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Section [S1] provides proofs of the lemmas and theorems. Section [S2] discusses the issues of the

existing graph-based tests. Section contains some additional results.

S1 Proofs for lemmas and theorems

S1.1 Proof of Theorem

Proof. In the following, we prove the decomposition of S, (Equation ({3.5]))
in details. The proof for the decomposition of S,y (Equation (3.6])) can be
obtained similarly and is omitted here.
Let
Ry () — E(Ry10)

Ru = ;
Ry (@) — E(R2,(0))
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1 ng—1 1 ni—1
, Var(Ry, (a)) N-2 Var(Ry (a)) N-2 A
Zw = = | Vit Ve R = BoR-

7 R S S
4(@) VVar(Ras) VVar(a )

It is easy to see that B, is invertible. From the definition of S(,) (Equation

(3.3))), it can be written as
T —1 — T T \—1
S = RuZ R = (B Zw) 2 (B Z(w) = Z{ (B ZwB(a) ™ Z):

We calculate B(G)E(Q)Ba) as follows:

no—1 n1—l
wy(a)) N2 \/Vaf wi(a)) N2

Var
BwSwBl, = | V

A /Var(Rd,(@) A /Var(Rd,(a))

1 no—1 1
) \/Var(Rm(a)) N-2 \/Var(Rd,(a))

Var(Rl,(a)) COV(RL(G), R27(a)

1 ni—1 1
Cov(Ry (a); B2 (a)) Var(Ry,(a)) Ve ) N2 Var(Ra )
® @
£
@ ©
where
@ _Var(RL(a))(ng — 1)2 + QCOV(RL( a))(nl - 1)(n2 - 1) + Var(Rzy(a))(nl — 1)2 1
N Var(Ry,a)) (N — 2)? 7
o (2 — D(Var(Biw) — Cov(Bie), Ba)) + (1 — 1) (Cov(Bi ), Rz @) — Var(Rzw))
(N —2)y/Var(Ry ) Var(Ruy, ()
=0, and
3 :Var(RL(a)) — QCOV(RL(a), RQ,(Q)) + Var(ng(a)) —1

Var(Rd,(a))
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Thus, B(G)E(Q)Ba) = I,x2 and we have S(a) = Z%;)Z(a) = Zi’(a) + Zi(a).
Note that Rd,(a) = Rl,(a) - RQV(a) and Rd,(u) = Rl,(u) - ng(u). Plug—

ging the analytic expressions of E(Ry (), E(R2,a)), Var(Ri ), Var(Ra (),

COV(RL(@), RQ,(@)? E(Rl,(u)), E(Rg’(u)), Var(RL(u)), Var(RZ(u)) and COV(RL(U), R27(u))

given in Lemmas[I]and [2|in the Supplementary Material [ST.4] we can obtain

the expectations and variances of Ry (,) and Rg (). ]

S1.2 Proof of Theorem [3

Proof. Applying Stein’s method, we prove (R (), R2,q)) converges in dis-
tribution to a bivariate Gaussian distribution as N — oo first. Consider
sums of the form W = . ¢, where J is an index set and &; are ran-
dom variables with E(¢;) = 0, and E(1W?) = 1. The following assumption

restricts the dependence between {; : i € J}.

Assumption S1.1. |[Chen and Shao| (2005)), p. 17] For each i € J there
exists S5; C T; C J such that &; is independent of 555 and g, is independent

of ng'
We will use the following theorem.

Theorem 1. [Chen and Shao (2005), Theorem 3.4] Under Assumption
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we have

sup |ER(W) — EW(Z)| <6

heLip(1)

where Lip(1) ={h: R =R, ||} ||<1}, Z has N(0,1) distribution and

=2 (Elémi| + |EGm) | EI0:]) + D Eléar?|

icJ i€J

with n; = Zjesi & and 6; = ZjeTi &;, where S; and T; are defined in As-

sumption[S1.1]

To prove Theorem [3] we take one step back to study the statistic under
the bootstrap null distribution, which is defined as follows: For each obser-
vation, we assign it to be from Sample A with probability n; /N, and from
Sample B with probability ny/N, independently of other observations. Let
nP be the number of observations that are assigned to be from Sample A.
Then, conditioning on n? = n;, the bootstrap null distribution becomes
the permutation null distribution. We use Pg, Eg, Varg to denote the prob-
ability, expectation, and variance under the bootstrap null distribution,
respectively.

Let

E(Rl,(a)) £ M, E(R2,(a)) £ M2,

Var(Riq) £ (01)  Var(Ry ) £ (02)%,  Cov(Ri (), Raa) = 012,

(%) »=(%) w=(5)
P4 = N ) Ps = N ) Pe = N )
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-(%) w=(5) w=(3)
qs = N ) g5 = N ) G = N .

Using similar steps as those in Lemma [l| in the Supplementary Material

51.4, we have

Es(Ri, ) =(N — K + [Col)ps = 17,

Es(Roya) =(N — K + [Col)qs = (s,

gCD|2

500
Vars(Ra ) =405 — po) (N — K+2rco|+2' Z' )+ 201~ 194

m T, m
u u (u,v)eCo W

EC 2
Varg(Ry (a)) =4(g5 — ¢6)(N — K + 2|Co| + Z | |

_— _ A (B2
+3g6) (K = u) +(q—2¢5+q) Y g (03°)
u (u,v)€Co
Let
B @ M? Ry (a) — 1
Wl B ) Wl - )
RQ,a_,U/ RQ,a_MZ
W2 ( )B 2 W, = (a) :
B_N
Wf =M pa, where p, = E,O‘S = Npo(1—p,).
0o N

Under the conditions of Theorem [3| as N — 0o, we can prove the following

results:

(1) (WE, WE WPE) becomes multivariate Gaussian distributed under the

bootstrap null.
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B B B B
o py = o Hy — H2
_1_>Cla 1—B_>O’ _2_)02’ 2—B_>0’

where ¢; and ¢y are constants.
(3) ’ lim v eo COF(Wl, WQ)‘ < 1.

