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Abstract: The limiting spectral distribution of large sample covariance matrices
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Key words and phrases: AR(1) model, finite population, limiting spectral distribu-
tion, random matrix theory, sample correlation matrices, sample covariance matri-
ces, Spearman’s rank correlation matrices.

1. Introduction

Let {X](.Z), j=1,...,p, k = 1,...,n}, be an array of complex random
variables for each n. Write &X,, = (Xjx)1<j<p1<k<n- Let X1,...,X,, be n columns
of &,. Throughout the paper, we assume that the X} s are independent. Write

1 n
B, =X, X = > rir, Bin =B, -,
k=1

where v, = n~Y/2X,, k= 1,...,n. B, is the so-called sample covariance matrix.
It should be noted that in the construction of the sample covariance matrix, the
sample mean vector X = n~! Z?Zl X; is not subtracted from X, since it does
not affect the limiting spectral distributions (LSD). The reasoning refers to the
rank inequality (see Lemma 2.6 in [Bai (1999)).

Sample covariance matrices are very important in multivariate statistical
inference since many test statistics are defined by their eigenvalues or functionals.
Under the assumption that all variables X}, are independent and identically
distributed (i.i.d.), the spectral analysis of large-dimensional sample covariance
matrices has been actively developed since the pioneering work of Marcenko and
Pastur (1967). Extensions can be found in the remarkable work of Wachter
(1978) and Yin (1986). We also refer to the review paper of [Bai (1999).

To relax the independence of the entries of X, Silverstein (1995) considered
the case of Xj, = TY2Y}, where T is a non-negative definite matrix and Y con-
sists of i.i.d. entries. Some further investigation on this model can be found in
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Silverstein _and Bai (1995) for strong convergence of the empirical spectral distri-
bution (ESD) of sample covariance matrices, in IBai_and Silverstein (1998, 1999)
for spectrum separation, and in [Bai_and Silverstein (2004) for a central limit the-
orem for linear spectral analysis of sample covariance matrices. Naturally, one
may ask whether we can completely get rid of the independence structure, since
multivariate populations without independence structures can be found in many
practical situations, e.g., Spearman’s rank correlation matrix discussed later in
the paper. The first attempt was made in [Yin_and Krishnaiall (1986), where the
vectors Xy, are distributed isotropically. Extensions to products of a non-negative
definite matrix T with a sample covariance matrix when the underlying distri-
bution is isotropic are given in [Bai, Yin and Krishnaiahl (1986). In this paper,
we consider LSD of large sample covariance matrices under a very general de-
pendence structure. As applications of our main theorem, we obtain the LSD of
Spearman’s rank correlation matrices, sample correlation matrices without sec-
ond moment, sample covariance matrices from finite populations, and sample co-
variance matrices from causal AR(1) models. These models cannot be expressed
as Silverstein’s sample covariance matrices under independent structures.

Here is some notation. The eigenvalues of B,, are denoted by A,...,A,. The
ESD of B, is defined as

12
FBr(z) == I(\ < ).

p k=1

And the Stieltjes transform of FB» is given by

mn(2) = mppn () = / o .

T —z P

where z = u + v € CT, and I is the identity matrix.

In the following, we use || - || to denote the sup norm for bounded functions,
the Euclidean norm for vectors, and the spectral norm for matrices. We also
write B, = B, — 21, By, = By, — 2L

Theorem 1.1. As n — oo, assume the following.

1. For all k, EXijlk. = t15, and for any non-random p x p matriz B = (bjy)
with bounded norm, E|X};BXj, — tr(BT)|? = o(n?), where T = T,, = (t;1).

2. ¢p i =p/n — c € (0,00).

3. The norm of the matrizx T = T, is uniformly bounded and FT tends to a
non-random probability distribution H.

Then, with probability 1, FB» tends to a probability distribution, whose Stieltjes

transform m = m(z) (z € C*) satisfies

m:/t(l _C_lczm) —dH(1). (1.1)
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If m(z) = —(1 —¢)/z 4+ em(z), then (CI) becomes

1 t
=—— dH(t 1.2
sm e [ (), (12)

which gives an explicit inverse function. Sometimes, it is easier to solve (2

than ().

