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S1 An Iterative Algorithm

Here, we describe an iterative algorithm that can be used to compute the
stratified penalized local linear estimator proposed in Section [3.1} For this,
let ) = {91(70,37j(t)}l7k7j, for t € [0,1], denote an initial value, then by the

local quadratic penalty approximation of Fan and Li| (2001), we have

Ofrn (106.)) £, (1))

00or.(t) 19"

0,.dt,
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and

0gre (Lo {100, (1) — Bk 2 + |01 5. (£) |2} dt]/2)
000 .. (1)
(41050 (2) — 812 +16%°) ()] }de)/?)
11650 (8) — 612 + 1) (1) |2yde)1r2

{00, (t) — 0y, }dt.

)

Write 9,(3-) =69, .87

15> g N

A(0
1 g (L {1650 () — 65712 + 61 (1)} de] /)

D% = diag <k<p
v,n 1 0 —(0 0 — ’
2nbn [[11165) (1) — 652+ 100) (1) |2ydt)1/2
and let

n

1 - lim — 1 : tin—1
W,j (t) = ﬁ Z Yi,jnLin ( : b_) K ( : b > .
moi=1 n n

1 Z” T (tin=t\' o (tin =1
t —_ in | ) I ,
Ul( ) nbn p— wl, wl,n ( b ) < bn )

We first update the time-varying stratum eo.;(t) = 6o ;(t) — 6., and
L17.7j(t) = 017.,]'(15) by
-1
(1) U() Gi(o) | | D Vs (1) — {Uo(t) + D18
o) Vi) Ua(t) DL Viy(t) = (08

Note that the computation in this step can be made in parallel for j =

1,...,d. Then, we update the time-constant stratum by

o) = { [ vutvar + 0} / Vout) — Do), (1) — Da(el2, (1)}t
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©

where the term D¢; makes use of information from all outputs. Combining

results from both strata, the updated estimate can now be computed as

98,)7]- (1) 9.(71]-) + L(()}.)J- (t) — fol L(()}.)vj(t)dt and 0§I)J(t) = Lgl)J(t) The proposed

stratified penalized local linear estimator can then be obtained by iteratively

repeat the aforementioned steps.

S2 Additional Simulation Results

In Table [I] of this supplementary material, we provide simulation results
when o = 1. A similar pattern can be observed as discussed in the main

article.

S3 Technical Proofs

Here, we provide proofs for our results in Sections [2] and [3]

Proof. (Theorem For data with nondegenerate local designs, we have
>y 27, K{(tim —t)/bn} > 0 for each t € [0,1]. Then, for any given 7/(t),

the n(t) that minimizes (2.6)) can be solved as

-1
- - tin—1 - tim—t
77(75) = {Z x?,nK < b > } [Z xi,n{yi,n - Ii,nn,(t) (tz’,n - t)}K ( b
i=1 n i=1 n

and we denote this relationship by 7(t) = H{t,n'(t)}. Let {n*(t),n*(¢t)} be

the minimizer of (2.6, then n*(t) = H{t,n*(t)}, and it suffices to consider
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Table 1: Simulation results for o = 1, based on 100 realizations for each configuration.

Model b, Method Under-label Correct Over-label MSE LCR
2-2-16 0.1 SPLL 0.00 1.00 0.00 0.0093  1.0000
Zhanglh 0.04 0.93 0.03 0.0327  0.9920

Gaol9 0.00 0.72 0.28 0.0138 0.9835

0.2 SPLL 0.00 1.00 0.00 0.0110 1.0000
Zhanglb 0.05 0.92 0.03 0.0311  0.9920

Gaol9 0.00 0.29 0.71 0.0106  0.9295

0.3 SPLL 0.00 1.00 0.00 0.0232  1.0000
Zhanglh 0.06 0.91 0.03 0.0386  0.9920

Gaol9 0.00 0.15 0.85 0.0213  0.8820

5-5-10 0.1 SPLL 0.00 1.00 0.00 0.0197  1.0000
Zhangl15 0.04 0.94 0.02 0.0970  0.9805

