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In this supplementary material, we further present some properties of our proposed estimator,
and provide the proofs for related lemmas and theorems. Lastly, we show the derivation of

generalized approximate cross-validation for choosing the tuning parameter.

S1 Properties of ABS estimator

Since our basis selection algorithm involves the response variable, the stan-
dard argument for the asymptotic analysis of smoothing splines does not
apply. We first present some theoretical properties which shed light on how
the adaptive basis sampling algorithm works and facilitate our asymptotic
analysis.

Consider the estimation of E{¢)(X,Y)} based on n i.i.d. observations
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{(x;, ;) Y1y, where ¢(z,y) € L2(X,)) is a generic multivariate function.
Two notations are introduced as the standard sample mean estimator and
a mean estimator based on a subset of samples which is adaptively selected

by our proposed method,

Ba() = = 3" 0l ), (S11)
KZ:CS, ’ 1 ng

E.(¢) = Z Tk{n_k Z w(:c;(k), y;(k))}. (S1.2)
k=1 j=1

The following lemma shows the new estimator based on a subsample

provides a good approximation to that based on all observations.

Lemma 1. Suppose ny, =n*/K, fork=1,..., K, then under the adaptive

basis sampling scheme, the conditional variance of B (1) is bounded

(B (O g0 Vo) < 50 3 Yy (819
and
2 K 2
E{EL(¥) — Ea()}” < — E(v7). (S1.4)

This lemma implies E} (¢)) — E,(¥) converges to zero in probability if
n* — oo for ¢ with F{*(X,Y)} < co. In other words, the subsample
estimator, E? (1), is a good surrogate of the usual estimator E, (¢)).

To understand the behavior of 74, the smoothing spline estimator com-
puted using the adaptive basis selection algorithm, we refer to two impor-

tant properties of the effective model space Hg.
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Lemma 2. For any function outside the effective model space, its evalua-

tions at selected samples {5} ", are all zeros, i.e. for h € H O Hp,

Lemma 3. Under Condition 1, 2, and 4, as A — 0 and n*\*/" — oo, if

unction h is not in the effective model space, i.e., h € H © Hg, we have

V(h) = 0,{\J(h)}.

S2 Proofs

Proof of Lemma 1 For each k, 1 <k < K, {x;(k)}?il is a random draw
from the k-th slice Si. Thus, for j = 1,...,n;, the conditional mean of

w(x;(k), y;‘(k)) given the data is

E{w(«}™, y ") { (@i, y) by} = ,S—1| D (e ulu € 5). (52.1)

It follows that the conditional mean of E* () given the data is

B0 ) ) i)
~s[y {nkzw -<k>>}\{<xi,yi>}?:1}

k=1

:—Zzw :Ij“yz yzESk Zw :C@,yl = n(w)

=1 i=1

Hence E; (1) and E, (¢) have the same mean value, E(1)).
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) (b

In the k-th slice, for j = 1,. .., ng, the conditional variance of 1/1( 2 Y;

given the data is bounded by its second order conditional moment whose

explicit form can be obtained by replacing ¢ by ¥? in (S2.1), i.e

*(k *(k *(k n 1 a
var{ (e, i) sy o} < BT yfH(mwbin} = 1o D0 @i w1 € S
i=1
(52.2)
Noticing that samples from the same slice and from different slices are

mutually independent, we obtain that
var{ & () { (2, yi) Y }
B 1Sk] o n
= var Z n \ e de 7 Y; ) o1 {(@i, i) H

k=1

Ny

= S L ) i)

The right hand side of the above has an upper bound due to (52.2)

n

var (E5 ()] { (0, ) ;LI}\Z’S’“ 1Z¢ (25, )1 (s € S,

k=1
which in turn is upper bounded by

K n n

1 1 K1
Z n K 21/12(%%)1(% € S) = povs EZW(%%)
=1

k=1 =1

with the fact that ny, = n*/K and |Sg|/n < 1. We thus have proved (S1.3).
The condition mean of E () given the data has been proved to be

E.(¢). Recall the definition of conditional variance, we have

var{E;, (V) [{ (25, y:) Yima } = BH{E; (v) — En ()} { (25, 5:) il
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We obtain (S1.4) immediately by taking expectation on both sides of the

above, i.e.

E{E, () — B (v)}* = Elvar{E} () { (2:, y:) }y } < — E(@7).

n*

Before proving the main result, we first present two useful lemmas in

Gu (2013).

