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S1 Proofs of results in Section 3

PROOF OF THEOREM 1. Setting up the Lagrangian

L(t,k) =7(t,p,~) — k [(Z tm) —Mt]

meM

and taking derivative with respect to t,,, and setting it equal to 0 yields equa-
tion (5). Now, recall we denote the solution to equation (5) with respect to
tim BY to(k/Dm, Ym) and observe k — t,,,(k/pm, ¥m) is continuous and strictly
decreasing in k with limy_ et (K/Pm, Ym) = 0 and limy o ¢ (K/Dms Ym) = 1
by (Al). Thus, ta(k,p,y) = MY, i tm(k/DPm, ¥m) is continuous and
strictly decreasing in & with limy o 1 (k, p,¥) = 0 and limy oty (K, p,y) =
1. Hence, there exists a unique k satisfying ¢y, (k, p,y) =t for any t € (0,1)

and hence a unique collection [t,,(k/pm,Ym), m € M]|.
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To show that the solution is a maximum, it suffices to show that the
sequence of the determinants of the principal minors of the bordered hessian
matrix, evaluated at the solution, alternates in sign. The jth principle

minor of the bordered Hessian matrix is

where Dj is a j x j diagonal matrix with diagonal elements d,, = 7/ (t,,)

and 1; is a vector of 1s of length j. Note that d,,, < 0 at the solution due to
(A1). Now, observe that |H;| = —1 < 0 where |- | denotes the determinant,

and for j > 2, we have the recursive relation

j—1
|H ;| =d;|H;_| + (—1) (—dpm)- (S1.1)

m=1
Because d; < 0, for j an even (odd) integer each expression on the righthand
side of equation (S1.1) is positive (negative). Hence {|H;|,j =1,2,...} al-

ternates in sign. ||

PROOF OF THEOREM 2. Observe that EBJ/DM(t(k,p, ~)) is continuous in
k under (A1). Hence, it suffices to show that EBJ/DM(t(k,p, v)) takes on
values 0 and 1 — p(ypy by the Mean Value Theorem. We first show that

e~

1}551 FDPy(t(k,p,v)) > 1 —pu).
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Observe that (A1) implies t,, < 7, (t,) <1 for t,, € [0,1] and hence

(k) < Gu((k,p, 7)) < M7 (1= pon) b (/P Ym) + D | -
meM

(S1.2)
The inequalities in (S1.2) imply

2 memlt = Gmtm(k/Pm; ym))] tai(k, P, )

> memll = tm(E/Pm, Ym)]  Gu(t(k, p, 7))
Y omerll = Pl = tn (K /Dy vn)] - tar (B, D, )
- > omemll = tm(k/Dm,vm)]  Gu(t(k,p,7))

ta(k,p, )
> (1—pan) Gul(t(k,p, 7))’

FDPu(t(k,p,y)) =

which converges to 1 — p) as k | 0 if

7EM(ka D, 7)
Gu(t(k,p,v))

as k | 0. To verify (S1.3), observe that limyo ¢, (k/pm,¥m) = 1 by (Al)

— 1 (51.3)

and hence ty(k,p,y) — 1 as k | 0. This, along with the inequalities in
(S1.2), imply G (t(k,p,v)) — 1 as k | 0 and hence (S1.3) is satisfied.

Now if

lim _EM(ka D, 7)
koo Gy (E(k, P, 7))

then by the first inequality in (S1.2) and the definition of FD Py (t(k, p, 7))

=0, (S1.4)

- tu(k,p,v)
FDPy(t(k,p,7)) < Cu(tlhp ) !

as k — oo and the proof would be complete. Hence, it suffices to show

(S1.4). But because t,,(k/Pm;Ym) + 0 as k — oo and 7! (t,) — oo as
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tm 4 0 by (Al), we have

T (Lo (K / Py Yin))
ton (K /D, Ym)

— 0

as k — oo by Hopital’s rule. Further for a,,, b,,, m € M any positive

constants,

Z em 9m Am ( bm ) . {am }
=meL = — | =—— ) >mins—,meM;.
Scrtn 2 \Seatd e

meM Zm

A(k‘) — ZmeM va(tm(k/pma 'Vm)) > min{ﬂ'ym(tm(k/pmyym))

