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This supplement consists of three sections. In the first section, we prove
Equation (4). The second section contains the detailed proof of Theorem 1, and
the third section contains the proof of Claim 2.

S1 Proof of Equation (4)

By Equations (2) and (3), we have
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and I5 is the 2 x 2 identity matrix. Thus,
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By the self-similarity property of the fractional Brownian motion, YnA has the
same distribution as
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This completes the proof of Equation (4).



S2 Proof of Theorem 1

Theorem 1 follows from Theorem 2 of Hosoya (1996) if we can verify Conditions
A, C, and D listed there. These conditions can be verified by a line of arguments
quite parallel to those in Chan and Tsai (2008). In particular, let §(x,y) = 1 if
x =y, and §(z,y) = 0 otherwise.

First, write

f (W’H17H2’A) =2 (1 — COS(U) AG (w,Hl,HQ) A/ = k(w) ng* (w)

ol
—
£

I

V2 (1 —cosw)A diag (Ré/z (w, Hy) ,R(l)/2 (w, HQ)) (S2.1)

2 (1 — cosw) aHR(l)/z (w, H) GZIR(lJ/Q (w, Ha)
al?R(lJ/2 (w, Hy) angé/z (w, H)

As in Chan and Tsai (2008), we define, for ¢t = 1,...., N, a bivariate process g

by
(o)
g =Y _ Gjerj,
=0

where e; is an iid N(0z, I2), O is the 2 x 1 vector having each component
equal to 0, and G; is defined by k (w) = Z?io G exp (ijw) with k (w) given in
(S2.1). We can write §; as a one sided rather than a two sided moving average
representation, as would follow from the fact that the spectral transfer function
k (w) is defined through he square root of Rg (w), because of Gaussianity and the
resulting indistinguishability between the causal and noncausal representation.
The new process y; has the same autocovariance structure as y;. Thus, because
of Gaussianity, the estimators obtained from ¢; correspond to the ones for y;.
Condition A is clearly satisfied for the new error term e;.

We now verify condition C'.

(i) (a) We will show that [”_|kap(w)[*dw < oo for some u such that 1 <

u < 2. We consider k;; (w) = /2 (1 — cosw)ajiRé/z (w, Hj) for i,j =1,2.
Let k1 = 2H; — 1 and ko = 2H> — 1. Since |k;j|? = O (Jw|~"7), there exist
non-negative constants by and b; such that
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(b) We need to show that there exists v > 0 such that

sup || [f M OLFC) = FO =N g5 lle = O), (52.2)
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where ||g|l, = {/"_ |g(w)|Pdw}/P. First, for w — 0,
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From the same two inequalities as on page 27 in Chan and Tsai (2008) it
follows that (S2.2) holds if it holds for a smaller interval containing only
one pole of the spectral density function. Thus, it suffices to show that
(52.2) holds for fi;(w) ~ |w|™"*. Let 2 > u > 1 be a constant such that
0 < uk; < 1. We have for a, 5 =1,2,
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Using a change of variable w = x|\| and therefore dw = dx|\| we can write
(52.4) as

1 u /||
2|)\\/ dx+2|>\|/
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The first integral is bounded by fol (1 —2)""™ < oo since the numerator
is bounded by 1 and 0 < ku < 1. We write the second integral as

1+e u 7/|Al
/ dxr +/
1 1+e

for some € > 0. The first term is again bounded and in the second term,
we approximate the numerator by & (x — n)“_l, with 0 < n < 1, which
is bounded by & (z — 1)”71. Since w > 1, the second term is therefore

bounded by [/ (z 1) < co. Thus (52.5) is bounded and (52.2) is

of order O (|e|?) with v =1/u > 1/2.
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(ii) Let hj(w,0) = 0f ' (w;0)/00;, where 0; is the jth component of 6 =
(Hy, Ha, a1, a12, o1, asz). Here, we need to show thatfor any € > 0, there
exists a > 0 and Hermitian-valued bounded functions h; and h; such that,

i 16 —0] < 0. By () < hy (o0, 0) < hy(w) and || [{By() = B (010 | <

e, where v = u/(u—1) for u given in (S2.2) above. Note that 9f~1/90; =
—f~'0log f/06; and that both factors are uniformly continuous in w and
6 in a sufficiently small neighborhood of 6. Thus, the requirement in (ii)
can be readily verified element by element.



(iii) Recall from equation (15) and below this equation, V;(0) = H;(0) +

(iv)

ST tr{hj(w,0) f(w)}dw, where f(w) is the true spectral density function,
and H;(0) = 0 [" logdet f(w;0)dw/00;. Here, we need to show that
V;(6) has a unique zero for all j at 6 = 6y, where 6 is an interior point of
0.

