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Abstract: The problem of estimating the number of change points in a sequence
of independent random variables is considered in a Bayesian framework. We find
that, under mild assumptions and with respect to a suitable prior distribution, the
posterior mode of the number of change points converges to the true number of
change points in the frequentist sense. Furthermore, the posterior mode of the
locations of the change points is shown to be within O, (logn) of the true locations
of the change points where n is the sample size. The prior distribution on the
locations of the change points may be taken to be uniform. Finally, some simulated
results are given, showing that the method works well in estimating the number of
change points.
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1. Introduction

Consider a sequence of independent random variables X = X (n) = (1,...,
x,,) with the following distribution :

f(;61), if 1 <4<y,
i~ f(50r), ifJ_1<i<J., r=2,...,k, (1.1)
f(';ek-i-l)’ if Jk <,L§n7

where {f(-;0) : 0 € ©} is a family of densities (with respect to Lebesgue measure
w), and o+ = (01,...,0k1), JH) = (Ji,...,Jx) and k are unknown parame-
ters. Here k is the number of change points in the sequence X (”), J®) consists
of the locations of the k£ change points, and the parameters 0; satisfy 0; # 6,11
fori=1,...,k.

We are mainly concerned with estimating the number & of change points as
well as their locations J*). Adopting the Bayesian approach, we will place a
suitable prior distribution 7 on k and J (k) and estimate them by the posterior
mode. The marginal posterior mode & of k maximizes the posterior density of k
(given X ™) which takes the form

m(k ] X™)oc Y| / FEX 004, JO)r(0®HD) |k, JE)do® D]k, JB),
2 (1.2)
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where f(l(");Q(kH), k‘,i(k)) denotes the joint density of x1, ..., z, given 8F*D,
k,J (k). The main result of this paper is that, under regularity assumptions,
k converges in probability to the true value of k (to be denoted by kg) in the
frequentist sense. Furthermore, let i(k) = (jl(k), e ,j(k)) maximize W(k,l(k) |
X™) over J® with k fixed. We also show that Hi(k - =[xk 1(J(k°) —
JN?)2 = Oy(logn) where J° = (J?,..., J,go) denotes the true locations of the

change points. Note that ky and J° are estimated by k and J (k), respectively.
Schwarz (1978) considers the problem of model selection, based on decision

theory, for the exponential family with parameters of various dimensions. He uses

decision theory to find that the Bayes solution is to choose k& which maximizes

S(X™, & oc/f (X®; 90N (00)do®)r (k), (1.3)

where f(X™);0®) is the joint density of X™ = (z1,...,x,) in an exponential
family with k-dimensional parameter 8% for model k and (k) is a prior proba-
bility for model k. For n sufficiently large, he derives an asymptotically optimal
solution that is to choose k which maximizes

SC(X™ k) = log £(x™; ™) -

klogn/2, (1.4)
Ak
where Q( ) is the maximum likelihood estimator (m.le.) of ).
Yao (1988) uses Schwarz’s criterion for the problem of estimating the number
of change points in a sequence of independent normal random variables with
common variance o2. He finds that, under mild conditions, the estimator k

which maximizes
SC(X™ k) = —nlogé?/2 — klogn (1.5)

converges to kg in probability where 67 is the m.Le. of 0% given k. Note that
given k, the total number of parameters in Q(k+1), J*) and o2 equals 2k + 2.
Our method is to find & which maximizes the integrated likelihood function
over Q(k+1) and J (k) While this idea in dealing with parameters Q(k+1) and J (k)
may be considered as an extension of (1.3) in Schwarz’s work, our method is
somewhat different from that given by Yao (1988), which directly comes from
(1.4) of Schwarz (1978) and may be interpreted as finding & that maximizes

SC*(X™ k) x max log f(X™; 9%+ k J*F)) — klogn.
Q(M—I)J(k

Barry and Hartigan (1992) consider the product partition model and give a
Bayesian analysis for the problem of multiple change points. They show that,
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under suitable choice of prior cohesions and mild assumptions, if there is no
change point (i.e. kg = 0), the posterior probability of & = 0 converges to 1
in probability (in the frequentist sense). They also compare, by simulation, the
product partition method with that given by Yao (1988) and find that Yao’s
method is better at detecting the number of change points , but they suggest
that this defect may be overcome by considering different cohesions. Our study
attempts to find a large class of suitable prior distributions for which the number
of change points can be estimated consistently. Our simulation results show that
the precision of estimating the number of change points can be improved greatly
by using the uniform prior.

