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Abstract: The Whittle estimator (Whitflé (I962)) is widely used in time series
analysis. Although it is asymptotically Gaussian and efficient, this estimator suf-
fers from large bias, especially when the underlying process has nearly unit roots.
In this paper, we apply the jackknife technique to the Whittle likelihood in the fre-
quency domain, and we derive the asymptotic properties of the jackknifed Whittle
estimator. In particular, the second-order bias of the jackknifed estimator is shown
to vanish for non-Gaussian stationary processes when the unknown parameter is
innovation-free. The effectiveness of the jackknife technique for reducing the bias
of the Whittle estimator is demonstrated in numerical studies. Since the Whittle
estimator is applicable in many fields, including the natural sciences, signal pro-
cessing, and econometrics, the bias-reduced jackknifed Whittle estimator can have
widespread use.
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1. Introduction

Quenouilld (T94Y9) introduced a technique for reducing the bias of a serial
correlation estimator by splitting the sample of size n into two sub-samples.
Quenouilld (T956) generalized this method to splitting the sample into g groups,
each of size h, so that n = gh. This procedure, termed the jackknife by [[ukey
(I95R), has been employed in various estimation and testing problems. In using
the jackknife method for the estimation of ratios, Rad (T965) proved that g = n
is the optimal choice of g for a normal auxiliary distribution. The classical jack-
knife was extended by Schucany, Gray, and Owen (I971) to a more general type
of estimator called the generalized jackknife. A comprehensive survey of these
developments was given by Millen (1974). Regarding higher-order asymptotic
theory, Akahira (T989) showed that the asymptotic deficiency of the jackknife
estimator relative to a bias-adjusted maximum likelihood estimator is 0.

For certain types of stochastic processes, mainly those with stationary in-
dependent increments, Gray. Watkins, and Adams (1972) introduced a coun-
terpart of the jackknife as a sort of intensity index and gave a necessary and
sufficient condition for the proposed jackknife estimator to be unbiased. Kinsch
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(I98Y9) considered the jackknife in the context of estimating a functional of the
m-~dimensional marginal distribution of a general stationary process. Based on
the jackknifed m-dimensional empirical distribution, Kinsch (T989) proposed an
estimator of the variance of the functional estimator and derived the asymptotic
mean and variance of the variance estimator. For analyzing seismic data, Vernon
(994) proposed a jackknifed spectral estimator of window type and considered
its jackknife variance estimator.

For stationary processes, the Whittle estimator 6,, is one of the most funda-
mental estimators of the spectral parameter 6. Dzhaparidzée (I986) showed that
0, is approximately the maximum likelihood estimator under Gaussian assump-
tions and that it is first-order asymptotically efficient. When 6 is a coefficient
of a Gaussian ARMAprocess, [Taniguchi (T983) proved that 6,, is second-order
asymptotically efficient and calculated the second-order bias. Since the second-
order bias becomes large when the process has nearly a unit root, a method for
reducing bias is desirable.

In this paper, we propose a jackknifed Whittle estimator 0, for the spec-
tral parameter 6 of a general non-Gaussian stationary processes; the jackknif-
ing is performed in the frequency domain. We show that O, is asymptotlcally
equivalent to Hn, and we calculate the second-order biases of 6,, and 0,x. Un-
fortunately, both of these estimators fail to be second-order unbiased in general.
To eliminate the second-order bias, we modify the Whittle likelihood, thereby
obtaining a modified Whittle estimator é;; and the corresponding jackknifed ver-
sion 0%. It is shown that 6% and 6% are asymptotically equivalent and that 6%
is second-order unbiased if 6 is innovation-free, although 9: is not unbiased to
second-order. Note that the second-order bias of éTK is shown to hold even if
the process is non-Gaussian. The modified jackknifed variance \A/]’I;g is also given,
and the standardized statistic n'/2(0%, — 0)/V; is shown to be asymptotically
standard normal. These results are also generalized to the case where the un-
known parameter 0 is vector-valued. Numerical studies are provided confirming
that the absolute bias of éTK is remarkably smaller than the absolute biases of
én, é(,K and é;'; in finite samples. These results are compelling because Whittle
estimation is fundamental, and widely used in various applications.