,m e /\/l} — 00

as k — oo which implies

tu(k,py) [Z(l_pm)tm(k/pm77m> pmmm(tm(k/pm,vm))]_1

GM(t(kap77)) meM EM(kapa"Y) EM(kapa’Y)

< [M(l —p(M)) + Mp(l)AU{?)} ! —0

as k — oo, where p;y = min{p}. ||

S2 Proofs of results in Section 5

PrROOF OF LEMMA 1. The proof is based on the reverse martingale tech-
niques in Storey et al. (2004) for verifying FDR control in the unweighted
adaptive setting and the proof of Theorem 9 in Pena et al. (2011) for verify-

ing FDR control in the weighted unadaptive setting. The main additional
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challenge in the weighted setting is in verifying that V (tw) is a martingale.
Also, the final proportion of the proof in Storey et al. (2004) uses the fact
that V(1) has a binomial distribution. Here, V (tw) is the sum of het-
erogeneous Bernoulli random variables and hence a Hoeffding inequality is
necessary.

First, observe that because u = A, 0 < fg < A by definition and that
if £ = 0 then FDR(f\w) = 0 trivially. Let us focus on the setting where
0 < #) < \. By the definition of £, F/ﬁ/\(%w) < a which gives R(£})) >

~ ~ /\)\
My(Aw)t) /o by the definition of FDP (-). Hence,

oy V@R[ 1 viEw
FDR(Pw) = E_R(%w)} <E Tow B ] (S2.1)
[« V(Aw)
< FE _MO(Aw) 3 , (52.2)

where (52.2) is established as follows. First, if £} = A, it is true trivially.
Now suppose that 0 < £} < A. Define filtration F;, = o{é(sw),0 < t <
s < A} and observe that £} is a stopping time with respect to JF, (with
time running backwards). Further, for 0 < t < A, V(tw)/t is a reverse

martingale with respect to JF;. This can be verified by noting that for
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Z E [5m($wm)|ft]

meMpo

Z O (W ) E [0 (8W3) [0 (F10,) = 1, F

meMo

> S (tw) B[S (51,6 (tw) = 1]

meMo

1 sw
- = 5mtm—m
SZ (w)tw

meMo m

O (T,
_ (t )

meMo
V (tw)
t b

Wl W~k W]

where first equality follows by the definition of V(-) and the second is due
to the fact that d,,(swy,) = 0 if 6,,(tw,,) = 0 by the NS assumptions. The
third equality is satisfied due to (A3). The forth equality follows by the
fact that Pr([0,m(swn) = 1] N [0 (twy) = 1]) = Edm(swn,)] = sw, for
m € My and s < A under the NS assumptions and under (A2). The forth
and fifth equalities follow from some algebra and the definition of V(+),
respectively. Hence, by the law of iterated expectation and the Optional

Stopping Theorem (Doob, 1953)

a VBw)| o V(thw)
b My(Aw) £ ] B E{MO()\’U’)E{ A |}—A}}
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Hence, we have established (52.2).
Now, note that M — R(Aw) = My —V(Aw) + [My — > vy, Om(Awnm)] >
My — V(Aw). Further observe that V — V(Aw)/[My — V(Aw) + 1] is

convex. Hence, by Theorem 3 in Hoeffding (1956) and with p = Awg

V(A w) <l k Mo k Mo—Fk
E - 1— o
J%—VQwHJ]_ zh%—k+1 . p(1-v)
_ p Mo
- -

The last equality follows from basic calculations. Thus,

1 V(w)

Ela—

_ 1-2  VOw)
_EPM—MMWH A}
(1-=2X) V(Aw)
Oz(l_)\) p (l—pMO).

IN

«

A 1—p

The result follows by plugging Awjg in for p in the last expression. ||

PROOF OF THEOREM 3. From Lemma 1 and because wy < wr,

1—A Wo 1—)\’LU(M)

FDR(t).w) < o*w =
<aw)_aw01—)\’u_10 aw(M) 1—)\’(1_10
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S3 Proofs of results in Section 6

Before proving Theorem 4 the following Glivenko-Cantelli-type Lemma re-
garding the uniform convergence of the FDP estimators and the FDP is
presented. For similar results in the unweighted adaptive setting see The-
orem 6 in Storey et al. (2004) or see the proof of Theorem 2 in Genovese
et al. (2006) for the weighted, but unadaptive, setting. See also Finner
et al. (2009); Fan et al. (2012) and references therein for additional results

on almost sure convergence of the FDP.