Gaol9 0.93 0.03 0.04 0.1734 0.9315

0.2 SPLL 0.00 1.00 0.00 0.0219  1.0000
Zhanglh 0.04 0.93 0.03 0.0989  0.9820

Gaol9 0.00 0.31 0.69 0.0229  0.9290

0.3 SPLL 0.00 1.00 0.00 0.0376  1.0000
Zhanglh 0.04 0.87 0.09 0.1117  0.9800

Gaol9 0.00 0.17 0.83 0.0384 0.8870

2-8-10 0.1 SPLL 0.00 0.99 0.01 0.0110  0.9995
Zhanglb 0.04 0.94 0.02 0.0857 0.9825

Gaol9 0.00 0.80 0.20 0.0159  0.9880

0.2 SPLL 0.00 1.00 0.00 0.0127  1.0000
Zhanglh 0.05 0.92 0.03 0.0841 0.9815

Gaol9 0.00 0.47 0.53 0.0127 0.9520

0.3 SPLL 0.00 1.00 0.00 0.0244  1.0000
Zhanglh 0.05 0.91 0.04 0.0919 0.9810

Gaol9 0.00 0.22 0.78 0.0235 0.9145

the minimization problem

min Qn ([H{t, 7' (0}, 7 (Oeeto) + fr (171o) - (S3.1)

where S is the class of all square integrable continuous functions on [0, 1].

Let QY denote the value of Q,([H{t,n'(t)},n(t)]teo,1)) when 7/(t) = 0 for
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all £ € [0, 1], then for any ¢y € (0, 1] and 7 > 75 > 0,

Fr (I7'lo)) = £+ (0) + 7|7l 10.1) = €070|7|0,1-

Let My = (g070) "', then for any ' with |1)'|jo.1) > Mo, we have f, (|n/]j01)) >
Q0 and thus 7 cannot be the minimizer of (S3.1)). Therefore, the minimiza-

tion problem (S3.1)) is equivalent to
min Q. ([H{t, 7' ()}, 7' (O)ico) + fr (17']0,17) -

n' €S, |n']j0,11<Mo

For any 1/(t) € L?[0,1] with |5/|p1) < My, we define
n.(t) =" () +e{n'(t) ")}, e€[0,1].
Then, by the definition of n™(t),
Qu([H{t, ()} nL(®)]eeton)+Fr (Intlioy) = Qu([H {8, 1™ ()}, 0 (Oeeton)+Fr (117 lp,a1) -
Since
fr(Intloan) < f-ln'lon+ A=)l lpa) < efr(n'lon) + A=) (10" pa),
we have
Qu([H{t, L)} L)) eeron) = ([H{L, 1™ ()}, 0™ (O)]eero, ) +e{ f- (10 o) = - (117 0,21)} = 0

holds for any € € [0,1]. This leads to the optimality condition

oo QallH L O} Oheinn) = QullH L (O, 7 Olicion)
e—0+ 9

+f+ (10 10,11) = f+ (I |0,7) = 0.
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Denote the functional derivative as

/ §§i2<t>{7f<t> (D)

= lim - {Q [H{t, 0L}, 0l (B)leea) — Qu([H {0 ()} 0™ () eepa) }

e—=0+ €

= /0 [2 ; {[ximH{tv 00} + i () (tin — 1) — Yim] K (t”;n— 75) xm} %@’;t)}

2y {[xi,nH{t, PO} + ol (D) (tin — 1) — i ] K (tb_ t> Tin(tim — t)}]
x{n'(t) — 0™ (t)}dt,

where

M {Z%K( )}_1{gﬁ,n(ti,n—t);{(ti@;t)}.

Then, we can write

/0 (;?/n (O{n' () — o™ () }dt = /0 {Co(t) + Cr(t)n™ ()} (t) — 0™ (1) }dt,

where Cy(t) and C}(t) are constants that depend on t, either directly or

through n*(¢), but do not depend on 7(t), n'(t) or 7. In this case, the

optimality condition becomes

! 59” / 23 / 1%
| SO =@+ 1) = £ o) = 0.