2. Setting and Notation
Suppose that {X; : t € Z} is generated by

o0
Xt = Zalut,l, (2.1)
=0

where {a;} satisfies ) ;7 || < 0o, {u} is a sequence of independent and iden-
tically distributed random variables having E(u;) = 0, E(u?) = o2, and finite
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fourth-order cumulant for all ¢ € Z, Z the set of all integers. To simplify the
notation and discussion, we initially assume that ; and o2 are functions of an
unknown scalar parameter § € O, a; = a;(f) and o2 = 0%(0). Here, a;(f) and
02(6) are assumed to be five times continuously differentiable with respect to 6.
In Section 4, the results are extended to the case where 0 is vector-valued. Note
that {X;} is second-order stationary and has spectral density function

00 2

Z a (e)eil)\

=0

2
fo(A) = 02;0)

Let R(s) = E(X;X+s) be the autocovariance function of {X;}. Based on the
observed stretch {X7,..., X} of {X;}, the Whittle estimator is

0, = arg max Dy (0),

where D,,(6) is the Whittle likelihood defined by

n

Du(0) = —5 S {log foA) + fo00) " T(A)}.

s=1

with Ay = 2ms/n and I,(A) = (2mn) 7> 1, Xie|?. Dzhaparidze (IT986)
showed that, when {u;} is Gaussian, D, () is an approximation to the log-
likelihood and that 6, is asymptotically optimal, i.e., first-order asymptotically
efficient. For the case where 0 is a coefficient of a Gaussian ARMA process,
Taniguchi (1983) showed that 0,, is second-order asymptotically efficient, and
hence, a satisfactory estimator. However, if the process has a root near to 1,
Taniguchi (983, p.168) showed that 6,, can have very large second-order bias.
Consideration of a jackknifed version of the Whittle estimator is motivated by
the need for bias reduction.

Calculations are simplified by using the following notation. Let DY =
d'Dy, (0) /060" (i =1,2,3), and

1

Zy =n"2DY) = # zn:pt, Zy=n"{DP ~B(DP)} = Zn:%
t=1 t=1

I,=n"'E (—D,(f)) = :LG:At, L,=n"'FE (—Dg’)) = :LG:/it,
t=1 t=1

where pt, v, A¢, and k¢ are defined appropriately in terms of the addends of
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D,,(0). Furthermore, let

W)= (o) o FaN), YOO = (o) 2 fal)

bo(\) = 217%% 1| R()e™, (2.2)
B= i __7; Y(Nbg(NdA,  I= 4i i {W()\)}Qd)\, (2.3)
K;% _Z{W()\)}Sd)\, - K+ / Y\ 92 C LV (24)

1= 8% || YO eQsa - (25
= [ YOG @A~ (2.6

where Q4(\, p, w) is the fourth-order cumulant of the spectral density of {X;}.
Noting that

2 2
ewss=— 1t (o) + g

>’ -3 o 07
ot = (o) s

and that E(I,(\)) = fo(A) +O(n™1), we have I, = I + O(n~'). Also it follows
from Theorem 7.6.1 of Brillinger (2001) that

B(Z*)=1+T°+0(m™"), BE(Z1Z)=J+J+0(n™"),

=3J+K+0(n"). 2.7)

Evidently, if {X;} is Gaussian, then I and JY® are both 0. Furthermore,
if 0 is innovation-free, i.e., if o(f) does not depend on @, then Lemma A2.2,
Corollary 3.1, Proposition 3.1, and Remark 3.1 of Hosoya and Taniguchj (T982)
yield

"¢ =0, JY=o0, (2.8)

even if the process {X;} is non-Gaussian. The assumption that 6 is innovation
free is not restrictive; for example, when {X;} ~ ARMA(p, q) and # is an ARMA
coefficient of { X} }, then 6 is innovation-free. To ensure that [ = 0 and JY¢ =0
for subsequent calculations, we make the following assumption.

Assumption 1 (G-I). The process {X:} is Gaussian or the parameter 0 is
innovation-free.
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3. Jackknifed Whittle Estimators

We propose jackknifed Whittle estimators for the process (EZ1) with un-
known parameter . The advantage of working in the frequency domain is
that, in the Whittle likelihood, the observations are replaced by the variables
fohs) ' I,(Xs) (s = 1,...,n), which are asymptotically independent. Conse-
quently, a dependent-data problem is reduced to an independent-data one, and
thus the usual jackknife technique, designed for independent data, can be applied
in this stochastic-process framework.

Let

) ——*Z{logfe )+ fo(As) T L)},

S;éJ
_ )
| = argmax D, ().
The jackknifed Whittle estimator is

n—1< 91(321.

j=1
To derive the asymptotic properties of éJK, we require the following proposition.
Proposition 1. The jackknifed Whittle estimator 6, has the stochastic expan-
sion

”1/2(‘9JK —0) = 3/2 I, ZPJVJ

1 1/2
+oa7m s ln (3] + K) ij+n/ (0, — 0)
7j=1

+o,(n"1?). (3.1)

Taniguchi (T987) proved the validity of Edgeworth expansions for generalized
Whittle-type estimators. In what follows, we use E to denote expectation derived
from these Edgeworth expansions.

