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Abstract

In this supplement, we provide the proofs for theoretical results of the paper.

A Proof of Theorem 1.

We prove Theorem 1 by steps. Some key technical procedures are postponed to Lemmas 4, 7,

and 8.

Step 1 Since we can always rescale the time domain, let T = [0, 1] throughout the proof without

loss generality. We introduce some notations and prove basic properties in this step. Recall

T = {t1, . . . , tp} is a regular grid on T . Denote

Σ = Cov((X(t1), . . . , X(tp))
>), Σ0 = Cov((Z(t1), . . . , Z(tp))

>) ∈ Rp×p,

Σl = Cov(XIl), Σ0l = Cov(ZIl) ∈ R|Il|×|Il|, l = 1, . . . , lmax.
(14)

Then

Σ = Σ0 + σ2Ip, Σl = Σ0l + σ2I|Il|,

Σl and Σ0l are submatrices of Σ and Σ0,

Σl = Σ[Il,Il], Σ0l = (Σ0)[Il,Il], l = 1, . . . , lmax. (15)

For each subject k, recall Xk(T ) = (Xk(t1), . . . , Xk(tp))
> is the discretization of the sample

path Xk. Given G = G(r) + G(−r), we also decompose Σ0 = Σ
(r)
0 + Σ

−(r)
0 , where (Σ

(r)
0 )ij =

G(r)(ti, tj), (Σ
(−r)
0 )ij = G(−r)(ti, tj). Suppose the eigenvalue decomposition of Σ

(r)
0 and Σ

(r)
0l

are

Σ
(r)
0 = UDU>, U ∈ Op,r, D ∈ Rr×r is diagonal; (16)

Σ
(r)
0l = (Σ

(r)
0 )[Il,Il], Σ

(−r)
0l = (Σ

(−r)
0 )[Il,Il], l = 1, . . . , lmax.
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Namely, Σ
(r)
0l and Σ

(−r)
0l are the submatrices of Σ

(r)
0 and Σ

(−r)
0 . Then Σ

(r)
0l + Σ

(−r)
0l = Σ0l and

Σ
(r)
0l = U[Il,:]DU

>
[Il,:]

. It is also noteworthy that Σ
(r)
0l and Σ

(−r)
0l are not necessarily orthogonal,

and Σ
(r)
0l is not necessarily the best rank-r approximation of Σ0l. We also define

A = UD1/2 ∈ Rp×r, Al = U[Il,:]D
1/2 ∈ R|Il|×r, l = 1, . . . , lmax

then Σ
(r)
0 = AA>, Σ

(r)
0l = AlA

>
l .

(17)

Especially, A and Al can be seen as the factors of Σ0 and Σ0l.

Since G(s1, s2) is Liptchitz, by Weyl’s inequality (Weyl, 1949),

|σj(Σ0)/p− σj(G)| ≤ O(1/p), ∀j; ‖Σ(−r)
0 ‖F /p ≤ C‖G(−r)

0 ‖HS +O(1/p), (18)

‖Σ0‖ ≤ p · σ1(G) +O(1) ≤ Cp, (19)

‖Σ(r)
0 ‖F ≤ ‖Σ0‖F ≤ p · ‖G‖HS +O(1) ≤ Cp. (20)

We also have

E‖X(T )‖42 =E

(
p∑
i=1

X(T (i))2

)2
Cauchy-Schwarz

≤ p

p∑
i=1

EX(T (i))4

≤Cp2 sup
t

E|X(t)|4 ≤ Cp2.

(21)

Let Il = [t(l−1)a+1 − 1/(2p), {t(l−1)a+b + 1/(2p)} ∧ 1], then Il is the time sub-domain cor-

responding to the grid indices subset Il. By the construction of Il in (2), Il ∩ Il+1 =

{la + 1, . . . , (l − 1)a + b}, so |Il ∩ Il+1| = b − a, L(Il ∩ Il+1) ≥ b−a
p ≥ κ (introduced in

Assumption 2), thus

σr(G
(r)
[Il∩Il+1,Il∩Il+1]) ≥ c/γ ·

L(Il ∩ Il+1)

L(T )

based on the assumption. Provided that p > Cγ for large constant C > 0, we further have

σr

(
Σ

(r)
0,[Il∩Il+1,Il∩Il+1]

)
= σr

(
G

(r)
[Il∩Il+1,Il∩Il+1]

)
· p+O(1)

Assumption 2
≥ tr(G)p/γ · L(Il ∩ Il+1)

L(T )
+O(1) ≥ cp/γ.