From (1) and given that Varg(W#) = 1, the conditional distribution of
(WE , WE) given WP is a bivariate Gaussian distribution under the boot-
strap null distribution as N — oo. Since the permutation null distribution
is equivalent to the bootstrap null distribution given W2 = 0, (W, W.p)
follows a bivariate Gaussian distribution under the permutation null distri-

bution as N — oo. Since

B B B B
(o} - g -
W, = L (WF N %) Cme (W; N %> |

given (2), we have (W, Ws) follows a bivariate Gaussian distribution under
the permutation null distribution as N — oco. Together with (3), we have
the conclusion that (R (), Ra,4)) converges in distribution to a bivariate
Gaussian distribution as N — oo. In the following, we prove the results
(1)—@3).

To prove (1), by Cramér-Wold device, we only need to show that
W = a;WP8 + aaWP + asWPE is asymptotically Gaussian distributed for

any combination of ay, as, az such that Varg(W) > 0.
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We first define more notations.

For any node u of Cy, i.e. u € J; = {1,--- , K}, let

N1g (N1 — 1 Rq(})—dg)

R = Pl = D) g g (R0 — (my — 1)y, €0 = TR
My, 01

(2) (2)
R = Pl m ) e g (R®) — (m, — 1)y, €2 = T
My, 03

For any edge (u,v) of Cy, i.e. uv € Jo = {uv : u < v, (u,v) € Cp}, let

(1) N1y N1v (1) (1) (1) ngv) - dgv)
Ruv = ) duv = EB(Ruv> = D4, éuv = B )
My, My 01
(2) (2)
N2y M2y Ruv - duv
RE) =" g () =g, g = T
Ty, My g3

And for any i € J3 = {|Jo| + 1,--- ,|To| + K}, Jo =T U T, let

N1y — Pahy

¢® = i =i — |l

2]

Thus,

Ria) — 1t (1)
wph= 2L Z e,
1€Jo

R _ .,B
WQB: 2,(a) — M3 :Zgl@)’

i€Jo

B
B_nl_Npa_ (3)
pp = A5,

€T3

W= aWP + W +aWf =3 (@él +aot®) + Y apt® 23 ¢,
1€J0 1€J3 €T
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where J = Jy U Js,

;

a &) +ael?, ifi=ue g,

§i = alfq(j,) + ag&(ﬁ,), if 1 =uv € Js, (S1.1)
ag,&(f’), ifi=ueJs.
\

We introduce following index sets to satisfy Assumption [ST.1]

For u € J1, let
Sy ={u,u+ |Jo|} U{uv,vu : (u,v) € Cp},
T, =S, U{v, v+ |Jo|, vw, wv : (u,v), (v,w) € Cy}.
For uv € Js, let
Suw ={uv, u, v, u+ |Jo|, v + |To[} U {uw, wu : (u,w) € Co}
U {ow,wv : (v, w) € Co},
T =Suw U{w, w + |Jo|, wy, yw : (u,w), (w,y) € Co}
UA{w, w + |Jol, wy,yw : (v,w), (w,y) € Co}.
And for u € J3, let
Sy ={u, v’} U {u'v,ou : (u',v) € Co}, v =u—|T,
T, =S, U{v,v + |Jol, vw,wv : (u',v), (v,w) € Cy}.

Let a = max{|a|, |as|, |as|}, o = min(c?, 02, 0¢). Since R e [0, m, —

1],p4 € [0,1], and RY € [0, 1], we have dV e [0, m, — 1],d1(}1,) € [0,1], and
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therefore
My My 1 1
KPI< 5 <— wedy; [VI<FH<- wed
oh o o] o
Similarly,
My My 1 1
|§£2)|§—B§— u € J; ’fqﬁ)|§—3§— uwv € Js.
o o 05 o

Since nyy € [0,my],ps € [0,1], we have ]5&3)| < 2w < 2 withu €

Tz, u' = u — |Jp|. Plugging these inequations into (S1.1)),

(

2, fi=ue i,

i < q 2 if i =uv € Ja,

%Tnug ifi=ueJs.

Hence,

2a 4a
> lgl < —2mu —lEPI S —(mu+[EP]), u€ DU,

JESu

2a 2a
Dol < = ma+2 Y m) + e
vevfo

JETY

4a
—mu+ZmU—|—| ue JUJs,

o
veVu

2a 2a
D7 l6l < —(@ma o+ 2my) + (€3] + €2)
JESuv
4a C C
f; :;‘(W@u +_Tnm 4_|52L0| %_|5210|)7 uv €E¢7é7
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2a 2a
dolgls Z@matoam 2 DT my) + — (€5 + €]

7€y weVyouYy o

4a
< —(my +my + Z mw+|ggg|+|5§g|), w € Js.
7 wevSouyso
For i = u € J1 U Js, the terms Eg|&n;6;], |[Es(&m:)|Es|6:], and Eg|&,n?|
are all bounded by
32a°
?mU(mu + |550|>(mu + Z my + |55%|)>

C
vEV, O

and for i = uwv € Jo, the terms Eg|&n,0;|, |Es(&imi)|Esl6:], and Eg|&,n?| are
all bounded by

32a3

(o + my + [ECP| +ES ) (mu +mo + Y my + |ES] + [E58)).
wevgouYso
So we have Supe () |Egh(W) — Egh(Zy)| < 6 with W = XL —

Varg (W)’

Zy ~ N(0,1), and

1
0 :—{QZ(EBEMQJ + [Es(&imi) [Esl6i]) + D EB’@W?\}

Vard(W) \ ies ieg
1
:—{2 > (Eslémiti| + |Es(&m)[Esl0:)) + D Esléin?]
(W)

Varg 1€J1UT3 1€J1UT3

+2 Z EB‘fznze ‘ + ‘EB<5177Z |EB|9 ’ Z EB‘onz }

1€J2 1€J2
320a3
S—G{Zmu mu+|5co| ) (M, + Z mv—|—| )+
3 Varg(W) vepSo (u,v)eCo

oy + [ELHIET ) (ma +my + Y may +[ES] + IESSI)}-

C C
weVy YUV, 0
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Since o, o are of order v/N or higher and oy is of order v/N or higher,

o is at least of order v/N by Condition . Thus, under Condition , 60— 0

as N — oo.