All proofs are given in the Appendix. Proposition 1 yields the following.

Theorem 1. 1. The asymptotic distributions of n'/2(0yx — 0) and n'/2(6, — 0)
are the same.
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2. The second-order biases of n'/2(0y — 0) and n*/2(6,, — ) are

- 1
/204 _ ___r 1p -2
E{n'/(6, —0)} n1/2l B 2n1/21 (J+ K)
_ 1 -3 NG L —2 yNG
2n1/21 (3J+ K)I +n1/21 J
+o(n~Y?), (3.2)
. 1 1
1/2 _ _ - gy-1p -3 NG
E{n"/*(0,x — 0)} n1/2I B 2n1/2I (3J+ K)I
1 —
+gl 2JN6 4 o(n~1?). (3.3)

The jackknife eliminates the term — (2n1/2)71 I72(J + K) from the second

order bias of nl/ Q(én — 0). Thus, although the jackknife does not change the
order of the bias, it does tend to reduce its magnitude, as is demonstrated in the
simulation studies of Section 5.

Corollary 1. Under Assumption (G-I),

A 1
1/2 — -1 -2 -1/2
E{n'?6, —0)} = — il B = ool T+ K) +o(n /2y,
E{n'?(0,x — 0)} = ——11/2 I7'B +o(n™1?).
n

It is known that the second-order bias of the usual maximum likelihood
estimator Oy, of 6 is —(2n'/2)~1I~2(J + K); see [laniguchi (T983). The above
results imply that jackknifing in the frequency domain reduces the asymptotic
bias of fy. When {X;} ~ AR(1) with autoregressive coefficient 6, it is seen from
Taniguchi (T983) that I7'B = § and I72(J + K) = 26. Hence, from Corollary 1,

B(0,)=0- %9 +o(n Y,
B () =0~ %9 +o(nY),
L (éJK> =0- %9 + O(Tl_l).

Let éj =nb, — (n— 1)@5321. The jackknife variance estimator for n'/ 20, is

. )
Vim0 0

n -
Jj=1

Theorem 2. Under Assumption (G-I), as n — oo,

T, = nlﬂw — N(0,1)

JK
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i distribution.

It follows from Theorem 2 that 7}, can be used for testing and interval estima-
tion of the innovation-free parameter 6 even if the process {X;} is non-Gaussian.
Although Jackkmﬁng eliminates the second-order bias of the usual maximum
likelihood estimator 6, when @ is innovation-free, the term —n =21~ B persists
in the second-order bias of the jackknifed Whittle estimator HJK. To eliminate this
term, we modify the Whittle likelihood. Note that the periodogram is expressed

as
n—1

I - i m ) —ilA
I(\) = o ZZE;‘H (1 n) R(l)e™ ™,

where
n—|l

T n— m Z XeXe)

Since the quantity B appearing in the second—order bias stems from the part of
the periodogram given by

1 . .
Hy= — lzzn+1|l|R(l)e i
we modify the periodogram as
_ 1 =t .
L =5 D> RMe™, (3.4)
l=—n+1

Since the Fejér kernel tends to the delta function and I,,(\) > 0 a.e., we see that
I*(\) > 0 a.e., as n — oo. Define the modified Whittle likelihood to be

* 1 —1 7%
Dp(0) =—5 Z{log fo(rs) + foQhs) T I(As) -
s=1
§imﬂar1y, we define the modified Whittle estimator 6, and its jackknifed version
07« by

0 = D*(0
" argr;le% n(0),

— 1 s
0. = nr — S0,
j=1

n

Then we have
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Theorem 3. 1. The asymptotic distributions of n'/2(6% — 0) and n'/2(6% — 0)
are the same.

2. The second-order biases of n'/2(0% — 0) and n*/2(0 — 6) are given by

1/2(4 -2
B{n'?(0}, = 0)} = =517 + K)
- —3(3J 4+ K)I¢ + A pepe g o(n~1/?)
2n1/2 nl/2 )
A 1
1/2/px* _ -3 3 —2 3 —1/2
E{n'?(0%, — 0)} = —oial BT+ K 4+ 2T+ o(n /2).

Corollary 2. Under Assumption (G-I),

- 1 _ _
E{n'2(0; = 0)} = = 5 (J + K)I* +o(n™"),

B{(n'2 (8} — 0)} =o(n~'/?).