(22)

The constant c here may depend on constant κ. Provided that ‖D‖/p = σ1(Σ0)/p ≤ σ1(G)+

O(1/p) ≤ C, A[Il∩Il+1,:]A
>
[Il∩Il+1,:]

= Σ
(r)
0,[Il∩Il+1,Il∩Il+1], we further have

σr
(
A[Il∩Il+1,:]

)
=

√
σr

(
Σ

(r)
0,[Il∩Il+1,Il∩Il+1]

)
≥ c
√
p/γ, l = 1, . . . , lmax. (23)

‖A‖ ≤
√
σ1(Σ0) ≤ C√p. (24)
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Step 2 Our aim in this step is to develop a perturbation bound for Âl, i.e. to characterize the

distance between Âl and Al for each l = 1, . . . , lmax. Recall ∆l = ‖Σ̂l − Σl‖F , λ = ‖Σ(−r)
0 ‖F .

By Lemma 4 and b ≥ 2r,∥∥∥ÂlÂ>l − Σ
(r)
0l

∥∥∥
F

=
∥∥∥ÂlÂ>l −AlA>l ∥∥∥

F
≤ C

(
∆l + ‖Σ(−r)

0 ‖F
)
, l = 1, . . . , lmax. (25)

By Lemma 7, there exists Ql ∈ Or such that∥∥∥Âl −AlQl∥∥∥
F
≤
‖ÂlÂ>l −AlA>l ‖F√

σr(Al)σr(Âl)
≤ C (∆l + λ)√

σr(Al)σr(Âl)
∧
√
‖Â‖2F + ‖A‖2F . (26)

We analyze each term in (26) as follows. By (23),

σr(Al) ≥ c
√
p/γ;

σ2
r (Âl) = σr(ÂlÂ

>
l )

(25)

≥ σr(Σ
(r)
0l )− C (∆l + λ)

(22)

≥ cp/γ − C (∆l + λ) .

(27)

‖Al‖2F =tr(AlA
>
l ) =

r∑
j=1

σj(Σ
(r)
0l ) ≤

√
r‖Σ(r)

0l ‖F ≤
√
r‖Σ(r)

0 ‖F

(20)

≤
√
r(p · ‖G‖HS +O(1)) ≤ Cp

√
r,

‖Âl‖2F =tr(ÂlÂ
>
l ) ≤

√
r‖ÂlÂ>l ‖F

(25)

≤
√
r‖Σ0l‖F + C

√
r (p+ ∆l + λ)

≤C
√
r (p+ ∆l + λ) .

By combining the previous inequalities, we conclude that∥∥∥Âl −AlQl∥∥∥
F
≤ C(∆l + λ)(

p
γ

(
p
γ − C(∆l + λ)

)
+

)1/4
∧ C

{
r1/4(p1/2 + λ1/2 + ∆

1/2
l )

}

:=∆̃l,

(28)

for l = 1, . . . , lmax and some uniform constant C > 0. Here (x)+ = max{x, 0} for any x ∈ R.

Step 3 In this step, we assume (28) hold. Recall Ôl is calculated sequentially. In this step, we study

how the statistical error of Ôl is accumulated based on (28) in this step. Ideally speaking,

Ôl+1 can be seen as an estimation of (Q>l+1Q1Ô1). Specifically, we aim to show that there

exists a uniform constant C > 0 such that∥∥∥Ql+1Ôl+1 −Q1Ô1

∥∥∥
F
≤ C∆̃√

p/γ
, l = 0, . . . , lmax − 1. (29)
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and ∥∥∥ÂlÔl −AlQ1Ô1

∥∥∥
F
≤ C√γ∆̃, l = 1, . . . , lmax. (30)

Here, ∆̃ =
∑lmax

l=1 ∆̃l. First, for each l = 1, . . . , lmax − 1, we introduce

B
(2)
l := (Âl)[(a+1):b,:] · Ôl ∈ R(b−a)×r, B

(1)
l+1 := (Âl+1)[1:(b−a),:] ∈ R(b−a)×r.