Lemma S1. Fiz § € (0,u). Under (A2) and (A4) - (AG),

/\0
sup |FDP,,(twy;) — FDPY(t)] — 0,

6<t<u

—
sup |FDP,(twy) — FDP(t)] — 0,

0<t<u

and

sup |FDPy(twy) — FDPy(t)] — 0

0<t<u

almost surely.

Proof. In what follows we denote max{R(twy,), 1} by R(tw,,) for short.
Observe R(tw);) is nondecreasing in ¢ almost surely by the NS assumptions

and G(t) is strictly increasing in ¢ for 0 < ¢ < u by (A6). Hence, for any
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5 € (0,u),
— N t ot
5212“ FDP,,(twy) —FDPOO(t)‘ = 5S§lt1£u Rltwa) /M~ G
- t[G(t) —R(t'wM)/M]) < SUPs<i<y |G(t) — R(twar) /M|
en, | GORMwa) /M| = G(0)R(0wn) /M
0
— G(6)2 =0

almost surely, where the numerator converges to 0 by the Glivenko-Cantelli
Theorem and the denominator converges to G(8)? by (A4) and the Contin-
uous Mapping Theorem.

As for the second claim, denote G, = Moy(Apywyr)/M and a0 =

[1 —G(N)]/[1 — A]. Additionally observe
FDP,(twy) = ag , FDPy(tw) and  FDP(t) = ay  FDPYL(1),

Then using the triangle inequality

sup |[FDP,,(twy) — FDPA(H)| = sup daMFDPM(th)—aaOOFDPBO(t)’

0<t<u 5<t<u

< i)y —adoo| x sup [FDPy,(twy)| + ad.o x sup FDPM(th)—FDPOO(t)‘
0<t<u 0<t<u

< 2¢ + €,

where the last inequality is satisfied for all large enough M for any ¢ > 0.

To verify the last inequality note that aj ,, — ag . almost surely by (A2),
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(A4) and the Continuous Mapping Theorem, and hence |G 5, — af o] < €

for all large enough M. Further, for all large enough M,

—0
sup FDP,,(twy) < sup FDPY(t) 4+ ¢ <2

§<t<u §<t<u
by the first claim of the Lemma and (A6). Additionally, G(\) > X by (A6)
and consequently aj ., < 1. Lastly, sups<;<, |F/ﬁ?\4(th)—FDP£O(t)| <€
for all large enough M by the first claim of the Lemma.

To prove the third claim, we first show that

sup |F'DPy(twy) — FDPL(t)|

i<t<u
V(tw) ao ot aofiot apfot
< s — + s —
= e | R(twa) — Rltwa) /M| 522, | Rltwa) /M~ G(2)
= — t S3.1
st R(tw)‘ Mo (83.1)
_—0
T —— FDPM(th)—FDPfo(t)‘. (93.2)
0<t<u

The inequality is a consequence of the triangle inequality and the defini-
tions of FDP,(t) and FDPy(twy). The expression in (S3.1) is verified
by factoring out R(tw,;)/M in the first expression on the previous line
while the expression in (53.2) follows from factoring out agpp in the second
expression and by the definitions of ﬁ?\/[(tw um) and FDP? (t). Now, the
quantity in (S3.2) converges to 0 almost surely because agug is bounded
under (A5) and by the first claim of the Lemma. To show that the first

expression converges to 0 almost surely, first note for any ¢ € (6, u|, because
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R(twyy) is nondecreasing in t, R(tw,;)/M > G(6/2) and hence that