These results show that jackknifing the modified Whittle estimator elimi-

nates the second-order bias in the innovation-free setting. Now let é;f = né;kl —

(n— 1)9(9 )* . The jackknife variance estimator estimator for n'/ 293} is

Ok 1 n* N*
VJK2 = n—1 Z(Gj - QJK)Q‘
j=1

Theorem 4. Under Assumption (G-I), as n — oo,
Ty =n'(05 - 0)/Vi = N(0,1)

i distribution.

4. Generalization to Vector Parameters

For simplicity and clarity, the discussion thus far has focused on the case
where 6 is a scalar. However, to make the results practically relevant, it is
necessary to deal with the case where 6 is vector-valued. This section han-
dles the case where the process (EZI) has spectral density fy(A\) that depends
on § = (6',....07) € © C RP. Write 9, = 9/90%, and in analogy to the
previous definitions, let Z* = n~Y29,D () = 1/22 ' pwt and Zyg =
V20,05 D5(0) — E{DadsDL(0)}] = n~Y2 S0 4%k (a8 = 1,...,p). The
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fundamental quantities (223)-(20) in the scalar-parameter case generalize to

s = o= [ 10alog o\ HOs log o}

Taps = =5 | {0ufo(NHOAoNHOsFo N} {foN)} "

i [ Db HOs S N o) 2,
Kaps = % _Tr {00 fo(N) {05 fo(N) HOs fo( M) H fo(N)}3dA,

1 s s _ _
pg=g- [ [ 0dsa0} 0} Qs b )
1 s ™ _ _
ng= o [ ] 0utho () 005 o)} 10~ 1 ~)dNd
for o, 8,6 = 1,...,p. Denote the ath components of 6% and 6%, by 6;“ and 052,
respectively, and let %% denote the (o, 3)-component of the inverse of the p x p
matrix (I,g). Proposition 2 and Theorems 5 and 6 are stated below without

proofs, since their proofs are similar to the proofs of Proposition 1 and Theo-
rems 1—4.

Proposition 2. The ath component of éjK has the stochastic expansion
205~ 0%)

1 N ool 168 % i

- _ BB A*5T *d

T op3/2 ZI " %aipPg
j=1

1 " ! ! ! % * .
NPT S T IPI (Jargs + Jpsar + Jsarp + Karps) 05 s
=1
+ 0205 — 0%) + 0,(n"Y/?).

This expression and others throughout this section use the Einstein summa-
tion convention whereby summation over the range 1,...,p is implied for any

index appearing once as a subscript and once as a superscript.

Theorem 5. 1. The asymptotic distributions of n*/2(0%, — 0) and n*/%(0* — 0)

are the same.
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2. The second-order biases of n'/2(0% — 0) and n*/2(0 — ) are given by

B{n' (0, —6)}

1 ,
= _2n]_/2 Iaa 166(J0/6(5 + J,B(SO/ - J(salﬁ + Ka’ﬁé)
1 ’ ! !
— ol I (s + Jgsar = Tsarp + Korps) I
1 / /
+ LT T + o012,

E{(n*2(03" — 6%)}
1

’ ! 65/
=gl I (Jargs + Tgsar = Jsars + Karss) I35

1% I35 5 + o(n=Y?).

- nl/2
Corollary 3. Under Assumption (G-I),

_ 1
2n1/2

+o(n 1),

E(n*2(05¢ — 0%)} = o(n™/?).

E{nl/Q(éZ,a o 004)} — Iaalfﬁé(‘]a/ﬁls —+ Jﬁ&x’ — Jéa’ﬁ =+ Kalﬂd)

As before, let 6_; =nb* — (n— l)é(‘j)* and now take

n—17

Theorem 6. Under Assumption (G-I), as n — oo,
T = n!2(3507 205 — 0) > Np(0, 1)
in distribution, where Ny(0,I) is the p-dimensional standard normal distribution.

As in the scalar-parameter case, these results imply that for vector param-
eters, if 6 is innovation-free, jackknifing in the frequency domain reduces the
second-order bias of the modified Whittle estimator, and the standardized statis-
tic T,y has a pivotal asymptotic distribution, even if the process is non-Gaussian.

Assumption (G-I) is not restrictive, and the results have many practical
applications, illustrated as follows. Even if {X;} is non-Gaussian, the results
are useful in important problems such as prediction. Suppose, for example, that
{X:} ~ non-Gaussian AR(p), i.e., that X; = 0'X;_1+---+6PX;_,+u;. Then the
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best predictor of X is known to be 1 X;_1 +- - -+0PX;_,; see Fan and Yad (2003,
p.118). Since 6',. .., 6P are “innovation-free,” we can use the Jackknife-estimated
predictor %L X, 1 + -+ 038 X; .