Essentially, B
(2)
l contains the last (b−a) rows of Âl after rotation and B

(1)
l+1 contains the first

(b− a) rows of Âl+1 before rotation. According to the proposed procedure (7),

Ôl+1 = arg min
O∈Or

∥∥∥B(2)
l −B

(1)
l+1 ·O

∥∥∥
F
. (31)

Since B
(2)
l and B

(1)
l+1 are submatrices of Âl and Âl+1 respectively, they also satisfy∥∥∥B(2)
l −Al,[(a+1):b,:]QlÔl

∥∥∥
F

=
∥∥∥Âl,[(a+1):b,:]Ôl −Al,[(a+1):b,:]QlÔl

∥∥∥
F

≤
∥∥∥ÂlÔl −AlQlÔl∥∥∥

F
=
∥∥∥Âl −AlQl∥∥∥

F

(28)

≤ ∆̃l.

(32)

∥∥∥B(1)
l+1 −Al+1,[1:(b−a),:]Ql+1

∥∥∥
F

=
∥∥∥Âl+1,[1:(b−a),:] −Al+1,[1:(b−a),:]Ql+1

∥∥∥
F

≤
∥∥∥Âl+1 −Al+1Ql+1

∥∥∥
F

(28)

≤ ∆̃l+1.

(33)

More importantly, Al,[(a+1):b,:] = Al+1,[1:(b−a),:] = A[Il∩Il+1,:], as they actually represent the

same submatrix of A. Then (31)–(33) and Lemma 1 yield∥∥∥Ôl+1 −Q>l+1QlÔl

∥∥∥
F

=
∥∥∥Ql+1Ôl+1 −QlÔl

∥∥∥
F

≤
2
(∥∥∥B(2)

l −Al,[(a+1):b,:]QlÔl

∥∥∥
F

+
∥∥∥B(1)

l+1 −Al+1,[1:(b−a),:]Ql+1

∥∥∥
F

)
σr(AIl∩Il+1

)

≤ 2(∆̃l + ∆̃l+1)

σr(A[Il∩Il+1,:])

(23)

≤ C(∆̃l + ∆̃l+1)√
p/γ

.

(34)

Recall ∆̃ =
∑lmax

l=1 ∆̃l. Thus,

∥∥∥QlÔl −Q1Ô1

∥∥∥
F
≤

l−1∑
k=1

∥∥∥Qk+1Ôk+1 −QkÔk
∥∥∥
F

≤
l−1∑
k=1

C(∆̃l + ∆̃l+1)√
p/γ

=
C∆̃√
p/γ

,
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which has finished the proof for (29). Then∥∥∥ÂlÔl −AlQ1Ô1

∥∥∥
F
≤
∥∥∥ÂlÔl −AlQlÔl∥∥∥

F
+
∥∥∥AlQlÔl −AlQ1Ô1

∥∥∥
F

≤
∥∥∥Âl −AlQl∥∥∥

F
+ ‖Al‖ ·

∥∥∥QlÔl −Q1Ô1

∥∥∥
F

(28)(29)

≤ ∆̃l + ‖Σ0l‖1/2 ·
C∆̃√
p/γ

(19)

≤ C
√
γ∆̃

(35)

for l = 1, . . . , lmax, which has finished the proof for (30).

Step 4 In this step, we develop the error bound from sequential aggregation based on (30). Recall

Ã ∈ Rp×r, Ã[i,:] =

∑
l:i∈Il Â

∗
l,[i,:]

|{l : i ∈ Il}|
. (36)

The direct way to analyze Ã is complicated. We instead consider the following half integers

between 1/2 and p+ 1/2,

B = {.5, a+ .5, . . . , (lmax − 1)a+ .5}

∪ {b+ .5, b+ a+ .5, . . . , b+ (lmax − 1)a+ .5} ,
(37)

and divide the whole index set {1, . . . , p} into pieces, say K1, . . . ,Km, by inserting “bars”

with the half integers in (37). For example, when p = 10, b = 5, a = 3, then B = {.5, 3.5, 6.5}∪

{5.5, 8.5, 11.5}, and {1, . . . , 10} is divided as the following subsets

K1, . . . ,K5 = {1, 2, 3}, {4, 5}, {6}, {7, 8}, {9, 10}.

Such a division has two important properties,

• Given |B| ≤ 2lmax and 0.5 ∈ B, {1, . . . , p} is divided into at most 2lmax intervals, so

m ≤ 2lmax.