Other references about estimating the number of change points from a Bay-
esian point of view are given by Chernoff and Zacks (1964), Yao (1984) and Barry
and Hartigan (1993) in the context of independent normal random variables.

The present paper is organized as follows. In section 2, assumptions and
notations are given. In section 3, the consistency of the posterior mode k is
proved. Section 4 contains simulation results. The proofs of several lemmas in
section 3 are relegated to the appendix.

2. Assumptions and Notations
2.1. Assumptions

Suppose X (n) — (z1,...,2y) is a sequence of n independent random variables

from model (1.1) satisfying the following conditions :

(A1) The true number ky of change points is bounded by a known constant Ry
and the true change point locations J° = (J?,..., J,?O) satisfy 0 < J) <
Jg <o < Jpy < noand ming i< [(J) = JL)/logn] — 00, as n — oo,
where JJ = 0 and J,gOH =n.

(A2) Let © C R be an open interval and © the closure of ©. V0 € © and 0’ € ©,
provided 0 # ¢, [%0_ | f(x;0) — f(x;0") | du(x) > 0.

(A3) f(z;6) is jointly measurable in (z,6).

(A4) VO € O, the derivatives mogafe(m;e), o 1059];(33;9) and & 1o§9é(a:;9) exist, Va; and

are continuous in 6.
(A5) Let 69 denote the true parameter value in the interval (J?_, J],i = 1,..., ko
+1. Then there exist functions G (z), G2(x) and H(z) such that

dlog f(x;6)
T

| < Gy, | TRBIED) < (), | TLOET @O gy

for all z and for all # in a neighborhood of 9?, t1=1,...,ko+1; and

Ego G1(z)] < 00, Ego [G2(z)] < oo and Ego [H(z)] < 0.
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(A6) The measures [[;- f(z;;0) are mutually absolutely continuous for each n =
1,2, ... Therefore, a null set will have probability zero for all 6.

(A7) limjg oo f(z;0) = 0 a.e. w.r.t. Lebesgue measure.

(A8) VO € ©, Ep | log f(x;0) |< 0o and 0 < I(0) = —Eg[g—;logf(a:;H)].

(A9) VO € ©,p,r >0, f(x;0, p)=supjg_g<,f (2; 0") and Q(z;7) = sup|g|s,.f(z;0)
are measurable functions of z, and for ¢ = 1,..., kg + 1, sufficiently small p
and sufficiently large r,

Eqollog f(x:6,p)]" < o0, Egpllog Qs )" < oc.

We now state two assumptions on the prior distribution 7 which consists of

two parts m(k, J®) and 7(8%+Y | k, J*)). We assume

(B1) The prior density (k) > 0, for k = 0,1,..., Ry, and 7(J® | k) = 1/("")
for each possible location vector J®)( i.e. w(J®) | k) is uniform).

(B2) Given k and J®)| the conditional prior of #%**1 is such that the k + 1
components of OF+D are independent with marginal probability density
functions not depending on k and J (k), which will be denoted by 7’ | i.e

a0 [ &, J®) = 7(61) - 7' (Br11).

Furthermore, 7/(6) is positive and differentiable in a neighborhood of 9?, for
eachi=1,... .,k + 1.

Remark 1. Conditions (A2)-(A9) are essentially those of Johnson (1970), which
are just one set of the many variants (cf. Wald (1949), Wolfowitz (1965), Walker
(1969)) to ensure that () when 6y is the true value of 6 for a random sample

{z1,... 20}, Tliey 7 a:x“e) will be sufficiently small for all values of 6 outside
a nelghborhood of the true parameter 6y, and (ii) the posterior distribution of
Vn(0—0) is asymptotically normal, where 6 is the m.Le. of §. Thus, if there are a
large number of s coming from one distribution and a large number of z/s com-
ing from another distribution, say (x1,...,z;) from f(-;61), and (xj41,...,2p)
from f(-;62) with both j and n — j large, it follows from the first result that the
value [T, f(@i;0)/[[ 1=y f (24 61) I j1 f (w45 62)] is small for all values of §; and
if the random variables (x1, ..., z,) have the same distribution, the second result

implies that the integral [ ], ﬁxl ; w(0)dl is of order O(1/4/n) almost surely.