5. Numerical Investigations

We examined, by a Monte Carlo simulation study, the biases, variances,
and coverage errors associated with five estimators, 6, 0,«, 0, 03, and the
conditional Gaussian maximum likelihood estimator, for the AR(1) model

X = 0Xi1 + ey,
and the ARMA(1,1) model
Xy =0Xy1+¢e+ 0256,

where {g;} is a sequence of independent and identically distributed random vari-
ables. For the simulation study, the innovations ; were taken to be distributed
as N(0,1), t5, and x2 — 5. Since the variance of &; is known in each case, the
coefficient 6 is innovation-free. Furthermore, the sample sizes were taken to be
n = 200 and 500, and the parameter values # = 0.3, 0.6, 0.9, and 0.95 were used.
No negative values 6 were considered, since the absolute values of the biases, the
variances, and the coverage errors of confidence intervals as functions of 6 are
nearly symmetric about 0.

Tables 1 and 2 show the values of E{n(f — )} as estimated from 10,000
simulations for each of the five estimators 6 and each of the four values of 6.
The values of var{n!/2(§ — 0)} are shown in parentheses. For each situation,
including the two non-Gaussian cases, the absolute bias of the jackknifed Whittle
estimator is remarkably smaller than that of the Whittle estimator, and the
jackknifed modified Whittle estimator has by far the absolute smallest bias of
the five estimators. The variance of the jackknifed modified Whittle estimator is
very similar to the variances of the other estimators. Thus, the reduction in bias
is achieved without a noticeable increase in variance, so the mean squared error
of the jackknifed modified Whittle estimator is smaller than that of the other
estimators.

The performance of two-sided confidence intervals is evaluated by the sum of
the absolute one-sided coverage errors. For a confidence interval (9[a 21 01—a /2]),
the sum of the absolute one-sided coverage errors is given by

Ipr(0 < O1a)9) — /2| + |pr(0 > O _a/9) — /2]

For each of the five estimators é, and for each of the four values of 6, Table 3
shows estimates of the sums of the absolute one-sided coverage errors of nominal
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Table 1. Estimates of E{n(f — )} for five estimators § of the parameter 0

in AR(1) models.

0 =023 0.6 0.9 0.95

Sample size n = 200

Model ¢; ~ N(0,1)
Conditional MLE ~0.73 (0.91) —1.36 (0.66) —1.81 (0.22) —1.01 (0.13)
Whittle ~1.03 (0.91) —1.94 (0.66) —2.72(0.23) —2.95 (0.14)
Jackknifed Whittle —0.76 (0.91) —1.38 (0.67) —1.84 (0.24) —2.20 (0.14)
Modified Whittle —0.74 (0.91) —1.37 (0.66) —1.84 (0.23) —1.99 (0.14)
Jackknifed modified Whittle —0.36 (0.92) —0.61 (0.67) —0.86 (0.23) —1.42 (0.13)

Model ¢; ~ t5

Conditional Gaussian MLE ~ —0.56 (0.90) —1.20 (0.64) —1.86 (0.22) —1.89 (0.12)
Whittle —0.87 (0.89) —1.80 (0.64) —2.79 (0.24) —2.94 (0.13)
Jackknifed Whittle —0.60 (0.90) —1.28 (0.65) —1.95(0.24) —2.31 (0.13)
Modified Whittle —0.57 (0.90) —1.20 (0.64) —1.90 (0.23) —1.99 (0.13)
Jackknifed modified Whittle —0.20 (0.91) —0.49 (0.65) —0.97 (0.24) —1.56 (0.13)

Model g; ~ x2 — 5
Conditional Gaussian MLE ~— —0.72 (0.88) —1.27 (0.63) —1.73 (0.22) —1.98 (0.13)
Whittle —0.97 (0.88) —1.83 (0.63) —2.65 (0.22) —3.00 (0.14)
Jackknifed Whittle —0.70 (0.89) —1.28 (0.64) —1.78 (0.23) —2.30 (0.14)
Modified Whittle ~0.72 (0.88) —1.27 (0.63) —1.74 (0.22) —2.07 (0.14)
Jackknifed modified Whittle —0.34 (0.89) —0.51 (0.64) —0.78 (0.23) —1.54 (0.13)
Sample size n = 500

Model e; ~ N(0,1)
Conditional MLE —0.48 (0.01) —1.56 (0.64) —1.89 (0.21) —1.75 (0.11)
Whittle —0.80 (0.91) —2.16 (0.64) —2.78 (0.21) —2.71 (0.12)
Jackknifed Whittle —0.51 (0.92) —1.58 (0.65) —1.90 (0.22) —1.74 (0.12)
Modified Whittle —0.48 (0.91) —1.57 (0.64) —1.89 (0.21) —1.79 (0.12)
Jackknifed modified Whittle —0.07 (0.92) —0.77 (0.65) —0.76 (0.21) —0.66 (0.12)