Note that

fr(|77/*|[0,1]) > fr(|77|[0,1]) + f;(|77|[0,1])(|77'*|[0,1} - |77/|[0,1})a
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the optimality condition then implies that

/O {Co(t) + Co(O)n™ () ' (8) =™ ()}t = f7(7 To.) (17 lfo.a) = I0'ljo.1))

holds for all " € S with |/[j01] < Mo. In particular, if we let 7'(t) = 0, for

t € [0, 1], then we have

(SUP \Co(t)\> 1" j0,1) + (Sl[(l)li] |Cl(t)|> (0™ 1i0,1)* = f2(0) - 0|01,
te|0,

te[0,1]
and thus
710,11 { sup |Co(t)] + My sup |Ci(t)] — f7 (0)} > 0. (S3.2)
t€[0,1] te[0,1]

For any 7 > 19, we have f! (0) > g¢7, and as a result

sup |Co(t)| + My sup |Ci(t)] — f7(0) <0
te0,1] te(0,1]

holds if

o 8Py [Co(t)] + Mosupiep y [C1(1)] — f7 (0)
2 = .

Therefore, in order for (S3.2) to hold, one must have |*|jo1 = 0. Since

n™* € S, we have n*(t) = 0, for t € [0, 1], and the minimizer of (2.6 is then
given by

(0.1 0)) = {ZK (") } {ZyK (5=) } ol

which coincides with the local constant estimator (2.2), and the result fol-

lows. O
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Here, we introduce the following notations for the proof of Theorem-
sf2 and B For any m,n € R, we define m A n = min(m,n) and m VvV
n = max(m,n). For any matrix A = (a;;);;, we use a.; to denote its
Jth column and a;. to denote the transpose of its ith row, and we write
p(A) = sup{|Au| : |u| =1} and p(A) = inf {|Au| : |u| = 1}. We use the
matrix norm |A| = (37, . a?;)"/?, and for any matrix-valued function f :
[0,1] — R#1%2 we write | f|. = { i, |£(t)[2dt}"/%. For the multi-output
response vector y; , € R, we write y,;,, = (Yi1n,- .-+ Yidn) » and similar-
ly €, = (€i1ms--»€idn) - Let &in = G (tin; Fi), €in = H (tin; F;)
and M(G,t) = E{G(t,F;,)G(t,F;)"}. We denote the true value by
{©"(t) }1ej0,1), and let C' be a constant whose values may vary from place

to place.

Proof. (Theorem [2)) Let

U, ({0(t) }epo) ngn <{/ {160k (t) — Ok]* + |014.(t )|2}dt} 1/2>

+Tn({0(1) brey) + Z Fron (1)), (53.3)

¢n = (nb,)"Y2 4+ b2, and V(t) = {v...(t)}1jx be a 3-way tensor function.

n’

Then, by the proof in Theorem 1 of Fan and Li| (2001), it suffices to show

that, for any € > 0, there exists a large constant Q* such that

pr{ inf W, ({0 (t) + ¢,V (t) hrepo) > \yn({@true(t)}tdo,ﬂ)} >1—e

V]0,11=Q*
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By (S3.3)), we can write

U, ({©"(t) + ¢nV (1) heeoa) — Yn({O"(t) }epon)

L({V () }icpo) + TI.({V () }eeo) + TTL({V (E) Feepon),

where

]n({v(t)}te[O,l}) = Tn({@true(t) + ¢nV(t)}te[o,1]) — Tn({@true(t)}te[oﬂ)’
IL,({V(t)}epny) = Z fAk7n(|é;§“e + bny|) — Z f/\k,n(|ézrue|),
k=1 =1

and

ITL V() }ep)

1/2
ng (U {1653 (1) + dnvok. (1) — 6, — dnvx]” + 673 (¢ )+¢nvl,k,~(t)l2}dt} )

_ng (U 1105 (1) — B2 4 [0t )IQ}dt] 1/2> |

Here, we provide bounds for I,, ({V (t) }ej0,1)s L1 ({V () }eepo,1)) and 111, ({V (1) hepo,1))-
We first deal with the term I,,({V'(¢) }+cp,1]). For this, by Lemma 6 of Zhou

and Wu (2010), for s € {0, 1,2}, we have

1

b, Z"”m (m_t)sKCi”})j) —M(G,t)/ K (u)du

n 1

< C{(nb,)"V?+b,}.