By Taylor’s expansion, the condition on the third derivative of the log-likelihood

f(i:6)
=1 f( gi :00)
behaves like 1/(2n) times the square of the sum of a sequence of independent

random variables with mean 0 and variance 1 (cf. lemma 3) so that it is domi-
nated by O(loglogn) almost surely by the law of the iterated logarithm.

function in (A5) implies that 0 is asymptotically normal and log [T*

Remark 2. The assumption (B1) on the prior 7 may be relaxed (cf. Appendix B).
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Remark 3. Note that the dependence of J° on n has been suppressed. Strictly
speaking, ko and €° should depend on n as well. To avoid further assumptions
and messy notation, we keep ko and 6° fixed as n increases. For the same reason,
the prior 7’ on 6 is kept fixed as n increases.

2.2. Notation

For convenience, we define the following notation:
(1) VO € ©, for any integers a and b,

f(X50)
FX:0°) —

Hb f(zi;0)

i=a+1 F/...00
wgp J(xist 5(1))’

1, if set D D (a,b],
otherwise,

(a,b]\D

where 0(i) = rif JO; <i < J% r=1,...,k + 1. Note that (a,b] denotes
the set of integers between a and b (1nclud1ng b).
(2) If set D = {(a;,b;] | i =1,...,d} is a collection of disjoint intervals, then

H F(X50) H f(X;0)
(X509 — (&;QO)
(a’b]\D (a b]\{U az: z
and
f(X50) f(X;0:)
F(X:6°) — H [ f(LQO)]’
D =1 (as,b;]

where 0; is the m.Le. of 0 given observations {z,t € (a;, b;]}.

(3) Let p(J®)) = {(0,.21], (J1,Ja], ..., (Jr—1, Ji], (Jx, n]} denote the partition of
the interval (0,n] induced by J®) = (Jy,..., J;).

(4) Let A* = U {47, A} be a collection of 2k disjoint intervals, where A, =
(J7,J0] and Af = (J?,J}] with integers J. = J? — [alogn] and JI =
JY + [alogn], r = 1,..., k. Here « is some large constant (cf. lemma 1) and
[alogn] is the largest integer not beyond alogn.

(5) Let By = {J% = (J1,...,Jx) | Vr = 1,... ko, 3 i such that J; € A7 UAS}
and E; denotes the complement of Fj,.

3. Consistency

In this section, we prove the following theorem.

Theorem. Under assumptions (A1)-(A9), as n — oo, the posterior mode k with
respective to a prior distribution m satisfying (B1)-(B2) converges in probability

to ko. Furthermore, ||i(k0) — J% = Op(logn).
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We need several lemmas to establish the theorem. Note that the right hand
Jo
side of (1.2), divided by f(X;8") = kafl[HT 70 1 f(z;09)], equals

k| Xy Y [T / Ly O)]rth L)

J®eE, (ablep(J*))

+ > [ 11 / J{(%g})w’(e)de}w(k,j“).
(art

J®eEe (ablep(J*)

Lemma 1. VB > 0, for sufficiently large «,

/Hfgf;o d9>n—B/ I &pew[ 1]
ab\A_ ab\A"'
VO<a<b<nwithA UA} C (a,b]}

d@] :

converges to 0 as n — oo.

Lemma 2. Ve > 0 and any k,
P{n(k,J® e ES | X)) > en(ko, JO | X))} -0 asn — co.

By assumption (A1), for large n, we have Ey = ¢ if k < kg. It follows from
lemma 2 that, for each k < ko, P{m(k | X)) < 7(ko | X™)} converges to
1 as n — oco. Hence P(l;‘ > ko) converges to 1 as n — oo. Also, by lemma
2, as n — oo, P{n(ko, J*0) B XM < 7(kg, J° | X™)} converges to 1,

so that P(i (ko) € Ey,) converges to 1, proving the second part of the theorem.
It remains to show that P(l% > ko) converges to 0 as n — 00, or equivalently
P(k = k) converges to 0 for each kg < k < Ry.