M 1
Rltwyy) ~ G(0/2)

for all large enough M. Hence, if

sup |————= — agpot| — 0 S3.3
agtgu Vi oMo ( )
almost surely, then
su M 'V(t’lUM) —a | < €
serew Rtw) | M VRN = GG/2)

for all large enough M and the proof would be completed since € is arbitrary
and ¢ is fixed. To show (S3.3), first observe that E[V (twa)]/Mo = wo st

under the NS conditions. Also note that by the triangle inequality

V(tw V(tw
sup Vitws) _ pot| < sup Vitww) _ U_Jo,Mt‘ + sup |wWo,at — piot|
<t<u MO 0<t<u MO 0<t<u
V(tw
< sup M — wo,Mt' + u [Wo,pr — fto| — 0
0<t<u MO

almost surely, where the first quantity converges to 0 by the Glivenko-
Cantelli Theorem and the second quantity converges to 0 because wg pr —
o almost surely under (A5) and because u < 1. Thus, again using the

triangle inequality

S V(th) oot S V(th) [MO +a a } t

up | —————=~ — — qup |———2/ 2 _ —a

6§t£u M ofto (5§t£u M, M 0 0 0Ho
My V(twy) V(twyy)

< |=F —ao| sup |——|+ag sup |—— — pot| =0
MR T M, R I VA
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almost surely, where the first quantity converges to 0 because My/M — ag
almost surely under (A5) and because V (twys)/My < 1, while the second
quantity converges to 0 because ag < 1 and V' (twys)/My — pot. Hence we

have established (S3.3). O

PROOF OF THEOREM 4. Let us first focus on the equalities. Suppose that
t9 0o < u. Then FDPY (L) ) = o by the definition of ¢},  and by (A6).

o, 00

Additionally due to (A6), for any € > 0 there exists a 0 < 0 < € such that
FDPY(t) . +0) <a+e

—0
Now, Lemma S1 gives FDP,,(twy) < FDPY(t), . +0) for 0 <t <), 40

and all large enough M. Hence, this and (A6) imply
—0
tE,M =sup |0 <t <u:FDP,(twy) Sa] Stg,oo+5<tg7oo+€

for all large enough M. Similar arguments give t0, ,, > t2  — € for all large

enough M. Now if ) = u then
0 70 0
ta,oo —€e< ta,M < ta,oo =u

for all large enough M. Hence, |{% ,, — ) | < € for all large enough M

0

«,00

and we conclude fg, vy —t almost surely. As for the second equality,
FDP(t) = a) FDPY(t) is also continuous and strictly increasing by

(A6) and consequently identical argument apply. Thus 537 M tgm almost

surely.
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As for the inequality, note that (A6) implies A < G(\) which implies

1—G(\)
A AV
a9 o T S 1. (S3.4)
Hence,
FDP(t) = aj . FDP2(t) < FDP(t) (S3.5)

for every ¢ € (0,u]. This, (A6) and the definitions of FDPJ (-), tJ ,, and

taoo Imply 2 o <13 . ||

PROOF OF THEOREM 5. By Lemma S1 and (A6), for 0 < s <t <wu

FDPM(t’U)M) — FDPM<8’U)M) >
aopot/G(t) — agpos/G(s) — 205<12£) |F'DPy(twar) — agpot/G(t)]

— apio[t/G(t) — s/G(s)] >0

almost surely. Claim (C1) is then a consequence of Theorem 4 and the Con-
tinuous Mapping Theorem. To verify Claims (C2) and (C3), first observe

that by the triangle inequality
|ED Pyt yywar) — FDPo(t) )|
< [FDPy(tg yrwir) = FDPoo(fy )| + [FDPoc(t3 1) — FDPu(to ).

The first quantity converges to 0 almost surely by Lemma S1 and the second

quantity converges to 0 almost surely by Theorem 4 and the Continuous
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Mapping Theorem. Hence, FD Py () yywa) — FDPy(t) ) almost surely.
Thus to prove Claims (C2) and (C3) it suffices to show that FDPy(t), ) <
a if py < 1, with equality when G(t) is a DU distribution with o = 1 and

FDP2(u) > a. To show this, consider the following:
t)\

Gt 00)
t)\

G (t3,00)

1 -G tace
1-X G(tdo)

= FDPL(t).)

FDPu(tan) = aof

IN

Qo

IN

< .