The true spectral density function is, by assumption, equal to f(w,8p).
Consider the function Q(0) = [”_logdet f(w,8)dw—[" logdet f(w,y)dw+
ST tr{f 7 (w,0) f(w)}dw. Note that the partial derivative of @ with re-
spect to the jth component of 6 equals V;(6), for all j. Condition (iii)
holds if @ attains its unique minimum at 6 = 6y, which is shown be-
low. Define T(x) = exp(xz) — x which is a convex function that is al-
ways > 1. Further note that logdet f~!(w,0) f(w) = Z?Zl log \; (w) and
tr(f~(w,0)f(w)) = Zle i (w) where \; (w) ,4 = 1,2 are the Eigenvalues
of f~1(w,0)f(w). Jensen’s inequality implies that

Q(0))(2r) = [ ! (—Zlog)\i @+ (w)) dw/(27)

i=1

x 2
_ / ST (log Ay (w)) duw/(27)
T =1

gT (/ g M) dw/(2m) > 2,

with both equalities obtained if and only if 8 = 6y. This is true since
a symmetric matrix with all eigenvalues being one must be the identity
matrix. The unique zero of V; (6) follows then from convexity of 7' (-) and
the fact that sums and integrals of convex functions remain convex.

v

H,(0) is continuous on 6.

This condition holds trivially.

Parts (i)—(ii) of condition D can be proved by arguments similar to those used
in proving conditions (i) and (ii) of condition C. In particular, (i) follows from
v=1/u>1/2in (ii) of Condition C (i) b).

(ii) We need to show that

lin(1) sup || [{h;(+0) = hi(-,00)}f ()] pp llo < C
r=010—0o|<r

for some C' >0, j =1,...,s and for v = u/ (u— 1) > 2. We use again the
two inequalities on page 27 in Chan and Tsai (2008) to replace h; by its
pole asymptotics. Thus, for Hy > Hs, at the pole

hi(oo) = {  Olwl™ loglw)), for j =1
I\ O(|w|2n17n2 log |WD7 fOI‘j:Q,



Combining with f(-) from (S2.3), we obtain for j =1,
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for a, 8 = 1,2. Applying a Taylor approximation
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with k7] lying between k; and k1,9, we obtain
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for a, B = 1,2, since the integral is finite. Next, for j = 2,
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Finally, the derivative with respect to any element of the weighting matrix
A behaves as |w|®t. For this case, we find a bound using parallel argu-
ments to the ones for the memory parameters.

log? (|ew]) Jw|/"i 10!

° dw> < Cr?
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(iii) Given ¢, we divide the radius a of a ball around 6, into m (¢) partitions
of length  (¢) = a/m (¢) with ¢ and 5; denoting the lowest and highest
value in partition ¢. In addition to the behavior of h; (-) from Part (ii) and
the uniform continuity of f~* and consequently of h, we use monotonicity
of h; (.) in the sense that for any j,

Ky > K] == hji(K}) < hj(K}),

implying h; (@j) > hj > h; (R;) for @é < nj < R; Let Bj and ilj be a
pair of Hermitian bracketing functions. For similar reasons as in part (ii),

we obtain an inequality similar to the one used there. In particular, for
J=1
1% (R} — RY YKL

< 21l — ol (1 o8 () i) < Cart ).
0



(iv)

with k7 lying between k; and k1. Taking m (¢) = Cs/e provides the
result. Next, for j = 2,

Ik 7 — R

2Ca[205 ~ w10) ~ (s~ k) * [ tog? (ol ol 55500l )
0

Csr? (e) .

Both results hold for a, 3 = 1,2. Derivatives with respect to elements
of the weighting matrix can be bounded in a similar manner. Finally,
|k*{hi — hY}k||2 < Cr? (£) holds similarly.

IN

IN

’V(Q) > a0 — 90‘ for some a7 > 0 and a parameter vector #; in the
neighborhood of 8y, where V' is the vector consisting of all the first partial

derivatives V;.
This condition holds because
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where the second term vanishes for 8 — 6y. Thus, % converges to
10U

1 0f(.0) N ] o
0=00

r;;(0) = t ,0 ,0 —_—
which is positive definite since the partial derivatives are linearly indepen-
dent. In particular,