Model g; ~ t5

Conditional Gaussian MLE ~— —0.85 (0.90) —0.96 (0.64) —1.56 (0.20) —1.83 (0.11)
Whittle ~1.15 (0.90) —1.57 (0.65) —2.45 (0.21) —2.83 (0.12)
Jackknifed Whittle —0.87 (0.90) —1.00 (0.65) —1.58 (0.21) —1.90 (0.12)
Modified Whittle —0.85 (0.90) —0.98 (0.65) —1.57 (0.20) —1.88 (0.12)
Jackknifed modified Whittle —0.45 (0.91) —0.19 (0.65) —0.45 (0.21) —0.80 (0.12)

Model &; ~ x2 — 5
Conditional Gaussian MLE ~ —0.48 (0.91) —0.96 (0.63) —1.77 (0.21) —1.96 (0.11)
Whittle ~0.79 (0.90) —1.57 (0.63) —2.66 (0.21) —2.90 (0.12)
Jackknifed Whittle ~0.50 (0.91) —0.99 (0.64) —1.78 (0.21) —1.96 (0.12)
Modified Whittle —0.48 (0.91) —0.97 (0.63) —1.77 (0.21) —1.97 (0.11)
Jackknifed modified Whittle —0.08 (0.91) —0.17 (0.64) —0.64 (0.21) —0.87 (0.12)

MLE is the maximum likelihood estimator; simulated estimates of var{n'/2(f — )} are
shown in parentheses; estimates are based on 10,000 simulations.
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Table 2. Estimates of E{n(f — )} for five estimators § of the parameter 0

in ARMA(1,1) models.

0 =023 0.6 0.9 0.95

Sample size n = 200

Model ¢; ~ N(0,1)
Conditional MLE ~0.58 (0.91) —1.44 (0.64) —1.97 (0.22) —2.57 (0.13)
Whittle ~1.16 (0.91) —2.33 (0.65) —3.21 (0.24) —4.00 (0.16)
Jackknifed Whittle —0.88 (0.92) —1.76 (0.66) —2.27 (0.25) —3.05 (0.15)
Modified Whittle —0.50 (0.91) —1.27 (0.65) —1.73 (0.24) —2.43 (0.14)
Jackknifed modified Whittle —0.14 (0.92) —0.57 (0.66) —1.01 (0.23) —1.95 (0.15)

Model ¢; ~ t5

Conditional Gaussian MLE ~ —0.66 (0.88) —1.35 (0.63) —2.11 (0.22) —2.58 (0.13)
Whittle ~1.26 (0.89) —2.23 (0.66) —3.41 (0.25) —4.01 (0.15)
Jackknifed Whittle —1.00 (0.90) —1.70 (0.66) —2.50 (0.25) —3.16 (0.15)
Modified Whittle —0.59 (0.89) —1.17 (0.65) —1.87 (0.24) —2.46 (0.14)
Jackknifed modified Whittle —0.24 (0.90) —0.51 (0.66) —1.21 (0.23) —2.12 (0.14)

Model g; ~ x2 — 5
Conditional Gaussian MLE ~— —0.59 (0.88) —1.18 (0.63) —1.97 (0.21) —2.63 (0.13)
Whittle —1.16 (0.88) —2.06 (0.65) —3.26 (0.24) —4.06 (0.16)
Jackknifed Whittle —0.89 (0.89) —1.51 (0.65) —2.33(0.25) —3.20 (0.15)
Modified Whittle —0.52 (0.89) —0.99 (0.65) —1.77 (0.23) —2.49 (0.14)
Jackknifed modified Whittle —0.17 (0.90) —0.31 (0.65) —1.07 (0.23) —2.11 (0.14)
Sample size n = 500

Model e; ~ N(0,1)
Conditional MLE ~0.60 (0.90) —1.29 (0.6d) —1.96 (0.20) —2.06 (0.11)
Whittle —1.18 (0.90) —2.17 (0.64) —3.20 (0.22) —3.41 (0.12)
Jackknifed Whittle —0.89 (0.90) —1.58 (0.64) —2.28 (0.22) —2.36 (0.12)
Modified Whittle —0.53 (0.90) —1.11 (0.64) —1.69 (0.21) —1.82 (0.12)
Jackknifed modified Whittle —0.14 (0.90) —0.33 (0.65) —0.68 (0.21) —0.91 (0.12)

