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Abstract: By using kernel estimators of a multivariate density function and its
partial derivatives, and the estimators of the nuisance parameters, we construct
empirical Bayes (EB) estimators of parameters in a class of linear models. Under
suitable moment conditions on the prior distribution, the proposed EB estimators
are asymptotically optimal with rates arbitrarily close to O(n™!).
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1. Introduction

Since the empirical Bayes (EB) procedure was first proposed by Robbins
(1955, 1964), it has received considerable attention in the literature. Suppose
that in the pair (Y, ) of random vectors, Y is observable and parameter vector
« is unobservable. The conditional distribution of Y given « is specified by the
density f, on the observation space ), and « has an unknown and unspecified
distribution on parameter space ©. Based on an observation on Y, the problem is
to decide on « subject to a nonnegative loss function. If the prior distribution G
were known, we could estimate « by the Bayes estimator ag which achieves the
minimum Bayes risk R(G) with respect to (w.r.t.) G. But since G is not known,
the optimal estimator (o.e.) ag is not practically available. In the EB decision
problem, we assume that the above problem has occurred independently in the
past, say n times. Hence, we actually have n+1 independent pairs (Y(l), a(l)),

, (Y™ o) and (Y,a). Our purpose is to use the information contained
in the historical observation (Y(l), . ,Y(”)) and the present observation Y to
obtain an estimator @, = &, (Y(l), . ,Y(”);Y) for the present parameter vector
a, called the EB estimator, so that for large n it performs "nearly” as good as
the unavailable o.e. @ in the following sense: the overall Bayes risk, say R,,, of
ay, approximates the minimum Bayes risk R(G) attained by ag. If lim, o R, =
R(G), then the EB estimators are called asymptotically optimal (a.o.). If for
some ¢ > 0, R, — R(G) = O(n™%), we will say the EB estimators are a.o.
with convergence rates O(n~?). From the above arguments, it follows that the
EB approach to the statistical decision problem is applicable when the same
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decision problem has presented itself repeatedly and independently with a fixed
but unknown prior distribution of parameters.

For EB decision problems in a linear model, Singh (1985) considered the
EB estimation problem of regression coefficients in a linear regression model
under known error-variance. Wei (1990) studied the EB test problem for the
same model. Zhang and Wei (1994), Wei and Zhang (1995) extended Singh’s
work to the case of unknown error-variance; they discussed asymptotic optimal-
ity and convergence rates for the EB estimators of regression coefficients and
error-variance in the above model. Recently, Wei (1995) considered asymptotic
optimality of the EB estimators in a one-way analysis of variance (ANOVA)
model. In this paper we study the convergence rates of EB estimators for a class
of linear models.

In section 2 of this paper we derive the Bayes estimator of parameters, and
in section 3 we construct the EB estimator of parameters and state the main
result about convergence rates. We consider applications for the class of linear
models in section 4. Finally, some necessary lemmas and the technical proof of
one theorem are presented in the Appendices.

2. The Bayes Estimator of a Parameter Vector

Consider a class of linear models as follows:
Y = meqeqxl + XimxaQax1 + €mx1, (21)

where X7 X is assumed to be non-singular, o = (aq,...,q,)" is the estimated
parameter vector, § = (01,...,6,)" are nuisance parameters, Y = (Y1,...,Y,,)" is
the observation vector, and e = (ey,...,€y,)" is an unobservable random vector,
the conditional distribution of e given «a is N(0,021I,,) with ¢ unknown. In
this paper, we assume that o2 is bounded away from both zero and infinity, i.e.,
0<y < 0% < My < oo, where Yo and My are constants.

It is easy to see that linear regression model, the ANOVA and analysis of
covariance (ANOCOVA) models are special cases of model (2.1).

Let the loss function be given by

L(d,a) = ||d — a?, (2.2)

where d = (dy,...,d,)” € D, the decision space; a € O, the parametric space;
and ||t]|? =7t = 3¢, 2.