The first equality is due to the definition of F'D P, (-). The first inequality
is satisfied when py < 1 and is an equality when py = 1. As for the
second inequality, note that G(A) < apA +1 — ap when pp < 1 and G(\) =

apA + 1 — ag under a DU distribution with o = 1. Consequently

_1—MM+1—mﬂ<1—GM)
N 1—\ - 1=\

Qo

when 9 < 1 and the inequality is an equality when G is a DU distribution
with p19 = 1. The last equality is satisfied by the definition of FDP2 (-). The
last inequality is satisfied by the definition of tfwo and is an equality when
G is a DU distribution with py = 1 and F' D P (u) > « because these condi-

tions imply FDPy(u) = FDP(u) > . That is, FDP,(u) is continuous
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and monotone and takes on value . Hence, FDPy(t; ) < a if pp < 1

with equality if G is a DU distribution with puy =1 and FDPy(u) > a. ||

PrROOF OF THEOREM 6. Under the conditions of the theorem

COU(WnLM, em,M) = E[Wm,M|9m,M = 1]E[9m,M] — E[Wm,M]E[em,M]
= Ebmm|(EWnn|Omy = 1] —1).

Hence, Cov(W, a1, Omar) > 0 implies E[Wo, 0|0 = 1] > 1 and conse-
quently E[W,, a|0ma = 0] < 1, with equality if Cov(Wy,ar, 0mr) = 0.
Hence E[Wo |0y # 1n] = po < 1 with equality if Cov(War, Omoar) = 0.

The result follows because Wy s — po almost surely. ||

PROOF OF COROLLARY 1. Observe that u = 1 and A < 1 is fixed. Hence
(A2) is satisfied and (A4) - (A6) are satisfied by the conditions of the The-
orem. Therefore Claim (C1) holds by Theorem 5. Now, additionally note
that po = 1if wy; = 1), and that FD P, (1) = ag > a under the conditions

of the Theorem. Thus Claims (C2) and (C3) hold by Theorem 5. ||

Before proving Theorem 7 we provide Lemma S2. It will be used to
verify that optimal weights are weakly dependent so that decision functions

satisfy the weak dependence structure defined in (A4) - (A5). Below, de-
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note to(k) = Eltim(k/pm,vm)] and denote G(to(k)) = E0m(tm(k/Dm,vm))],
where the expectations are taken over all random quantities, i.e. over

(Zmy Oy Py Ym) for some fixed k& > 0. Further, define

D 1 =G(to(k)) to(k)
FDP<k) = —7=00) Glao(h)
and
kK = int{k : FDPo(to(k)) = a},
and denote

wm,oo(k*apma ’Ym) = Umtm(k*/pma ’Ym)/to(k‘*)

Lemma S2. Suppose that Pr(p,, < 1 — «). Under Model 1 and (A1),

ky, — k* almost surely and

wm,M(k;Ja D, 7) — wm,oo(k*> Pm, ’Ym)
almost surely.

Proof. Note that 0 < a < 1 — p(y) with probability 1 so that &}, is well
defined for M = 1,2, ... by Theorem 2. Further, observe that ¢,,,(k* /pm, Ym ),
m = 1,2, ... are i.i.d. continuous random variables taking values in [0, 1]
under Model 1. Hence, by the Strong Law of Large numbers ¢, (k*, p,vy) —
to(k*) almost surely. Likewise, Gy (t(k*, p,v) — G(to(k*)) almost surely

and by the Continuous Mapping Theorem

FDPy(t(k*,p,~)) — FDPo(to(k*))
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—_—

almost surely. Because further EEJ/DM(t(k,p, ~)) and FDP.(ty(k)) are
both continuous in k& by (A1), we have from the Continuous Mapping The-

orem and the definitions of k}, and k* that k};, — £* almost surely. Thus,

’a’m,M(kzdapa 7) = Umwm,M(k;(\/[apa 7)

b3/ )
" tM(k}k\/[a D, 7)

tm(k*/pmvfym) ~ *
— 7 — Wno k yPmy Im
o) oo (K", Py Yim)

- U,

almost surely by the Continuous Mapping Theorem.

O

PROOF OF THEOREM 7. First we verify (A2). Observe Ay =ty (K3, P, y) —
to(k*) almost surely by the Strong Law of Large Numbers and the Contin-
uous Mapping Theorem, where recall to(k*) = Elt,,(k* /pm, Ym)]. Thus, by

the definition of w,, p

Ut (K3 /Py Y 1
lim W, p»y = lim ,’M(*M/p m) <

almost surely, where the last inequality is due to the Continuous Mapping
Theorem, Lemma (S2) and because U,,t,,(ky, p,y) < 1 almost surely by
construction. That is, (A2) is satisfied with A = u = 1/to(k*).