For the purpose of applications, we have the following.

Corollary 1.1. If

EXijlk; =ty;, forall F, (1.3)
_ 2
n1 m;g(E‘Xijlk —ti| — 0 uniformly in k <n, (1.4)
J

_ _ 2
7172 Z (E(Xijlk — tlj)(Xj’k;Xl’k — tj’l’)) — 0 uniformly m k < n, (1.5)
A

where A = {(j,1,j,U') + 1 < 5,070 < pp\{(G, L5 0) g =4 #1=10 or
j=1U+#j7 =1}, then 1 of Theorem 1.1 holds. Consequently, Theorem 1.1 is true
if we replace these moment conditions by ([(L3)), () and ().

Remark 1.1. When T,, = I,,, the identity matrix, FB» tends to the Marcenko-
Pastur (MP) law, whose Stieltjes transform is

l—c—z+/(1+c—2)?2—4c

m(z) 2cz

(1.6)

where, in accordance with Bai (1993), the square root of a complex number is
defined to be the one with a positive imaginary part. Equation (II) then reduces
to the quadratic equation czm?(2) + (c+ 2z — 1)m(z) +1 = 0.

In Theorem 1.1, it does not matter if EXj; = 0 or not, because Lemma 2.6
in Bai (1999) implies that, for A = n 12X, and B= A — EA,
. . 1 1
|FAY — FPBY|| < Zrank(A — B) = —.
n n

The proofs of Theorem 1.1 and Corollary 1.1 are deferred to Section 3.

2. Applications
2.1. Spearman’s rank correlation matrices

Suppose (X,Y), (X;,Y;), j = 1,...,n are i.i.d. random vectors from a bi-
variate normal distribution F'(z,y). Define the correlation coefficient by
B E(X —-EX)(Y —EY)
P VE(X —EX)2(Y —EY)?
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We wish to test for independence, or to test Hy : p = 0 versus Hy : p # 0. One
test statistic is the sample correlation coefficient

YL X))
PXYy = — —
V(G = X2 (Y - V)

where X = > i1 Xj/m, Y = >iz; Yj/n. If strong structural assumptions on the
population, such as normality, are not present, some nonparametric measures of
independence must be proposed. One of them is based on the Spearman’s rank
correlation coefficient.

To calculate the Spearman’s rank correlation coefficient rg, let (Q; denote the
rank of X; among {X1,..., X} and let S; be the rank of Y; among {Y1,...,Y,}.
Replace X;’s and Y;’s in (EZT]) by Q;’s and S;’s to get Spearman’s rank correlation
coefficient (Spearman (1904))

_ X8 —s(CQ)ES) _ 12 o
o \/Z(Qj - Q)23 (5 — 5)2 T n(n?-1) Z(Qg Q)(S; - 9),

where Q = S = (n + 1)/2. The most important point is that r, is distri-
bution free. For more statistical properties of rg, the reader is referred to
Hajek, Sidak and Sen (1999).

Now let us generalize the two-dimensional problem to the large-dimensional
case. Suppose that we have n i.i.d. samples Yq,...,Y,, where Y is a p-vector
consisting of i.i.d. random variables Yi,..., Yy, k = 1,...,n. The question is
how to test the independence among the components of Y} s. Consider Spear-

, (2.1)

man’s rank correlation matrices, R, = (7x1)1<k,i<p, Where 75 is Spearman’s rank
correlation coefficient between the k-th and I-th rows of [Y1,...,Y,]. Here, as
an application of our Corollary 1.1, we derive the limiting spectral distribution
of Ry, when ¢, =p/n — c.

