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S1. Properties of penalized likelihood estimator ~

In this section, we investigate the consistency, and oracle property of
the penalized likelihood estimator 4 of . Without loss of generality, we
can write v = (v],74)", where v, € R and v, € R" " correspond
to the nonzero and zero components of =, respectively. Thus, the true
parameter vector v, of 4 can be written as v, = (v1,,0")", where v, is
the true value of ~,. In addition, the penalized likelihood estimator 4 of
~ can be written as ¥ = (41,45). Let o4, = {j : 70, # 0} be the index
set of nonzero components of v,, where ~y; is the jth component of ~, for
j =1,...,q. Denote the cardinality of 27, as d,, = |<7,|, which is usually

unknown to be estimated in applications. Here, we assume that the non-



sparsity size d,, < n, and the dimensionality satisfies log(q) = O(n®) for
some « € (0,1/2). Following Lv and Fan (2009), Zhang (2010), and Fan

and Lv (2011), we define the local concavity of the penalty function fy, (t)

at v = (vy,...,v,)" € R? (i.e., |Jv]lo = q) as
0, ty) — O t
P(fAn;v) = lim max sup - thn( 2) th( 1)’
e—0t+ 1<5<q t1<t2€(|vj|—e,|vj|+e) to —

where OF fy, (t) represents the k-order derivation of fy,(t) with respect to ¢,

and || Al|,, denotes the L,, norm of a vector or matrix A for m € [0, 0o].
We use tr(A) to represent the trace of matrix A. Denote g;(y) =

log[n(Uy;v)/{1 — m(U;;)}] for i = 1,...,n, and define the Fisher infor-

mation matrix as

F,(v) = E{=0%1,(7)/ 070"} = 93g(7)Z(7)dvg(7),

where g(7) = (91(7), -+, 9.(7))", and X(v) = diag(mi (1 —m), ..., m(1 —
Tn)) with m; = m(y) = 7(Uj;), for i = 1,...,n. Let s, = 3 min;{|y;] :
Yo; # 0}, and define A = {7 = (7], 75)" € R?: 79 = 0, |71 =710/l < $n}-
The following assumptions are required to ensure the consistency of 4.
Assumption 4. The penalty function fy, (t) is increasing and concave
with respect to t € [0,00), and has a continuous derivation df\, (t) with
Jfr, (0+) = co, where ¢ is a positive constant. Also, dfy, (t) is increasing

with respect to A, € (0,00), and Jf,,(0+) is independent of A,,.



Assumption 4 holds for a class of penalty functions, such as the SCAD
and MCP penalty functions. By Assumption 4, fy, (t) is a concave function
with respect to t € [0, 00) to ensure p(fy,;v) > 0.

Assumption 5. (i) minge y Epin{F.(7)} > cn and tr{F,(v,)} =
O(dyn);

(i)

resents max|jy|j,=1 || Bv||oo;

’(fyzg('yo)E(vo)@%g(yo)HZ’OO = O(n), where notation || B||2,c rep-

(i) maxre s 1<j<q Bma {a;l g(r)diag{|d,,g(7)|0 |02 V' ()|}, g(T)]
= O(n), where V(v) = (mi(7), ..., m(7))".

Assumption 5(i) has been used in Fan and Lv (2011), and ensures that
the information matrix F,,(7) is positive definite, and its eigenvalues are u-
niformly bounded. Assumption 5(ii) measures the correlation between each
unimportant variable and important variable using the weighted matrix
3 (9y), and controls the uniformly growth rate of these regression coeffi-
cients. This assumption is similar to the strong irrepresentable condition
of Zhao and Yu (2006) for the consistency of Lasso estimator. Assumption
5(iii) is used to control the order of the remainder term when taking the
third-order expansion of the objective function.

Assumption 6. s, > \, > \/dn/n, V/ndfs,(s,) = O(1) and py =

o(1), where py = maxre.s p(fa,; 7).



Assumption 6 shows that the minimum signal s, should be satisfied,
and is used to obtain nice properties of the proposed PLE like other variable
selection methods. However, for the L; penalty, A\, = 0fy,(s,) = O(n~%/?)
is in conflict with the assumption \, > \/m, which implies that the L,
penalized likelihood estimator can usually not achieve the consistency rate
of Op(\/M) given in Theorem S1.1, and has not the oracle property like
the SCAD penalty function. The assumption s, > A, holds automatically
for the SCAD penalty function. Thus, Assumption 6 is less restrictive for

the SCAD penalty function.

Theorem S1.1. Suppose that Assumptions 4—6 hold. There is a strict local
mazimizer 4 = (41,93)" of the nonconcave penalized likelihood Q,(~) with

respect to v such that 45 = 0 with probability tending to 1 as n — oo and
Y1 = Y1ollz = Op(V/dim /7).