Lemma 4. Under Condition 2, as A — 0, one has

1
=0\,
; 14+ Ap, ( )
This is part of Lemma 9.1 in Gu (2013).
Lemma 5. Under Condition 1, 2 and 4, as A — 0 and n\*/" — oo,
1 n
- > glz)hla)wlne(w:);y:) = Vg, h) + op({(V + X)) () (V + M) (h)}/?)
i=1

for all g and h in H.

This is Lemma 9.16 in Gu (2013).

Proof of Lemma 2 See the supplementary material of Ma et al. (2015).
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Proof of Lemma 3 By Lemma 2, given the selected samples {x;‘ ;L;l, for
any h € H © Hpg, we have

h(z;)=0 j=1,...,n"
Note that {x}}7", is the collection of {x;(k) iy from k= 1,..., K slices,

hence

E: (22 (X)u(m(X):V)} = 3 'S—’{ni S 12 (o) y;f‘k))} —0,

It follows that

V() = [ 1)) fx(o) do = B{ACX) 0 (0} B (X w(m(X ) V).
(52.3)

By Condition 1, there exist a collection of functions ¢, € H and a sequence

of nonnegative p, such that V' and J are simultaneously diagonalized, i.e.,

V(py, dp) = 0y and J(éy, 0p) = pu oy, Use ¢,’s as basis functions and

expand h as h = ) h,¢,, where h, = V(h,¢,). Then, (52.3) can be

written as

v -5 (Z hy¢y<x>)2vm 0} - (Z hu¢u(X))2w(ﬁo(X); n}.

Due to the fact that E(-) and E?(-) are both linear operators, we have

VIR =) > hohy [E{6u(X) (X0, (X)}=E; {6, (X) (X )w(no(X): Y)}].
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Applying the Cauchy-Schwarz inequality to obtain

1/2
)< IY?. {ZZhW (1+Ap,)(1+ )\pu)} (S2.4)

=173 "1+ Ap,) (S2.5)

where

I= ; ; 1 —l—l)\p,, 1 +1)‘pu [E{¢V(X)¢M(X)Uno(X)}_EZ{C%(XWH(X)%U(UD(X); Y)}}Z.
(52.6)

Since ¢,’s simultaneously diagonalize V' and J,
> B2+ Ap) = (V + AJ)(h). (S2.7)

In light of (S2.4), to bound V'(h), we need to investigate the magnitude of
I whose expression is given in (S2.6).
First, by inserting
L

En{¢u(X>¢u(X)w(770(X); Y)} = 5 Z ¢u($i)¢u($i>w(ﬁo($i)§ yi)

i=1

into the squared term in (S2.6) and applying the inequality (a + b)?

2a? + 2b%, we obtain

DD T T B0 ()}~ B (X)0,(X)um(X): )}

2

2N 1 B O RIRY)) B (X0, Xm0V

£ 91, + 21,.
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Next, we examine the magnitudes of I; and I, one by one.

Order of Ir. Recall that E{w(n(x); y)} = v, (x), then
B[ {6, (X)6, (Xm0 X)5 )] = B{6,(X)6, (X (X)}
and
var (B {0 (X)X (X): VY] = 5 var{6,(X)6, (X (X): V)

Therefore, the expectation of I is

2

Bhi=3 Z ; pry ; +1ME[E{¢V<X>¢#<X>% (X)} — Bu{ s (), (X Jw(no(X): Y)}]

- S T 00, (0um (V)

By Condition 4, var{¢, (X )¢, (X)w(no(X);Y)} < c; for some constant ¢z <

oo. Hence, by Lemma 4,

n 1+ Apy

EI < ﬁ(z ! )2 = O(n I\, (S2.8)

Order of I,. The expectation of I5 is

En=Y35 o T Bl (e X),C00 (X))} B0 (X)6,Outm(X): )]

As in Lemma 1, we assume n; = n*/K for all k£ and substitute ¢ (x,y) by



S2. PROOFS

o ()@ (x)w(no(x);y) in (S1.4) to obtain

< %E{¢3(X)¢2(X)w2(770(X); Y)}
< % (cs+1),

where the constant c3 is the bound of var{¢,(X)¢,(X)w(no(X);Y)} in

Condition 4. Again, by Lemma 4,

K(cs+1) 1\’ Ly
EL < = O(n* . 2.

Putting (52.8) and (52.9) together and noticing n* < n, we obtain
EIS2EL+2EL=0®""A")+0mn'A™") =0(m'A?").