Actually, R, can be expressed in the form p_ng A&,. For that purpose, we
denote by @ the rank of Y}, among {Yj1,...,Y),}. For j =1,...,p, write

12p n+1 n+ 1\T
x,= (g, "L g,y
J n(nQ—l) le 9 an 2

and X, = (X1,...,X,). Then R, = p~'XT X,, by noticing that R, = (p~'X]
Xj)pxp- Since the spectra of XpT &, and Xp/'\,’g differ by |n — p| zero eigenvalues,
it suffices to consider P~ %%

By elementary calculation, we have
1 if j=1

pn-,
tqg =EX X =
4l k<N ik { —pn_l(n — 1)_1, otherwise.
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From this, one can see that T has one eigenvalue of 0 and n — 1 of p/(n — 1),
which verifies that the norm of T is uniformly bounded and H is a degenerate
distribution with mass at {c}. To apply Corollary 1.1, we need to verify

2
> (bE(Xijlk; — ) (X Xk — tj’l’)) = o(n?), (2.2)
A
nil m;ZZXE’XJlek — tjl’2 — 0, (23)
J
where A = {(4,0,7",1') : 1 < 4, 1,5, 1" < n}\{(G,L,j"\ 1) =74 #1=1or
J=U#£i =1}
After some elementary but tedious calculations, we have
18p* p
4 2
EXy) ~ 52 EX{, = 57
2 2
3
EX?) X201 X351 ~ —%, EX11 X201 X351 X431 ~ %,

E(X}, — EX})(X3, —EX3) =O0(n 1),

as n — oo, where a ~ b means a/b — 1. ([Z2)—E3) are direct consequences of
the above relations.

Since n/p — 1/¢, Corollary 1.1 implies F?
limiting law F' whose Stieltjes transform is given by

1 1

= c(1—(1/c)—(1/c)zem) —2 c—1—zm—2z

"X tends almost surely to a

From this, we have

—(1—c+z)+\/(1+c—z)2—4c.

m(z) = 2z
Noting that
PN (1= L)1j0,00) + LRt (24)

the limiting law F of FP~ %% % should satisfy F = (1 —¢)I]0,00) + cF and its
Stieltjes transform should satisfy m(z) = —(1 — ¢)z~1 + em(2).

Thus, m(z) = (1—c—z++/(1 + ¢ — 2)?2 — 4¢)/(2¢2) and we have proved the
following theorem for Spearman’s rank correlation matrix.

Theorem 2.2. Suppose that all the Yy, i = 1,...,p, k =1,...,n are indepen-
dent and have a continuous distribution. Then FR» tends to the MP law a.s. as
p/n — ¢, with Stieltjes transform given by

l-c—z4+/(1+c—2)?2—4c

mg,(2) = 5 (2.5)
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Remark 2.2. We assume the continuity of the random variables in order to
avoid ties among the observations. Otherwise, the number of ties must be taken
into account. As a consequence, the expectation and the variance under the null
(independence) hypothesis need adjustment. We refer to [Hollander and Wolfe
(1999) for more details. For the adjusted r;;, Theorem 2.2 still holds.

2.2. Sample correlation matrices

Spectral distributions of sample correlation matrices were first studied by
Jiang (2004) under second moment conditions. In this part, we derive the MP
law for sample correlation matrices under conditions weaker than the second
moment.

Suppose {Y,Yjr,j, k = 1,...} are iid random variables with mean 0.
Write yn = (ijk)lgjgp,lgkgn- Let Yl,...,Yn be n columns of yn Then
Yn = (Yq,...,Y,). From the statistical point of view, Y} consists of p ob-
servations of the kth component of the multivariate population. Hence the n by
n sample correlation matrix is Ry = n X! X, with X, = n'2(Y1/||Y4|,-..,
Y, /|Yn|), where || - || is the usual Euclidean norm.