Theorem S1.1 shows that the sparsity property of the proposed PLE still
holds in a high-dimensional parametric model. That is, zero components
in 7y, are estimated as zero with probability tending to one. Also, Theorem
S1.1 establishes the consistency of the proposed PLE 4, of v, i.e., there is
a root-(n/d,,)-consistent PLE of ~,.

To establish the asymptotic normality of the proposed PLE, we need

the following additional assumption, which is associated with the Lyapunov



assumptions.
Assumption 7. dfy, (s,) = o(1/v/nd,,), max; E|6; — mi(7,)|> = O(1),
and Z?:1{8Iylgi(')’o)F;1l1 (70)8’7192‘(7())}3/2 — 0asn — oo, where Fy,11(7,) =

05,9(70) Z(70)0v,9(0)-

Theorem S1.2. Suppose that Assumptions 4-7 hold and d,, = o(n'/*).
Then, we have

(i) (Sparsity) 4, = 0 with probability tending to 1 as n — oc.

(i) (Asymptotic Normality) U,F % (7o) (31 —Y10) 5 N(0,G), where
U, is an m x d matrix such that UnUZ — G, G is an m X m symmetric
positive definite matrix with the fixed m, and A represents convergence in

distribution.

Theorem S1.2 indicates that the sparsity and asymptotic normality of
the proposed PLE still hold even for dimensionality of nonpolynomial order

of sample size.

S2. Properties of the proposed screening procedure

Under the assumption Y 16| Xy for £ = 1,...,p, 7, can be regarded
as the empirical estimator of F(X;Y) in the presence of responses MAR.
Without of loss generality, for each £ = 1,...,p, the kth column of covari-
ates satisfies F(X}) = 0, E(X?) = 1. Then we have E(X,Y) = cov(X},Y)
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and Sy = cov(Xy,Y'), which indicates that f is the covariance between
X, and Y. Hence, 8, = 0 is equivalent to the fact that X, and Y are
marginally uncorrelated. Thus, define the index set of the active predictors
as M, ={k: Bx #0 for 1 <k < p}, which corresponds to the true sparse
model with nonsparsity size |M.|, where |M,]| is the cardinality of M.,
and denote Z, = {1,...,p}\ M, as the index set of the inactive predictors,
where p > n. Here, we assume that p > |M,| in ultrahigh-dimensional
data analysis and define r, = F(X;Y). To investigate the sure screen-
ing properties of the presented screening criterion, we require the following
assumptions.

Assumption 8. For k = 1,...,p, the probability density function of
Xk, say fr(x), has continuous and bounded second order derivatives over
the support &}, of X, and is bounded away from zero and infinity uniformly
over Xj,.

Assumption 9. The kernel function K () is a probability density func-
tion such that (i) it is bounded and has compact support; (ii) it is symmetric
with [ K (t)dt < 1; (iii) K(-) > d; for some positive constant d; in some
closed interval centered at zero; (iv) v/nh? — 0 as n — oco.

Assumption 10. Variables X, Y and XY satisfy the sub-exponential

tail probability uniformly in p. That is, there exists a positive constant u



such that for all 0 < @ < 2ug,

i Elexp(20X)} <o, Plexp(2i¥) < o,
SRSPp

max E{exp(2aX,Y)} < oo.

1<k<p
Assumption 11. There exists a positive constant ¢y > 0 and 0 < ¢ <

1/2 such that mingenm, |75] > con™.

Assumption 12. lim, . inf{mingepq, |rx| — maxpgp, |7} > myo for
some mg > 0.

Assumptions 8 and 9 impose some regularity assumptions on the prob-
ability density functions fi(x) and kernel function K(-), respectively, which
hold for the widely used distributions and kernel functions. The assump-
tion that \/nh? — 0 is to control the bias induced by the kernel smoothing.
Assumption 10 has widely used in high-dimensional data analysis (Fan and
Lv, 2008, and Li et al., 2012), and holds if X, Y and XY are bound-
ed uniformly of X, Y, and XY have multivariate normal distribution.
Assumption 11 allows the minimal signal between active variables and re-
sponse variable to be the order of n™°, which is a widely used condition
to guarantee the sure screening property. Assumption 12 ensures that the

active and inactive predictors can be well separated in the population level.

Assumption 12 is similar to Condition (C3) of Cui et al. (2015).



Theorem S2.1. (Sure Screening Property) Under Assumptions 1 and 8-

10, then for any constant co > 0, there exists c¢; > 0 such that

Pr( max |y — 7| > cm*) < Ofpexp(—cmn' =293 4 log(n))}
SRSp

for n sufficiently large. Furthermore, under Assumption 11, by taking o, =

csn~* with cg < co/2, there exists some positive constant co such that

Pr(M, C M) > 1 — Of|M,]| exp(—con1=29/3 + log(n))}.

(Ranking Consistency Property) If Assumptions 1, 8-12 and additional as-
sumptions log(p) = o(n1/3m(2)/3) and log(n) = 0(n1/3m3/3) hold. Then, we
have

nhi& inf {krél/lvrtl 7| — max |fk|} >0, a.s..