• For any piece Ks and two indices i, j ∈ Ks, we must have

{l : i ∈ Il} = {l : j ∈ Il},

namely Indices i and j belong to the same set of sub-intervals {Il}. Thus, we can further

denote JKs = {l : i ∈ Il,∀i ∈ Ks} as the sub-intervals that covers Ks. Then the following

equality holds,

Ã[Ks,:] =
1

|JKs |
∑
l∈JKs

Â∗l,[Ks,]
. (38)

Based on the definition of JKs , we also know

∀l ∈ JKs , Ks ⊆ Il. (39)
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Based on these two points, we analyze Ã on each piece Ks and then aggregate as follows,

∥∥∥Ã−AQ1Ô1

∥∥∥
F

=

√√√√ m∑
s=1

∥∥∥Ã[Ks,:] −A[Ks,:]Q1Ô1

∥∥∥2

F

(38)
=

√√√√√ m∑
s=1

∥∥∥∥∥∥ 1

|JKs |
∑
l∈JKs

(
Â∗l,[Ks,:]

−Al,[Ks,:]Q1Ô1

)∥∥∥∥∥∥
2

F

.

(40)

Now for each s = 1, . . . ,m,∥∥∥∥∥∥ 1

|JKs |
∑
l∈JKs

(
Â∗l,[Ks,:]

−A[Ks,:]Q1Ô1

)∥∥∥∥∥∥
F

≤ 1

|JKs |
∑
l∈JKs

∥∥∥(Â∗l,[Ks,:]
−A[Ks,:]Q1Ô1

)∥∥∥
F

(39)

≤ 1

|JKs |
∑
l∈JKs

∥∥∥(ÂlÔl −AlQ1Ô1

)∥∥∥
F

(30)

≤ Cγ1/2∆̃.

(41)

Combining (40) and (41), we obtain∥∥∥Ã−AQ1Ô1

∥∥∥
F
≤ C
√
mγ1/2∆̃ ≤ Clmaxγ

1/2∆̃. (42)

By definition of lmax, b/p ≤ Cl−1
max, thus lmax ≤ C. Provided that σmax(A) = ‖Σ0‖ and

n∗ ≥ Cγ2 for large constant C,

σmax(Ã) ≤ σmax(AQ1Ô1) + ‖Ã−AQ1Ô1‖F
(42)

≤ Cp1/2 + Cγ1/2∆̃.

Then the following inequality holds,∥∥∥Σ̂0 − Σ
(r)
0

∥∥∥
F

=
∥∥∥ÃÃ> −AA>∥∥∥

F

≤
∥∥∥ÃÃ> −AQ1Ô1Ã

>
∥∥∥
F

+
∥∥∥AQ1Ô1Ã

> −AQ1Ô1Ô
>
1 Q
>
1 A
>
∥∥∥
F

(42)

≤ σmax(Ã>) · Cγ1/2∆̃ + σmax(A) · Cγ1/2∆̃

≤Cγ1/2∆̃
(
Cp1/2 + Cγ1/2∆̃

)
.

(43)

Given Σ0 = Σ
(r)
0 + Σ

(−r)
0 and ‖Σ(−r)

0 ‖F ≤ λ, in summary, we have proved the upper bound∥∥∥Σ̂0 − Σ0

∥∥∥
F
≤ Cγ1/2∆̃

(
Cp1/2 + Cγ1/2∆̃

)
+ λ = C(γp)1/2∆̃ + Cγ∆̃2 + λ.
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Step 5 It remains to develop the expected error upper bound for Σ̂0 and Ĝ. Recall Cov(XIl) = Σl.

If Σ̂l is calculated from complete samples by (3) in Step 2, we have

E∆2
l =E

∥∥∥∥∥∥ 1

n∗l

∑
k∈Jl

((Xk)Il − X̄Il)((Xk)Il − X̄Il)
> − Σl

∥∥∥∥∥∥
2

F

≤ C
n∗l

E
∥∥∥((Xk)Il − µ(Il))((Xk)Il − µ(Il))

> − Σl

∥∥∥2

F

≤ C
n∗l

E‖(Xk)Il(Xk)
>
Il
‖2F ≤

1

n∗l
E‖X(T )‖42

(21)

≤ Cp2

n∗l
.

(44)

Under the incomplete observation scenario (Step 2’), we have

E∆2
l

=

|Il|∑
i,j=1

E

{∑
k:Il(i),Il(j)∈Tk

(
Xk(Il(i))− X̄(Il(i))

) (
Xk(Il(j))− X̄(Il(j))

)
(n∗)i,j,l

− Σl,ij

}

=

|Il|∑
i,j=1

E {(X(Il(i))− µ(Il(i))) (X(Il(j))− µ(Il(j)))− Σl,ij}2

(n∗)i,j,l

≤C
|Il|∑
i,j=1

E {X(Il(i)) ·X(Il(j))}2

(n∗)i,j,l
≤ C

|Il|∑
i,j=1

EX(Il(i))
4 + EX(Il(j))

4

2n∗i,j,l

≤C|Il|
2

n∗
sup
t

EX(t)4 ≤ Cp2

n∗
.