Theorem 2.3. Assume that Y belongs to the attraction domain of the normal
law. Then F®Y tends to the MP law a.s. as p/n — c, with Stieltjes transform

—(cz—c+1)++/(cz—c—1)2—4c
2z '

mrg, = (2.6)

Tx,xT

As in the derivation of Theorem 2.2, we still consider F™ . In order to

apply Corollary 1.1, let us check moment conditions for &, first. Write X, =
nY2Y /Y. From (3.7) and (3.10) of Giné, Gotze and Mason (1997), we have

n?EX{; =o(p "), n’EX{ X2 X3 =o(p?), (2.7)
n2EX 11 Xo1 X31 X41 = o(p™?).

Since

P P
1= n*2(2X§1)2 =n2) XHh+n? > XHXD,
i=1 j=1 1<j#I<n
we have 1 = n 2pEX{, +n 2p(p—1)EXZ X3, which, combined with n ?EX{; =
o(p~'), implies n?EX{ X3, = O(p~?) as n — co. From (1) and n~'t; =
o(p~2) for j # 1 (see (3.12) of IGiné, Gétze and Masorl (1997)), we have, uniformly
ink<nasn— oo,

D EQGR X — ) (X Xk — tyw)|* = o(n?),
A
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n! m;leE|Xijlk —tj* — 0,
J

where A = {(4,0,5,0') : 1 < 4,1,7,I' < p}\{(G,,7,1') : 5 =4 #1=1 or
G=U#4 =1}

Since FT(x) = p 184, 4 (p—1)t2o () + (p — 1)p ™64, 41, (), the norm of T is
bounded and H is the degenerate distribution with whole mass at 1/c. So all the
assumptions of Corollary 1.1 hold for n=*X,XT. Hence the Stieltjes transform
of the limit of F"~ ¥ jg

1 c

m = =
cl(l—c—czm)—2 1—c—cz—czm’

from which is followed that

ezt ec—1)+/(cz—c—1)? —4c
B 2cz '

Since F" "X Xn = (1 — p/n)I[0,00) + (p/n)F" %X we have mp, = [—(cz —
c+ 1)+ /(cz — c — 1)2 — 4c]/(22).

2.3. Sample covariance matrix for a finite population

Suppose y = (y1, ..., yp). is a simple random sample of size n from a finite
population of size N with values {uy,...,un}. Let y1 = (y11,---,yp1), .,
Vo= Win,--- ,ypn)T be n independent copies of y. Without loss of generality, we
assume Ey; = Zi\le us/N = 0. Write 02 = Zivzl u?/N, X; =y;/o,i=1,...,n.

Then after some algebra, we have EX{ = Ey{/o*, EX? = 1, and

1 1
EX2Xo X3 = — § 2
IR TGNN DN -2)_ 2 ¢Z<N“s“t“’
=S =

2 N
- ﬁ((N— DV =2~ W= 1)<N—2>“4>’

1 1
EX; X0 X3X, = AN DN I 3 - #;; B U Uy Uy,
<s m<
n

TN DN —2)(N - 3)04(—12Eyi‘ +3Nob),

1 1
E(X? —EX?) (X2 -EX2) = — <m > ulup - 04)
1<s#£t<N
= — Eyb).
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Since n < N, all the moment assumptions in Corollary 1.1 are satisfied if we
suppose lim supp_, o, Eyil < oo and liminfy_o 02 > 0.

Simple calculations show that t;; = —1/(N — 1) for j # [. Hence one eigen-
value of T is (N —p)(N —1)~! and the other p—1 are N(N —1)~!, which implies
that the norm of T is bounded and H is a distribution concentrated on {1}.

Now we see that all the conditions of Corollary 1.1 are satisfied. Hence the
Stieltjes transform of the limit of F™ ¥ is given by

1

(1—c—czm)—2’

m =

from which is followed that

—(z+c—1)++/(z—c—1)2—4c
2cz '

Since F" 'Y ¥ = (1 — p/n)I[0,00) + (p/n)F™ %7 we have

—(z—c+ 1)+ (z—c—1)2 —4c

Theorem 2.4. Assume that limsupy_, . Ey} < oo and liminfy oo 0? > 0. If
p/n — c, then Fr ' XX tends to the MP law a.s., with Stieltjes transform given

by Z3).