Theorem S2.1 shows the sure screening and rank consistency properties
of the proposed screening procedure, which indicates that the proposed
MI-SIS method can handle the NP-dimensionality problem. Specifically, as
n — 00, the maximum dimensional is p = o{exp(n(!=29/3)} for ¢ € (0,1/2).
In addition, through the ranking consistency property, we can separate the

active and inactive predictors by taking an ideal threshold value g,,, which

is smaller than the minimum signal.



S3. Proofs of all theorems

Let P* = D,(P,—1I)+I, where P, = X (X! X,)7'X,, D, = diag(d, ..., d3),
d? = 1/(1—hs;) and h is the ith diagonal element of P, = X (X1 X,)"' X .
Let ||A|| be the Frobenius norm (e.g., ||Al| = 1/tr(A"A)), and || A2 be the
Euclidean norm (e.g., ||Alj2 = /Emax(A*A)) of matrix A, where A* rep-
resents the conjugate transpose of matrix A. Denote P*(w) = Zle w, P
and P(w) = Zsszl w P.

Proof of Theorem S1.1. First, we show the consistency of the proposed
PLE in the d,,-dimensional subspace. To this end, we constrain the @, ()

on the d,,-dimensional subspace {v € R? : v; = 0,j € &/} of R, and the

corresponding constrained penalized likelihood function is given by

Gulr) = (1) =Y (I (s3.1)

where 7 = (71,...,74,) and I,(7) = 327, [6: log{m(UT; 7) }+(1—8;) log{1—
m(U7; 1)} in which U7 is the subvector of U; corresponding to 7.

Let a,, = \/dn/n, and define the closed set Ay = {T € R% : |7 —
Yiollz2 < ayu} for u € (0,00). Here, the purpose is to show that, for any

x> 0 and a sufficiently large n, we have

PI‘{ sup Qn(T) < Qn(’YlO)} Z 1- K,

TE€oNM

where 0.4 denotes the boundary of the closed set .4j, which implies that



there exists a local maximizer 4, in .4q such that |4, —7v9ll2 = Op(\/dim/n).
For a sufficiently large n, it follows from Assumption 6 that a,u < d,,.

Taking Taylor expansion of Q,,(7) at the true value ~,, of =, yields

1

Qn(T) — Qu(v19) = (T — ’710)TD1 - 5(7' - ’710)TD2(7' —Y10) (S3.2)

for any T € g, where Dy = 8@71('710)/6'71 = Iylg(’)’lo){‘s —V(vi)}/n—
dfr,(Y10), D2 = 92Qn(A,) /07,071, and 4, lies on the line segment jointing

7 and 7,,. Following Fan and Peng (2004), we can obtain

D, = —%82l~n(ﬁ/1)/8’718'ﬂ + diag{0?f, (|711)}
= %Fn(’?l) - % {82l~n(5/1)/8'718ﬂ - E(@QZn(ﬁ/I)/a'yla'le)}
+diag{0° £, (1711)}
= G Fu(71) +diag{fx, (|7:])} + 0p(1).

Without loss of generality, when there is no the second-order derivative
of the penalty function fy,(-), it is easily shown that matrix Dy can be
replaced by a diagonal matrix whose maximum absolute element is bounded
by po. Thus, for a sufficiently large n, under Assumptions 5(i) and 6, we
have Epin(D2) > ¢ — pg > §, where c is a constant.

Using the Markov’s inequality and (S3.2) yields

16E|| Dy ||3
O cu2a?

Pr{ sup Qu(T) < Qn('ﬁo)} > Pr {uan (||D1||2 — cuan> < 0} > 1

TEedN 4
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However, under Assumptions 5(i) and 6, we have
1
E|IDu[l; < —5tr{Fu(Y10)} + dndfx, (dm)” = O(a7),

which leads to

Pe{ swp Gu(r) < Quno)} 2 1-0 ().

TN c*u?
Thus, we prove |4, — voll2 = Op(\/M)~
Next, to show the sparsity of the proposed estimator, it is necessary to
prove that 4 € R? is a strict local maximizer of (), () such that ¥, =

Y, € A C A and ﬁf%c = 4, = 0. Similar to the proof of Theorem 1 of

Fan and Lv (2011), we only require showing

H P ) < Ofr, (04). (93.3)

Thus, we have
20y, () = 505 g(Y{d - V(¥)}
= M +{05,9(%)8 — 05 g( NV (¥}
—{05,9(70) — 3% g(vo)V (7o) }],

where 9 = (11,...,1,)" = 94g(¥){8 — V(7o) }-

Denote %, = {||77%c %

< ¢14/n}, where ¢; is some constant. Under
Assumption 1, it is easily known that the first- to third-order derivatives

of g;(v) with respect to « are bounded. By Bonferroni’s inequality and

11



log(q) = O(n®) for some « € (0,1/2), there exists a constant ¢’ such that
Pr(#,) = Prllneloe < ey = 1= Prllmllo > c1v/i)
> 1—-2(p—d)exp(—cn) > 1—2gexp(—c'n) — 1.
Under Assumptions 5(ii), 5(iii) and 6, we consider the Taylor expansion

of 3;29(’3’)5 - 3;29(;)’)‘/(;)’) at v19. Thus, we obtain

07l = s Inaelloo + [[{05,9(3)8 — 05 g(9)V(9)}

{ 9705 8 9(’)’0 ('70)}Hoo]

