for the existence
of the first derivative in the case o = 1. The first derivative of ¢x,|, for a =1
exists without any additional assumption, and evaluating —id', ,(0) yields the
right hand side of (1.1). But, as it is known, the finiteness of an odd derivative of
a characteristic function does not guarantee the existence of the corresponding
odd moment.
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1 < a < 2) imply that, in the case 1/2 < a < 2, E[X7|X, = z] < oo for all z € R
if and only if

|s1|"®"™I(ds) < oc. (1.4)
Sa
Note that (1.4) implies that the scale parameter oy = ([g, |s1|*T'(ds))"/* of X,
is non-zero and hence X; # 0. A functional form of the conditional variance
for 1 < a < 2, under the above assumption, was obtained by Wu and Cambanis
(1991). The next theorem extends their result to the case 1/2 < a < 1 and shows
that the conditional variance is of the form C(T, a)R*(z:/01; ).

Theorem 1.1. Let (X, X5) be a SaS, 1/2 < a <2, random vector. Assume
that (1.4) holds in the case 1 < a < 2 and assume

/S 15,7 T'(ds) < oo (1.5)

for some v > 2 — « for the case 1/2 < a < 1. Then the conditional variance
Var[X,|X, = z], for © € R, has the form

Var[X,| X, =z] = 0] [o? |sl|a_2sgf(ds)—(/ s34, I(ds))?|R? (z /oy ; @),

Sz SZ
(1.6)
where .
o [[° costze 2 2dt

+ 2.
Jo- costz et dt

R*(z;0) =

The function R(z;«) is symmetric and
— 00, if 1/2<a<1,
R*(z;0) —2°{ =1, if a=1,
— —00, if 1<a<2.
Moreover, if a # 1,

R(z;a) = £+ o(z), asz— o0,
R(z;a) = R(0;a) + B(a)z* + o(z?), asx — 0,

where

R(0;0) = [a(e = )T(1 = 1/) /T (1/a)]'/2,
B(a)R(0;a) = ((a — 1)/4)[~1 + ol (3/a)T(1 — 1/a) /T*(1/a)] > 0.

Remarks
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For the case 1 < a < 2 the statement of Theorem 1.1 is equivalent to
Theorem 2 of Wu and Cambanis (1991). To verify this, integrate by parts
(twice) the top integral of R*(x;):
R (2 0) = —azx fgzo sintz e:t:to‘_ldt N ala — 1101"000 cos t:zie:tat“_2dt L2
Jo costzet"dt Jo cos txe t"dt
Jo7 costze "t 24t
Iy costx et dt

=a(a—1) = a(a —1)S*(z; ), (1.7)

where S%(x; ) is the notation used in Wu and Cambanis (1991). Similarly,
R(0; ) = (a(a — 1))/25(0; ),

and
B(a)R(0; @) = a(a — 1)A(a)S(0; a),

where again A(«) is defined in Wu and Cambanis (1991). (There is a misprint
in that paper. One should have S(0;a) = (T'(1 — 1/a)/T'(1/a))/? instead of
S(0;0) = (al'(1 = 1/a)/T(1/))"/2.)

As remarked by Wu and Cambanis (1991), for the Gaussian case a = 2, we
have R*(z;2) =2 by (1.7) and hence (1.6) reduces to the usual formula

Var[X,|X; = o] = 203(1 - p2) = (Var(X,))(1 - p2),

where p is the correlation coefficient between X; and Xs.

For the case 1/2 < o < 1 we make the stronger assumption (1.5). For the
existence of the conditional variance it is enough to assume (1.4). But to
evaluate it, we need the form of the second derivative ¢, ,, which is obtained
using Condition (1.5).

One can draw conclusions similar to those in Wu and Cambanis (1991). The
conditional variance is proportional to the function R*(-/o;;«) which de-
pends only on the index of stability o and the scale parameter o, of X;.
When « = 1, this functional form reduces to the surprisingly simple expres-
sion R*(z/oy;1) =1+ (z/0,)?. The dependence on the joint distribution of
(X1, X>) expresses itself only through a multiplicative constant (which does
not depend on X; = z). This constant,

iy [ st — ([ S5 (e

is always nonnegative (by the Cauchy-Schwarz inequality) and finite. It can

. 2>—1 2
be zero only if ¢;s7%* s, + ¢57%/*” = 0, T'-a.e., for some ¢ 4+ 2 > 0,
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ie. sy = (e2/c1)s1, [-ae. (¢ # 0 since s; # 0 [-ae.), ie. Xy = (e2/c1) Xy
a.e. Hence, if X; and X, are linearly independent, the conditional variance
Var[X,|X; = z] can never be constant in contrast to the Gaussian case
(o = 2). In fact, it tends to infinity as |z| — co. The function R(z; ), which
is proportional to the conditional standard deviation, is even, approximately
quadratic around zero and approximately linear at infinity. Its mean is finite
for a > 1 but infinite for a < 1.