Fix kg < k < Ry. By lemma 2, it suffices to show that for each ¢ > 0,
P{r(k,J® € B | X™) > en(ko, J° | X™)} — 0 as n — oo. For each J*)
Ey,andi=1,..., kg, let ¢; be the component of J®) that is closest to J2. (In
case that two components of J (k) are both closest to Jio, let ¢; be the smaller one.)
By the definition of Ej, we have | ¢; — J? |< alogn. Let J*) = (J#,. .., J)
denote the points of J*) in the interval (JO ,,J?] (excluding ¢y, . .. ) Cky)- Thus,
we have J*) = (J*(”) c1,J* (r2) ,C2, J*(Tko) » Cho I“(Tkoﬂ)) and fo{lm =k-
ko. Note that J*() =¢ifr; =0. Denote by < cz, J? > the interval (¢;, J?] if ¢; <
J9, or the interval (JO,¢;] if ¢; > JO. Let D(JW) = {< ¢;,JO >|i=1,...,ko},
and let I(J*")) be the partition of (max(J? ;,¢;_1), min(J?, ¢;)] induced by the
points in J*") where ¢y = 0 and ¢, 11 = n. Clearly, Uff{l[(i*(”))u{< ciy JO >
i=1,...,ko} is the partition of (0,n] induced by the points in J*) and JO.
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Now, for each (a,b] € p(J*), (a,b]N D(J*®)) may be empty or < ¢;, J? > or
<eii1, Y > U< ¢, J? > for some i, and (a,b]\D(J®)) is an interval (possibly

. X;6) X;0
empty). Since H(&b]mD(i(k)) ff((X ) H(a bND(I*) ff((ggo)), we have

JHiEprom<| T &8l T {&h~ 00

(a,0] (a,bND(L*) (a,b\D(L™)

It follows that

H /H f(XBO )dd

(ablep(J*))

[T EAIT T[T

D(J™) =1 (c,dler(J* "))

' (0)do)|

<[Mmeo] II[ I [ ISR 0], (31)

i=1 =1 (c,dler(J*)) " (cd]

where

] _ F(X50) F(X50)
LX) = max{ | max | sup [( I Fah] e sup [(JIOT | eealls

k3

We now deal with the term inside the second pair of brackets on the right-
most side of (3.1). For each I(J*(")), i =1,... ko4 1, consider the first interval
(denoted (a;1,b1]), and the final interval (denoted (a;o,b;2]). Note that a;; =

max(JY 1, ci—1), b = J, aiz = Iy big = min(J?, ¢;) and that (vbi1 — a;1) ! <
O(Vlogn)/\/Jf — J2; and (Vbig — aiz) "t < O(y/logn)/,/J? — Ji... Thus

/ I1 j{((jje% 0)do < O(v/log n)Si1 (X)/+/ T3, — IO, (3.2)

(alla zl
and
/( H ]f(X 0)do < O(y/logn)Sia(X)/+/J? — Ji s (3.3)
a127 12

where S;1 (X)) =max{1, Max jo <<yt MAXgcpeo VD a [Ty f((;{(;o)) 7' (0)d0}
and S;(X) = max{l, Max ;- jo MAX 0 <o) Vb —a [Tl Jf())(((fo)) 7'(0)db}.
If r; = 0, then I(J*")) = {(maX(Jl0 1 cio1), min(J2 e} = {(an,bi]} =
{(as2, bial}, and (v = a) L <O(1) /([0 = J2 . Let L(I*M)) =\ [10 — 0.,/




930 CHUNG-BOW LEE

(Vi = T\ T2 = T i ri > 1, = 1if ri = 0. By (3.2) and (3.3), for 7y > 0,

2
I [/ ﬂ%;’)w%e)de < O(log )LL) (X)Sia(X) /70 — JL.,

(aiz,biz]

and for r; = 0,

I1 Jf(%v_"o)) 7'(0)dh < O(1)L (J*W)SH(X)SQ(X)/\/W-

(@i1,b41]

11 / SE 7 (0)d9 < [O(1ogn) S (X)Sia(X)//J) — T2, |

(e djel(J*)) " (ed]
(e I /Hf(”o (0)do], (3.4)

(c,dleI0(J*()) " (c.d]

So,

where 10(J*")) = T(J*")\{(ai1, bir], (a2, bia]} depends only on J*("). By (3.1)
and (3.4), we get

S I / L) (0)d0 - (K, S V)
JM Ry (ab}gp(ﬂk) (ab] "

ko
< {HTz( H H logn j X)SiZ(X)}
234 ey [ T80,
(

lﬁk ko) i=1 (c,d)eI0(J*(r)y  (cd]

where C' = (¢q,...,c,) and i&k_ko) = (J*), k1)) From (A5) in
Appendix A, we can find a constant e > 0 such that

ko+1
11 / H WW (0)d0 - m(ko, J") > 53( 11 [P — J?—l]_%>7f(k0,io)
(a,blep(4%) " (a,b] i=1

with probability approaching 1 as n — oo. It follows that

w(k,J®) € By, | XM) " ko1
o0 x0my = Olos ““)[HT I sa0se0]