IN

op(1) + 7={ 0141 = Molls + OM)I1A = 710ll3}

= 0p(1) + Op(Ay " V/dm/n) = 0p(1)

Then, for a sufficiently large n, (S3.3) holds. Hence, we finish the proof of
Theorem S1.1.

Proof of Theorem S1.2. From the proof of Theorem S1.1, we only require
proving the asymptotic normality of 4. For the set .4, it is easily shown

that 4 = (§],0")" € 4 is a strict local maximizer of Q,(7), which leads
to Oy, Qu(4) = 0.
Taking Taylor expansion of 871l~n(”y) at v, leads to
- 1. - R
0 =0~y Qu(¥) = Eﬁ'ylln(’)’) — 0fr. ()
L7
=0y, 9(70)10 = V(70)}

— %[Fnll(’)lo) — {gilln—m — E<g,2ylln—(§:f?> H (Y1 —Y10)

12



+ O — 0l — 03, (%)
=L, g1 {8 ~ V(3)} — - Fan(0) 31 — 710) — 0, (4)

+ 0,(nV2d; V) + O, (d>n7).
Under Assumption 7, it follows from min; |7;| > minje.. |vo;| —n = s, and
the monotonicity of dfy, (t) that
10£5, (N2 < V5201, (50) = 0,(n”1?). (S3.4)

Combining d,, = o(n'/*), (S2.4) and (S3.4) leads to

Fui (o) (1 = 710) = 04, 9(Y0){0 = V(70 } + 0,(v/).

By Assumption 5(i), we obtain

F5(00) (1 = 710) = Frtl 2 (70)3% g(40){0 = V(70)} + 0,(1).  (83.5)

Let UnUZ = G, where U, is an m X d,, matrix, and G is an m X m

symmetric positive define matrix. Then, we have U, F' 711/121 (o) (A1 — Y10) =

v +0y(1), where v, = U Foil*(79)35,9(%0) {8 — V(7o) }-
If we can prove v, AN (0,G), it follows from Slutsky’s theorem that

UnFiL/lQ1 (Yo) (Y1 — Y10) 5 N(0,G). For any unit vector @ € R™, we have

v, =a'v, =a'U,F{*(7)05 g(v){0 - V(v)} = Y _ 2,
i=1

where z; = aTUnF;f{2(70)871gi(70){5i —Vi(7vo)}- It is easily seen that z;’s

13



are independent. For i = 1,...,n, we have E(z;) = 0 and

> var(z) = a'UF o (v0) Fruni (Vo) Frt{ *(70)ULa = a'U .U a5 a'Ga,

i=1
where 5 represents the convergence in probability.
Under Assumption 7, it follows from Cauchy-Schwarz inequality that
SEREP = S 1aTULF L (o)1) PElS ~ Vit
= O) £ a0, Foi{*(r0)y ()
(1)
(1)

O() X 6V, 3 - 1o (ro) oy, 0110

O(1) 3-{0,9:(30) F it (10)0,0:(40)}2 = (D).
Using the Lyapunov’s Theorem leads to a'v, = > | z 5N (0,a'Ga),
which holds for any unit vector @ € R™. Thus, we finish the proof of

Theorem S1.2(ii).

Lemma 1. Suppose that Assumptions 1, 2 and 3(ii) hold. Let p,, =
SUPi<s<sPs- Then, as n — 0o, we have
(1) $uD1ccs |11 X WX, = LX WX, = O, (/% );
(i) s 1ccs | (2XTWX) = XTWX) ™, = 0, (5y/%):
(i) sup, <. || (1 XTWX,) L = 0,0

(iv) P(w) — P(w) = P*(w) — P(w) + O, (pzns\/%) .

14



Proof. By the definition of W and W, we obtain

Lxwx, - Ix7 IR S CANA R
=X WX, - XWX [ =n Z( )stxsi

=1 N\ T
Y &
<sup | — — [0 || Xa X5
<% - Lo 3]
Following Lemma 1 of Hirano et al. (2003), and by Theorem S1.1 and

Assumption 1, we have

11 om0 ) o
Sup|;—;|§8up} ”7:271].“71_701112:0,,( —>-

n

From Assumption 2, we have sup, > " | | X XL||/n = Op(pm). Thus, we
have proved (i). For (i), let H, = X W X,/n and H, = X WX, /n.

Following Theorem 1 of Lewis and Reinsel (1985), we obtain

—~——

H, -H,'=-H, (H-H)H, = —{H'+(H, ~H,")}(H.~H,)H,".