Model g; ~ t5

Conditional Gaussian MLE ~ —0.55 (0.91) —1.49 (0.63) —1.95 (0.20) —2.21 (0.12)
Whittle ~1.21 (0.92) —2.43 (0.63) —3.20 (0.21) —3.48 (0.13)
Jackknifed Whittle ~0.92 (0.92) —1.85 (0.64) —2.30 (0.22) —2.45 (0.13)
Modified Whittle —0.53 (0.92) —1.35(0.63) —1.68 (0.21) —1.91 (0.12)
Jackknifed modified Whittle —0.14 (0.92) —0.58 (0.64) —0.70 (0.21) —1.04 (0.12)

Model &; ~ x2 — 5
Conditional Gaussian MLE ~ —0.56 (0.91) —1.39 (0.64) —2.09 (0.21) —2.04 (0.11)
Whittle ~1.14 (0.91) —2.32 (0.65) —3.33(0.22) —3.40 (0.13)
Jackknifed Whittle ~0.85 (0.91) —1.74 (0.65) —2.42(0.22) —2.38 (0.13)
Modified Whittle —0.49 (0.91) —1.23 (0.65) —1.82(0.21) —1.82 (0.12)
Jackknifed modified Whittle —0.10 (0.92) —0.46 (0.65) —0.82 (0.21) —0.94 (0.12)

MLE is the maximum likelihood estimator; simulated estimates of var{n'/2(f — )} are
shown in parentheses; estimates are based on 10,000 simulations.
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90% confidence intervals based on the asymptotic standard normal distribution
of a standardized version of n!/ Q(é —6). The coverage errors were estimated from
10,000 simulations and expressed as percentages in the table. When 6 is nearly
a unit root, the coverage errors of the jackknifed modified Whittle intervals are
remarkably smaller than those of the Whittle intervals. Indeed, when 6 = 0.9
and 6 = 0.95, the intervals having the smallest coverage errors are the ones based

on the jackknifed modified Whittle estimator in all three distributional cases.

6. Proofs

This section provides proofs of Proposition 1 and Theorems 1—4, which

pertain to the case where 0 is scalar-valued.

Lemma 1. Suppose that fo(X\) is continuously five times differentiable with re-

spect to 6. Then

”1/2@(21 —0)

=n'/2(6, — 0)
L. o -1
R B e VAL, (6.1)
e e PR e o AjZyZy (6.2)
1

-2
+ n3/2 I, Pivj

_ _ 1.
+5,8m 0 ki Z7 — sa7ain Y3+ K)A; Z7 + ~I, 3(3J + K)p;Z1  (6.3)
1 - J—
~ ol BT + K)pf + 0yn )

Proof. For simplicity, write D@l(e) and QY )1 as D and 6, respectively. Ex-

n n—

panding the right hand side of the equation

1 0 =~ =
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Table 3. Estimates of sum of absolute one-sided coverage errors for nominal

90% confidence intervals for § in AR(1) and ARMA(1,1) models.