A n(k,C, J¢ )
[Z S {11 /H FEm 0)d0)} (ko, J°)
C jlk=ko) i=1 (cd]elo(i*<’"i>) (c.d] <

(3.5)
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Since E[[ ](c.q f X, 90)) 7'(0)df] = 1, it follows from Markov’s inequality that

the term in the last pair of brackets of (3.5) is O,(> ¢ ZJUC woy [T ()]
(k—ko)

Uf%ﬁfi’ﬂ)o)), which is Op(n™%°) for some g9 > 0 by Appendix B. By lemmas

3-5 below, [1F, T;(X) and [T°7" Si1(X)Sia(X) are O,([logn]®*o+D). Thus we

conclude that, Ve > 0, the probability of {r(k,J® e E, | X™) < en(kg,JO |

X ()} will converge to 1 as n — oo. The proof of the theorem is complete.

Lemma 3. If z;,i = 1,...,n, are i.i.d. random variables having density fo,(-)
with respect to Lebesgue measure p, then,

— L(X;0) — L(X;00)

=1 a.s.
n—0o0 loglogn

where L(X;0p) = SS% log f(xi;00) and L(X;0) = Y7, log f(xi;0). Here 0 is
the m.l.e. of 6 based on observation X = (x1,...,Ty).

Lemma 4. If z;,i = 1,...,n, are i.i.d. random variables having density fo,(-)
with respect to Lebesgue measure p , then, Ve > 0

f &7ém . 1
1?3&[ f((X;QO))} = Op([logn]'*),
where ém is the m.l.e. of 6 based on observations (x1,...,Tm).

By lemma 4, we have [[™,[T}(X)] = Op([log n]koT<) for any € > 0.

Lemma 5. If z;,i = 1,...,n, are i.i.d. random variables having density fo,(-)
with respect to Lebesgue measure w, then

max —max \/——a/ H f Q)dQ} O,([log n]

0<a<jt a<m<n

[Sfey

);

(a,m]

where 77 = [alogn].
By lemma 5, we have HkOH[ Si1(X) - Si2(X)] = Op([log n]5(ko+1))_

Remark. While we have established the result ||.J (ho) _ J| = Op(logn), it is of
interest to see if this can be pared down to Op(1).

4. Simulation

In this section, we use Monte Carlo simulation to study the behavior of the
posterior mode k which maximizes (1.2) and compare its precision with that given
by Yao’s method in (1.5) for a sequence of independent normal random variables
with known common variance 02 = 1. We considered two cases, namely, ko = 1
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(one change point) and kg = 2 (two change points) with known upper bound
Ry =3. For kg = 1, we set JY = n/2 and [n/4] with #) = 0 and 69 = 0,1,2,3,5,7
where n = 30,60,100, and for ko = 2, we set (J?,JY) = ([n/3],[2n/3]) with
(9,609,609) = (0,1,2), (0,2,4) and (0, 3, 6), with sample size n = 60, 100, 150. We
assumed a normal prior with mean pp and variance 0(2] for the parameter 6, and
selected 02 = 16 and py = X, which were used by Barry and Hartigan (1992),
but o2 is set equal to 1. We also took (k, J*)) = (1/4) (”;1)_1. Each case was
simulated 1000 times and the results are listed in Table 1 and Table 2. In Table
1, it is evident that our method works very well and is better at detecting the
number of change points than Yao’s method, especially when the sample size is
small (n = 30). In Table 2, we observe that Yao’s method is better at detecting
the two true change points except for the case when the change of means is small
like (0,1,2).

Table 1. Frequencies of the estimated number of change points

(1)Sample size n = 30 with a true changed position = 15 (7)

The estimated number of change points
Mean change 0 1 2 3
0 951  (958) | 042  (038) | 007  (004) | 000  (000)
782 (761) | 095 (112) | 079 (079) | 044 (048)
1 404  (552) | 543  (404) | 048 (038) | 005  (006)
239 (349) | 512 (427) | 140 (130) | 109  (094)
2 004 (029) | 861 (839) | 109  (105) | 026  (027)
001 (014) | 719 (716) | 173  (150) | 107  (120)
3 000 (000) | 850 (854) | 122  (123) | 028  (023)
000 (000) | 730  (741) | 160 (170) | 109  (089)
5 000 (000) | 861 (870) | 116  (111) | 023  (019)
000 (000) | 718 (737) | 173  (153) | 109  (110)
7 000 (000) | 904 (885) | 085 (100) | 011  (015)
000 (000) | 728 (733) | 159  (170) | 113  (097)