2.4. Sample covariance matrix from a causal time series model
We first consider the simple AR(1) model. Suppose that y = (y1,...,9,)7
is a sample of size p from a causal AR(1) model, i.e.,

Yt = QY1+ &t

where ¢ € (—1,1) is a constant and {e;} is a sequence of i.i.d. random variables

with mean 0 and variance 1. Let X; = (Xi1,...,Xp)7, ..., Xn = (Xin, -

)

Xpn)T be n independent copies of y.

Theorem 2.5. Assume that the innovations €; have mean 0, variance 1
and finite 4th moment. Then, the LSD of B,, exists and its Stieltjes transform
is given by m = m/c+ (1 —¢)/(cz), where m is the unique solution in the upper
complex plane to the 4th degree polynomial equation

(zm+ 1)*(m* + 2m(1 4 ¢*) + (1 — ¢°)%) = “m’. (2.10)
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It is well known that
1 é ¢ o Pl
. ® 1 ¢ - P2
T=——_| ¢ ¢ 1 - ¢
1—¢? ) )
Pl P72 P31
By the Gerschgorn Theorem, the largest eigenvalue of T is not larger than (1 —
¢) 2L +2(¢] +¢* + )] <2(1 - ¢%) %
Next, we verify the moment condition of Theorem 1.1. By the causal expres-
sion, for j > [, we have

)
Xjk;Xlk — tjl = Z ¢]_l+2h(€l2_h — 1) + Z €j_h1€l_h2¢hl+h2. (2.11)
h=0 Jj—l#h1—hgy

h1,hg>0
Let j > 1,7 >1" and | > I'. By (1), we have

Esd—3 i+’ +1=3l
E(Xjp X — tj)(XjXvk — tjw) = e 1 )_izx +tjgtu + tjtin

If j >1,5 >1'and I’ > I. We can similarly show that

Est — 3 ¢j+j/+l’—3l
E(Xijlk — tjl)(Xj’le’k — tj’l’) = ( 1 1 )_ ¢4 + tjj’tll’ + tjl’tj’l'

Using the same argument in the other six cases, one can show that

(Egil _ 3)¢u1 +potpa—3pa
1-— ¢4

where, for t = 1,2, 3,4, p; is the ¢-th largest value among {j,j’,1,1'}. Let B be

E(Xijlk‘ _tjl)(Xj’le/k —tj/l/) =

+tjj’tll’ +tjl’tj’l'

a non-random matrix with bounded norm. Since the entries of B are bounded,

we have
Es4 — 3)pmtr2tpa—3pa
Z bjlbj/,l/( 1 )1¢ 3 = O(n),
4 — ¢
5,37 LV

Z bjlbj’,l’ [tjj’tll’ + tjl’tj’l] = t’I“TBTB + tTTBTBT = O(n)
3950

Thus, the moment condition of Theorem 1.1 is satisfied.



434 ZHIDONG BAI AND WANG ZHOU

To apply the main theorem, we need to find the LSD of T. To this end, we

use
1 —-¢ 0 - 0 0
—p 1+¢> —p - 0
— 0 —¢ 1+¢* -~ 0 0
0 0 0 - 14+¢> —¢
0 0 0o - —¢ 1

Make a slight modification to T~! as

1+¢> —-¢ 0 -+ 0 0
—¢ 1_|_¢2 —p - 0
- 0 —¢ 1+¢* -+ 0 0
0 0 0 - 1+¢? —9¢
0 0 0 - —¢ 1+4¢?

By Lemma 2.2 of Bai (1999), the LSD of T~! is the same as that T, It is not
difficult to show that the eigenvalues of T~! are

1+ ¢* +2¢cos(kn/(p+ 1)), k=1,...,p. (2.12)

Then, the equation ([CH) for this case is

L, /1 dt
z=——+c
m o m—+ 1+ @2+ 2¢cos(t)

__i+¢;% d<
om 21 figo Cm+ 14 62 4+ 6(C+ ¢
1 &

m/(m+ 1+ ¢2)? — 4g?