0=00
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then it can be verified that
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(det A)2L2(H1) 0 2a22(det A)Ll(Hl)
0 (det A)QLQ(HQ) 0
T (9) . 2a22(det A)Ll(Hl) 0 87@%2 + 2@%1G21
@) o 0 —2&21 (det A)Ll(HQ) —477(121&22
—2a12(det A)Ly(Hy) 0 —8maiza22 — 2a11a21Gay
0 2a11(det A)Ll(HQ) 47ra12a21



and

0 72a12(det A)Ll (Hl) 0
—2a21(det A)Ll(HQ) 0 2a11(det A)L1(H2)
T2 (6) —4maziaze —8mai2azz — 2a11a21G21 4dmraizaz
& 87ra§1 + 2a%2G12 4maiiazs —8maiiazi — 2a12a22G12
dmariaze 8maly + 243, G —4maiiaiz
—87’1’&11@21 — 2a12a22G12 —47ra11a12 871’&%1 + Qa%QGIQ

Let f[z : 4,4 : j] be the submatrix of f(9) formed by rows i, ..,j, and columns
i,...,j. By the Cauchy-Schwarz inequality, we have 2w Lo(H;) > L2(H;), for
i = 1,2 and G12Go1 > 472, Furthermore, Gij > 0, for i,7 = 1,2. To show
that T'(0) is positive definite, it suffices to show that detI'[i : 6,i : 6] > 0, for
i =1,...,6, and this is seen as follows,

detT[6:6,6:6] = 8mal, + 2a2,G1z > 0,

detT[5: 6,5 : 6] 4a3,a3,G12Ga1 + 16ma1,G 12 + 16ma}; Goy + 487%a} ad, > 0,

detT[4: 6,4 : 6] 32m(det A)2{4ma2, Gz + a2, (G12Gay — 4n2)} > 0,

detT[3: 6,3 : 6] 2567 (det A)*(G12Gay — 472) > 0,

detT[2:6,2:6] = 1287 (det A)(2rLy(Hy) — L3 (Ha))(G12Ga1 — 472) > 0,

detT[1:6,1:6] = 64(det A)*(2mLo(Hy) — L3(Hy))(2wLy(Hs) — L3 (Hs))(G12Gay — 472) > 0.

This completes the proof that I'(6) is positive definite under Hy > Ho.

(v) This condition can be easily verified if the spectral density function ad-
mits no poles but otherwise it can be proved by adapting the arguments
presented in Example 3.1 of Hosoya (1996).

This completes the proof of Theorem 1.

S3 Proof of Claim 2

First, write

flw; )
_ 2(1—cosw)A( Fo (OHI) R (OHQ) )A’
= 2(1cosw)A{( RO(()H) RO(()H)> (S3.6)
+( Pl SR )* ( 0 RO(HQ)O—RO(H) )}A/’
(93.7)



which converges to 2 (1 — cosw) Ry (H) B, as Hy — H;. Next,

V3(¥) = +/Wtr{ )}dw,
V(o) = +/:tr{a 8b11 )}dw,
) = am+ [ o { 2 L a,

Ve(¥) = H6(19)+/7T tr{afab(m’)f(w)}dw.

—T

Note that the two terms in (S3.7) converge to zero as Ho — H;. Equally, in
the derivatives of f (w;) with respect to H,b11,b12 and bea,

95(:9)
09;

= 2(1—cosw) {Z???-RO (H)B (S3.8)

b Roim) = R A (g 0 A+ (et - momya () )4}

(93.9)

the terms in (S3.9) coming from the terms in (S3.7) are negligible as Hy —
H,. Thus, % converges to 2 (1 — cosw) (a%iRO (Hl)B), as Hy — Hj.
Therefore, in the following, for simplicity we concentrate on the terms in (S3.6)
and (S3.8).

We show that V5(¢) = V4(9) = V5(9) = V() = 0. Denote Ry = Ry (H)
and denote the values of Ry and B evaluated at the true parameter values as
R{ and B°. Next,

Of Hw; V)

s @) = T ) T T (i d) f(w)
ORy , 1.,
_ _aiHRolB 110

and consequently,
T Of Hw; 0 1 OR
/_Wtr {fal(:)f(w)} dw — —2—=2 = 2L, (H).
Next,
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log |f(w;9)|dw

™

(log[ (1 — cosw)] + log R} + log(det B)) dw

= / —_log Ry (H) dw = 2L, (H).

Then,

Va(¥) =

oo+ [ {2 0 g

Further, it can be shown that

Hy(9)
Hs(9)
Hg (1)

Similarly,
Of H(w; )
b1

fw)
. <5f31b(1c:;19)f(w))

Vi(v) =

Therefore,

0 i 2b227‘(’
= —— [ 1

G [ lol (sl = 222,

6 g 41)1271’
= — [ 1 ) |dw = —

5oy | lomlrw 9)lde = — 35,

0 i 2()117‘(

0bas /_7r o | f(w; V)|dw det B

—b12baoby + b3,0%;

_ B 1 —b12b2b%s + 03509,
Ro (det B)2 \ —bi2baobly +035b{;  —biaba2by + b7505,

b22

—(det B) ot B

% (—b12baobly + b3ybY; — b12basbly + bigbdy) — —

miors [ {2 )

Finally, the proof for V5(9) = 0 and V() = 0 is similar to the one for V4 (¢) = 0.

