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Supplementary Material

This note contains technical proofs.

S1 Technical proofs

We start with proving some preparatory propositions and lemmas.

Proposition 1. Assume Q* € H. Let ¢1(2) = 5(@,@) —£2(Q.8), v2(2) = £2(Q",g") — £(Q*,g*) and
An(Ro, A K) = E(Q7,g7) + 3¢ S0 1197, 13, + M X7 mllg™|

#72 - Then the following inequality holds

~

£(Q.8) Z 1@ 13, +Alzmug e < 01(2) + 92(Z2) + An (N0, A, K).
=1

Proof of Proposition 1: Since Q* € HI", 8" € H, for any [ (Zhou, 2007). Direct calculation yields that

~ Ao
= £Q8)-£:(Q8) +£2(Q8) + ﬁ;nczmnhmzmng I

=1
< E(Q.B) - £2(Q,8) + £2(Q%,g") — £(Q7.g%) + £(Q7,g")
Ao — P
+EO D Q% 3, + M Zm\lg*lllw
k=1

=1
= »1(Z)+ p2(2) + Ap(Xo, M, K),

where the first inequality follows from the definition of (Q, g). |
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Recall that

Ao -

m(p+1 0

Fro = Q) e M 0 23T 1Qn e < M D mllgt e < ok
k=1 =1

with r,, defined as in Assumption 5 in the main text. Then denote

S(Z,’I’n) = sup |E(Q7g) _€Z(Q7g)|
(Q.8)eFr,

Now we bound S(Z, r,,) using the McDiarmid’s inequality.

Lemma 1. (McDiarmid’s Inequality) Let Z1, ..., Z,, be independent random variables taking values in a set Z, and

assume that £ : Z™ — R satisfies

sup I£(21, 0oy 20) — £(21, ey 20y ey 20)| < Cy

’
Zl7~~;zn;ZiEZ

Soreveryi € {1,2,...,n}. Then, for everyt > 0,

2t>
P(|f(z1, vy zn) — E (21, 20)) | > t) < 2exp <_ch2> .
i=1 i

The following Lemma 2 can be easily proved using the McDiarmid’s Inequality.

Lemma 2. Supposed Assumptions 1-3 in the main text are met. If |y| < M, then for any r, and € > 0, there holds

7182

P(IS(Z,r,) —E(S(Z,r,))| > ¢e) <2exp | — 5 |- (S1.1)
8 (Mn + K % + 7me’n)

c3A1

In addition,

’I’LE2

P(E2(Q" ") — E(Q",8")] = &) < 2exp | e I S
8<Mn R g:,i.oo)
k=1 k=11=1

where cx = maxxez || X |00 and k = sup,cz \/ K (X,X).



Proof of Lemma 2: Let (x}, y;) be a sample point drawn from the distribution p(x,y) and independent of (x;, ;).
Denote by Z’ the modified training sample which is the same as Z except that the i-th entry (x;,y;) is replaced by

(x5, y}). By the triangle inequality

S(Z,rn) =82, ) = sup  |€2(Q,8) —€(Q,g)l— sup  [€2(Q,8) - E(Q,8)|
(Q.g)€Fr, (Q,8)EFr,
S sup ‘5Z(Q7g) _62'(Qag)|
(ng)e]:rn

Note that ££(Q, g) can be decomposed as

n

Ez(Q,g):ﬁZ S he(zoz) + 3 bz z) + S he(zez) |

k=1 \ts#i,j#i j=1 t=1

where hy,(;,2;) = wi; Ly, (i — Qr (%;) — 8, (x:)7(x; — x;)) with any fixed (Q,8) € Hn"™). Therefore, for
any (Q,8) € F..,£2(Q,g) — £2/(Q, g) can be simplified as

n

£2(Q.8) - €2(Qg) = mm_l S @z

kzl Jj= LJ#Z

Z hi(z},2;) + Z hi(ze,2;) — Z hk(zt,zg))