In addition, by (3.2)), we have

n

sup

te[0,1] | 5=

~ tzn - t
(mmazlT a:ma:T VK ( : )‘ = 0,(1), (S3.4)
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and

sup | Y (@ine], — Zine/,) K <t” — t) = 0,(1). (S3.5)

t€l0,1] | 5=

Let papr = supyep ) P{M (G, 1)}, pm = infiepy p{M (G, 1)}, and K, =

f L u*K(u)du. Then, kg =1, K, = 0, and

3 2l fovst e (7)) e (257)

J=1 =1

d 1 n bt
= 3 [ e el 0+ 2000 el 0 (5

=170 =1 n

2
+v1,-,j(t)Twi,nwiTn”ij(t)( b ) }K< b >dt

= nb Z/ {'UO ] G t)’UO ]( )—f-/iQ’UL.J‘(t)TM(G,t)'vlﬁj(t)}dt

+nb, |V [ 1,0p{ (nby)~ V2 4 p,)

Vv

bV [fo,17[(k2 A D)pne + Op{(nby) ™72 + b,}].

On the other hand, by the Cauchy-Schwarz inequality and Lemma A.1 of
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Zhang and Wu| (2012)), we have

IN

d 1 n
tl n - t tz n t

Z/ Zwm{’vo J(t)+’01,‘,j(t)( 2 )}e”nK( ; )dt
7j=1 0 =1 n n

d 1 . n tim _

S Vo ](t) Z Z; nei,j,nK b dt
j=1 10 i=1 n
d 1 n ‘ t
+Z / U y(t)T Zmz,nei,j,n ( ”;) ) K ( ) dt
J=1 i=1 n

( / w05 >|dt> O,{1+ (nb,)"2} +

< 2d|V|[0,1]0p{(nbn)l/2}.

Since —1 < (t;,, — t)/by, < 1, we have

rue rue rue ti,n —t
005 (tin) — O015() — O575(1) ( b ) '
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holds for some & € [0,1]. Then, by a similar argument, we can obtain that

tin—t\"
S {osn - oo -5 (5=} e
XwZn {007.’]‘(75) + Ul,~,j(t) < 7b ) } K ( 7() ) dt‘
bn L ti,n —1 ti,n —t
/ > (@i, ~ w2l {vo,-m et (5 o () ]
0o “ " !

=1

S5 sup [800)] (200 V] 7ns + Oy (nb) ™ + ()™ 4,

IA

{Z sup [b(t }ﬁM + Op {05 (nby) /2 + b}

1 t€[0,1]

Combining the results above, we have

L({V (1) Jiepy

)
[ S e (5 5 ()

=1

n

rue rue rue ti7n —t
L085 010) + g~ 2 {0500+ o0 (5= ) L
=1 n
X {w:n {’007 () + v 4( ( )}] (ti’nb_ t) dt

Sanba| V% 3 [(r2 A1) o + Op{(nby) 2 + by}
d
20,00, |V |0.1] | 2dO,{(nby,) " /*} + b2 {Z sup b’ ( }}ﬁM + O {b2(nb,) "2 + 13}
=1 te(0,1]

¢inbn|v|[20,l][(’{2 A1)pam + Op{(nbn)_1/2 + bn}]

|
s
iNg
O\H

IV

v

r d
—2¢,nbn|V]jo1] | V2 {Z sup ]bffj(t)|} par + O,{(nb,) "2 + b2}

o te(0,1]
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Now, we deal with the term I1,,({V(¢)}tcpo1]). For this, note that for k €

true

Dy U Dy, we have |0, | = 0, and thus

LV Oheon) = Y S0 Fumil) = D fu, (167D

k€D UDy1 k€D UD,1

Then, by the triangle inequality and Cauchy-Schwarz inequality, we have

t t
Z f)‘kn ‘ekrue"i‘(rbnvk' Z f)‘k" |0krue)
k€D .UDy1 k€D .UD,1
= | X A6 (185 + gl - |e§§“e|)‘
k€D UDy1
< | Y Ao @entrl| < 0ulVipy Y. suplfi, (@),
k€EDUD,1 keD.UD,, TER

where & is a real number between |8, " + ¢, v;,| and |0, "°|. Using a similar
argument, for k € Dy U D,, we have 0} (t) = 6, and 675 (t)] = 0, and

thus

ITL(V () hepa)