Next we prove result (2). The equations for (01)? and (¢P)? can be

reorganized as

(1Co| = K)*

o ny(ng — 1)ng(ng — 1) ny — 2 (|EC| — 2)?
(o1) _N(N—l)(N—Q)(N—3){4n2—1 [; im, N ]

1 1 2

2(K — — — N — K)?

+2( Zmu”(%mumv oGl + >},
u u,v 0

2.2 c 2
B2 MiNG | My B (|ES0| — 2)
(07)" = i {4—n2 [N 2K +2|Cy| + Eu BT —

+2(K—Zi)+ > mulmv}.

m
U v (u,w)eCo

Assume n; /N — p > 0 and ny/N — ¢ > 0 as N — oo. According to

Conditions [I] and [3, we assume

1 (€21 =2 (ICo] = K)?
— u - — b
N ; 4m, N b
1 1 1 1 1 K
— — — b — —b —|Col — b — —b
szu > N X)E:C MM, 5 Il YN >
u u,v 0

as N — oo, where by, b3, by € (0,00);bo, bs € [0, 1], by < bs. The value ranges

of by, b3, by, bs are obvious. b; > 0 can be proved by solving the following

optimization problem.
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;

C,
minimize h(m) =", (IS“;L;Q)Q - OCOEK)Q, m = (my, -, mg)’

st Z My =N, m, >0

(mmh(m)zﬁ{[zfﬂ\\s%—zﬂ 4(1Co| - >}z
=& { (S eri -] - a0al - w7 f -0

m,, = argmin h(m) = B i
[T T SR

Then

u=1,--- K.

(|€0| — 2
i [N 2K+2|C|+Z#] — by + (1 + by — bs)*

u

So as N — oo,

(01)?

U ap2? 44l 1 2(bs — bo) + b
N—>pq{q1+(5 2) + b3 ¢,

(013)2 292} ,P 2
N —pq 45[b1+(1+b4_65>}+2(b5_b2>+b3 ,

ﬁ . 4p [bl + (1 + by — b5)2] + 2(65 — bg)(] + bsq
01 4pb1 + 2(b5 — b2)q + bgq

—J1x 4p(1 + b4 - b5)2
Similarly, we have

£ . 1 i 4q(1 + b4 — b5)2 '
4Qb1 + 2(b5 — b2)p + bgp

Also,

ning

py —m = (N =K +[Co|)(ps —p1) = (N = K + |OO|)W_1)’
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S0
B
— 14bs—0
fim A gy UE—bolpg
N—o0 01 N—oo 01
since of = O(N®9). Similarly, we have
B _
lim 222 g,
N—o0 0y

Last, we prove result (3). Rewrite Cov(Ry (q), R2,(a)) as

na(ny = Lna(ny — 1) { Ly lz (1651 = 2> (1ol - K>2]

T2 EN(N - 1)(N —2)(N —3) —~" " 4m, N
1 1 2 )
PAR =D 4 3y (Gl N - K) }
u (u,v)eCo
As N — oo,

o
2 2P {—4by + 2(bs — by) + b3},

N
(01)% (02)?
N N

p2q2\/|:4§b1 + 2<b5 - b2) + 63} {4%[)1 + 2<b5 - b2) + b3

4b
:quQ\/ [—4by + 2(bs — ba) + b3]? + p—;p(bg, — by) + by,
lim Cor(Wi, Wy) = lim ——2
N—o00 N—00 (01)2(02)2
—4by + 2(bs — by) + b3
401+ 2005 = bo) + baf? + (05 — by) + by

Strictly positive 22[2(bs — by) + bs] implies (3).

Since Zy, (q) and Zg (4 are the standardizations of R, (,) and Ry q), the
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proof above implies (Zy,(a); Zd,(a))" converges in distribution to a bivariate
Gaussian distribution Ny (0, (; ’f)) If we can prove p = limy_,o0 CoV(Zy (a); Za,(a)) =
0, then the proof of Theorem [3| would be completed.

Since

COV(Rw’(a)’ Rd’(a)) - COV(QARL(@) +ﬁR2:(a)7 Rl,(a) - R27(a))
= {[(01)* = o12] — Pl(02)” — 012]

=0,

where the last line can be shown by plugging

b= Var(Rl,(a)) - COV(Rl,(a)7 RQ,(a))
Var(Ry (4)) 4+ Var(Ry (4)) — 2Cov(Ry (), Ra,(a))

and § =1 — p, we have

Cov(Ry, (), R (a
p= lim COV(Zw (a)s Zd,(a)) = lim OV( J(a)y L, ( )) —0
N—oo ’ N—o0 ¢Var(Rw,(a))Var(Rd7(a))

S1.3 Proof of Theorem {4

Proof. We will use Assumption and Theorem [1] in Proof The
proof is similar to Proof so we omit some arguments and notations
here. Applying Stein’s method, we prove (R (), Ra, )" converges in dis-

tribution to a bivariate Gaussian distribution as N — oo first. Consider
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sums of the form W = doic &, where J is an index set and §; are random
variables with E(;) = 0, and E(W?) = 1.
Let

E(Riw) =1, E(Ryw) = 1o,
Var(Ry ) = (61)%,  Var(Raw) £ (62)*,  Cov(Ri ), Ra,) £ b2,
-(3) m=(5) m=(3)
Ps = N y D5 = N y  De = N )
=(%) w=(5)" w=(3)
44 = N/ 45 = N/ 46 = N/
Using similar steps as those in Lemma [2| in the Supplementary Material

[S1.4] we have

— A B
_V17

Es(Ro,w) =|Glas = v,

N
Vars(Ry ) =(p1 — ps)| G| + (ps — ps) Y IECI(IET] = 1) £ (67)%,

i=1

N
Vars(Ro, ) =(a1 — 46)|G| + (a5 — a6) D IE7I(ET| = 1) £ (65)".
i=1

Let
. Ry ) — vy = Ry ) — 11
WP = , W == :
! 6P ! 01
~ Ry () — V2 ~ Ry () — v
Wy = 2 Wy = 2
2 2
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Under the conditions of Theorem [4, as N — oo, we can prove the following

results:

(1) (WE, WE WE) becomes multivariate Gaussian distributed under the

bootstrap null.