(2)Sample size n = 60 with a true changed position = 30 (15)

The estimated number of change points
Mean change 0 1 2 3
0 978  (964) | 018 (034) | 003  (002) | 001  (000)
884 (862) | 070 (085) | 037 (041) | 009  (012)
1 121 (304) | 817 (648) | 057 (042) | 005  (006)
074 (191) | 763  (652) | 122 (122) | 041  (035)
2 000 (000) | 900  (918) | 091 (071) | 009  (011)
000 (000) | 838 (853) | 108 (091) | 054  (056)
3 000 (000) | 908 (897) | 081  (086) | 011  (017)
000 (000) | 835 (819) | 112 (124) | 053  (057)
5 000 (000) | 924 (917) | 065 (075) | 011  (008)
000 (000) | 858 (836) | 098 (111) | 044  (053)
7 000 (000) | 936  (938) | 057  (059) | 007  (003)
000 (000) | 830 (866) | 115  (089) | 055  (045)
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(3)Sample size n = 100 with a true changed position = 50 (25)

The estimated number of change points
Mean change 0 1 2 3
0 977  (979) | 021  (020) | 002  (001) | 000  (000)
919 (914) | 056  (054) | 022  (026) | 003  (006)
1 016  (083) | 929 (868) | 050  (043) | 005  (006)
010 (051) | 860  (837) | 097 (088) | 033  (024)
2 000 (000) | 928 (927) | 068  (069) | 004  (004)
000 (000) | 883 (899) | 085 (080) | 032  (021)
3 000 (000) | 932  (925) | 057 (066) | 011  (009)
000 (000) | 898 (890) | 074 (082) | 028  (028)
5 000 (000) | 931 (935) | 066  (059) | 003  (006)
000 (000) | 878 (883) | 094 (089) | 028  (028)
7 000 (000) | 937  (946) | 056  (051) | 007  (003)
000 (000) | 864 (896) | 105 (074) | 031  (030)

The data are simulated 1000 times with means changing from 9(1) =0to 9(2) =0,1,2,3,5,7.
The values in the upper and lower sides of each box are under the posterior mode and

Yao’s estimator, respectively.

Table 2. Frequencies of the estimated number of change points for the two

true change points

Sample | Change | Mean | The estimated number of change points

size position | change 0 1 2 3

(0,1,2) 000 526 420 054

000 485 376 139

60 (20, 40) | (0,2,4) 000 000 781 219

000 000 832 168

(0,3,6) 000 000 759 241

000 000 816 184

(0,1,2) 000 188 738 074

000 229 640 131

100 (33, 66) | (0,2,4) 000 000 819 181

000 000 865 135

(0,3,6) 000 000 833 167

000 000 870 130

(0,1,2) 000 044 851 105

000 071 808 121

150 (50,100) | (0,2,4) 000 000 856 144

000 000 896 104

(0,3,6) 000 000 881 119

000 000 919 081

The data are simulated 1000 times and the values in the upper and lower sides of each box

are under the posterior mode and Yao’s estimator, respectively.
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Barry and Hartigan (1992) also compare Yao’s (1988) method with the prod-

uct partition model by using prior probability g(i) = HESyIcE=))

4

) of the jump vari-

able and find that Yao’s method is better at identifying the number of change
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points. Especially, when the true model has only “one change point”, the detec-
tion will not be precise (cf. Table 1 of Barry and Hartigan (1992)). They also
suggest that this defect may be overcome by considering different prior cohe-
sions. For this purpose the uniform prior considered in our method may be used
to substantially improve the precision of detecting the number of change points.
However, the uniform prior does not meet the assumptions in the work of Barry
and Hartigan (1992).
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Appendix A.