Therefore T = O,(n*"A=%") and V(h) < (V + AJ)(R) - Op(n*~1/2A=1"),

The desired result follows from the fact n*~/2\=1/7 — (.

Proof of Theorem 1 in the main paper By the representer theorem,
7, the minimizer of (2.1) in the main paper, has an explicit form as in (2.2)
of the main paper. Given the effective model space Hg, let ng be the
projection of 77 to H g relative to the reproducing kernel Hilbert space inner
product. The proposed estimator 74 uses basis functions from Hg while 7

uses the full basis from H.
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According to Theorem 9.17 in Gu (2013), 1 converges to the true func-

tion 1y with certain rate. Notice that
fa—no = (Na —0e) + (e — 1) + (1 — ).

It suffices to show that both ng — 1 and n4 — N converge to zero at the
same or a faster rate. We achieve this in two steps.

Step 1. We show that g converges to 1y with the same rate as 7.
To this end, note that n — ng € H & Hg C Hy; and 7 € Hpg, therefore
J(1 — Mg, Ne) = 0.

For any functions g, h € H, define

Aynle) = 30+ e + 2ot 4 o)
i=1

It can be easily shown that

n

1

= 2 ulg(@)g)hle) + A (g, h). (52.10)

dAgvh(Oé)
do

Since 7 is the minimizer of (2) in the main paper over H, A, (o) reaches
its minimum at « = 0 when g = 7 and h = 7 — ng. Thus, for this choice of

g and h, the derivative in (S2.10) is zero. It follows that

n

MG = ) = = > i@ g ile) — s} (8211)

The fact that J(n — g, nEg) = 0 implies J(n — 7g) is equal to J(7,7 — 7g).
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Thus
A (i - %:u (22 ) () — ()} 2 81+ S5, (S2.12)
where
5= —%é{U(ﬁ(ﬂfi);yz) () ) Hie) — e,

So = == " ulilan); ) ite:) — el

We next study the orders of the two terms S; and Sy under Conditions 1,
2 and 4, and A — 0, nA\*" — oo.

For Sy, since u(n(z),y) is differentiable with respect to n(z), it follows
by the mean value theorem and Condition 3 that there exists a constant
7 € [e1, o] such that

S = =2 > wmo(w); v {ilws) — noli) Hi(w:) = e (i)}
i=1

Applying Lemma 5 to the right hand side of the above, we have

1Sl =7V (i = o, — i) + {(V + M)A —m0)(V + A) (7 — i)}/ 0,(1)

= {(V+ A0 = 1m0)(V + M) (i) = 7p) }/* Op(1)

For Sy, recall ¢, € H are eigenfunctions which simultaneously diago-

nalize V' and J such that V(¢,,¢,) = 0,, and J(¢,, ¢,) = pu6,,. Write

A A

n—1Ne = >, —Ne)u¢y, where (7 — Ng), = V() — Ne, ¢,). Plugging it in
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Sy and applying Cauchy-Schwarz inequality, we have

> - ﬁE)V{% z”: u(ro(s); yi)cbu(fi)}’

v =1

[T ) )

v

1Sy =

1/2

where 5, = %Z?:l w(no(z;); yi)dw(x;) possesses properties E(S,) = 0 and

var(8,) = 0%/n. In fact

E(8,) = E{u(o(X); Y)eu (X)} = Ex [E{u(no(X); Y)|X }¢, (X)] =0

and
B(52) = + B{(o(X): V)6(X)} = — Ex[B{u(mo(X); V)| X2 (X)}]

— B (X)) = S V(o) = &

Furthermore, by Lemma 4,

{Z T+ am } Z 1+1Apy =O(n'A7Y"), (S2.13)

and it can be shown by a similar argument as in (52.7) that

D (= 0e) 1+ Ap,) = (V + M)A — fp). (S2.14)

Combining (52.13) and (S2.14), we obtain

So <AV + M) (5 — i) 20, (n 2N/ @),

Now we are ready to determine the order of (V + AJ)(7) — 7). By

Lemma 3, V(7 — 1jg) is dominated by AJ(7] — 7g) since 1 — g € H © H.
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Thus, (V + A\J)(n — ng) converges to zero at the same order as \J (7 — 7g).