(2)

) vy — U ) Vy — U
1 1 1 2 2 2
51 ’ 61 ’ 52 ’ 52 ’

where ¢; and ¢y are constants.
(3) | limy oo COI’(VT/H7 WQ)‘ < 1.

With the same argument as that in Proof [S1.2 Theorem [ could be
proved if (1)—(3) are satisfied.

To prove (1), by Cramér-Wold device, we only need to show that
W = alVT/lB + aQWQB + a3V~V3fB is asymptotically Gaussian distributed for
any combination of a1, as, as such that VarB(W) > 0.

We first define more notations.

For any node u of Cy, i.e. u € Jy = {1,--- , K}, let

~ NN, —1) - - My (my — 1 . R _ gm

R - el g gy Ml ), gy Rl
1

p(2) _ 5(2)

ey _ M2a(t2u — 1) gy poopeyy - Ma(me—1) gy Ra —di”
Ru 9 ) du B<Ru ) 9 44, gu 623
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For any edge (u,v) of Cy, i.e. uv € Jo = {uv : u < v, (u,v) € Cp}, let

. . . . RY
Rz(}v) = N1uN1v, dq(}v) = EB(RE}U)) = My MyP4, fq(j;) = 5—B
1
_ _ _ _ R(2)
R® = ngyng,, d? =Eg(RY) = mymyqs, EP = 5—37
2
And for any i € J5 ={|TJo| + 1, -+ ,|To| + K}, Jo =T U, let
- N1y — Pay . .
51(3): 1 6p ’ Z/:Z—|%‘.
0
Thus,
~ Ry Ry =11 vP 1
i€Jo
N R, v N
B _ 12, 2 _ @)
Wy 5B - Z &
2 1€J0
Wy = =Y "¢,

where J = Jy U Js,

i€Jo

(

a6 + ax8l?”,

@€l + ax€ly),

a3€(3)

1€J3

i€J3
ifi=ue J,
if 1 =wuv € Jo,
1f@:u€j3

N+ a2

W = ay W, +a; W3’ + asWy’ = Z(alél) +ax€”)

> &

ieJ

(S1.2)
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The definition of index sets (Sy, Tu, Suv, Tuy) are same as those in Proof
1.2

Let a = max{|ai|, |az], |as|}, 0 = min(67, 67, &). Since Ry,
0,1], and R

) c [O mu(mu 1)
% € [0, myms), we have di

) ] Da S
v €0, W] d\l) e [0, mym,]
and therefore
m? 2
(1) < yeq; €W mumv

< Ty 1My

uv € Jo.
1 O-
Similarly,

m2 2
£(2) <Mu g 1§ < Ml
Since nyy € [0,m0],pa € [0,1], we have ||

Ty My

uv € Jo.
o

m,,/ m,,/
S S S
Tz, u' = u — |Jp|. Plugging these inequations into ,
(
%mi, ifi=ue g,
6] < q Zemams i — € 5,
gmu/, ifi =ue Js.
\
Hence,

Sl < 2t w3 m)

u € \.71 UL737
JE€Su vGVSO
~ 2a
DIGIS i Y mimy Y met Y )
J€Ty UEVfO veY,

) u € jl U j37
vEVfO,wGVUCO
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>, |€~j|§2;a(mi+m3+mu o omutmy > omy), w e R,

7€Suv weVy o wevyo

| < 2, 2 2
|£J’ —;(mu + my, + my, + My, My + My, My + mwmy),
F€Tuo wevCoyco weVSo wevso wev{oupdo

yevyo

uwv € Jo.

For i = v € J, U J3, the terms EB|éiﬁi9~i|, |EB(§~iﬁi)|EB|9~i|, and EB|§uﬁi2|

are all bounded by

éZLL;mf’l(mu+ Z my) Z My (My + Z My),

veVso vE{u}UV}fO weVo

and for i = uwv € Js, the terms EB|giﬁZ-9~,~|, |EB(§Z~77,~)|EB|6’~¢|, and EB|fuﬁZ~2| are

all bounded by

8a?
—3 My My (M, + Z M) + My (M, + Z M) Z My (M + M)
weVso weVso we{upu{v}uvSouvso
yevy?
So we have supjepi,) [Esh(W) — Esh(Zo)| < 6 with W = W

v/ Varg(W) ’
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Zo ~ N(0,1), and

g :%{QZ(EB@?%@W + |Es (&) |Esl0i]) + ) EB|§~i77¢2|}

Varg(W) U e i€J
1
:—~ {2 Z (EB’fﬁ]z@ | + |EB(€7,771 |EB‘0 | Z EBlgz
Varg(W) U icqigm i€J1UT3

+2 ) (Es[&ifi| + |Es (&) |Esl6i]) + ) EB|§~z‘771~2|}

i€J2 1€J2

Zm my, + Z my) Z e, (M, + Z My)
wGVEO

VarB<W { VEV, o ve{u}UVSD

+ Z MMy | My (my, + Z M) + my(m, + Z M)

S

(u,v)€Co wevSo wevyo
. E Moy (M + M) | p-
Co yCo
we{u}u{v}uy, Uy,
yevio

Since 67, 6% are of order /N or higher and ¢ is of order v/N or higher,
o is at least of order v/N by Condition . Thus, under Condition |§|, 0—=0
as N — oo.

Next we prove result (2). The equations for (6,)? and (67)? can be

reorganized as



S1. PROOFS FOR LEMMAS AND THEOREMS

nl(nl — 1)712(”2 —

2 _ 1)
O =¥ D - -9 {’

N+n1—1 )
o TN =l }

(67)? ”1”2{1G| ”12\5G|2}

Assume n; /N — p > 0 and ny/N — ¢ > 0 as N — oo. According to

2 [N g in
g0 - LGP

Conditions [4] and [5, we assume

Gl , XLIer - o

—d
N N 25

as N — oo, where dy,dy € (0,00). Then

N G2
—Zﬁ\‘[ al — 4d5 + ds.