J=1,4#1 t=1,t#i t=1, 144
4 [T, CxKTp

M, + kK + .
n < )\0 03)\1

The last inequality follows from the following derivation,

IN

k=1j=1,j%#1
1 m n
< lyi — Qr, (%5) — &+ (x:)" (i — %)
m”(n_l)kz—:u—l,ﬁéi o ]
M, 1 & 2ox =
< — J— -
= 7, ng”QTk”OO+ ZZngkuoo
k=1 ==
t i LS (0 K \+2‘3"22s gty K|
= - su Tk Nz . u 0 N
n mn p k Hel T on p g’“ e
k=1% k=11=1%
1 Tn  2CxKTy
< =(m, I'n
- on < T Ao + 31 )



where the first inequality follows from L, (u) < |u| and |w| < 1, the second one follows from the triangle inequality,
the equality follows from the reproducing property, and the last one is based on Assumptions 1 and 3 in the main text,
the Cauchy-Schwartz inequality and the fact that (Q, 8) € F,.,.

Interchanging the roles of Z and Z’ yields that

Tn  CxKTn >

4
_ , < —
|(‘:Z(Q7g) 53 (Q’g)| —n (M tr /\0 C3/\1

Then applying the McDiarmid’s inequality, we have the desired probability upper bound in (S1.1). Similarily, the

proof of (S1.2) can be obtained by directly applying the McDiarmid’s inequality. ]

Lemma 3. If |y| < M, there exists a constant a,, x such that

(Mn + ;7[1) + Cg)\l)
NG

Proof of Lemma 3: Denote &;(X,y,u) = w(x —u)L., (y — Qr,(u) — g7 (x)(x —u)), then

E[S(Z,rn)] < axx

5(2,m)= sup [£2(Q,8) —£(Q 8)|

(Q.g)EFr,
1 m n 1 m n
S sup 5(Q7g)77 E 5,(X7y7X‘) +|— E 5/(X7yvxl) 75 (Qag)
o | i 2o B ) 35S () - E2(Qu)|
1 m 1 n m
< Ex.)|—E X,y,u) — — X, Y, X,
< (Q,Z?Eﬂn (,y)|m uZSk( y,u) mn;;fk( Y, %;)|
+ sup Z| (x,y) Z X yaxj)) Zzgk X’L7ylﬂxj
(Qg)eF,, M k=1 z;éjk: 1
1 m 1 n m
S E s sup 7Ell g x,y,u)) — — 5 X, Y, X
Gew) (Q,g)e]-}”m{ (kz::l il ) n;; K J)’
+ sup sup |E(x (x,y,u §k(%i, yis 1
(@Qg)eF., M 2:1 eX‘ ( y) Z )) ;; k

= Si1(2) + 52(2),

where the first inequality follows from the triangle inequality, and the second and third inequalities obtain from the
definition of expected error and Jensen’s inequality, respectively.

Then, we apply the Rademacher complexities to obtain the upper bounds of F(.S1) and F(.S2) separately. In fact,



there holds

3\'—‘

E[S1(2)] = EzE(x7y)< sup 7‘E“Z§k (x,9,u ZZ&C(X,%X]')’)
k=1

(Q.g)eFr, M — j=1k=1

IN

%E(xyy)EZ’g( sup f% ZUJ‘ Zék(x,y,xj)D

(Q7g)€f7‘n j=1 k=1

IN

CEBzo( w530 D wlx—x) (5 Qn (i) — 6], ) —x,)) )

Qe)eFr, 527 =1

%Eu,y)Ezﬁ( sup | 300, wlx—) (@n, 05) + £, () x—x,)) [) + 2

1
Qeer., "3

IN

(M” + + 03/\1)
\/E )