Before verifying (A4) - (A6) we introduce some notation. Denote

GF(t) = B[S (t0m,00 (K", Py Ym))]
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where the expectation is taken over all random quantities, i.e. taken over
(Zumy Oms Py Ym, Um ). Further we sometimes suppress p and ~ and write
Win,o0 (k") = Win,o0 (K", Dy Y ), Win,aa (K°) = Wi, (K, ;) and wy (k) =
(W, a1 (K*), m € M]. Further, denote oo (k*) = [ 0(k*), m € M|.

Now consider (A4). Observe that 6, (tW, - (k*)), m = 1,2, ... are i.i.d.
Bernoulli random variables with success probability G¥*(¢) under Model 1
so that

R(twoo (k) 2 mem Im(tmoo(K7))

_ k*
i = i — G" (t)

almost surely by the Strong Law of Large Numbers. Further, by the NS
assumptions, Lemma S2, and because G*"(¢) is continuous, we have that

for any € > 0 there exists an ¢ > 0 such that

Rltwu (k) _ Zmem In(t0mnt(Fip) D mept Om(Hlm oo (K7) + €])
M M M

< GF(t+td)<G¥(t)+¢

for all large enough M. Similar arguments give

R(tw (k)
M

>GF () — €

for all large enough M. Hence, R(twy(k*))/M — G* (t) almost surely.
Then because ki, — k* almost surely by Lemma S2, R(twy(k},))/M —
G*"(t) almost surely by the Continuous Mapping Theorem.

As for (A5), recall the NS conditions give E[0,,(tm)|0n = 0] = .
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Hence, taking the expectation over all random quantities, we have by the

law of iterated expectation

E[(1 = 0,)8m (o0 (5, s )] = oo,

where ag = E[1 — 0,,] and po = E[Wm00(k*, Dims Ym)|0m = 0]. Then, argu-

ments akin to those in the proof of (A4) give

V(b (ky) MoV (tbu (ki)
M M, ol

almost surely.
For (A6), first observe that G* (t) = aguot + (1 — ag)G4(t) for t < u,

where
G1(t) = E[my,, (Wm0 (K", Py Ym))]

and the expectation is taken over all random quantities. Clearly t — G ()
is concave and twice differentiable because t — ., (¢) is twice differentiable
almost surely by (Al). To see that t/G(t) — 0 ast | 0 note that G (t) — oo

as t ] 0 because 7/, (t) — oo as t | 0 almost surely by (Al). Hence,

t t

= — 0
Gk (t) CL(]/J,ot + (1 - ao)Gl(t)

as t | 0 by an application of Hoptial’s rule. Clearly, limy, t/G*¥ (t) —

u/G* (u) because G*"(t) is continuous. To see that u/G* (u) < 1 we es-
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tablish the following:

Gk* (U) = E[ém (uwm,oo (k*>>]

+(1 = a0) B[ (w0 (k) |6 = 1]
= 0B [utbm oo (k)] + (1 = a0) B[y, (w00 (k7))
> g E[uth, oo (k)] + (1 — ao) E[uthy, oo (k)]
= Eluthy, (k)

= UE[Wn(k")] = u.

The first equality is by the definition of G* (u) while the second equality
is due to the law of iterated expectation. The third is a consequence of
the definition of 7, (t) and the NS assumptions. The inequality is satisfied
because 7, (t) > t almost surely for every ¢ € [0, 1] under (Al). The forth
equality is obvious. As for the fifth, recall E[Up,|pm, Vm| = 1, Wm.0o(k*) =
U W00 (k*) and that Efw,,~(k*)] = 1. Hence, by the law of iterated
expectation E|Wy, o (k*)] = Elwm.c(k*)] = 1.

To verify that o < 1 we make use of Theorem 6 and write W, =
Wy (K3, 7y) and W,, = U,,W,, for short. First let us focus on Cov(Wi, O).

