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A Proof of Theorem 3.1

For notational simplicity, we suppress the dependence of the oracle estimator
(f1(S,), B(S,)) on S, and denote it as (fz, 3) when no confusion is caused. We
first introduce some notation and present two lemmas that are needed to prove
Theorem 3.1. We consider penalized objective functions belonging to the class
F ={f(z) : f(x) = g(z) — h(x), g and h are both convex}. Let dom(g) =

{z : g(x) < oo} be the effective domain of g, and dg(xy) = {t : g(x)

v

g(z0) + (z — o)™, Vo } be the subderivative of a convex function g(z) at .
Note that the concave pairwise penalized quantile objective function Q (s, 3)

can be written as the difference of two convex functions in g and 3:

Q(w,B) = g(p, B) — h(w,B),

where g(p, 3) = n"! Z?:l |yi—,ui_xzrﬁ|+>‘ Zlgiqgn |i—p1;], and h(p, B) =
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Y i<icjen Ha(pi — ) with Hy(z) = [(2%/(20)[1(0 < || < a)) + [AJz] —

aX?/2]I(|x| > aX) for the MCP, and

Hy(z) = [(2® = 2X[z] + N*)/(2(a = D)I(A < [2] < a))

+[Nz| = (a+ DA2/2]I(|z| > aX)

for the SCAD penalty.

Lemma A.1. (Lemma 2.1 in Wang et al. (2012)) If there exists a neighborhood
U around the point x* such that Oh(x) N dg(z*) # 0, Vo € U N dom(g). Then

x* is a local minimizer of g(x) — h(x).

Lemma A.2. Assume that conditions C1-C4 are satisfied and \ = o(n~17¢2)/2),

The oracle estimator satisfies || (&, B)— (o, Bo)|| = Op(\/ (Ko + pn) /1), where

(e, Bo) = (o1, - - -, oy, BT)T is the true parameter and (é, B) is the corre-

sponding oracle estimator defined in the main paper. Moreover, |fi; — [i;| >
(a+1/2)A\foralli € Gy,j € Gy, k' # k, with probability approaching 1,

where a is the parameter in the penalty function.

Proof. The first result can be established by applying Theorem 2.1 in He and
Shao (2000). The second result can be proven by using similar arguments as in
Lemma 2.2 of Wang et al. (Z012). Note that if 7 and j are from different groups,

ming; | — fi;| = ming; |puo; — pio;| —max; [ (4 — 1) — (p10: — ptos)| - Furthermore,
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ming; | tto; — poj| > Msn~(7¢2)/2 by condition C4, and max; | (jz; — fi;) — (ft0i —

p0y)| < 11— aoll = O/ E2E2) = 0, (n=0-0/2) = o, (n=1=2)/2) by the first
result. Thus for A\ = o(n~(!7%2)/2), we have that with probability approaching
one, |f1; — fi| > (a + 1/2)\ for all ¢ and j from different groups.
0J

We now present the proof of Theorem 3.1 for the SCAD penalty; the proof
for the MCP is similar and thus is omitted. First, we characterize the subderiva-
tives of g(u, B) and h(p, 3), respectively. Second, we study the property of the
oracle estimator. At last, we verify that the oracle estimator satisfies the condi-
tion in Lemma [A~T with probability approaching one. We emphasize that (1, B)
represents the concave fusion penalized estimator and (1, E) represents the ora-
cle estimator. We denote the sign function as sgn(-) in the following proof.
Proof of Theorem 3.1.
Step 1: We characterize the subderivatives of g(u, 3) and h(p, 3), respectively.

The subderivatives of g(u, 3) at h(u, 3) are defined as the following collection

of vectors:

dg(p.B) = {(&.-.. &urp) € R

J—1 n
§j=Sj+)\le’j+)\ Z ljifOI'j:l,...,’n,;
i=1

i=j+1
£n+t = Sn+t fort = 1, c. ,p},
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where

s; = [I(y; —p; —2FB <0)=1/2—wv;] /nforj=1,...,n,and s, =
Sorwasifort=1,... p.