This can be simplified to (ZI0). The proof is complete.
All results about the AR(1) model, except for the explicit expression of the
equation for the Stieltjes transform, can be easily extended to the causal time

series model. Let
ye=> b(h)ern
h=0

with 7, |¥(h)] = L < oo. Then T = (tij)nxn with t;; = > ;2 ¥(R)Y(|i — j|+h).
By the Gerschgorn Theorem, one can show that the norm of the matrix 7" is not
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larger than 2L2%. Tt is easy to show that for each fixed k, n~'tr(T*) — v}, < 2FL2k,
which shows the Carleman condition is satisfied. By the Moment Convergence
Theorem, the ESD of T tends to a limit H.

Similar to the AR(1) case, one can show that

E(X;p X — ) (X Xpp — tju)

= (Bet —3) Y (1 — pra+ h)(a — pa + h)vo(ps — pa + h)ip(h)
h=0
+titu + tirtn.

From this, one can check the moment condition of Theorem 1.1. Therefore, the
LSD of B,, exists and its Stieltjes transform is given by (IIJ).

3. Proof of Theorem 1.1 and Corollary 1.1

Proof of Theorem 1.1. We now proceed with the proof by the following
steps.

1. mu(2) — Emy,(2) — 0, as..

2. Emy,(z) — m, which satisfies (ITl).

3. The equation has a unique solution in CT.

Step 1. Proof of m,(z) — Em,(z) — 0, a.s..
E; denotes the conditional expectation given Xy41,...,X,. With this no-
tation, we have m,(z) = Eo(my(2)), Em,(2) = E,(my(z)). Therefore,

n

m(2) = Ema(2) = Y (Br1(my(2)) — E(ma(2)))

k=1

1 _ _
== Z[Ek_l — E] (tan - tI‘Bk;L)
L
1 n
==Y [Er_1 — B,
p k=1
where )
_ rp BTk
k= 1+ I'ZBk_ier.

Since || < v7!, {[Ex_1 — Ep]yi} forms a bounded martingale difference se-
quence. Applying Burkholder inequality, we have

g

Bl (=) — Emn(2)|7 < Kyp QE<Z (Be 1 — Ean) )
k=1
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2 Y N
< K,()1p3(E) s (31)
which, for ¢ > 2, implies p~* Y ope1 (B — Ep)yi — 0, as..
Step 2. Proof of Em,(z) — m, which satisfies (I.T]).
Write K = T(1 +n~'trB; 1 T)~!. Since
(B, — 2I) — (K — zI) Z rr; —
we have
(K—2I)"! — (B, — 2I)~!
P
=Y (K= 2I) 'rprj(By — 21) 7' — (K — 2I) 'K (B, — 2I) !
k=1
P (K —zI)lrpriB; !
= ( )* — Bk (K -2 T'K(B, — 21)7! (3.2)
=1 1 + rkBk,nrk
where, in the last equation we have used the formula,
riB !
I‘kB 1_ k~kn
1+ rkBk nI'k;
Multiplying T for ¢ = 0,1 on both sides of ([§2), we obtain
TYK — 1)~ — T8B!
P THK — 2I) 'rpri B L
=3 - Fokn UK - 21) ' K(B,, — 1)
=1 1 + rkBk nrk
Taking the trace and dividing by p we find
1
Lomik —on 1 = Lo (T‘ZB )
p p
;B ITYK -2, 1
== Z b - )T “trT(K — 1) 'KB; !
1 + rkBk nrk p
S Z (3.3)
1+ r};Bk nI'k;

where

1
dp = viB L THK — 21) ey — —trTHK — 21) 7 'KB, (1 + v} By, L),
K n b
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Write dy, = dg1 + dgo + dig with
1 1
dpy = —tr(K — 2D) 7' THB L — — (K — 20) ' T B
n ’ n