Suppose that the prior distribution G of « is a member of the following
family

Fs = {G(a) : /@ la]?dG(a) < oo}, (2.3)
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where 6 > 2. Then the conditional density of Y given « is

m
2

Flyla) = (2ro®) % exp{ — 5 4 lly — 20— Xa|?}, (2.4

and the marginal density of Y is

Fw) = [ Fwlo)dG(a). (2.5)
By formular (2.5) and Lemma A.1 in Appendix A, we have
2L |1y~ 20— Xalf(yle)iG(a)
= —ly=201f) + X [ af(la)iG(a) (2.6)
where
of (y) _Of(y)

I (f(’l)(y), . .,f(,m)(y))Ta f(ll)(y) =

p=1,...,m. 2.
i i=lom o (27)

0y; ’

Since X7 X is an invertible matrix, from (2.6) we have

[ arla)dGla) = (X7X)" X7 [(y = 20) () + o*

af(y)
8—y} . (29)

Hence, we get the Bayes estimator of « under the loss function (2.2) as
follows

bo(y) = Elaly) = [ af(4]a)dG(a)/1()

= (XTX)7' X"y — 20+ o*y(y)), (2.9)
where
0w = 221 50) = G ) b W)
Vo) = MHW/6), i=1..m (2.10)

The minimum Bayes risk of ¢ (y) w.r.t. G is
R(G) = R(66,G) = Ey.a)lloc(Y) — o, (2.11)

where E(y,,) denotes the expectation w.r.t. the joint distribution of random vec-
tor Y and a.

We know that R(G) = inf,~ R(a*, @), where the inf is taken over the set
of all possible estimators a* for which R(a*, @) is finite. The estimator which
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achieves the minimum Bayes risk R(G) is the Bayes estimator @ = ¢¢ given by
(2.9). Thus R(a,G) = R(G). Notice that R(G) can be exactly attained only if
the prior distribution G is known and « is estimated by &@. Unfortunately, G is
unknown and hence & is unavailable to us. This leads to the EB approach to
exhibit estimators whose risks are close to R(G).

3. The EB Estimation and the Main Result

In the EB framework, we make the following assumptions: Let (Y(l), a(l)), cee
(Y("),a(")) be independent pairs from a historical record and (Y("+1),a("+1))
= (Y, «) from the present experiment, with

Y(l) :Z9+Xa(l)+e(l)’ l:l’...,n‘i‘l, (31)

where the vectors YO, o) @ [ =1 ... n+1 areiid. as described in (2.1).
Usually YV ... V(™) are said to be the past (or historical) samples and Y is
called the present sample.

In order to obtain the EB estimator of a;, we use the class of kernel functions
similar to Singh (1981) and Lu (1982) to construct the kernel estimator of the
multivariate density f(y) and its derivatives as follows:

Let P(z), z € Ry,i=0,1,...,k—1 be a class of Borel-measurable bounded
functions vanishing outside (0,1) such that for each 0 < i <k —1

l/l lp,( )d _ 1a l:ia (32)
nJy TN 0 i i=0,1,. .k~ 1, :

where k > 2 is an integer.
Let K,(u) = [~ Pr,(u;). It is easy to show that

1 - l; . 1, ifli:n,izl,...,m,
L. .l IR, Kr(u)(g u')du = {0, otherwise, (3.3)

where u = (u1,...,um)" € Ry, r = > yr, 0 <r <k-—1,r, >0,1; >0,
i=1,...,mand 0 <" l; <k—1
The kernel estimator of f()(y) (see (A.1) in the Appendix A) is defined as

follows ©
1 i YW —
(") (y) = K Y —0,1,...,k—1 4
n (y) nhm”; 7’( h )7 r Oa ) ak ) (3 )

where h > 0 and h — 0 as n — oco. When r = 0 in (3.4) we get the following
kernel estimator of £ (y) = f(y)

n m o
Ful) = 1) = = S [T R (). (35)
t=1

n =1
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When r =1 in (3.4) we obtain the kernel estimator of f(’i) (y) as follows