S

Assumptions 1 and 2 imply that sup, [|[H | < A < oo for some constant
A. According to Assumption 3(ii) and Lemma 1(i), and sup, Hﬁs —Hl; <
sup, ||ﬁs — H || — 0, there exists a constant A" such that AHﬁS —H,|; <

A <1 as n— oo. Then, with the probability tending to one, we have

1 A2|H, - H,
sup [H,' — H'p < sup = Hilla
1<s<S 1<s<s 1 — A||H, — H||;

which leads to (ii). Using the Triangle inequality and Assumption 3(ii)

yields

77! -1 77! -1
sup [|H |2 <sup[|[H [l + sup |[H, — H 2 = 0p(1),
S s 1<s<S

1<s<
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which shows that Lemma 1(iii) holds. It follows from Wiener and Masani
(1958) that |AB]|| < ||All2||B|| + ||A]|||B]|2 for any matrices A and B .

Combining Theorem S1.1 and Lemma 1(iii) leads to

~ —~—1 o~
SUP1<s<s [ Ps — Psl| = supi<,<s H%XsHs XW - %Xs@XIXs)_lXIH
< sup |2% — &) sup,||H, ||2'Sups%2”st:XsT¢H
(2 1=
5; 75! 1 v
sup, | & = 1| - sup, [|H, 2 - sup, 1 3 [ X XE
i—1

—1 n
+sup, [[H, — (;X.X,) 7|2~ sup, Zl 1 X5 X3
1=

- 0,(n/%).

Similarly, we can obtain sup, |[D, — D|| = O, (pfm / %m) It follows from

~ ~ o~

P, =D, P, —I)+ I and the definition of P} that

SUP1<s<8 HPS - P = SUP1<s<8 ||ﬁs(135 — P+ (Es —D,)P,+ (D, — ES)H

- 0.,

which shows that (iv) holds.

Lemma 2. Under Assumption 3(v), there exists a constant C' > 0 such
that (i) Enax(PL — P,) < Cpy/n: (i) 1{(P — P)(PL — P,)} < C%2
(iii) tr{(P] — Po)"(P{ = P.)}* < Cp/n; (V) Emax(PY) < 1+ Cpy/n; (v)
tr(P:P:") < Cp,.

Proof. We can obtain the proof using Lemma 3.1 of Ando and Li (2014).

Lemma 3. (Hoeffding’s inequality) Let X, ..., X, be independent random

16



variables. Assume that Pr(X; € [a;,b;]) =1 for 1 <i <n, where a; and b;

are constants. Let X = > | X;/n. Then the following inequality holds

Pr(|X — B(X)| > 1) < 2exp{ - Z”—f(zit— - 3

where t is a positive constant and E(X) is the expected value of X.

Proof of Theorem 1. Let C' be a constant. Denote L*(w) = {u —

;l(w)}TW{u — f(w)} and fi(w) = P(w)Y. Then, we have

WCV(w) = {Y — y(w)} W{Y — ja(w)}
= {p+e—-PwYW{u+e— Pw)Y}
— T Wed Lw)+2< W e W p- Plw)Y) >

—1/2 ——==1/2 —
T rw) , 2<W eW (u-Pw)Y)>/rRw)
= e We+ L(w) { @) T (@) /R )

Thus, @ can be obtained by minimizing WCOV*(w) = WCV(w) — e We

over w € W. According to the definition of (2.4), if we can show

sup |L*(w)/L(w) — 1] — 0, (S3.6)
wew
sup | < W2, W {u - P(w)Y} > |/R(w) — 0, (S3.7)
wew
sup |L(w)/R(w) — 1] — 0, (S3.8)
wew

we can obtain that L(d))/u}vn)f/v L(w) — 1 is valid. Using the Cauchy-
S

17



Schwartz inequality leads to
IL*(w) — L(w)| = {p—Pw)Y}YW{p-Pw)Y}—{p—PwY}W{p—Pw)Y}
— |IW*{P(w) - P(w)}Y?
2« W - P)Y), W Pw) - Pw)Y > |
< W {P(w) - P)}Y |2 +2y/I(@)[|W " {P(w) - P(w)}Y].