1/2
Zg([/ (I8532(0) + 0w, 0) — 8™ = 6,00 + 1) + 01 (O} >

keD

—ZW"Q/ {06 (1) — 0.7 + |0“ue<>|2}dtr2>,

keD.
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where

1 1/2
> on. ({ / {1653 (1) + dnvos, (1) — 6, — duvr|* + 671 (1) + cbnvl,k,.(t)IQ}dt} )
0

keD,

1 1/2
- 9 (UO {1653 () — 6, + IG?Z?(t)IQ}dt} )‘

k€D,

< GlVlw ) suplor, ()]

keD, “€
Note that ¢2nb, = 1+ nb?, ¢nb> = (nb2)/? +nb> = O(1 + nb?), and
{(nbn)_l/Q + b%}(makaDcUDvl )‘kﬁl + maXgep, Tk,n) = 0(1) Based on the
above observations, we can conclude that, for sufficiently large @Q*, the

dominate term of W, ({©""(t) + ¢,V (t) hepa]) — Ya({O"(t) beo,)) is

Ganbn| V|5 1 (K2 A 1)par > 0, and the result follows. O

Proof. (Theorem [3) Throughout this proof, we rewrite Oy .(t) as a sum of
its center and an additional time-varying component. To be more specific,
let C{O(t)} := (01,...,0,)" = (9;)r; denote the center, then Vy{O(¢)} :=
{601.(t)=01,...,00,.(1)—0,} " = (tox;)or,; and Vi{O1)} :={011.(1),...,01,.(t)}T =

(t1,k,4)1,%,; represent the time-varying component with respect to the center.
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We can now rewrite as
A (O et DA{O) et D4 {80 et
= [ 3 | CEOOY w1~ OO 1~ ilBO} s ()
pl_l p 1 1/2
3 Frnllre) + Y g ([ [ on 07 + e 0P} )
k=1 k=1 0

+tr (cT /0 1 Vo{@(t)}dt)

d 1 n Lot 2 PR
- Z/ 2 {y = @in = v (1) in — 1.5() @i ( % ) } K ( ) ) dt
j=170 =1 ) -

N i Prea(Prec) + igw ([ /0 1{ILo,k,(t)I? + ILl,k,.(t)|2}dt} 1/2)
+ZZ<,” / ot

k=1 j5=1

where tr(-) denotes the trace operator, and ¢ = ((i;)x; € RP*? represents
the Lagrange multiplier that concerns the constraint fol Vo{O(t)}dt = 0.

The minimization problem ([S3.7)) relates to the normal equations:

;

ONL([C{O(1) Heepo,1), Vol O() Moy, Vi{O(#) }Heepo,) /OVky = O;
INL([C{O() Hiep.a), Vol O() Hiep.ay, Vi{O) Hiepo.) /0o ki (t) = 0;

OAL([C{O(t) }Hico,1), Vo{O(E) }Hic,1), Vi{O(t) Hic,]) /Otr 1, (t) = 0.
($3.8)

For s € {0,1}, let

n

(83.7)

tln_t tz,n_t ° NN
Apjsn(t) = Z {yz]n - ’)’Tj%n —10,.5(t) @i — 11, 5(t) i, ( 7b ) } ( b ) T g I <

i=1
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Then, for any j =1,...,d, (S3.8) can be represented as

(

1
Vk,j
| 2Asanttrte = £, (w2
0

[V, |

ropl 4172
, Lok (T
2Ak,j,o7n<t>=gw< [ 0 OF +lovs. (0 ) o4) o+ G
. DT e (0 + e (1) Pt

Lk (t)

11/2
- > |:f0{|l’0k MW+ e, ( )|2}dt] v

2Ak,j,1,n<t>=g;k,n( [ s OF + a0y

\

Therefore, by observing the constraint that fol Lo, (t)dt = 0, we can obtain

that
42 { 1 Ak,j,o,n<t>dt}2 — (P (53.9)
and ]
42{ / lAk,j,o,n@)?+Ak,j,1,n<t>2dt} - {g;,m ([ / {las (O + eas, (0P /2> }+Z<

(S3.10)