n m (l)_ ‘(l)_ 4
o = e S (T R ()
= t;_é

Let

/
oWy 4, if|d <L,
wn(z)(y)_ [ fn(y) :|nV’ Z_la"'am’ [d]L_{O, if ‘d‘>L,

where 0 < v < 1 to be determined, and the estimator of 1 (y) is defined by

The nuisance parameters o2 and 6 involved in (2.1) are estimated by the

(3.7)

past samples as follows

6-72“ if Yo S &TZL S M07
62 ={ My, if 62 > My, (3.9)
Yo, if 52 < 7,

where 79 and M are given in (2.1),

SO . 2 1o
Gy = - > G0, oo = gY(l) HY' ", (3.9a)
=1
~ 13~ ~ }
0= - Z (1) 9([) = DY ), (3.10)

and where H and D are constant matrixes such that 3(2” and é(l) are unbiased

estimators of the nuisance parameters o and #. Furthermore, assume that H
is an idempotent matrix with rank R(H) = s such that 83(21) /o? is distributed

according to x? with s degrees of freedom; denote this by 5&(20/ o2 ~ X2
Then, the EB estimator of a can be formulated as

bn = dn(y) = (XTX) ' X[y — Z0+ 5% (y)]. (3.11)

Throughout this paper, let £ and FE, be the expectation w.r.t. the joint
distribution of (Y, ..., Y™ and (YV, ..., Y™ (Y,q)) respectively. Then,
the “overall” Bayes risk of ¢, is

R, = Ry(¢n,G) = E.|| ¢ — > (3.12)
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By definition, if for some ¢ > 0, R,, — R(G) = O(n~?) then the convergence
rates of ¢,, are said to be of the order O(n™1).

The main result about the convergence rates of EB estimators for the model
(2.1) is given in the following theorem.
Theorem 3.1. Let ¢g(y) be defined by (2.9) and ¢n(y) be as given by (3.11)
with h = n™" and v = 1/(2k +m). If for § = [(m 4+ N/ (n — N)] V (2Ak) with
1/2 < X <n <1 and an arbitrarily small number £ > 0 such that G(a) € Fs,
i.e.,

[ lalldG(a) < o, (3.13)

then

2(Ak—1)
R, — R(G) = O(n™ 2 ),
where k > 2 is a given natural number and m is the dimension of the vector Y.
In the above theorem, it is easy to see that if k is large enough and A is

chosen arbitrarily close to 1, then the convergence rates can be arbitrarily close
to O(n~!). The proof of Theorem 3.1 is given in Appendix B.

Remark 3.1. If the error-variance o2 is known in model (2.1), it is a special case
in which the upper bound My and the lower bound ~g of o2 are equal. Therefore
the estimator 52 in (3.9) becomes constant, and the Jo appearing in Appendix
B turns out to be zero. In this case, the conclusion about convergence rates is
still true, and the proof is a little easier than that given in Appendix B.

4. Applications

In this section, we consider EB estimation problems for several general linear
models, which are particular applications of model (2.1).

4.1. The linear regression model

In model (2.1), let Z = 0 and suppose that the elements of the matrix X
are values taken on by observations on continuous variables; then model (2.1)
becomes the following linear regression model:

Yix1 = XinxaQax1 + emx1, (41)

where the components of « are regression coefficients.
The Bayes estimator and the EB estimator of a given by (2.9) and (3.11)
become

da(y) = (XTX) ' X[y + o*p(y)], (4.2)
Dn(y) = (X7X) ' X[y + 3% ¢n(y)], (4.3)
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where X is described as in model (4.1), ¢(y) and 9, (y) are expressed by (2.10)
and (3.8), 62 is given by (3.9) in which 3(21) is defined by (3.9a) with H =
In— X(X"X) !XT and s =m —aq, i.e.,

65y =YWL, - X(X"X)7'XT)Y D /(m — a). (4.4)

It is obvious that & () (l=1,...,n) areiid. and (m — a)8(2l)/o2 ~ X2 4
By Theorem 3.1, we get the convergence rates of EB estimators for the linear
regression model as follows.