To show (53.6), it is sufficient to show

sup W {P(w) — P(w)}Y [2/L(w) = 0. ($3.9)

From Lemma 1(iv), we have P(w)—P(w) = P* (W)= P (w)+0,(Sp2,\/dm/1).

y (S3.8) and triangle inequality, the proof of (S3.9) is equivalent to proving

sup S?pt d,,n~'/R(w) — 0, (S3.10)
wew
sup WP (w) — P)}Y||*/R(w) — 0. ($3.11)

Under Assumptions 3(iii), (iv) and (vi), we obtain
sup S?ppdmn™' [R(w) < S?ppdmnt /&,

wew
(5o VY (a1
= ( £2o el v Y

which indicates that (S3.10) holds. Applying the triangle inequality to

(S3.11) yields

~1/2
W {P*(w) — P(w)}Y|]?
5 —~1/2, 5 —~1/2 ’
= W W (P = Popl + ) wl|[W (P — Poe|
s=1 s=1

18



s s 2
—~1/2 —~1/2
s{zuw Pr - Pyl + 3 W <PS—PS>en}

s=1 s=1

5 —~1/2 —~1/2 2
<5 {max||[W (P = Pyl + max [W (P - P)e] |

—~1/2 —~1/2
<25% {max | W (Pt~ PYu|? + max |[W 2 (Pr — P)e|}.
To prove (S3.11), it suffices to show that as n — oo, we have

% max W (P* = Pl /én — 0, (53.12)

S? max |[W2(P? = P,)e|? /&, — 0. (53.13)
Note that

(52‘ 51 aT LT
== —{1 e L (Y1 —710) + Op(m)}

Uy

By Theorem S1.1 and Assumption 1, we have

T
/

0, T . 1
Zrlz ‘ [ = Y10ll2 £ Co + O,(Vdy/n) < C.

(2

Oi

A

Oi

sup
i

< sup

2

(2

-+ sup

(83.14)

Therefore, for (S3.12) and (S3.13), it is sufficient to show
—~1/2 R .
§ max W2 (P} — Pl /6, < S maxsup 3,/ - | (P2 — Pul* /e,

< O'S*max||(P; — Py)u|* /& — 0,

(S3.15)
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S max |[W' (P} — P)el /€, < S? maxsup 8,/7:] - [|(P: — P)el/€,

< C'S?*max ||(P: — Py)e|?/&, — 0.

(S3.16)
By Lemma 2(i), Assumptions 1 and 3(iii), (iv) and (vi), for any x > 0, we
only require showing
Pr (52 max ||(P* — Py)p|?/&, > /{)
s
<3P (S (PL — Pl €20 > 57)
s=1
S4G S e
<o AP~ Poul%)
noos=1

S

g 2 |73 = Pl

’ S4G 4G 4G
O zoga Z{me P~ P}l

Sl (PN (o)
AG m
<c'c £26,,26 ( - - — 0,

which implies that (S3.15) holds.

To prove (S3.16), it is sufficient to show that for any x > 0, we have
5
S P {SPII(P; — P)el  BI(P; ~ PoelPl /6 > s} 0, (53.17)
S?max E||(P* — P,)e||*/&, — 0. (S3.18)
By Theorem 2 of Whittle (1960) and Lemma 1(iii), it follows from (S3.17)
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and Assumptions 3(i), (iii) and (vi) that
iPr {S2II(P; = Poel* - E|[(P; — PJel? /&, > }
< stE {I(P; = Pel* - E|[(P; — P.e|*}* /(£295%)
<’ Z S [tr{(P} — P.) (P} — P.)}*]% /(2657

<C'CC . g i(ﬁ)G
=1

53GK2G ns
G 4/3 3G
<C’CG’_ 54 +1 . js R 0’
— £T2LG,€2G n

which implies that (S3.17) holds. Also, it follows from Assumptions 3(iii),

(vi) and Lemma 2(ii) that

S?max E||(P* — P,)e||*/¢, =S* max tr[(Pf — P,)oe (P — P,)']¢!

n

252
<Oy (o) 2
SO Euloe)” &
2 4G\ 1/2G
2 Ps S
e Bton) B (52) 0

which implies that (S3.18) holds. Combining the proof of Lemma 1(iv) and

triangle inequality, we obtain the following decomposition of (S3.7):
< W e W p - Pw)Y) > |

~1/2 —~1/2 ~1/2 —=~1/2
<J<W e W pu>|+|[<W' eW' P (w)p>|

12—~ 4,
< W e, WP we > | +0, <Sp$n\/7> |
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Similar to the proof of (S3.10), under Assumptions 3(iii), (iv) and (vi), we

delete the term O,(Sp?,v/d,,/n). Thus, the proof of (S3.7) is equivalent to

proving
sup | < W e, W > |/ R(w) = 0, (83.19)
wew
~1/2 —~1/2
sup | <W e, W P (w)p>|/Rw)—0, (S3.20)
wew
~1/2 —~1/2
sup | < W ' e, W P (w)e>|/R(w)—0. (S3.21)
wew

Using the similar arguments of (S3.14) and (S3.15), by Markov’s inequality,

under Assumptions 3(i), (vi) and (S3.14), given any x > 0, we have

Pr{ sup | < ﬁ\/l/ze, WUQ;J, > |/R(w) > Ii}
wew

EleWul _ o st
WG ST g

For (S3.19), under (S3.14), we obtain |€T1/47P*(w)u\ < C'|le"P*(w)pl. Ac-
cording to Lemma 2(iv) and Assumption 3(i) and (vi), we just require

proving

P (sup | < e Pl > |/Rw) > )

<Pr (Smax\ <egPip>|> ngn)

s
< ZPr (5% < &, Pip > P9 > 299

s=1
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S2G S o
§?§%§:md1m
n s=1

! 82G g 2G 2G
<C =e3e §2G,€2G ZEmaX (P27 [l

52G+1||IJ/||2G

<C'-(1+0)%. 0.