Note that, by the proof of Lemma 6 in |Zhou and Wul (2010)),

LN tin—1t\° tin —t
St (M50) K (*5)

and by (534) and (53.5),

sup = Op(n1/2 + nby),

te(0,1]

n

tin—1\° tim—t _ L
sup (S (el = ianal) (470 ) K (P57 £ O3 sl sl = 0,00
t€l0,1] | 5= n n i=1
we have
- Tt (tin—t\° bin —1 1/2 1/2
sup TifnT ’ K| O,(14n'*4nb,) = O,(n'"*+nb,)
t€[0,1] bn, by,
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Then, by Theorem [2] and the Cauchy-Schwarz inequality, we can obtain

that
giS N
/ lzxi,k,nmzn{eo,,ja)—egf?:; o (5= (M )] a
0 1=1 n n
' tin —t\" (tin—1\|
< /0 D Tikal, (—“”b ) K(j‘—) 100,.5(t) — O™ (t)|*dt
i=1 " n
= Op{(n""? +nbn)"} O, [{(nbn) 2 + 07}7] = Op(nby + ),
and

2
L& R tin—t\ i, —t
/ [in,k,nmzn{el,,j(t)—egfff;: (t)}( - ) K( - ) dt = O,(nb,+n*t8).
0 [i=1 n

n

In addition, by (S3.6) and Lemma A.1 of Zhang and Wu| (2012)), we have

" tin—t\° tin —t
Z$z‘,k,n€z‘,j,n< ’ ) K( ’ )
i=1 bn bn

< C(nby)"?,

and

- ~ ~ rue rue ti,n —t rue ti,n AN ti,n —t
St o () () o ()

=1

< CB{(nb,)"* + nb,}.

On the other hand, by a similar argument as in the proof of Theorem [2] we

" tin—t\° tin —t
> TiknCign <—> K( ’ )
i=1 bn bn

have

< C’(nbn)l/z,

and

- rue rue t’i,n —1 rue i/n—t s 1/n—1
E:%m@L{%mwm—ﬂ&Aﬂ—( ; )ﬂ”®}</b )4K<ly_)H:cm@)
=1 n n mn
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Combining the above results, we can obtain that

/ A2, (bt

' & A A tin —t tin—1\°
= / Z |:{yi,j,n — 6o, (t) @i — 61, 5(t) @iy ( 7b ) } ( 7b )
0 =1 n "

1 n
- [y ({ei,j,n—w;{eo,.,j@) (1)) — 2T {0, (1) —eif%1§<t>}(
=1

rue rue ti,’fl —1 rue ti,n —t
vl o) - o - (5= o] (2

= O,(nb, +nb, +n?S +nb3) = O,(nb, + n?b?),

and, as a result, the left-hand-side of ((S3.10)) becomes
42 { / Arion(t)? + Ak7j71,n(t)2dt} = O,(nb,, +n*tP).

1/2
If k € Dy UD,, then, by Theorem , [f01{|i0,k7.(t)|2 + |1k (8)]* }dt =

O,{(nb,)~/2 4+ b2}. Under (P3) and the assumed conditions, we have

{glfkm ([fo {eo, ()7 + e, ( )|2}dt} 1/2) }2

— 00.
nby, + n2b%

Therefore, the solution will be at the point where the differentiability does

not hold, which leads to

pr{ max  sup |Lox.(t)] =0 and max sup |L1k(>|:0}—>1

keDoUD, te[0,1] keDyUD, t€[0,1]

tin

n—t
by

) xi,k,nK (

ti,n -

bn
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For the second claim, note that

1
/ A som(t)dt
0

1 A A tip — 1 tim —
= / Z {yZJn —6o,.;(t) @i — 61, 5(t) @iy < Z’% > }xzan ( w;
0 =1 n

n

1 n
= /0 > [%,n — ], {60 ;(t) — 0575 ()} — x/, {61, ;(t) — 675 ()} <
=1

trL n - t rue
—l-m;,rn {egmts(tun) - Hgtuj(t) B ( 7b ) Btl"’j(t)}] fi,k,nK (

tin—1

br
ti,n
bn

= O,[(nb,)"* + (nb, +n*){(nb,) V2 + 02} +nb2] = O,{nb3 + (nb,)"/*}.

Thus, by Theorem [2} |4 | = Op{(nb,)™"/% + b2} holds for k € Dy. On the

other hand, note that

Frn Ui D)
nb + (nby,)1/?

— 00,

the second claim follows by (S3.9) and a similar argument. O
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