Subtheorem 4.1. Let ¢ (y) be defined by (4.2), and ¢, (y) be as given by (4.3)
with h = n~Y/@k+m) " [If condition (3.13) is satisfied, then

R, R(G) = O(n~ 55 ),

where k > 2 is a given natural number and m is the dimension of the vector Y.

Remark 4.1. If the error-variance o2 is known in model (4.1), that means the
upper bound Mj and the lower bound 7g of o2 are equal; then the estimator &2
in (3.9) becomes constant. In this special case, the conclusion of Subtheorem 4.1
is similar to the main result of Singh (1985) (see Theorem 6.1 of Singh (1985)).

4.2. The one-way ANOVA model

In model (2.1), suppose that m = ab,q = land 0 = p. Let Y = (Y3,...,Y,)7

= (}/EI.].J"'JYIb;”';Yala"'ayab)T a'nd € = (ela"' 7em)T = (6117"' y€1b3 """ €al,

., €eqp)”. Then, model (2.1) becomes the following balanced one-way ANOVA
model:

Yinx1 = Zmxipix1 + Xa+emx1 = (la @ L)+ (Io @ Ip)a + e, (4.5)

where Z =1,®1, and X = I,®ly, the parameter u stands for the global mean and
a = (aq,...,04)" satisfying the constraint > i ; @; = 0 denotes the treatment
effect of a factor, say A, the vector 1, = (1,...,1)” stands for a p-dimensional
vector with all its components being one, I, is an identity matrix and the symbol
® denotes the kronecker product.
The Bayes estimator and EB estimator of o given by (2.9) and (3.11) become,
respectively;
¢ (y) = (XTX) ' XTly = Zp— oy(y)] (4.6
buly) = (XX) X[y - Z7i - 5% (), (4.7
where Z and X are given in model (4.5), ¥(y) and 1, (y) are expressed by (2.10
and (3.8), fi = 0 and fi(;y = 0;) are defined by (3.10) in which D = (I,®1;)"/(ab),

)
)
)
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ie.,

1

& = 1
P do Ao =T = 35 (45)
=1 i—

and &2 is given by (3.9) in which 0(21 is defined by (3.9a) with s = a(b — 1) and

)
H=1,®1I,— ( ®Jb)/ Jb—lb®lb,1e

3

b

7 ZZYU v VU= vl =1 (19)

7,1] 1 7j=1

It is obvious that & () (I=1,...n) are ii.d. and a(b— ) /o b -
By Theorem 3.1, we obtaln the following convergence rates of EB estimators
for the one-way ANOVA model.

Subtheorem 4.2. Let ¢ (y) be defined by (4.6), and ¢, (y) be as given by (4.7)
with h = n~Y/@k+m) " [If condition (3.13) is satisfied, then

2(Mk—1)

R, — R(G) = O(n™ 7 ),

where k > 2 is a given natural number and m is the dimension of the vector Y.

4.3. The two-way ANOVA model

In model (2.1), let g =b+1, Z=(1, @ 1, ® ;) and 0 = (i, 7)", with
the other assumptions the same as described in section 4.2; then, model (2.1)
becomes the following two-way ANOVA model:

Yinx1 = me(b—i—l) ‘9(b+1)><1 + Ximxa Qax1 + €mx1
=Lolp+{aoh)a+(le@1,)5+e (4.10)
=L@ L)u+ I, @1, @ Ly + e, (4.10a)

where v = (a”,37)7, the vectors a = (aq,...,04)" and 8 = (f1,...,0)" satis-
fying the constraint ) i ; a; = 0 and Z?:l Bj = 0 are the treatment effects of
factors A and B respectively.