Figures 1, 2 and 3 display R*(z;«) and R?*(z;a) — z* plotted for various
values of parameter a. A graph of R*(0;a) as a function of « is given in
Figure 4. All figures were created with Mathematica, v.2.0.
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Figure 1. The functions R?(z;a) for a = 0.51, 0.6, 0.7, 0.9, 1, 1.3, 1.7, 1.9, 1.99, starting
with the top graph and proceeding down.
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Figure 2. The functions R?(z;a) — 2? for a = 0.51, 0.6, 0.7, 0.9, 1, 1.3, 1.7, 1.9, 1.99,
starting with the top graph and proceeding down. Recall that R?(z;a) — 2% — +00, as
x — 400, for a < 1, and R*(z;a) — 22 — —o0, as * — 400, for a > 1.
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R?(z;a)
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Figure 3. The functions R?(z;«a) for o = 1, 1.9, 1.99, 1.9999, 1.9999999, starting with

the top graph and proceeding down. Note that the closer « is to 2, the longer R?(x; )
stays flat and near 2 (R?(z;2) = 2).
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Figure 4. R?(0;a) as a function of a.

The next section contains the proof of Theorem 1.1. In Section 3 we include
a formula for the conditional variance in the skewed a-stable case, 1/2 < a < 2,

a# 1.
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2. Proof of Theorem 1.1

The statement of Theorem 1.1 for 1 < « < 2 follows from Theorem 2 of
Wu and Cambanis (1991) as noted earlier. Hence, we focus only on the case
1/2<a<l.

In Proposition 2.2 of Cioczek-Georges and Taqqu (1994a) we showed that,
for 1/2 < a <1,

Red'x, 1, (r)
2 00
o / cos tz exp(— |tsl+r32|al‘(ds))(/ (ts1+782)<0~1> 5,1(ds))2dt
27rf(1‘) —00 So S5
oz o
Y int — t T (d t <a=1> 2 1] ds)\dt
27 (2) /_oo sin ¢tz exp( /52| s1+1s2|“T( S))(/S2( $1+782) s2s; '0(ds))dt
o2

2nf(x) /O; Cost:nexp(—/Z2 |ts1 +r32|“F(dS))(/SZ(t31 +rs) <175, T(ds))

X (/S (ts1471s9) < 1> s2s7'T'(ds))dt, (2.1)

where ¢x,|, is the conditional characteristic function of X, given X; = x and
f(x) is the density of X;. Relation (2.1) was proved using (1.5) in the case
1/2 < @ < 1, but only (1.4) in the case & = 1. The second moment F[X3|X, = z]
is then finite for all z € R and

E[X3|X, = z] = —Regk, |, (0)
/ 131 <> T( ds/ 151|722 (ds)
2

—(/ S50 5,0 (ds))]
([l sr(as)

cos tx exp(—o®t*)t** 2 dt
7Tf( )/ ( 1 )

T o0
sintzexp(—odt®)t* dt. 2.2
o) p(-o7t") (2.2

Relation (1.4) (or (1.5)) implies o; > 0, i.e. X; # 0, and thus the characteristic
function of X, is absolutely integrable. The following equality holds for z € R:

_ L e ot g 1/00 —ot
flz) = 5 /ﬂoe e dt = gy costre dt. (2.3)

Using (2.3) and integrating by parts, we get

2

ax > T > T
_ sintz exp(—o®t®)t* 1dt = 7/ costzexp(—oft®)dt = —
o / p(—0ft%) et ) p(=ofi®)dt =



FORM OF CONDITIONAL VARIANCE 359

Now, we are able to calculate the conditional variance Var[X,|X; = z]. Relations
(2.2), (1.1), (2.3) and the last one imply

Var[X2|X1 = fL'] = E[X22|X1 = fL'] - EQ[X2|X1 = fL']
= [o¢ / 11| 252D (ds) — ( / 5797 5,T(ds))?]
Sz SZ

012 00 IL'2

. . t _ OétOé t20{72dt _

{wf(x) /0 cos tx exp(—o't®) + Uf‘l}

= ot [or [ Jalrsiris) - ([ sl ()]
{a2 I° cos(tail)e_ta t2o=2dt g2 }

Jo© cos(t=)et"dt o2

Thus, (1.6) is established.
We now turn to the asymptotic behavior of R(z;a), a0 # 1, as x — oo and
x — 0. First note that

R?(z; @)
lim ———~ =1+ lim
e 2 v—oo g2 [¥ costw et dt

o [ costwe 2 2dt )

The second limit is zero because [,° costze " dt ~ const z~*', as © — oo (the
integral fooo costx e t"dt is proportional to the density of the normalized one-
dimensional stable distribution), and [, costz e *"¢** 2dt ~ I'(2cc — 1) sin(7(1 —
a))z'™?* as £ — oo, by Theorems 126 and 127 of Titchmarsh (1986). Note,
however, that when z — oo, R?(z; a) — z* becomes infinitely large (+o00) if @ < 1
and infinitely small (—o0) if @ > 1 (see Figure 2).
We also have
a? fooo costz e tT 2 2dt ,

fooo costx e~ t™ dt

R2 . _ R2 0 (
o) ~R0a) _y | iy
z—0 xr2 z—0 21
o? [ sintze ¢ dt

a=0 2z [[° costr et dt

o?( ;7 costr e 122 2dt) ([, sintz et tdt)

z—0 2z( [ cos tx e~ dt)?