Proof of Lemma 1. Since 00 # 6°,,, there exists a § > 0 such that the
intersection of the neighborhood Ns(6?) of 62 and the neighborhood Ny (62, ;) of
09, is empty. Hence, for any a,b in [0,n] and A~ U A} C (a,b], we have, VX
and 0,

H f(X.;B0 < sup H f(XH0 H f(X50)
o F(X507) [eeNc 69) (X507 } (a b]\A_ F(X;6°)
+{ Sup H 7( X 90 ] 11 ]f(%;;o))’ (A1)

oen;z 0t 4 T

where N§(6°) and N§(62,,) are the complement of Ns(6?) and N5(6%, ), respec-
tively. Multiplying by 7/(f) and integrating out 6 in (A.1), we obtain

/Hf(mo d9<[ sup ij(jfjo / I1 f(Xeo 0)do

c(pO0
0eN;(0r) (a,b]\ A}

f(X;0) /
+ sup / 0)de. (A.2)
[96N6(92+1 f(X@ a}_i[A_g. XGO

The terms in the two pairs of brackets of (A.2) do not depend on a or b. By
Theorem 1 of Wolfowitz (1949) or the argument given by Wald (1949), we can
find a small positive value h < 1 such that

log h log h
sup H i X 90 <n*°%"and  sup H 7 X 90 < ntoe (A.3)
GeNE(69) OeNF(6°, ) At r1)

with probability approaching 1 as n — oo . Hence, let o be sufficiently large to
satisfy awlog h < —B. Then, from (A.2) and (A.3), the lemma is obtained.
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Proof of Lemma 2. Let E7, be the set {(J®) = (Jy,...,J) | Ji & A7 U
Af Vi=1,...,k}. Since Ef = Ufozl E;fk, and kg is finite, it suffices to show that,
V & > 0, the probability of the set {m(k, J® € E¢, | X™) > em(ko, J® | X))}
will converge to 0 as n — co. For any J®*) = (Ji,...,Jg) € Ey ., there exists

such that A, U A C (J;—1,J;] and, by lemma 1, for any B > 0 and sufficiently
large a, the probability of the event

H /foeo )do

(a,b]ep(JM)
:[ 11 /Hf(X90 0)do / H %990 , d@]
(a,blep(LJFIN(Jiz1,05] "~ (aD] (Jiz1,J
<p B-1 11 ]{(%Q@) ' (0)do

(a,b)ep(LFIMN(Ji—1,di] ~ (a:b]

f(X50) F(X:0)
/ [T L9 0o+ / [T L9 0)a0]
Ji— 17']]\A7 (Jl 1 }\AJF

for all J) € E¢ .. converges to 1 as n — oo. Noting that the expectation of the
right hand side of the above inequality equals 2n~5~1, it follows from Markov’s
inequality that, for any B > 0 and sufficiently large «,

>[I/ T O]t 2% = opa™2). (A1)

IMeEe,  (ablep(I™)

Since []qp1ep(s0) J T(ap) %9%)) w(@)d = TI°7'(/ o oo f((X 90)) '(0)do] is
greater than [T ([ o % 7' (0)d0)] for 6; being the m.lLe. of  based
on the observations {x;,t € (JZ 1,J?]}, from Johnson (1970) (page 857, (2.21)),
we have, foreach i =1,...,ky + 1,
i 0_ jo SX0) — 0 0
Jim (/TP — T2 / (JOHJO] S (0)do = V2 (09)/12(69) in probability,
17

where I(69) is the Fisher information of a random variable z with density fgo(-).
Thus we can find a constant ¢; > 0 such that

ko+1
11 /H F(X:0 90 0)d0 - (o, J) > ¢ ( II [JiO_JiO—l]_%>7T(k07io)
(a,blep(J?) i=1

(A.5)
with probability approaching 1 as n — co. By assumption (B1), (A.4) and
(A.5), we establish the lemma by setting B > Ry + (Ro + 1)/2.
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Proof of Lemma 3. Since 6 converges to #y almost surely, for each 6 > 0, we
can find sufficiently large n so that 6 is in the neighborhood Ns(6p) of 6y. By the

Taylor expansion of L(X;6), and % at 6 and 0o, respectively, we obtain

L(X;60) — L(X;0)
1 9°L(X;0) a2 1 OPL(X;67)

_ 4 M2 3
=5 oz O g (=0
_LPLXi60) ;o PLIXG) 5 g LPLGH)
1 0L L(X;6)p) 1 83L(i;9§) N 3 1 83L(X 07)
T2l 962 (0= 60)° + 5o ) 5 (0= 60)°,
where 07 and 03 are between 0y and 0. Let
_ 190%2L(X; o)
Vn = _E% = __Z 802 logf 431790)
and O3L(X;03%) O3L(X;07)
_ 11 X;03) - 11 1
Dn= im0 5o (0~ 60).