The Bayes estimator and EB estimator of « given by (2.9) and (3.11) become,
respectively,

da(y) = (XTX) X[y — 20 + 0>y (y)]

=X X)Xy - Lob)p— (Lo L)s+o*(y)],  (411)
Cbn(y):(XT ) lXT[y Z‘9+U @Z}n( )]

=X X)Xy - L@l)i- (la®L)3+5¢a(y)],  (4.12)

where Z and X are given in (4 10), (yA) and v, (y) are expressed by (2.10) and
(3.8), (7i,67)” = 0 and (ys ﬁ(l )T = 0q) are defined by (3.10) in which D =
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[(Ilo ®1p)/(ab), (1o ® Iy)/a — (1o @ 1;)l," /(ab)]", i.e., i and fi¢y are given by (4.8)
and

n . . 1 T 1 T
> Bw, Bay = [a(la 1) = =Ll ® 1) Jyo, (4.13)

and 2 is given by (3.9) in which 3(1) is defined by (3.9a) with s = (a —1)(b—1)
and H =1, @Iy — (1o ® Jy) /b — (Jo ® Ip) /a + (Ju @ Jp)/(ab), J, =1, @17, ie

a b
~2 7O 70 502
0= DD b_ ) ZZ —-Y; =Y/ +Y ) (4.14)

with 7.@ and ?Z@ as given in (4.8) and (4.9), and Y( =y IY(l Ja. 1t is
obvious that 8(21) (l=1,...,n)areiid. and (a — 1)(b— 1) /a ~ X(a 1)(b-1)"

By Theorem 3.1, we get the convergence rates of EB estlmators for the two-
way ANOVA model as follows.

Subtheorem 4.3. Let ¢ (y) be defined by (4.11), and ¢, (y) be as given in (4.12)
with h = n~YCk+m) [t condition (3.13) is satisfied, then

_2(Ak—1)
R, — R(G) = o(n i >’
where k > 2 is a given natural number and m is the dimension of the vector Y.

Remark 4.2. In model (4.10), if we want to get the EB estimator for parameter
vector 3, when « is considered as nuisance parameters since a = (aq,...,qq)7 is
a vector, then we can exchange the estimated status of « for 3 in section 4.3; this
case is also a special form of model (2.1). Therefore, similar to section 4.3 we can
construct the EB estimator of § and obtain the conclusion about convergence
rates like Subtheorem 4.3.

Remark 4.3. In the two-way ANOVA model (4.10a), if we want to get the EB
estimator for parameter vector v = (a”,37)7, it is easy to see that this is still a
special case of model (2.1). In model (4.5), replacing o and X = I, ® I, with ~
and X = [I, ®1,,1, ® I]; then similar to section 4.2 we can get the EB estimator
of v and obtain the result about convergence rates like Subtheorem 4.2.

4.4. The ANOCOVA model

In model (2.1), assume that the elements of X are integers, usually 0 or 1,
and the elements of Z are values take on by observations on continuous variables
(also called concomitant variables). Let § = (3, then model (2.1) becomes the
following ANOCOVA model:

Yix1 = XinxaQax1 + meqﬁqxl + emx1, (415)
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where the components of J are the regression coefficients, and the components
of o denote the effects in the corresponding ANOVA problem derived from the
ANOCOVA model. Suppose that R(Z) = q and

p(X) N p(Z) = {0}, (4.16)

where p(B) stands for a generating linear subspace by the columns of matrix B.
The Bayes estimator and the EB estimator of a given by (2.9) and (3.11)
become, respectively

da(y) = (X"X) ' X[y — ZB + o*Y(y)],
dn(y) = (XTX)1XT[y — ZB + 6% (y)], (4.18)

where X and Z are described as in (4.15), ¥(y) and v, (y) are expressed by

~

(2.10) and (3.8), 3 = 6 and ﬁ = 0 are defined by (3.10) in which D =
(ZTNZ)"YZ™N, ie.,

S By By =(Zz"Nz)'z"NY O, (4.19)

and &2 is given by (3.9) in which 3(21) is defined by (3.9a) with s = m —a — ¢ and
H=N-NZ(ZTNZ)"'Z™N, ie.,

9 1

52, = [YO'NYO — (27 Ny Oy (27N Z) T (Z27NY D) (4.20)

m—a—q

with N = I — X(X7X)"!X7. Under assumption (4.16) we know that Z"NZ
is an invertible matrix. It is easy to see that 3(21) (l=1,...,n) are i.i.d. and

(m —a— 61)3(21)/0-2 ~ X%z—a—q'
By Theorem 3.1, we obtain the following convergence rates of EB estimators
for the ANOCOVA model.