< gk x

where o;’s are a sequence of Rademacher variables. Here, the first inequality follows from the Rademacher averages,
the second, the third and the last inequalities are based on the fact that the absolute function | - | : R — R is Lipschitz

and the basic properties of Rademacher complexity (Bartlett, 2002). Similarly, we have

(M" + 1;\75 + 03/\1)
NG

]E[S2 (Z)] < Qg

Then the desired result follows immediately. |

Proposition 2. If |y| < M,,, there exists a constant ay, such that with probability at least 1 — g,

T'n
< =1,2.
0(Z) < ary/— log5<M +’/>\0+03)\1)’ forany t = 1,2

Proof of Proposition 2: The above proposition can be obtained by using Lemma 2, Lemma 3, and the fact that

v1(2) < S(Z,r,) for any r,, defined above. |

Now we derive the upper bound of £(Q*, 8*). Based on the Assumption 1 in the main text, we have

EQg) < st - Z// (x— w)[Q2, (%) — Q7 (u) — 27 () (x — u)[px (W) d u dpy
< snm; [ [ ot wel x— ulpx(wppx (x)dudx
< sp+oPt2eics / et T4t



where t = 2= and s, = L 3" | [ [w(x—u)ly — Q% (X)|dpxdpx,y). Here the first inequality follows from

the triangle inequality, and the last two follow from Assumption 1 in the main text.

Proposition 3. Suppose that the assumptions of Theorem 1 are met. If |y| < M, there exists as > 0 such that for

any 0 € (0, 1), with probability at least 1 — ¢,

Q.8 Q.8) — < as4/ 1/ M, p+2
g(Qag)+J(Qag) Sn S a2 10g M + \/7)\1 0 +)\0+>\ )

Proof of Proposition 3: Since
£(Q",g") —sn < clcmﬁ“/e*tTttTtdt, (S1.3)

we have

* * >‘ = * 2 *
AH(AOaAlaK)_Sn = 5(Q ag )_Sn—i_EOI;”QTk”%K +>\1;ﬂ-l||g l||7‘[}2

m

< 6105OZ+2/6_t T g+ 0 Z||ka||ﬂ,<+/\12m||g (X

< as (0£+2 + Ao + )\1) R

. T
where a3 is a constant large than max{cics [ et *tTtdt, maxi<p<n, |Q*

7ol maxicp, callg* |y }. Together

with Proposition 2 and Lemma 3, there exists a constant ay such that with probability at least 1 — §

E(Q,8) + J(Q,8) — 50 < 91(Z) + ¥2(Z) + An(Nos M, K)
\/log 2 M, +,/ f)\1+ap+2+/\o+A1)

Furthermore, based on the definition of (Q, g), we have that

£2(Q.8) + J(Q,8) < £2(0,0) + J(0,0) < Z Z wijlyi| < Mp.
k 14,5=1
The desired upper bound can be obtained by setting r,, = M, in the above inequality. |



Proof of Theorem 1: For given constant a4 > 0, denote
~ 4, _1 _3.,-1 _1.4 P2
C=1{£(Q,8) — sn > asy/log g(n T4nTsA 2+ nTIA T+ ol Ao+ M) (S1.4)
Then we split C into two different events

P(C) = PCN{lyl>ni})+PECN{lyl <ni})

< Pyl =n)+ PCN{ly| <ni})

For the first probability, P(|y| > ni) = P(|y|2 > nz) < E(yl = O(n~2). Then we turn to bound the second

probability. Within the set {|y| < nt }, by Proposition 3, we have with probability at least 1 — ¢

~ 4 1 1 1
E(Q,g)—sn<a3\/@(n i+ +n/\4+0p+2+)\0+)\)

3
Aoni 1

where M,, is set as n3. This implies that P(C) < 4.