So as N — oo,

5)2
(]17) H102(]2 {dl + de} )

N
f R diq + (4d? + dy)p 4d§p
01 diq + dap dlq + dop

Similarly, we have

B
(07)" —pq {d1+ 4d2+d2}

Also,
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SO

lim VlB " lim dipg

=0
N—oo (51B N—oo 513 ’

since 0% = O(N%%). Similarly, we have

vB — vy

= 0.

lim
N—oo 523

Last, we prove result (3). Rewrite Cov(Ry (4, Ra,u)) as

ni(ny — 1)ng(ngy — 1 2 AN -6  ~ .,
"2 TN - DN - 2)(N 3{'G' [Z’gc —D'G'”'

So as N — oo,

(51)2 2 2 p
— — pq“{dy + =d>},
N {1 q2}

(92)° 2 2
N P {di + dz}
O12 2 2
N P4 {d1 — do},
11m Cor(Wy, Ws) = lim 5122 = = h — 4y
N0 \/(81)2(d2) \/(d1+§d2)(d1 + Ldy)
dy — do

Strictly positive % implies (3).

Last, with some computation as in the last part of Proof[S1.2] we obtain

p = lim Cov(Zy (), Za,w) = 0.

N—oo
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S1.4 Analytic expressions of the expectation and variance for

the extended basic quantities

Lemma 1. The means, variances and covariance of Ry q) and Ry ) under
the permutation null are

E(Ri(w) = (N = K+ |Co|)ps,

E(R2(a) = (N — K +|Col)as,

4m,,

EE 1S
Var(Ri () =4(p2 = ps) (N = K +2|Col + 0 = 3 =)

1
+ (s — p1)(N = K +[Co|)? + (p1 — 2p2 + ps) Z

i,
(u,v)eCo uit

1
+2(p1 — 4p2 + 3ps) (K =Y m_)a

[ 1£5°]
Var(Ra,(a)) =4(q2 — ¢3)(N — K + 2|Cy| + Z T Z m—)

1
+ (a5 — )N = K +[Col)* + (01 = 202 +05) D ——
(u,v)eCo it

+2(q1 — 42 + 3g3) (K — ) i),

m
w u

Cov(Ry (), Roy(a)) =(f1 — p1a1) (N — K + |Cy|)?

4m,,

E° €50
+fi —4(N—K+2\00]+Z——Zm—)

+6(K—Zi)+ > !

My (u,v)eCo MMy ’
where
_ ni(n; — 1) _ ni(ny —1)(ng — 2) _ ni(ny —1)(ny — 2)(ny — 3)
P=NN—1 PT NN -2 PT NN -D(N-2)(N-3)
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7’LQ(7’L2 — 1) TLQ(’I’LQ — 1)(712 — 2) TLQ(TLQ —

%Zma q2

n1<n1 — 1)712(%2 — 1)

fi= N(N—1)(N=2)(N—3)’

P’I“OOf. (I) Compute E(le(a)),Var(RL(a)), E(RQ’(Q)) and Var(Rz(a)).

Define

K
Xia = Z mi Z Igz:gj:l’
u=1

u

1,J€Cu i)
1
XlB = E E Igizgj=17
My My -
(u,v)€Co 1€Cy,jE€Cy
K
1
Xoa = § m_ § Lj—g,=2,
u=1 """ §j€Cy i#j
1
Xop = E E Ij—g,=2
My, 9i=9j

Y i€Cu,jECy

1
T NN-DH(N-2) BT NN -DIN-2)(N-3)
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Since
n1(n1_1) ; ]
Plgi=g;=1) = NV T =p fori#j,
P(gl:gj:gk—gl_l)
. (
ni(ni—1 ]
NEN*l)) = D1, lf
Z:l7j:k
\
(
— Z:L,]?ék fOI'Z'#j,kI?él,
(-1 -2) _ if
NN-D(N-2) P2
jg=k,i#l
j=LlLi#k
\

”&(&:Bgrﬁ__;))(%l_;?) =ps3, if 4,7, k, 1 are all different

\
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we have

I
[~
ERE

Z Plgi=g;=1)

£ Y —— Y Pla=g=0)

m
(u,v)ECH Y i€Cu,jECy

Now, to compute the second moment, first note that

E(R} () = E(XT4) + E(XTp) + 2E(X14X1B).

We calculate every summand on the right side of the above equation

as follows.
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E(X7))
Koo
:Z Z Plogi=g9i=ge=9=1)
My My
u,v=1 1,7 ECy,k,lECy
Ko
LS Ragaan
u=1 U k1ECy
K

+y ) ! Y Plgi=gi=m=g=1

mMyMy .
u=1 v#u 1, €Cu,k,lECy
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= > 212 > Plgi=gi=g=a=1)

m2m?2 .
(u,v)€Co 1,k€Cy,J,lECy

+ Y QOv o~ >, Pla=gi=g=g9=1

(Uﬂ’),(“,w)GCO 7 keCu
vFEW jECvJECw
1
+ ) e Y Ploi=gi=g=g=1)
(), (w,R)ECy, WV ee ec,,
w,v,w,h all different keCuw,leCy,

1
= Z 2. 9o [mumvpl + (mumv(mv - 1)

(u,w)eCy %Y

+ MMy (Mg, — 1))p2 + my(my, — 1)my,(m, — 1)ps]

1
+ Z 2—[mumvmwp2 + mu(mu _ 1)mvmwp3]
(u,v),(u,w)eCy MMy My
1
+ Z My, My My, TR P3
(u,),(w,h)eCo My My My M,
o1+ Gt ma = 2)p (= 1) = 1]

"2

+ > L[102 + (my — 1)ps] + > P
(ww

(uw),(u,w)eCy  * (u0),(w,h)€Co
u,v,w,h all different

pl — 2pa + p3),

’LL

P
:Z 71;1 (p2 — p3) + |Col*ps + Z
u=1 u

(u,v)eCo
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K
=> > W > Pla=gi=m=g=1