Furthermore, v; = 0if y; — pu; — z7 3 # 0 and v; € [—0.5, 0.5] otherwise; for
1 <i<j,lij=—sgn(pi — p;) = sgn(p; — p;) if p; — pj # 0 and ;; € [—1, 1]
otherwise; for j < ¢ < n, l;; = sgn(p; — i) if s — p; # 0 and [j; € [—1,1]
otherwise.

For both the MCP and SCAD penalty, h(u, 3) is differentiable everywhere.

Thus, the subderivative of h(u, 3) is a singleton:

oh(p,B) = {(Cy- o, Curp) ERMPiforj=1,...,n,
- | — i) — A j — M
CJ:Z[(MJ pi) — Asgn(p M)I(

a—1

A< i — ] < a)
=1

+Asgn(p; — i) L(|j — il = ad)|;

Coae =0 fort=1,... p}.

For the MCP, ¢; should be replaced by

n

Hi —
G = > [jTI(U < i = il < ad)

i=1

FAsgn(p; — i) (1 = pul = ad)]

Step 2: To build a bridge between the subderivative of ¢(-), h(-) and the oracle
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estimator, we express the oracle estimator as an equivalent constrained estimator:

. 1 ¢ T
arg min —E i — i —x; B,
g ni:1|y 2 |

w8

subjectto  pu; = p; fori < j € Gy, forall1 <k < K.

By introducing a set of Lagrange multipliers v = {7;;x,7 < j € Gy} for con-

straints, we get the Lagrange function:

Ko
L(p, B,7) = Z|yz = Bl D vle

k=1 i<jeGy

This Lagrange objective function is a convex function with subderivatives

OL(w,B,v) = {(m, ey Ty, Tigk) fori < je Gy :

T =58 — Z Vijk + Z Yjir for j € Gy,

i<jeGy J<i€Gy

Tpat = Spae fort =1,....p,

Wijk:Mi—Mjfori<j€Gk,1SkESKO},

Since the Lagrange function is convex, by the convex optimization theory, 0 €

OL(w,3,7) LT Then fi; = pi; fori < j € Gy. Moreover, there exists a v;

such that 7;( 1, 5, ~) = 0and m,4+(p2, 3,7) = 0.

Step 3: Finally we will prove that any (u, 3) € B{(f1,8), \/4} (the ball with
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center (i, 3) and radius \/4) satisfies Oh(p, ) () dg(f, B) # O with high prob-
ability. It then follows by Lemma AT that the oracle estimator (g, B) is a local
minimizer of the concave pairwise penalized quantile loss function with high
probability.

Consider any (u,3) € B((ﬁ,é), A/4). For subjects i and j in the same
subgroup, [p; — ;| < (i — i) — (B — f)| + | — 5| < A/2+0 = A/2.
For subjects 7 and j from different groups, by Lemma A7, we have |p; — p] >
i — sl — | — i) — (s — 15)| > (a+1/2)A = \/2 = a\. So for the SCAD
penalty, the subderivative Oh(p, 8) is a singleton {¢; = A> .0 sgn(p; — i)
for j € Gy, (it = 0}.

We now show that dg(fz, B) () Oh(p, 3) # 0. First, by letting v = v*, from
the subderivatives of the Lagrange function, we can easily get &, (1, B v*) =
Coit = 0. We need identify [ that makes Q(ﬁ,é; v*,l) = (;. Through some

calculation, we can show that [ is required to satisfy that for all j € G

sl Bv) + A sgn(y —fi) + X > Li+A Y

1¢Gy 1<jeGy j<ieGy
=AY sgnlu; — ). (A1)

i¢Gy,

To solve (A1), we observe two facts:

(i) P(sgn(; — p;) = sgn(p; — ps) fori ¢ Gy) —



B. PROOF OF THEOREM 3.2 7

(i) (1, B, 7 v*) = s;(, B;v) — X Fgp+ > Ajn = 0.