Subtheorem 4.4. Let ¢g(y) be defined by (4.17), and ¢,(y) be as given in
(4.18) with h = n~Y/Ck+m) If condition (3.13) is satisfied, then

_2(A\k—1)
R, — R(G) = o(n Skt )7
where k > 2 is a given natural number and m is the dimension of the vector Y.
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Appendix A: The Lemmas

In order to get the Bayes estimator of « in section 2 and to prove Theorem
3.1, we need the following lemmas.

In the Appendices, suppose that ¢, ¢y, cq,... always stand for positive con-
stants and they may denote different values even within the same expression.

Lemma A.1. Let f(y|a) and f(y) be given by (2.4) and (2.5) respectively. Then
f(y) has continuous rth order mized partial derivatives

" f(y)

(M () = £ ) = —— I Al
f (y) f (rla » T'm; y) 8:1/{1 . 0y77:nm ’ ( )
("’:ZT“ ri>0, i=1,....m, 0<r<k)
i=1
which satisfies
1) = [ 176la)dc() (A2)

where k > 1 is natural number.

Proof. It is obvious that f(")(y|a) exists, is continuous, and can be written in
the form of exponential family. By Chen (1981), Theorem 1.2.1, f(")(y) exists,
is continuous, and has the expression (A.2). This lemma is proved.

Lemma A.2. Suppose that R(G) < co. Let ¢, be an arbitrary a-vector statistic,
then
R, — R(G) = E.|lén — ¢l

Proof. See Lemma 4.1 of Singh (1985).

Lemma A.3. Let X, X' be random variables, x, ' be real numbers, and L > 0
is a constant; then for 0 < r < 2 we have
X 7

F[% -~ S1LI s 2l {m o () B ),

Proof. See Lemma 3 of Zhao (1981); it is similar to Lemma 4.1 of Singh (1979).

Lemma A.4. Let ¢G(y) and ¥(y) be defined by (2.9) and (2.10) respectively. If
Jo lla]|?dG() < oo for § > 1, then

(i) Eilloa(¥)]° < oo,

(i) Es[p(Y)]|° < oo
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Proof. By Jensen’s inequality, we get

Eloc)I"= [ 1By Sy < [ E(lol’l)fw)dy

= [ [[lallsl)ic@)ay = [ Jalficia

From (2.6) we know that ¢ (y) = ag—éy)/f(y) = —(y—20)/0® + E(Xaly)/o?
and noting that 02 > vy > 0, we have

E ()|’ <7 El|E(Xaly) — (Y - 20)|°
< EJE(Xaly)||® + e Ey||Y — Z0||° = ¢1 P + o Ps.
Let A = max[root(X” X)], then || Xa||?> < A||a/|?>. By Jensen’s inequality we get
P = E.|E(Xaly)|’ < E[E(|Xal’ly)]
<X [ [l fgla)dGia)dy = X2 [ ] dGila) < oo
Rm JO e
and
P, =E.|Y — Z0|°
<cu [ [ =20 Xal fyl)dGa)dy

¥ e /R /@ IXall® f(yla)dG(a)dy = a1 Por + c22Po.

By the fact that E||Y —7||° < oo if Y ~ N(n,Y), we know that Py < oo. Similar
to the proof of P;, we have Pyy < 00, hence P < co. This lemma is proved.

Lemma A.5. Let f)(y) be given by (A.1) and fr(f) (y) be as defined by (3.4)
with h = n=Y/@k+tm) . — (0 1: then for 0 < A <1 we have

2X(k—1)

E|f(y) = fO @) < en” w5 [ 0) AP ) + ) B y))

where

k
AW) = Biapy { 3 [Iloll + (mh)'] exp(mbllo] fo®) [y}, (A3)

1=1
B(y) = E(ajy)lexp(mhl|v]|/o?)|y], (A.4)

v=y—20—-Xa, k > 2 is a gwen natural number and Ey) denotes the
conditional expectation of a given Y.