W 4. §ECu,KECYIEC

K
=> mglm > Plgi=gi=g=a=1)

u=1 (y v)eedo 1,5,k €Cy,1EC,

o 1
+Z Z om Z Ploi=g9i=gr=a9=1)

u=1 c wllbollow —5ce

omeanese " G
= 1
- Z m2m, [2mu(my — 1)mypy + may(my — 1)(my — 2)meps]

u=1 (u,v)é&?o “

K
+ Z Z ;mu(mu - 1)mvmwp3

o OROn
(v,w)eCy \S

:i 3 [2<mum—1>p2+<mu—1ﬂ>l<:zu—z>p3]

_ i
u=1 (u, v)EECO

+> Y (mu—1)ps

u= 1(1} w)€Co\Ey o

= ‘ S| EC0|
Zsz £C0| — L)+mu|850|p3—3|550\p3+2p3 u ]
u=1 My My
K
+ 3 (ICol — [E5°]) (mu — 1)ps
u=1

u

ECo
=2(p2 — p3) (2\00’ - Z %) +Co|(N — K)ps
u=1

Var(R; () follows by combining the equations above in computing

E(R%,(a)), and then subtracting E*(Ry (q))-
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Similarly, we can get E(Ry,(q)) and Var(Ry,q)) with

n2(n2 - 1) ; ]
Ploi=9i=2=xn—p @ ! ’
(9: = g; ) N(N 1) g1 fori#j
Ploi=g9j=gr=9=2)
. (
T]L\Q/EX[Q:;)) =q, if
1= l?] =k
\
— i=1lj#k foriFjk#l
na(ng—1)(ny=2) _ if
NON-D(N-2) 92
j=ki#l
j=lLi#k
\
R v = 5k are all different

\
(II) Compute Cov(R1 (a), R (a))-
Note that
Cov(R1,(a), R2,(a))
=Cov(Xi1a + Xip, Xoa + Xop)

:COV(XlA, XQA) + COV(XlB, XQB)

+ COV(XlB, XQA) + COV(XlB, XQB)- (813)
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First E(X14), E(X15), E(X24), E(X2p) can be calculated easily.

E(X14) = ijg; - 11; (N = K) = py(N = K),
ni(ny — 1)
E(XlB) = N(N 1) \00’ _pl‘CO’
E(Xo4) = 7\2727]1;_ 11))(]\7 K)=q(N - K),
. TLQ(TLQ 1)

Then we calculate each term on the right side of (S1.3)). Since

~na(ng — 1)na(ng — 1)
~ N(N —1)(N —2)(N - 3)

= f1, if 4,7, k, [ are all different,

we have

E(X14X24) Z Z Plgi=g9;=19r =91 =2)

uzjklECu

- 1
+ Z mu(mu - l)mv(mv - 1)f1

TNy 1My

K
—(N — )N~ K~ 4)fi +6(K "),
u=1 w
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COV(XlA, X2A)

=E(X14X04) — E(X14)E(X24)

K
1
(N = K)Y(N ~ K~ 4)fi + 6(K = 3" ")y~ pis(N — K"
u=1 u

E(X14X2B)
K 1
D I
K 1
+ ; Z oy MMMy 1; Plgi=9; =191 =g =2)
(v,w)eCo\Ey kecjv lequ
K 1
-> MM = 1) (mu = 2)m i
u=1 (el * "

K
+ Z Z ;mu(mu - 1)mvmwf1

- o My My
u=1 (p,w)eCo\ES0

1€
=|Col(N — K) f1 — 2(2|Col — Z )fh

u=1

COV(XlA, XQB)

=E(X14X2p) — E(X14)E(X28)

€2
=Col (N = K) fi = 2(2|Col = ="

u=1

) f1 = p1a|Co|(N — K),

u
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COV(XlB, XQA)
=E(X15X24) — E(X15)E(X24)

:E(XlAXQB) - E(XlA)E<XQB) - COV(XlA,XQB),

E(X15X2B)

- Z m21m2 Z Plgi=gi=1L e =g =2)

(uw)eCy  “ Y i keCy
J,leCy

+ Z m Z Plogi=gi=1L gt =g =2)

(u,w),(u,w)eCo 1,k€Cy
JECy,LECy

+ Z v Z Plgi=g,=1g: =g =2)

TV T, T, 1T
(uw),(w,h)eCy W VW e e,

keCw,leCy

1
= Z Wmu(mu — 1)mv(mv — 1>f1
u,v)ECH

( u v

1
5 Iy u 1 vy
+ Z m%mvmwm (m )m " fl
(u,v),(w,w)€Co

1
t oy T
(u),(w,h)eCy VY h

K

3 &0 2 3 1
u=1 u (u,w)eCo w

Cov(Xip, Xop)

:E(XlBXgB) — E(X1B>E(X2B)

K

1 Eol?

= Z ——Zu f1+(f1—p1(h)|00|2-
u=1 M,

M, m
(up)eCo
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Plugging these equations into (S1.3]), we immediately get the result.

]

Lemma 2. The means, variances and covariance of Ry () and Ry () under

the permutation null are

E(Ryw)) = |Glp1,

E(Rs, () = |Gla1,
— N =~ =~ —
Var(Ry ) = (p1 — p3)|G| + (p2 — p3) Z ECIIET] — 1) + (ps — p})IGP,
=1

N
Var(Ra ) = (a1 — 43)|G| + (g2 — a3) D |EC1(1EF ] = 1) + (g5 — ¢} |G,
i=1

N
Cov(Ry,uy, Row) = f1 ||GI” = |G| = Y IEFI(IES| = 1) | = mar|GI*.

i=1

where p1, p2, P3, @1, @2, g3, [1 are defined as those in Lemmall]

Proof. With p1, p2, p3, a1, @2, @3, f1, |G| and EF defined previously, we have

E(Ri,w) = Z P(gi =g; = 1) = |Glp1,

(i,5)€G
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ER )= Y Pli=g=g=g=1)
(4.9),(k,1)EG

= > Plai=gi=D+ >, Plai=gi=g=1
(i,j)eG (i,4),(i,k)EC
i#k

+ > Ploi=g9i=g=g9=1)

(1.9), (k1) EG
1,7,k,l all different

|G|p1+2|66‘ (€S| = 1)ps +

GI? - 1G] - Z|€G| (1€€1 - 1)]

— (01— p3)|GI + (92— ps) D €] (161 = 1) + sl G,

=1
N

Var(Ry) = (p1 = pa)I Gl + (2 = p3) D €] (1691 = 1) + (s = $IGP.

i=1

Similarly, we can get E(Rz, ) and Var(Rs ().