1
dpo = rpB L THK — 21) ey — —trB, LT (K - 2I) 7,
’ n k)

1 1+ B ey
T L. = ) |
n 1 + Eter‘,nT

noting T(K — 2I)~! = (K — 2I)"'T.
We first show that
_ L
I(K =21~ < —, (3.4)

for some constant L.
For any real ¢, we have

1 -1 v 2 2\ !
%(t + z(l + —trBB,, nT)) =v+ —tr(Bk,n ((Bk,n —ul)® 4o ) T) >,
n ) n

noting that tr(By,, (B, — ul)? +v?)71T) is the trace of a non-negative definite
Hermitian matrix since

2 2\ ! k 2 2\ 7!
tr(Bk,n((Bk,n DY) L ) T) _ tr(E X;;Bk,n((Bk,n —ul)? 4w ) Xk>

where EF denotes the conditional expectation given X, ..., Xj_1, Xty ooy X
Thus, using the spectral decomposition of K,

-1

t
(K — 2I)7!|| < max —z

=011+ Lu (B L)

-1

1+ o (B AT)
< max :
00—z (1+ Lu(BT))
L

v?’

<

where L can be chosen as any number > v + ||'T||. The assertion (B4I) is proved.
Lemma 2.6 of Silverstein_and Bai (1995) implies

o\ —1métl
(K — )T L

nv nv3

k1| < — 0, (3.5)

where L is a constant which may take different values in different appearances.
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Next, we analyze dja. Write B, | T*(K —2I)~! = (bj;). Then, by the moment
conditions for X,,, we have

_ 2

E|dp|? = n_QE‘ > by (X Xu — tiy)| — 0. (3.6)

3l

Note that
1

— Y) —9| % 4p— _

|dis| < 1K = 2D) 7 HI[ T 2o~ By ey — gthk,iT\-
Therefore, by moment conditions, we have
1
E|dys|* < LE|rjB, vy — —trB;, ' T|> — 0. (3.7)
K n b

Notice that
1
Hence it follows from B3] and B3), B6), B) that
1
p

as n — oo.
Let K = T(1 + n 'EtrTB;!)~!. Similarly, we can prove that (52 holds
also when K is replaced by K. Then

<E
T

(EtrT’f(K N EtrTfBgl) 0, (3.8)

%'E(trTZ(K — 27 — e TYK — zI)fl>

< I*|T|%*E|K - K||
< Lz T||" v S 'E[trTB, L — EtrTB, |

< L2227 o On (E|trTB,;; — t'TB; | (3.9)
+E|6TB; ! - EtrTB,;ly> (3.10)
-0 (3.11)

where, to obtain the limit, the expectation in (B3) can be estimated by Lemma
2.6 of Silverstein and Bai (1994), and the expectation in (BI0) can be estimated
by the similar martingale decomposition in Step 1. Hence, we finally reached

1

(EtrTf(f( e EtrTﬁBﬁ) —0,
P
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as n — 0o. Noting (B3], we have
1 T -1
—Etr(i - zI> — Emn(z) — 0, (3.12)
D 1+ cpan(z)

1 —1
“Et T<7 _ I) _ 0, 3.13
’ r TF cnan(2) z an(z) — ( )

where a,(2) = p1EtrTB, . After noticing |(1 + cpa,(2))7Y < |z|/v, multiply
(1 + cpa,(2))~! on both sides of ([EI3) to obtain

T -1
1+ EEtr(i - zI> __wl)
P 1+ cpan(z) 1+ cpan(2)
as n — oo. Then, by [BIZ), we have
an(2)
1 E - 0.
+ zEm,,(2) T+ enan(2) —
From this, we conclude
L 1~ ea(1 + 2Bmp(2)) + o(1)
——=1-c zEmy, (2 o(1).
1+ cpan(2) " "
Substituting this into ([BIZ), we obtain
1 -1
—Etr(T(l — (1 + 2Emy,(2))) — zI) —Emy(z) — 0. (3.14)
p