From the law of iterated expectation,

Cov(Wi, 0,,) = E[Cov(Wi, 0 |pim)] + Cov(E W |piml, Pm.)- (S3.6)
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Observe that
Cov(Wp, O |pm) = E[Wm9m|pm] - E[Wm|pm]E[9m|pm]
= me[Wm|pm] - me[Wm|pm] =0

which implies that the first expectation in (S3.6) is 0. To compute the sec-
ond expectation, first observe 7/ (t,,) is continuous and strictly decreasing
and hence the solution to 7! (t,,) = a, denoted t,,(a,v,), is continuous

and strictly decreasing in a almost surely by (A1). Hence t,,(k};/Pm, Ym)

p, '7]

is also increasing in p,, almost surely because the function z/(z + a) for a

is strictly increasing and continuous in p,, almost surely. Thus,

tm (K /P Ym)

EWnlp,y)=E|M " "
[ | ] tTn(kM/pma'Vm) + Zj;ﬁm tj(kM/pj"Vj)

any positive constant is increasing in x for x > 0. This implies E[W,,|pn] is
also increasing in p,, almost surley which implies Cov(E[W,,|pm], Pm) > 0.

As for W, = Upyy Wi,
Cov(Wi, 0n) = E[Cov(UpnWin, 05| W) + Cov(E[U W |[Wea], B0 |Woi])
by the law of iterated expectation. But
E[Cov(UpnWp, 00| W) = EIW,Cov(Upy, 0 |Win)] = 0
because Cov(Up,, 0,,|W,) is 0 by construction. Additionally,

Cov(E[UpWin|Win], B[ |Win]) = Cov(Wi, B0 |[Win]) > 0
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because Cov(Wh,, 8,,) > 0. Hence, Cov(W,,, 6,) > 0 and thus, by Theorem

67 /J’OS L. H

PROOF OF THEOREM 8. First recall from the proof of Theorem 7 (where
here we take U,,, = 1 almost surely for every m) that Ay; = tp (k%) — to(k*)

Hence, we have

- GR )t
PP =30y &

Further observe that because t/G¥"(t) is strictly increasing by (A6), then
to(k*) =t . by the definition of ¢} . Hence ty(k};) — to(k*) = 5o

almost surely. ||

PROOF OF COROLLARY 2. First observe that Cov(wy, ar, Om.ar) = 0 and
hence pp = 1 by Theorem 6. It therefore suffices to show that (A4) -
(A6) are satisfied. But d,,(twm ), m = 1,2,... are i.i.d. Bernoulli ran-
dom variables under Model 1 and the conditions of the Theorem. Hence,
R(twy)/M — G(t) for G(t) = E[0m(twm )] almost surely by the Strong
Law of Large Numbers and (A4) is satisfied. Likewise (1 — 6y, as)0m (twm, ar),

m =1,2,... are i.i.d. random variable with mean aqt under the NS assump-
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tions and the conditions of the Theorem. Hence,

Vitws) _ 1 3" (1 = Ot )bt r) — agt

M M
meM
almost surely by the Strong Law of Large Numbers and (A5) is satis-
fied. Condition (A6) is verified using arguments identical to those used

in verifying (A6) in the proof of Theorem 7 with G¥'(t) = G(t) and

Wm,M = wm,m(k*)' ”

PrROOF OF COROLLARY 3. Observe that 7(t,p,-y) is proportional to
7(t,1,7) and hence the maximization of 7 (¢, p, ) with respect to ¢ is free
of pp. Thus Wy, 0 (k, p,7y) is independent of p,, and hence independent of

0. The result then follows from Theorems 6 and 7. ||

S4 Title of section 4

S5 Simulation details

S5.1 Simulations 1 - 4

In Simulation 1, observe that the FDP is increasing in a for both adaptive
procedures. For example the FDP of each procedure is 0.021 when a = 1

but is 0.039 when a = 5. This is to be expected as both adaptive procedures
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are a-exhaustive (see Corollaries 1 and 3) and hence we should expect the
FDP to be near 0.05 in high power settings, i.e. for large a. Additionally,
the largest gain in power (in terms of the average CDP) of the weighted
adaptive procedure over the unweighted adaptive procedure occurs when
effect sizes are most heterogeneous. When a = 5 the average CDP of the
WA procedure is 0.793 while the average CDP of the UA procedure is
0.761. When data are homogeneous (a = 1), the CDPs of the procedures
are identical.