1301

AR(1) ARMA(1,1)
=03 06 09 0.95 0.3 06 09 095
Sample size n = 200
Model e; ~ N(0,1)
Conditional MLE 0.89 1.27 3.19 4.34 0.42 1.53 2.95 7.00
Whittle 1.44 2,50 6.24 8.64 1.38 3.11 7.39 13.99
Jackknifed Whittle 1.02 1.24 294 4.62 0.95 2.06 3.77 947
Modified Whittle 0.88 1.10 3.23 4.29 0.27 1.21 2.00 7.58
Jackknifed modified Whittle 0.32 1.23 2.61 3.23 0.22 0.72 1.85 6.53
Model g; ~ t5
Conditional Gaussian MLE 0.16 1.24 3.27 3.82 0.52 1.29 3.26 7.60
Whittle 0.59 2.07 6.21 8.63 1.47 3.07 7.58 13.97
Jackknifed Whittle 0.34 1.18 3.20 4.86 1.03 2.02 4.30 9.50
Modified Whittle 0.16 1.17 3.11 4.37 0.35 1.02 2.25 7.68
Jackknifed modified Whittle  0.41 0.26 2.55 3.00 0.19 0.39 1.77 6.16
Model g; ~ x2 — 5
Conditional Gaussian MLE 0.58 1.06 2.73 4.81 0.20 1.14 3.16 7.39
Whittle 0.96 1.95 5.54 9.19 0.44 2.58 7.27 14.48
Jackknifed Whittle 0.50 091 2.31 5.00 0.10 1.62 3.97 9.91
Modified Whittle 0.50 0.77 2.71 5.33 0.31 0.61 2.40 7.28
Jackknifed modified Whittle  0.17  0.59 2.05 3.63 0.66 0.76 1.94 5.99
Sample size n = 500
Model e; ~ N(0,1)
Conditional MLE 0.23 1.36 2.63 2.10 0.12 0.81 2.75 2.97
Whittle 0.56 2.00 4.30 5.45 0.51 1.88 5.18 7.21
Jackknifed Whittle 0.27 1.44 2.46 2.35 0.21 1.29 3.17 3.66
Modified Whittle 0.19 1.33 245 2.93 0.10 0.70 1.63 2.28
Jackknifed modified Whittle  0.14  0.51 1.84 1.40 0.58 0.31 1.38 2.22
Model g4 ~ t5
Conditional Gaussian MLE 0.62 0.62 1.55 2381 0.21 1.16 2.63 3.56
Whittle 0.88 1.35 3.90 5.43 0.57 2.29 5.00 7.24
Jackknifed Whittle 0.58 0.69 1.82 2.25 0.28 1.63 3.01 4.23
Modified Whittle 0.49 0.76 1.85 2.49 0.07 1.16 1.68 2.30
Jackknifed modified Whittle  0.15  0.27 0.90 2.03 0.37 0.21 1.25 2.01
Model g; ~ x2 — 5
Conditional Gaussian MLE 0.37 054 1.93 2.94 0.25 0.83 2.45 2.88
Whittle 0.47 121 3.80 5.86 0.47 1.96 5.09 6.97
Jackknifed Whittle 0.41 0.66 1.65 2.68 0.13 1.24 3.27 3.82
Modified Whittle 0.35 0.61 1.82 2.90 0.27 0.53 1.96 2.33
Jackknifed modified Whittle  0.45 0.36 0.98 1.96 0.68 0.41 1.27 1.95

Table entries are percentages; estimates are based on 10,000 simulations.
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yields

9% - 103 ~

L D)+ -2 D)@ —0)+ =2 D(6) (6 - 9)2+---}

0=z
/2

nl
1
nl

9

00 06? 2063

—

D)+ {2 2500} yn(@-0)

3 ~ ~
{5 DO} 26— 02+
82
n 962

2n1/2

:Zl+E{ D(e)} nt/2(0 — e)+722n1/2(9 0)

nl/2

27211/2E{;§93D(9)}{nl/Q(é_H)}Q—F"', (6.4)

where
~ 1 0 = - 1 02 - 92 -
4= PO 7= [pEd0 - E{ P

The desired stochastic expansion is obtained by substituting n'/2(6 —6) = A+
n Y245 + n~tAs + .-+ into (63), and noting that 7y = 7y —n1/? Pi, Zy =
Zg -n 1/27], and

p
E{—=—D() =L, — -1
{ n 063 ( )} n’
see [[aniguchi and Kakizawa (2000, Chap. 4) for related calculations.
Proof of Proposition 1. Note that
nl/2 9}}( Z{n1/2 . 1/2(9(3 —0)} + — Zn1/2 9(] L= 0).
(6.5)
It is easily seen that
D EH=0, > EH=0, > (EI=0
j=1 j=1 j=1

7)

By substituting the stochastic expansion of n'/ 2(02%

(63), we obtain (B).
Proof of Theorem 1.
1. This result follows from (B71).

2. Formula (B2) follows from (272), and Theorem 5 and equation (5.5) of [laniguchi
(1983). From (B1) and (EZ7), we obtain (B23).

, — 0) from Lemma 1 into
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Proof of Theorem 2. From the definition of V2, we have

n n 2

~ n—]_ N 1 ~(k

Vo= }j{n“?(e;ll—e)—n}jn”zwnll—e)} . (69)
j=1 k=1

By substituting the stochastic expansion from Lemma 1 into (68), we obtain

n 2
R 1
Vﬁ( - E <1/2];1pj> + lower order terms
n
j=1

— I' in distribution, as n — oo,

which, together with Slutsky’s lemma, produces the desired conclusion.

Proof of Theorems 3 and 4. From the definitions of bg()\) and I*()\) given
by (222) and (B3), respectively, it follows that

E(1,(N)} ~ B{T(N)} = — -8 + ofn ™).

Let

Zi= DO, Zi= i | 5ali) - B{ a0}

We observe that E(Z}) = o(n~/?), and that Z{ and Z; have the same asymp-
totic properties as those of Z; and Z3 shown in (277); see the proof of Lemma A3.3
of Hosoya and Taniguchi (T982). Hence, Theorems 3 and 4 follow by applying
the same arguments as those used in the proofs of Theorems 1 and 2.
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