o’ * t* 201
=1— ———lim sintz et t**tdt)’
2 [, e tdt w—>0(/0 )

+

2 [0 —to‘t2a—2dt ) o
o Jo o . lim(/ sintre™" tdt)
2([0 et dt)?  ==0"J

A e edt  oP(fy e e Pd)(fy e MRt
2 [ e tdt 2(f,° et dt)? '

=1
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Using the equalities [;° e " t7dt = ['((8 + 1)/a)/e for > =1, and [(y + 1) =
yI'(y) for y > —1,y # 0, we get

. R*(z;0) — R*(0; ) ’T(2+7) oT2-2)r(E)
i pe BTV ES L CTey
=D rar(Bye(- D) (2)] = 2B@)RO:0).
Hence
lim R(ﬂc;oz)x—2 R(0;a) _ B(a),

which completes the proof.

3. Conditional Variance for Skewed Stable Random Variables

Condition (1.4) is also sufficient for the existence a.e. of the second condi-
tional moment E[X3|X; = z] in the case when (X, X5) is a skewed a-stable,
1/2 < a < 2, random vector (c.f. Cioczek-Georges and Taqqu (1994a)), i.e. when
the joint characteristic function of (X, X5) is of the form

exp{— [q, [ts1 + 7s2|*(1 — i tan Z¥sign(ts, + rs;))T'(ds)

2

o(t,r) = +i(tu +rp2)}, if a#1,
’ exp{— [q, [ts1 + 7s2[(1 4 i2sign(ts; + 7s,) In|ts; 4 75,|)T'(ds)
it + i)}, ifo=1,

where (p1, pto) € R? and the spectral measure I' on S, is not assumed symmetric
anymore. In this case, “a.e.” means “for all z such that f(x) # 0,” where f is
the density of X;.

The regression E[X,|X; = z] in the skewed a-stable case is given in Theo-
rem 3.1 of Hardin Jr., Samorodnitsky and Taqqu (1991a) and techniques for its
numerical computation are described in Hardin Jr., Samorodnitsky and Taqqu
(1991b). The regression equals

o1 a*(A — Bik) B a(A— k)1 —xzH(x)
E[X,| X, = 2] = kx + Tt T+ e @)
(s +a’BiN) a(A— k)1 —xzH(x)
T ires T re® ) (3.1)

where
1
o= ([ Isltr@s) e, == [ siers)
Sa

01 JS2
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are the scale and skewness parameters of X, and

1 1
a= tan(%), k=— [ s7%7"7s,0(ds), A= — [ [|s1|* 's.[(ds),

0—111 52 0—? S2

H(z) = /000 sin(tx — af,07t) exp(—o't®)dt,
wf(x) = /Ooo cos(tz — afo7'tY) exp(—oi't*)dt.
Set H(x) = (1/oY)Hy(z/oy) and f(z) = (1/0¢)fs(x/0o1), where

H,(z) = /000 sin(zt — af,t) exp(—t*)dt,

wfs(x) = /OOO cos(zt — aft*) exp(—t*)dt,

and f, is the probability density function of the standard a-stable random vari-
able with index « # 1, scale parameter o0, = 1 and skewness parameter 5.

The following theorem gives the form of the conditional variance for 1/2 <
a < 2, a # 1. Its proof, which is omitted, uses the techniques developed in
Cioczek-Georges and Taqqu (1994a) to establish a form of Re¢’, |, (r) for o # 1
under the same conditions as in the symmetric case. The case o = 1 appears
more complicated.

We suppose here that the shift vector (u;,us) is zero. This can be done
without loss of generality because Var[X,|X; = z] = Var[X, + pa| Xy + 11 =
T + ).

Theorem 3.1. Under (1.4) if 1 < a <2 and (1.5) if 1/2 < a < 1, we get for
(X1, X2) with (1, p2) = (0,0),

Var[X2|X1 = 1‘]
2 2—a 2—q 2 2 2
T \o|a”fio; <a-2> 2 o1 / a=2 2 (k+aBiA) o]
= (=2 |2 r S S [(ds) — T2 P14 91
o) {Ha%f% /5281 S g o ey
2
B 1= (F)H(F)\ a>(A\—Buk)0? E2 1= (F)Hs(F)
D) 1+ o) wf(Z)
2—a 2—a 2 2
aoy <om2>.2 _apioy a—2 2 o a(A=Pik) (5+a" B Ao}
<[ o ares - ety fl a2 R
1 o0
+ 790/ cos(—t—af %) exp(—t*) 1222 dt
7rfs(g—l) 0 01

X [a2(a2)\2 e aQaQﬁlaffa/ 5727851 (ds) + a’oi |31|°‘_233F(ds)]
S Sa
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1 Lz 202
+ 796/ sin(—t — af1t) exp(—t*)t**~*dt
”fs((,—l) 0 01

X [2aa2)\/wf —aaQUff‘l/ 572> 521 (ds) —aa2ﬂ10%7“/ |s1|> 252 (ds)| .
S Sa
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