Proof. Similar to the proof of Theorem 5.1 of Singh (1985).
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Lemma A.6. Let f(y) be given by (2.5), and £ is an arbitrarily small positive
number. If for § = [(m~+&)MN/(1=N)]V1 with 0 < X < 1 such that [ ||o]|°dG(a) <
oo, then

| @)y <.

Proof. For 0 < A < 1 we have
|y —ay
R
— [ @)y + [y 2017y — 26] N 1)y
= J1 + Ja,
where D ={y : ||y — Z0|| < m} and D° = R,,, — D.
It is obvious that J; = [ (f(y))} *dy < co. By Holder’s inequality, we have
—(m A (m+EA 1-X
B< ([ g = 2ol 0ay) ([ ly - 2015 p)dy)
De De
- J2/\1J212_>\-
It is obvious that Jy1 < oo, and

(m

Joo < EL||Y — Z0|| 1

+OA 5
= < E,|lY —Z0|°.

Similar to the proof of P» < oo in Lemma A.4, we know that Joo < co. Therefore
Jo = J2>‘1J212_)‘ < 00. This lemma is proved.

Lemma A.7. Let A(y) and B(y) be given in Lemma A.5, and & is an arbitrarily
small positive number. If for § = [(m+&A/(n—A)] V1 with0 < XA <n <1 such
that

[ lall’dG(a) < . (A5)

then
| 142 )5 w) + B @) @)y < oo,

m

Proof. From formula (A.3), we know that

h= AP (y) fy)dy = B [A(Y)]

k
= B Bia) [ (Il + (mi)) exp(mllo] /)] ). (A6)
=1
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where v =y — Z0 — X, defined as in Lemma A.5.
If 2\ > 1, then by (A.6) and Jensen’s inequality for convex functions we have

k
Jo < B B[ D[0P + ()] exp(2Amb|v]l /)]y }
=1

k 21 22l 2
=<3 L/ I+ (mh) ™ exp{2ymbv] /o) f (ylo)dC e)dy. (A7)

If 0 < 2X\ < 1, then by (A.6) and Jensen’s inequality for concave functions
we get

Jo = E.JAPN(Y)] < {E*[A(y)]}2A _

where
r l l 2
=3 L Ul + Gn)Jexpmbl /o) fulo)dGe)dy. (A8)
It is easy to see that
L[ el expemhlol 0%} £ (y]e)dGla)dy < oo, (A9)
L[ (mhy exp{amhllol/o*} (sla)dGla)dy < oo, (A10)
where r > 0. From (A.6) to (A.10) we have

| 4wy < . (A1)

By Holder’s inequality we get

R m

2 1-n A m —
<[ [ seTiswa] [ gwn' ] = ot
Rm Ry
where 0 < A < 1 < 1. Similar to the proof of (A.11) we get
A
Q= [ (Bu)TII W)y < . (A12)
Since 0 < A\/n < 1, by (A.5) and Lemma A.6 we have

Qo = /R (F(y))" 7 dy < oo, (A.13)
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Therefore

: B y)(f(y)) ™ dy < Q17"QY < 0. (A.14)

By (A.11) and (A.14), this lemma is proved.

Appendix B: Proof of Theorem 3.1

Let \g = max[root(X(X7X) 2X7)]. By Lemma A.4, it is obvious that
R(G) < oo, therefore from formulas (2.9), (3.11) and Lemma 4.2 we have

Ry — R(G) = Eu[[¢n(Y) — ¢a(Y)|?
= E(X7X) T XT[(30n(Y) — 0*0(Y)) — Z(0 - 0)]|”
<A[BN(XTX) T XTZ(0 - 0)|* + M EL]|(3% — o)u(V)|?
A EL[5% (4n(Y) — p(Y))I?] = 4l + Jo + J5]. (B.1)
Let Ay = max[root(Z7X(X7X) 2X7Z)] and \; = max[root(X" D" DX)].
Since «/9\@) = DY® (I = 1,...,n), given by (3.10), are i.i.d. and unbiased by
condition (3.13) and the fact that o < My we have