. . _1 [ — 9 .
Then with the choice of \g = n~1, A\; = n~ 2+2%29) and 0,, = n~ 2@+2+20) | there exists a constant a4, such
0

£(Q.8) — 50 < aaylog 30,

with © = min{ 4(pf2ri20), 5 +2 509 }+.Together with (S1.3), there exists a constant cg such that with probability at

least 1 — 6, |£(Q, &) — £(Q*, g%)| < cg4/log in=O, [ |

Proof of Theorem 2: First we show that 3" [|gL |l1 = 0 for any [ > po. Note that >}, &k ||y = 0 implies

that with probability at least 1 — 6,

that all &, are exactly zero and thus 37" iy I8k, [[1 = 0 based on the representer theorem in the RKHS. Therefore, it
suffices to show that >/ | |@k ||y = 0 forany I > po.
Suppose > i, |k |ly > 0 for some [ > po. As the check loss function is not differentiable at 0, the sub-

differential of (1) with respect to a;c is
R(@) = | Bu(@) + A(@), Ba(ay) + A@y)],

where A(a}) = A y Wzl(iocélk = Bi(al) = m Soi i1 wi(xj — 2i)Ke, (1, — 1) and By(al) =
m 1 () k

m 223:1 Wij (le zi) Ka,; Tk




On one hand, there exists a constant as such that

S . m i\ (@4)7 K &)
D In T A@)ls = nEx— == :
= VmYr G K &
~1
DV A

> m7%n7%A1a57lemin¢mam 1
m ~
> 1 ol

1 1 -1
> asm” 2N 2 MM YminVmaz-

_1
By Assumption 4 in the main text, n~ I\ Umin®maz — 00 as n diverges. Therefore, with an appropriately selected

m, we can assure that |[n=2 A(@k)|l2 — oo for some k, and thus at least one component of A(&) will diverge to

infinity.
On the other hand,
m m 1 n
1
Z |Bi(ey,)| = Z ‘m Z wij(zjl — i) Kx, (T — 1)‘ < 2cxKx,
= k=1 i,j=1
m 1 n

Z |B2(aty,)| = ‘ Z wij(xj — ﬂ%l)Kx,;Tk‘ < 2cxKx,

po mn(n — 1) 5=

where the above inequalities between vectors are component-wise. By Assumption 1 in the main text, all elements of
Ky are bounded and thus all components of By (@) and By (@},) are also bounded. Combining the above results, it
is then obvious that 0 ¢ R(&,) for some k, which contradicts with the fact that & is a minimizer of (3) in the main

text. Therefore, > [|&) [l = 0 for all I > po, implying >3, |8 [l = 0 foralll > pq .

m m

gl |l1 = 0 for some | < po, then
1 1187

Next, we show that >, [|g%, [|1 # 0 for every | < pg. Suppose >,

Z/ (931 (%))*dpx (x) < Z/} I8 (%) — g7, () [dpx (x) < D |8, — &5, I3, (SL3)
k=1 on k=1

where X,, = {x € X : d(x,0X) > 0,,,p(X) > 0, + c500}.

On one hand, by Assumption 5 in the main text and Theorem 1, we have as n diverges,

ZIIgm g 3<Z it |EQ.8) - Qg% — 0,

cs (Q,8)eF,,

with an appropriately selected m. On the other hand, by Assumption 6 in the main text, there exist ¢ and 79 € (0, 1)



such that fX\Xt (g7t (x))zdpx (x) > 0, and there exists 7, such that
sup |87 (%) — &7, (%)| < eglmo — 7| = 0,
x1

as m — oo. Therefore, as o,, — 0

;/X% (97 (%)) 2dpix (x) > / (920 (x) - g2t (%)) 2dp (x)+

X\ X,

/ (92 (%)) *dpx (x) + 2 / (2! () = gL (%)) g2 (%) dpx (x) > 0.
X\ A X\AX,

Clearly, it contradicts to the inequality in (S1.5), and thus >} ||§£.k [+ # 0 for every [ < po. Finally, combining the
above two results, we show that the proposed method can exactly recover the true active set with probability tending

to 1. [ |
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