Since
E(R1,w)Row) = Z Plgi=9;=1g9:=aq =2)
(i,9),(k,D)eG
1,7,k,l all different
N — —
= [IGE = 161= 3" 181 (€€ - 1)] fis
i=1
we have

Cov( Ry (u), Ra () = E(R1,u)Ra,(u)) — E(B1,(u)) E(R2 )

N

G =G =Y IEFIE] — 1)] — |G

=1
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S2 Issues of existing graph-based tests

S2.1 Problem of the graph-based tests for data with repeated

observations

To illustrate this problem, we use a phone-call network dataset analyzed in
both |Chen and Friedman (2017) and (Chen et al. (2018]). This dataset has
330 networks, corresponding to 330 consecutive days, respectively. Each
network represents the phone-call activity among the same group of people
on a particular day (a more detailed description of this dataset see in Section
@. In both papers, the authors tested whether the distribution of phone-
call networks on weekdays is the same as that on weekends. The distance
between two networks is defined as the number of different edges between
them. In this dataset, phone-call networks on some days are the same and
the distance matrix on the distinct networks has ties. According to their
results, the 9-MST was a good choice for the similarity graph. However, the
9-MST is not uniquely defined due to the repeated observations (networks)
and the ties in the distance matrix. We randomly selected four such 9-MST's
and the results of the generalized edge-count test (Sg) and the weighted
edge-count test (Z,) under each of the 9-MSTs are listed in Table [l We

see that the test statistics based on different 9-MSTs vary a lot and the
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p-values could be very small under some choices of 9-MST's but very large
under some other choices, leading to completely different conclusions (see

Table [1] in the main context).

S2.2 Variance boosting problem for the extended edge-count

test

To illustrate the problem, we use a preference ranking set up, where two
groups of people are asked to rank six objects, and we test whether the two
samples have the same preference over these six objects or not. Let = be
the set of all permutations of the set {1,2,3,4,5,6}. We use the following

probability model introduced by Mallows (1957) to generate data:

Pe,n<<>:@exp{—ed<m>}, (neES. OER.

where d(-,-) is a distance function such as Kendall’s or Spearman’s distance
and v is a normalizing constant. There are two parameters, 6 and n, where n
can be viewed as the “center” of the distribution and 6 controls the “spread”
of the distribution — the larger 6 is, the less the distribution spreads. In
the following, we let d({,n) be the Spearman’s distance between ¢ and 7
and let Cy be the 3-NNL on distinct values.

Let 6, =60y =5, m = {1,2,3,4,5,6} and 1y = {1,2,5,4,3,6} in the

example. We check the performance under unbalanced sample sizes. The
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power of Ry ) and Ry () are 0.804 and 0.832 respectively when n; = ny =
80. However, if we increase the sample size of Sample 2 to n, = 400 and keep
all other parameters unchanged, the power of Ry (,) and Ry (,) decreases to

0.49 and 0.815, respectively (Table .

Table 1: The fraction of trials (out of 1000) that the test rejected the null hypothesis
at 0.05 significance level in the preference ranking example. Here, 71 = {1,2,3,4,5,6},
N2 = {1,2,574,3,6}, 91 = 92 = 5.

Power niy =ng = 80 ny = 80, ny = 400
Ry, (a) 0.804 0.49
Ro, () 0.832 0.815

S3 Additional results

S3.1 Additional results in examining the extended test statistics

e S1 (Both n and 6 differ with 6, > 6,) :

m = {1,2,3,4,5,6}, no = {1,2,5,4,3,6}, 6 = 5.5, 6 = 4 with
balanced (n; = ny = 100) and unbalance (n; = 100, ny = 300) sample

sizes.

e 52 (Both n and @ differ with 6, < 6,) :

m o= {1,2,3,4,5,6}, 72 = {1,2,5,4,3,6}, 6, = 4, 6, = 55 with
balanced (n; = ne = 100) and unbalance (n; = 100, ny = 300) sample

sizes.
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Table 2: S1: ny = {1,2,3,4,5,6}, 2 = {1,2,5,4,3,6}, 0, = 5.5, 0 = 4.

ny = Ny = 100

Statistic RO,((L) S(a) Rw,(a) M(a)(l.?)l) M(a)(1.14) M(a)(l)
Estimated Power 0.865 0.775 0.865 0.846 0.824 0.792

Statistic ng(u) S(u) Rw,(u) M(u>(1.31) M(u)(1.14) M(m(l)
Estimated Power 0.915 0.863 0.915 0.895 0.886 0.872

Statistic LR Pearson Ker
Estimated Power 0.222 0.221 0.227

n1 = 100, n2 = 300

Statistic Ro,(a) S(a) Rw’(a) M(a)(l.?)l) M(a)(1.14) M(a)(l)
Estimated Power 0.805 0.898 0.952 0.936 0.927 0.916

Statistic RO,(u) S(w Rw,(u) M(u>(1.31) M(u>(1.14) M(w(l)
Estimated Power 0.489 0.961 0.980 0.975 0.970 0.964

Statistic LR Pearson Ker
Estimated Power 0.187 0.181 0.363

Table 3: S2: mp = {1,2,3,4,5,6}, no = {1,2,5,4,3,6}, 6, =4, 6 =5.5.
ny = ng = 100

Statistic R()’(a) S(a) Rw7(a) M(a)(1.31) M(a)(1.14) M(a)(l)
Estimated Power 0.873 0.783 0.873 0.851 0.837 0.812