M vro -~ A .
7= B(XTX) X200 - 0)]1* < MBD - 0] = 2. ) — 0]

A A
= ZLt2[D Cov (YY) D] = Zt2[ D7 D(021,, + X Cov () X7)]
n n
< en Y (Motr(D™D) + M E.|a|?) < ein™, (B.2)
where tr(A) denotes trace of the matrix A.
From (3.9) we know that (62 —02)? < (62—02)?, E(62)= ¢? and Var (3(21)) =
204 /s; therefore by Lemma A.4 and the fact that 0% < My, we get

J2 = N E.[(6% = o*)o(Y)|* < MEy,a [0 (V)| E(5; — o))

= Mo Byl (Y)|[*Var (57)] < ﬁ By, [l%(Y)|*Var (6%))]

2\ 2\ -
= o B (V)P < SO MGE W(Y)Il2 <! (B.3)

Noting that 62 < My in the formula (3.9), we have
J3 = M EL]|5” (¢n (V) — p(Y))|I* < AoM(?E [ (Y) = 9 (Y)]>
< ¢ Z E, (11) ( ) 1/)(1 > =0 Z Ql (B4)

i=1

First consider Ql E.(Yn)(Y) =) (Y))? = Ey,a) [EWn) () =) (9))?]-
Suppose that A,y = {y : y € Rm, [Vay(W)| < n”/2}, Buay = Rm — Apy- I
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y € Apq) then [, 1) — ¥q)| < 3n”/2; therefore by Lemma A.3 and Lemma A.5
we obtain

E(nay(y) — ¢(1( )

3 a2 i@ Ty, 2
<G3) ol ORI Jse
< eV (1)) Bl @) — Foy )P + @) Elfuly) - F)?)
< en” R 2ARN ) + B y) (). (B.5)

By Lemma A.7 we have
/A E(n(1) (y) = ) (1)) f (¥)dy
n(1)

<cn (Qiiﬁn 21/)[ ; AZ’\(y)f(y)dy+ : B)\(y)(f(y))l—)\dy}
220k g,

<ecn —(2kFm— (B.6)

If y € By then [¢qy(y)] > n”/2, therefore we get (¢n,1)(y) — ta)(y))? <
2n% + Qw%l)(y) < 101p(21)(y); thus by Holder’s inequality, Markov’s inequalities
and Lemma A.4 we have

| B ) - v @) Fe)dy
n(1)

2
< 108 {0 (V) 0005 4}
2/5 . (
< 10{ By (V) {20 Bulibny (V)1
2/5 L (6-2)/5
<10{ Bl ) {2 B (v) |}
<en M0, (B.7)

Let § = 2\k with 1/2 < A < 1 and k > 2; hence § > 2. Put v(2\k — 2) =
20k /(2k+m) — 2v; then we obtain v = 1/(2k+m). Therefore by (B.6) and (B.7)

we have

5—2)/6

Q1= Ex(n1)(Y) — 1!)(1( )?
= / E(ny(y) — Yy () f(y)dy + / — ) ) f (y)dy
n(l n(l)
_2(A\k—1)
<en” 2REm (B.8)

Secondly, similar to the proof of ()1 we have

2(Ak—1)

Q; < cn” 2kEm 1=2,...,m. (B.9)
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Substituting (B.8) and (B.9) into (B.4) we get

m 2(Ak—1)
J3 < ¢ ZQZ < cgn kMo, (BlO)
=1

Substituting (B.2), (B.3) and (B.10) into (B.1) we obtain

B . . _2(21»:—1) _2(21»:—1)
R, — R(G) <4lein ' +con™ ' 4 ezn” 2Fm | <cen zkEm o,

This means R,, — R(G) = O(n~2Ak=1/k+m)) The theorem is proved.
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