Then, as n — oo, V;, converges to I(fy) (Fisher information of 1) with probabil-
ity 1 by the law of large numbers, and D,, converges to 0 with probability 1 by
the fact (assumption (A5)) that D,, is dominated by H, | § — 6y | converging to
0 almost surely as n — oo. Here H,, = % Yo H(x;) converges to some positive
value almost surely. Hence, for large n,

L(&7 90) - L(K7 é) = _%(é - 90)2‘771(1 - 2Dn/‘7n) (A6)
Also, by the Taylor expansion of %%é) at 0y, we obtain
OL(X;0) OL(X;00)  0*L(X;60) 1 PLX05) 5 o
— = 6—0 — . —=2 22—
a0 0 T a5 0~ %)

where 63 is between 6y and 0. Let

5 1 OL(X;6p) _ lialogf(:ci;ﬂg)

_ 1 PL(X;65)
n = — En — AN 9/
n oo n and

o0 2ln 063 (0= 6o)-

=1

Then E,, is also dominated by H,, | 6— o | and will converge to 0 almost surely
as n — oo. Thus, for large n,

gn = Vn(é - 90)(1 - En/vn) (A7)
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From (A.6) and (A.7), we have, for large n,

- 52 o -
L(X:0) = L(X:0) = 52 (1 = 2D0 Vo) (1 = B/ V)

This implies that, for large n,

. n 5% 1(6) (1 —-2D,/V,
MO = ELG00) = 51 7, (v:) (<1—En//vn>2) '

X (A.8)
Since V,, converges to [ (0p) almost surely and D,, and E,, both converge to 0
almost surely as n — oo,

. (1=2D,/Vy,)
lim ~—_27n/n)
oo (1 Ep V)2

=1 a.s.

Also, S, is the sample mean of random variables %(;“90), i=1,...,n, with

mean 0 and variance (6p)/n. By the law of the iterated logarithm, we obtain,

— | nS, |
lim =1 as.
n—o0  /2n(loglog n)I(6p)
Therefore, it follows from (A.8) that
lim L(X56) — L(X; 60) =1 as.

n—00 log log n

Proof of Lemma 4. VN and ¢, the event {maxy<m<n([Ij1 m %] >

(log n)'*¢} is contained in {maxy<;,<n{[log [,m) %]/[log logm]} > 1+¢}.
By lemma 3, we establish the lemma.

Proof of Lemma 5. Consider the two cases m < 257 and m > 257. If m < 257,
by Markov’s inequality and observing that E[[ ], § (())((990)) 7©'(0)do] = 1, we
5
2

have maxo<,<j+ MaXq<m<2j+ VM — a [ Tligm] f((XX;;())) '(0)d0 = Op([logn]z). If
m > 251, by m—a < 2(m—j), we have

max max —a
0<a<jt 2jt<m<n

.[gj}-g%:;n f))((%g ngffir};n V _‘7+/ H f(X gm d9:|a

where 6, and 6,, are the m.l.e.’s of § given observations {z4,t € (a,j7]|} and

©(0)do < O(1 [033% H pl

{z¢,t € (jF,m]}, respectively. By lemma 4, the terms in the first and second
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pairs of brackets are both O,([logn]'*) Ve > 0. By Johnson (1970) (page 857,
(2.21)), we obtain the term in the last pair of brackets is Op(1). Thus we establish
the lemma.

Appendix B.
1. For the uniform prior 7 (k, J®)) = O(n~F), using the fact that D 1<y <cdr<n

% L converges as n — oo, we obtain, for each fixed r;,
S L(i*(”)) < O([Jio _ J?_ﬂm-%) — O(n”—%> it > 1
TP <[ << <P
so that
L ey Tk G )
> X [T v = 5
W(kOai )

C ko) i=1

ko+1

<{ X I[X L&]joognl®/mt+)

T1+~~~+Tk0+1:k_k0 i=1 i*(”)
ko+1

ZOGIIMm“(2m}ﬂ%M“M““)

i=1
_ O( k—ko— 2 - [log n]ko/nk k0> =O0(n~°%) for some gy > 0.

2. From (3.5), the theorem still holds if we replace the assumption (B1) by the
assumption (B1)' that the prior information m(k, J*)) satisfies the condition

ko+1 (k—ko)
>y [ Iz (J*r)) ] (k’(Qk’i}O) ) =O0(n"%) for some gy > 0.
T RO, L

C jlh—ko) ~ i=1
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