Statistic RO,(u) S(u) Rw,(u) M(u)(l.?)].) M(u)(1,14) M(u)(l)
Estimated Power 0.891 0.858 0.891 0.888 0.872 0.864

Statistic LR Pearson Ker
Estimated Power 0.217 0.218 0.233

n1 = 100, ngy = 300

Statistic Ry, (a) S(a) Ry  M@(131) M@ (L14) M) (1)
Estimated Power 0.796 0.903 0.956 0.943 0.932 0.920

Statistic RO,(u) S(u) Rw,(u) M(U)(l-Bl) M(u)(1~14) M(u)(l)
Estimated Power 0.993 0.984 0.980 0.985 0.983 0.980

Statistic LR Pearson Ker
Estimated Power 0.689 0.700 0.301
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S3.2 Choice of « for max-type edge-count test statistics

We discuss the choice of k by examining the test on 100-dimensional multi-
variate normal distributions Ny(u1, 1) and Ny(pz, X2) with mean and/or

variance difference:
e Scenario 1, Only mean differs, ||y — pallo = 1.5, 1 = 5o =1
e Scenario 2, Only variance differs, 1 = po, 27 =1, ¥y = 0.91;
e Scenario 3, Only variance differs, u; = po, 37 =1, ¥y = 1.11.

For each scenario, we examine both balanced setting n; = ny = 80 and
unbalanced setting n; = 80, ny = 150.

Since the data is continuous, the optimal graph is uniquely determined
(with probability 1). We compare the power of M (k) with the edge-count
test (Rp), the generalized edge-count test (S¢) and the weighted edge-count
test (Ry,) to have a better understanding of the max-type statistic. Fig-
ures plot the estimate power of the tests based on 1000 trials under
each scenario. We see that M(k)(k = {1.31,1.14, 1}) always perform well

under various scenarios.
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n,;=80, n,=80, different mean, same variance

o |
i
o Ro(R
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2 - g 5 o g ox Tl e e
o) % X e
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g © . X © M(k=1.63)
3 x 40" A M(k=1.47)
x| e M(k=1.31)
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O o M(k=1.14)
X
S M(k=1)
M(k=0.88)
o | + M(k=0.79)
o
I I I I I I
2 4 6 8 10 12 14
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n;=80, n,=150, different mean, same variance
o |
i
® Ry § Pal
x B %
| A % e} * P *
o Ruwe & & ¥ . ° ¢
52 *
QR 8 ° s o o ° % o ® .
© | G * e 4
s O $ & M(k=1.63)
D%_ 2 % o A M(k=1.47)
S . M(k=1.31)
Ro. o M(k=1.14)
S, M(k=1)
M(k=0.88)
o + M(k=0.79)
2 -
I I I I I I
2 4 6 8 10 12 14

k(k-MST)

Figure 1: Under Scenario 1, the fraction of trials (out of 1000) that the test rejected the
null hypothesis at 0.05 significance level.
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n,=80, n,=80, same mean, different variance(Varl>Var2)
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n,=80, n,=150, same mean, different variance(Varl>Var2)
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- e o ¢ 9 %
*Ro 1, e g b 8 X2 %X 2 2 2
X Sg . 8 X A & a o g g o
[ee]
S 7|+ Ruc A b e ©°
N o
X A <>
© | o
g _ | ® o & M(k=1.63)
D%_ o A M(k=1.47)
S M(k=1.31)
o M(k=1.14)
N M(k=1)
o
M(k=0.88)
o + M(k=0.79)
2
I I I I I I
2 4 6 8 10 12 14
k(k-MST)

Figure 2: Under Scenario 2, the fraction of trials (out of 1000) that the test rejected the
null hypothesis at 0.05 significance level.
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n,=80, n,=80, same mean, different variance(Varl<Var2)
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Figure 3: Under Scenario 3, the fraction of trials (out of 1000) that the test rejected the

null hypothesis at 0.05 significance level.
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S3.3 Analytic p-value approximations

The asymptotic results in Sections and provide theoretical bases
for analytic p-value approximations. Here we check how well the analytic
p-value approximations based on asymptotic results work under finite sam-
ples by comparing them with permutation p-values calculated from 10,000

random permutations.

Preference ranking

In the following, we generate data from mechanism (i) in Section 4| with
0, =0, =5, m ={1,2,3,4,5} and n, = {1,4,3,2,5}. We set Cy be the
NNL and examine the difference of the asymptotic p-value and permutation
p-value under various settings.

Figures show boxplots for the differences of the two p-values (asymp-
totic p-value minus permutation p-value) with different choices of n; and nq
for S(ay, Suys Ru,(a)s Ruw,w), Moy (k) and M, (k). We see that when both ny
and nq are over 100, the asymptotic p-value is very close to the permutation

p-value for all new test statistics.
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Figure 4: Boxplots for the differences between the asymptotic p-value and the permu-

tation p-value based on 100 simulation runs under each setting for S,), S(u), Ruw,(a) and

R

w, (w)*
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Figure 5: Boxplots for the differences between the asymptotic p-value and the permuta-
tion p-value based on 100 simulation runs under each setting for M, (x) and M, (k)
with x = 1.31,1.14.
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Figure 6: Boxplots for the differences between the asymptotic p-value and the permuta-
tion p-value based on 100 simulation runs under each setting for M, (1) and M,)(1).

Phone-call network data

Table 4: The p-value obtained from the asymptotic results (Asym.) and from doing
10,000 random permutations (Perm.) for different statistics.

p-value Asym. Perm. p-value Asym. Perm.
Sa) 0.040 0.042 S(u) 0.082 0.086
Ry (a) 0.007 0.013 Ry, () 0.017 0.024
Mq)(1.31) 0.009 0.014 M, (1.31) 0.022 0.026
My (1.14) 0.013 0.019 M, (1.14) 0.032 0.034
M (1) 0.022 0.025 My (1) 0.050 0.049

We check the analytic p-values obtained based on asymptotic results
with those based on 10,000 random permutations and the results are shown
in Table 4l We can see that the asymptotic p-values and the permutation

p-values are quite close for all test statistics.
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