Therefore, it follows (S2.12) that

(V+ X)) —ne) <A — 1) = S1+ 5
AWV + A0 = m0)(V + M) (1) — ip) }7? O,(1)

+{(V + M) (0 = i) } 20y (2N ED),

After canceling out {(V 4 A\J) (/) —7z)}'/? and taking squares on both sides,

we obtain

(V4 M) = ) < (VA4 A0 = 10)Op(1) + Op(n~"A7H7)
= (V4 A)(0 = 1m0)

= O, (n~ A7V 4 aP),

Step 2. We show that 74, the smoothing spline estimator via adaptive
sampling scheme, converges to g with the same convergence rate as 7g.

Since 7 is the minimizer of (2.2) in the main paper over H, A, ()
reaches its minimum at o = 0 when g = 79 and h = 4 — ng. Arguing as in
the proof of (S2.11), we have

n

MG = i) = = S i) {iale) — (e} (52.15)

3

Since 74 is also the minimizer of (2.2) in the main paper over Hp, Ay n()

reaches its minimum at o = 0 when g = 74 and h = 94 —fg. Thus, similar
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to the previous result, we have

n

M (iasiia = ip) = = 3" ulia(e)s ) iale) — ()} (5210

i=1

We subtract (52.15) from (52.16) to obtain

A (fa = 1,74 — 1) Z{u ()5 yi) — w(fa(@:); va) Hialw:) — ne (i)}
Recall that 7g is the projection of 7 onto Hg and 14 — ng € Hg, then
(n—"ng) L (na—1ng). Such orthogonality implies that J(7—17g,Na—7Ngr) =0
and further
J(Na—ng) = J(ha— 0,04 —NE) + I () —0p, N4 —E) = J(a — 1,94 — 0E).
With this result, some algebra yields
I~ . . . . L
- > Aulia(@);vi) = wlis(@:); y) Hia(xs) — fp@)} + A (ha = ie)
i=1
(S2.17)
1<, . . . R
= > {u(i(z:);vi) — w(ip(@:); yi) Hiale:) — fple)}
i=1

(S2.18)

By the mean value theorem, Condition 3 and Lemma 5, there exists a

constant ¢ € [c1, ¢a] such that the left hand side of (S2.17) equals
CV(a=ne)+op{ (VA (ha=ie) }HAS (Na—=iie) = (VHAT)(la—ie){1+0,(1)}.
Similarly the right hand side of (S2.17) is bounded by

{(V+ A1) (7 = i) (V + AT) (1 — 1E)}/20,(1).
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Combining the above two results, we obtain that
(VAA) (a=ip){1+0p(1)} = {(VAN) (1 =015) (V+XT) (14 —18) } /2 Op(1).
Canceling out a term from both sides to obtain

(V4 X)) (4 — ip) < (V 4+ X)) (0 — iig) = Op(n”']A7Y7 4 M), (S2.19)

Putting results from Step 1 and 2 together, we conclude the proof with

the convergence rate

(V4 X)) (114 — m0) = Op(n A7V 1 2P,

S3 Derivation of generalized approximate cross-validation

The minimizer of (2.6) in the main paper satisfies the normal equation

SIS, SR, d Su Yo
= : (S3.1)

RYR, RIR,+ (nNQ] \c RYY,

where S,, = W23, R, = WY2R, and Y,, = W2Y. The normal equation
of (S3.1) can be solved by the pivoted Cholesky decomposition followed
by backward and forward substitutions (Kim and Gu (2004)). On the
convergence of Newton iteration, the “fitted values” of Y., = Spd + Ruc

by minimizing (2.4) in the main paper can be written as Yo, = Ap(A\) Y,
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where the smoothing matrix

+

STS, STR, A
Aw()\> = (Sw; Rw) )

RTR, RIR,+mNQ| \RZ

where S, = W25, R, = WY2R, Y,, = WY2Y, and C* denotes the
Moore-Penrose inverse of C satisfying CCTC = C, C*CC* = C*, (CCH)7
CC™* and (CTC)T = C*C.

A data-driven approach for the selection of the tuning parameter A
(including 0) is to choose A which minimizes the generalized approximate
cross-validation score (Gu and Xiang (2001)), one version of which was

derived by Gu and Xiang (2001) and is of the following form,

n n

LS Vi),

=1

GACV(N) = = 3" {Yiitalea)—blia(e)}+

- (S3.2)
One may employ standard nonlinear optimization algorithms to minimize
the generalized approximate cross-validation score. In particular, we use
the modified Newton algorithm developed by Dennis and Schnabel (1996)
to find the minimizer. 74 and f are evaluated at the minimizer of (2.1) in

the main paper with fixed tuning parameters, and A,, and W are evaluated

at the values given at the convergence of the Newton iterations.
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