Next, we show that the matrix of the second derivatives {V;;}i j=3

verges to W33, where

.....

Wiss
2Lo(H) (det B) ‘b2 L1 (H) —2(det B) ™ 'b12L1 (H) (det B) ‘11 L1 (H)
_ (det B) ‘boo L1 (H) 27 (det B) ~2b3, —47(det B) 2b1abas 27 (det B) ~2b3,
- —2(det B) " 'b12L1(H) —4m(det B) 2biabes  4m(det B)™2((det B) + 2b3,) —4m(det B) ™ 2b11b1a
(det B) ‘o111 L1 (H) 27(det B) ~2bi, —4m(det B) 2b11b12 27 (det B)™2b3,
In particular, for Vs,
Vs (9) 0 T A (ws )
aq = dw| .
Vas= =3 =~ am |2+ /_ ﬂ o Wypde



First,

P , O ([T 10
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. R '
Next,

)

Wﬁ) _ ﬂi B%RO 0p—1710
aH/ { f(w)}dw = _2/_,,3H< R | 1B BYdw

Rj

And consequently in the limit,

Next, for V3y4,

0

——H3 (9) =

Db 3(0) =0,
and
o [T, [of M w) /” 0 1 0Ry 1 ,oop 10
- trq ————= dw = — tr —2 BYd
61)11 - r{ aH f(w) “ 8b11 Ro 8H 2R0 R w

™ 1 0Ry, R 0 150
= — — ———dw—tr——B™'B
- Ro OH Ry 0b1y
1
—IL(H
b”(detB) 1(H),
where we use that
0 0 1 0 1 b
— B 'By = -B'-—BB 'By=-B"" B™'By = 22
Ob11 ’ b1 0 ( 0 0 ) O™ (det B) ( —bi2
1 by 0
(det B) \ =bi2 0 )~
Therefore,
Vs (9) 0 /’T Af Y w; ) 1
= = — |H3 (¥ t d b H

Vs db1y Ob11 2(0)+ - 0H J@)pdw| = *?(det B) i
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Finally, for Vyq4,

8‘/21(19> 0 27bog 2
by, by (det B)  (det B)? {—b12b22by + b3,b7; — b12baobly + b7,b%, }
= _ﬂ _ 271_— (—b12b22b(1)2 + b%Qb(l)l - b12b22b(1)2 + b%gbgg) 2(det B)b22
(det B)? (det B)*
2 2b22 (—b12b%5 + baabl; — b12bYy + b3,)
———b —b
> | e
2 om
————byy (—b Woo) = — b2,
(det B)? 22 (—b22 + 2b22) (det B)? 22

All other terms of V;; follow from similar arguments.

Finally, it can be shown that the matrix W33 is positive. For this, note that,
by the Cauchy-Schwarz inequality, we have 2rLo(H) > L3(H), and det B =
(det A)? > 0. Therefore,

det 2Ly (H)
= 2Ly(H) >0,
2L, (H) (det B)~byy L1 (H)
(det B) byoLi(H)  2m(det B)~2b3,
b3y (4mLy(H) — Li(H))

det

- (det B)? >0,
2L2(H) (det B)_lbgng(H) —2(d€t B)_lblng(H)
det (det B)_lbgng(H) 27r(det B)_zb%Q —47T(det B)_2b12b22

—2(det B)_lblng (H) —47T(det B)_2b12b22 47r(det B)_Z(det B+ 2b%2)
4rh3, (4 Lo(H) — L3(H))

- (det B)? >0,
2Lo(H) (det B) " tbao Ly (H) —2(det B) " tb12 Ly (H) (det B) " 'b11 L1 (H)
qet | (det B)'bao L1 (H) 27 (det B) ~2b2, —4m(det B) "2b1abao 27 (det B) ~2b3,
—2(det B)"b12L1(H) —4m(det B) 2biabes  4m(det B)"2((det B) + 2b3,) —4m(det B) ™ 2b11b1o
(det B) " 'b11 Ly (H) 27 (det B) ~2b3, —47(det B) "%b11b1a 27 (det B) ~%b%,
_167°(2wLe(H) — Li(H)) =0
(det B)3 '

This completes the proof of Claim 2.
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