Ii2G£2G
n

Similarly, by Lemma 2(v), we only require proving

Pr (Sup | <e, P'(w)e > |/R(w) > /45)

wew
<Pr <Smax| <e Pie>|> ﬁ§n>
S

S S pleprepe
*
SW Ele Pel
noos=1

2G

s
S
SC/U?W > {te(P P}
no os=1

S2G+1nG

i G . 2G
n

where the third inequality holds because of Assumption 1 and Assumption
3(i), the last term converges to zero because of Assumption 3(vi).
To show (S3.8), using the similar arguments of (S3.14) and (S3.15), by

Triangle inequality, we have

|L(w) — R(w)]
={p — ()} W{p — p(w)} — E[{p — fp(w)} W {p — p(w)}| X]]

—~1/2 ~

—~1/2 ~ —~1/2 ~ —~1/2 ~
<|WM(w)p|? + W Pw)ell? + 2| < W M(w)p, W P(w)e > |
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+ B{IW' " M(@)ulP| X} + E{IW " P(w)e|?| X}
B2 < WM (@), W P(W)e > | X}
<C'|M(w)pl* + C'| P(w)e|® + 2C'| < M(w)p, P(w)e > |
+ O E{| M (w)pl’|X} + C'E{P(w)e|’| X} + 2C"| E{< M (w)p, P(w)e > |X}|

~

where M(w) = I — P(w). From the proof of Lemma 1(iv), by (S3.10)
and Assumption 3(vi), if we delete the remainder term O,(S?p? d,,/n), the

proof of (S3.8) is equivalent to show,

| M (w)pl|®
ap [P =P ioeP ) 539
sup = M(“’gx;(w)s >‘ 0, (53.24)

where M = I — P(w). Based on Assumption 3(vi), we can obtain (53.22)
using the method given in the proof of (S3.12). Next, we prove (53.23)

under Assumptions 3(i), (iv) and (vi). For any x > 0, we have

. { wup | |P(w)el]? - tr {P(W)UEPT(W)}‘ . }

wew R(w)

S s
<Pr { sup Z Zwswk|€TPst€ — ogtr(PsPy)| > mfn}

=1 k=1

V)

<Pr {52 max max le"P,Pe — oetr(P,P})| > Kfn}
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s S
ZZ {|€ P,Pe — oetrP,Py| > k&, /S }
; 1

Z

o S4G 9212
= HzGéﬁG ZZ{“ (P, Pj)

IA

4G

E|e'P,Pie — oetrP,P;|*“

Mm

IN

I{2G€2G

o

n s=1 k=1
, S4G+2 G
<C"- N k2% =0,

where the last inequality holds since P(w) is the idempotent matrix. Sim-
ilarly, I — P(w) is also the idempotent matrix. Then, under Assumptions

3(i) and (vi), for any k > 0, we have

sup
wew R ‘-‘-’)

Pr{ < M(w);z, P(w)e >’ - ,{}

s s
§Pr{ sup ZZ \u'(I — P,)Pe| > /ffn}

WeEW ' 77 k=1
S S 2
SWZZEW (I = P)Pyel
n s=1 k=1
12G 2GZZHP (I = Py)pl|
n s=1 k=1
S i 171 e
<C - o — 0,

which indicates that we have proved (S3.21). Thus, we finish the proof of
Theorem 1.

Proof of Theorem S2.1. We first show the sure screening property. For
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each k =1,...,p, define

and
> i1 05K (x — X5n)Y
> i1 0K (r — Xyr)

By the definition of 7, and 7y, we have

m(z) =

n

1
P — T :52{5 XaYi+(1—-0 ZXMY’“} E(X,Y)
=1

:%Z(l_éi){m(Xik) —m(Xik)}—ir%Z { ZszY —m( zk:)}

i=1

1 — 1 &
+ - ; 0i{ XY — m(Xip)} + - Zz:;{m(X,k) — E(XY)}
=Jr1 + Jko + Jks + Jia.