In Simulation 2, data generating mechanisms are even more heteroge-
neous as now the p,,s also vary. General conclusions regarding the CDP
are the same, with the advantages of the weighted procedures over their
unweighted counterparts being more pronounced. For example, the aver-
age CDP of the WAMDF for ~,, & Un(1,5) increased from 0.793 to 0.814
when allowing p,,s to vary, while for the UA procedure the CDP is still
0.761. We also observe that for a = 5 the average FDP of the WA proce-
dure is only 0.026 while the average FDP of the UA procedure is closer to
0.05; it is 0.039. This is to be expected because, even though the WAMDF
will dominate the UA procedure in terms of the average CDP, the UA
procedure is a-exhaustive while the WAMDEF need not be in this setting.

Now consider non-optimal weights in Simulations 3 and 4. Roeder
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and Wasserman (2009) concluded that, in the unadaptive setting (the UU
and WU procedures), weighted MDFs are robust with respect to weight
misspecification in that they generally yield about as many or more re-
jected null hypotheses as unweighted procedures as long as weights are
“reasonably guessed” and yield slightly less rejected null hypotheses when
weights are poorly guessed. Simulations 3 and 4 confirm their results
and further illustrates that the robustness property applies to adaptive
procedures. For example, comparing the unadaptive procedures in Sim-
ulation 3, we see that the average CDP of the WU(UU) procedures are
0.013(0.007), 0.404(0.391), and 0.719(0.709) for a = 1,3,5, respectively.
The average CDP of the WA(UA) procedure is 0.013(0.007), 0.439(0.430),
and 0.774(0.757), for a = 1,3, 5, respectively. That is, when weights are
positively correlated with optimal weights, weighted procedures still per-
form slightly better than their unweighted counterparts. In the worst case
scenario setting in Simulation 4, where weights are independently gener-
ated, the FDP is still controlled by the WA procedure, but some loss in
power over its unweighted counterpart is observed. For example, the CDP
of the WA(UA) procedure is 0.006(0.007), 0.386(0.425), and 0.727(0.756)
when a = 1,3, and 5, respectively, while the average FDP of the WA(UA)

procedure is 0.025(0.023), 0.030(0.030), and 0.039(0.039) when a = 1,3,
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and 5, respectively.

S5.2 Simulation 5

The average CDP ratio (weighted /unweighted) vs. the average CDP of the
weighted procedure is depicted in Figure 1 for all settings. Observe that
the CDP ratio is greater than or equal to 1 for each value of p and a as

long as the CDP is at least 0.2.
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CDP

Figure 1: The ratio of the average CDP (weighted/unweighted) vs. the average CDP of

the weighted procedure for p = 0.2(0),p = 0.5(4A), and p = 0.8(+) for 5y = 1.75,2,2.25.
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Table 1:

Simulations 1 - 4.

Simulation 1

The average CDP (FDP) for the UU, UA, WU, and WA procedures in

Uuu

WU

UA

WA

a=1

a=3

a=>

0.007(0.021)
0.007(0.021)
0.007(0.021)

0.007(0.021)

0.390(0.025)
0.397(0.025)
0.437(0.031)

0.442(0.032)

Simulation 2

0.709(0.025)
0.731(0.025)
0.761(0.039)

0.793(0.039)

Uuu

WU

UA

WA

a=1

a=3

a=5H

0.007(0.024)
0.011(0.008)
0.007(0.024)

0.011(0.008)

0.390(0.025)
0.434(0.014)
0.430(0.031)

0.473(0.018)

Simulation 3

0.709(0.025)
0.756(0.016)
0.761(0.041)

0.814(0.026)

Uuu

WU

UA

WA

a=1

a=3

a=5H

0.007(0.023)
0.013(0.007)
0.007(0.023)

0.013(0.007)

0.391(0.025)
0.404(0.015)
0.430(0.031)

0.439(0.019)

Simulation 4

0.709(0.025)
0.719(0.016)
0.757(0.039)

0.774(0.027)

Uu

WU

TTA

a=1

a=3

a=>

0.007(0.025)

0.006(0.023)

00070 09%)

0.391(0.025)
0.354(0.025)

N A495(0 020)

0.710(0.025)
0.682(0.025)

N 7560 N20)