1<jEG j<i€Gyg

If there exists an [ € [—1, 1] such that

AN A DY Li=— > At Y Ak (A2)

i<jeGy J<i€eGy 1<jeGy J<i€Gy

then Jg(p, B) N Oh(w, B) # 0 is verified. We can calculate that the minimum
and maximum of A\ ) [;; + A ) [;; in equation (BA2) are —\ x (|G| —
1<jEG j<ieGg

1) and A x (|G| — 1), respectively. Applying the fact that | — > 75 +
1<jeGY

> ikl = 15;] < 1/n and the condition A > 1/(nGyin), We conclude that
j<i€Gy
the equation (A7) has solutions in the region [ € [—1,1]. The proof is thus

complete.

B Proof of Theorem 3.2

Recall that K denotes the true number of groups. Let S be any candidate model
with K number of groups. We consider three classes of models: (1) overfitted
model (OF) for which k' > K and each cluster contains only units from the
same group; (2) underfitted model (UF) for which K < K| and at least one
cluster contains all units from more than one group; (3) wrongly-assigned model
(WA) if the model is neither OF nor UF. Any candidate model S must belong to

one of the three classes.



8 YINGYING ZHANG, HUIXIA JUDY WANG AND ZHONGYI ZHU

Under the true model S,, we can express the linear regression model as

Y =(Z,X)(a",8")" +e, (B.1)

where Z = {z;} is a n x K matrix with z;; = 1 for i € Gy and 0 otherwise.
For any overfitted model S, we can construct a larger regression model that nests
(BO) by augmenting (Z,X). For instance, suppose that S, = {G1,Ga; Ky =
2}, but in the candidate model S, G is divided as G1; and G2, so that S =
{G11,G12,Gy; K = 3}. Then we can introduce a vector A = (ay,--- ,a,)"
with a; = 1 for i € G5 and 0 otherwise, and write the corresponding linear

regression model as

Y = (A, Z,X)(0.a",8")" +e,

where 6 represents the median difference between GG15 and G'1;. When 6 = 0,
this regression model reduce to model (B) corresponding to the true model S,,.
In general, for any overfitted model S, we can construct A in the same spirit
and we denote the augmented design matrix as Ug = (A, Z, X). On the other
hand, the linear regression model corresponding to any underfitted model S can
be expressed as a submodel of (B) by setting some parameters to zero. With

such constructions, the model selection problem can be transformed to variable
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selection in linear regression.

Let Sor, Suyr, Swa denote the class of overfitted, underfitted and wrongly-
assigned models respectively. We assume the following additional conditions,
where C2+ is an enhanced version of the condition C2, and C5 is an identifiabil-
ity condition.

C2+. The conditional density of ; is f(+|z;, x;) for all i. Moreover, there exists
a constant Ay such that for all u, sup, | f(u|z, x) — f(0|z,x)| < Aolul.

C5. Let Ky € (K, 00) be a positive constant, denoting the upper bound of the
number of groups. Then for every n > N (Sor and Ug depends on n), where

N 1is a large constant,

TE[UsUL
Amin = inf v El > s o,
Sesor|[¥llo<Ku+pap#0 |||
TE[UgUL
Aok = sup ¥ El 52 slY < 00,
sesor|wllb<kuotppro [Pl
and
q/ = inf w >0
sesor.llpllo<Ku+pp0 E[|[ULp|?] ’
where || - ||o denotes the Ly norm and 1) is a vector whose dimension varies with

the matrix Ug.
Under any model S, define 65 = n™ ' >, |y — fii(S) — T B(S)|, o =

nt S0y = 1o — ®f Bol. and 8(S) = (u(S),-... f1u(S), B(S)T)" as the
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unpenalized estimator obtained under model S.

Proof of Theorem 3.2: This is a direct implication of Lemmas BT, B2 and B73.