For each fixed z, {Em,(z)} is a bounded sequence. Thus, for any subse-
quence n/, there is a subsequence {n”} of {n'} such that Em,_»(z) tends to a
limit, say m. Then m should satisfy the equation

m = / e C_lczm) —dH(1). (3.15)

Since S(Emy,(z)) > 0, we conclude that J(m) > 0. Obviously, it is impossible
that (m) = 0 because the right hand side of (BJH) has a positive imaginary
part.

By the uniqueness of the solution to the equation [BI%]), proved in the next
step, we conclude that for all z with S(z) > 0, Em,,(z) converges to a limit which
is the unique solution to (BIH).

By Step 1, we conclude that for each z with J(z) > 0, my(2) — m(z) a.s. as
n — oo. Finally, applying the Vitali Lemma, we conclude that, with probability
1 on any compact subset of {z : J(z) > 0}, my(z) — m(z), which satisfies the

equation (BIH).
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Step 3. Uniqueness of solution of ((ILTI).

Suppose we have two solutions mj, ms € Ct of the equation (Il). Let
Mi(z) = —(1 —¢)/z + ecmi(z) and Ma(2) = —(1 — ¢)/z + ema(z). Both M;(z)
and M (z) are Stieltjes transforms of some distributions. Hence &(Mi(z)) > 0
and J(Ma(z)) > 0. Since mi(z) and my(z) are solutions of ([IL1I), we have

M, = (c/ L aH(@) - z) - (3.16)
tMy + ¢
My = (c/ L am@) - z> o (3.17)
tMs + ¢
Hence
t2

M1 —MQZC(Ml —Mg)/ (tMl —f—C)(th—f—C)dH(t)

(c/tMlt+cdH(t)—z>1(c/tM2t+CdH(t)—z>

If my # mo, we have

t2
1= C/ (tM1 + ) (tMa + ¢)

t -1 t -1
dH(t) — dH (t) —
X<C/tM1+C () Z) (c/tM2+C () Z)
which, by the Cauchy inequality yields
2 2 1
1< ———dH(t) | ———dH(t
_C</|tM1+c|2 ()/|tM2+c|2 ())
t -1 t -1
H(t) - H(t) - ( 1
(c/tMl-f—Cd (t) Z) (c/tM2+Cd (t) Z) (3 8)
From (BI6) and (BID), we have
2
S M — SM: | —
I M; <v+c \YMJ/ \th—i—c]de(t))
2
SM,; | ——dH(t
> CcsS ]/’th—i-CP ()

which implies that for both j = 1 and 2,

1> c/LdH(t) (c/ L aH(@) - 2)
[£M; + cf? tM; + ¢

The contradiction of BI8) and [BIJ) proves that m; = mgy and hence ([I]) has
at most one solution. The existence of solutions to (LTJ) has been seen in Step
2, the proof is complete.

dH ()

-2

(3.19)
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Proof of Corollary 1.1. Under the conditions of Corollary 1.1, for any non-
random p X p matrix B = (b;;) with bounded norm, we have

_ 2
n_2E‘ > (XX — tjl)‘
Jil
=n"’E Z Z bjibj v E(Xju Xk — ) (X Xpe — tjwr)

Y
_ - 1 - - -
<nE(Y_ [bjabjrrl*)? (Z ‘E(Xijlk = tj) (XynXvr = tjw)
A A

+2n~" ri,lnglXijlk — t;i|*E| (b7

=

)

N

)

< n’lEII(bj,z)Hz(Z (E(Xijlk: = ) (XynXvw = tj)
A

B 2
+2n 1 ?ng‘Xijlk — tjl‘ EH(bj,l)H2
—0

where in the above inequality, we used

SN ibiabyl = O Ibjal)* < n?ll(bi)]*

b ghl al
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