For Ji2, Wang and Chen (2009) have proved Jis = 0,(1/4/n) asn and m —

oo. Thus, as n is sufficiently large, for any ¢ € (0,1/2) and ¢ > 0, we have

Pr{|fk — Tk:l Z CQ?’L_g} = Pr(|Jk1 + sz + Jkg + Jk4| Z an_g)
< Pr(|Ji + Jkz + Jra| > con™ — |Jial)
< Pr(|Jp1 + Jis + Jpa| = can™°/2).
Through defining n(z) = n(z)fx(z) and A(x) = > 7, 6;Kn(Xi — )/n,

where () is the selection probability function and fi(-) is the probability

density function of Xj. Thus we can decompose Ji; as
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Jin = 5 320 = 8 i(Xix) — m(X))
n T.L_l (Sth Xjk — X’Lk szY; —m Xjk n
(IRl A (X0}

n(Xix)

1 ¢ A n(Xix) — 7(Xin)
+— ;(1 — 03){r(Xir) — m(Xir)} ;(Xik) k

1 o 21 0 K (X — X {m(Xe) — m(Xa) }/m
P2 %)

= Jie11 + Jk12 + Jris
= jku + (Jr11 — jkll) + Jr12 + Jras,
Where jkll = (1/%) Z:'Lzl 51{XZkY; — m(Xlk)}{l — W(sz)}/ﬂ'(Xlk) Under

the Assumptions 1, 8, and 9, by the similar certification of Wang and Chen

(2009); Jkll - jkll = 0p<]_/\/ﬁ), Jklg = Op(l/\/ﬁ) and Jklg = Op(l/\/ﬁ)
Then we can write
Pr(|Je1 + Jks + Jra| > can™/2)
<Pr(|Jen1 + (Jerr — Jen1) + Jerz + Jras + Jrs + Jpa| > con™/2)
<Pr(|Jp1 + Jis + Jral > cn™/2 = |Je11 — Jran| — | izl = |Jras])

<Pr(|Jpi1 4 Jis + Jua| > con™</16).
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Note that

Jerr + Jis + Jia

=(1/n) Z Oi{ XieY; — m( X)) {1 — m(Xin) } /7 (Xir)

+ % Z oi{ XanY: — m(Xi) } + % Z{m(sz) — E(X:Y)}

1 n
1 = {m(X) — ;)
PRl ) — Bm(Xa)]

=1 + L.

Under Assumption 1, for any M > 0, we have

1 — 1
Pr(|I;| > con~</32) =Pr<{ |= XY, — BE(X,Y
(|11 > con™°/32) r{ n;&{ ik Y (Xk )}W(Xm

1

> cgn</32}

1 n
<Pr { = " 6{ XY — E(X,Y)}| > Cocan*/32, max |6;XYi| < M}
n %

i=1

+ Pr(max | X;.Yi| > M).

According to Assumption 10 and Lemma S3 of Liu et al. (2014), there
are some positive constants c3 and ¢4 such that for any M > 0, we have
Pr(|X,Y| > M) < czexp(—c4M). Thus, by taking M = ¢z 'n(1=2)/3

applying the Hoeffdings inequality in Lemma 3 and yields that there exists
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a positive constant c; such that

|

+ Pr(max | X, Y;| > M)

1 n
=3 " 6{XuY; — E(X;Y)}| > Cocon /32, max |6, XYi| < M}
n i

=1

<2exp(—n'"*/M?)+ ) Pr(|XyVi| > M)

i=1

<O(n) exp{—czn1=2)/3},

According to the Assumptions 1 and 10, the above argument can be used to
I, we have Pr(|Iy]| > con™</32) < O(n) exp{—cen*=2)/3} for some constant

ce. Thus, there exists a constant c¢; such that

Pr( max |7y — x| > con™*
1<k<p

<pPr(|I1]| > can™°/32) 4+ pPr(|I5] > con™/32)

<O(n)pexp{—crn' 2%} = O{pexp(—cn' 729 4 log(n))}.
In fact, by S, = {gn/e\t/(x |7k — 1] < con™°/2} and Assumption 11, we have
€My

min |7x| > min (|rg| — |7 — 7|) > min |rg| — max |7 — ri| > con™/2.
keM. keEM., ke * ke M.

Thus, by taking o, = cgn™° with cg < ¢y/2, there exists some positive
constant cg such that

—

Pr(M, € M) 2 Pr(8,) 2 1 — O{|M. | exp(—con )" + log(n))}.
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Now we show the ranking consistency property. It is easily shown that

P 3 2
o{ (a1 = el ) < e

< Al ) — i — —mg/2
- {(mM 7l = m") (mM i m") < ~mo/ }
< r — 1 — >
< pe{| (a1~ ) = (g i) | o2}
< Pr (2 max |7 — 75| > mO/Z)

1<k<
< pPr(|7y — ri| > mo/4)

< O(n)pexp(—clonl/?)mg/g)

for some constants c¢1g, where the first inequality holds because of Assump-
tion 12.

Note that log(n) = o(n'/3mZ’®) and log(p) = o(n'/3mZ’®) imply that
p < exp(cion'®mi®/2), cion®m??/2 > 4log(n) for sufficiently large n.

Thus, for some ngy, we have

S pnexp(—cion3mi?) < 2 Z exp{cion/3m?" /2 — cion3m?"® + log(n)}

n=ngo n=no

< 23 exp{-3log(n)} <2 Y n3 < +oc.

n=ng n=ng

Hence, by Borel Contelli Lemma, we have

lim inf { min |7y — max|fk]} >0 a.s.
keM, ke,

n—oo
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