Lemma B.1. Under conditions CI1-C5 and C2+, we have

P{ inf  BIC{(S)} > B]C{S(S(,)}} 1

SeSor,|S|<Ky+p

Proof: For any candidate model S € Spor with K > K, subgroups, we can
construct the corresponding linear regression Y = (A, Z, X)(07, a”, 87)T + ¢
as discussed before, where A isan x (K — Kj) matrix and @ is a (K — Kj) x 1
vector. When 6 = 0, this reduces to the true model .S,. We have with probability
approaching 1,

inf BIC{&(S)} — BIC{d(S,)}

SGSQF,‘S‘<KU+p

— . f 1 _ B 1 B K B K )
SESOF,I\ISI'KKUer[ Og(O'S) Og(050>] + ( 0)¢

1 &s—dg,

> inf in(log? =295 %S K — Koo,
B SGSOF:I\ISIKKUer min(log 2, 205, — 0+ 0> +( 0)¢

2 _05(iAminn)_1(K - KU) lOg(K +p> + (K - KO)¢TL

> b (B.2)

where the first inequality follows from log(1+wu) > min(log 2, u/2); under con-
ditions C2, C2+ and C5+, the second inequality stems from the same arguments

for inequality (25) in Lemma 7.8 of Zheng et al. (2015) with C5 a constant and
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/f as the uniform lower bound for f(0|z, x), and the last inequality follows from

log(n 4+ p)/n = o(¢,) and K > K| for overfitted models.
Lemma B.2. Under conditions CI1-C5 and C2+, we have

p{ inf  BIC{3(S)} > BIC{5(SO)}} S

SESy r;|S|<Ky+p

Proof: Since any underfitted model S is constructed by merging some true clus-
ters and K, < oo, there are a finite number of candidate models in S;;r. Thus,

proving Lemma is equivalent to proving
P{BJO{s(S)} > B[C{S(SO)}} 1 (B.3)

for an arbitrary underfitted model S. Without loss of generality, we can take
a simple example for illustration. Suppose that S, = {G1, G2} with Ky = 2
and S = {G; U Gy} with K = 1. Then the corresponding linear regression
for S can be written as Y = (Zg, X)(a%,3")" + € where Zg isan x 1 vec-
tor with all elements 1. We now reparameterize the true model S, as Y =
(As,Zs,X) (0L, al, B7)T + € where Ag is an x 1 vector with elements 1 if
1 € G5 and 0 otherwise. The augmented A g is constructed to introduce a new
group effect. When 05 = 0, the true model reduces to model S. So model S is

underfitted for the true model S,, and we can denote .S ; S,. Similar construc-
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tion can be used for more general cases. By the definition, we have

BIC{b(S)} — BIC{b(S,)}

= log(ds) —log(ds,) + (K — Ko)dn.

According to Lemma 1 in Lian (2012) and the law of large numbers, the first part
is positive bounded away from 0, and the second part is 0,(1). This completes

the proof.

Lemma B.3. Under conditions C1-C5 and C2+, we have

P{ inf  BIC{3(S)} > BJ{S(SO)}} 1

SESWA,|S|<KU+I7

Proof: For any wrongly-assigned model S, we can construct an intermediate
model S;; such that .S,/ is overfitted for S, and S is underfitted for S;,. Without
loss of generality, we assume that S, = {G1, G2, G3} with Ky = 3. However, in
the candidate model S, G5 is divided into GG3; and G3s, G31 is merged with G,
and (39 is merged with Go, so S = {G; U G31, Go U G} with K = 2. In this
situation, we can introduce an intermediate model Sy, = {G1, G2, G31,G32}

with K = 4. Then
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inf BIC{b(S)} — BIC{6(S,)}

SeSw a,|S|<Ky+p

— inf 1 7 —1 % K — K, n
SESWA}PS|<KU+I7[ Og(US> Og(JSO)] " ( 0)¢

> inf log(cg) — log(o
Z seowaitiaryap8(08) ~1o8(Gs)]
inf log(ds,,) —log(ds,)] + (K — Ko)on, (B.4)
SmESoF,|Sm|<Ky+p
> 0,

where K[, < KyKj is a new upper bound for Sy,. In (B3), the first part is
positive bounded away from 0 with the same argument as in Lemma (B2), the
second part is 0,(1) because of Lemma (Bl) and the third part is o(1). Thus this

proves the last inequality and Lemma B3.
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