(45)

Now we analyze ‖Σ̂0 −Σ0‖F in two scenarios under the complete sample case (Step 2). The

incomplete sample case (Step 2’) similarly follows. Recall the definitions of ∆̃l and ∆̃,

∆̃l =
C(∆l + λ)(

p
γ

(
p
γ − C(∆l + λ)

)
+

)1/4
∧ C

{
r1/4(p1/2 + λ1/2 + ∆

1/2
l )

}
, ∆̃ =

∑
l

∆̃l.

Let

B = {p/γ − C(∆l + λ) ≥ p/(2γ),∀l = 1, . . . , lmax}

= {C(∆l + λ) ≤ p/(2γ),∀l = 1, . . . , lmax}
(46)

be a “good” event. By Markov’s inequality,

P(Bc) ≤
lmax∑
l=1

E{C(∆l + λ)}2

p2/(2γ)2

(44)(45)

≤ Clmaxp
2/n∗

p2/γ2
≤ Cγ2/n∗. (47)
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When B holds, note that n∗ ≥ Cp, we have

E
∥∥∥Σ̂0 − Σ0

∥∥∥
F

1B ≤ E
{
C(γp)1/2∆̃ + Cr∆̃2 + λ

}
1B

≤C(γp)1/2
lmax∑
l=1

E
(∆l + λ)

(p/γ)1/2
+ Cγ · E

{
∑lmax

l=1 (∆l + λ)}2

(p/γ)
+ λ

≤Cγ
√
p2/n∗ + Cγp/n∗ ≤ Cp

√
γ2/n∗.

When Bc holds, given n∗ ≥ γ2, p ≥ γ, we have

E
∥∥∥Σ̂0 − Σ0

∥∥∥
F

1Bc ≤ EC

{
γ1/4(p1/2 + λ1/2 +

lmax∑
l=1

∆
1/2
l )

}
1Bc

≤CP (Bc)γ1/4p1/2 +

lmax∑
l=1

Cγ1/4
(
E(∆

1/2
l )2

)1/2
·
(
E12

B

)1/2
≤Cγ

9/4p1/2

n∗
+ Clmaxγ

1/4
(
p/(n∗)1/2 · γ2/n∗

)1/2

≤Cγ
9/4p1/2

n∗
+
Cγ5/4p1/2

(n∗)3/4
≤ Cp

√
γ2/n∗.

In summary,

E
∥∥∥Σ̂0 − Σ0

∥∥∥
F
≤ Cp

√
γ2/n∗.

Finally, since Σ0 is a p-by-p linear interpolation for G, we finally have∥∥∥Ĝ−G∥∥∥
HS
≤ 1

p
‖Σ̂0 − Σ0‖F +O(p−1) = O(

√
γ2/n∗ + p−1).

�

B Proof of Proposition 1

The key of developing a sharper rate for Σ̂ is on a better estimation bound for ‖Âl − AlO‖F ,

where Âl is the estimated factor computed in Step 3 of the proposed procedure. The essence of

the sharper bound relies on the following lemma.

Lemma 2. Suppose all conditions in Theorem 1 and Proposition 1 hold. Recall Âl is the

estimation of the factor of each piece calculated in Step 3 in the proposed procedure. Then there

exists a “good event” B∗ (defined later in Equation 65) that happens with probability at least

1− Cγr/n∗, such that

E min
O∈Or

‖Âl −AlO‖2F · 1{B∗ holds} ≤ Cpr/n∗l , ∀l = 1, . . . , lmax.
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Proof of Lemma 2. We assume µ(t) = 0 without changing the covariance estimators essen-

tially. Note that the sample covariance Σ̂l is calculated in Step 2 as

Σ̂l =
1

n∗l

∑
k∈Jl

(
(Xk)Il − (X̄)Il

) (
(Xk)Il − X̄Il

)>
.

The proof of this lemma is divided into steps.

Step 1 We introduce a series of notation in addition to the symbols in the proof of Theorem 1

here. Based on Karhunen-Loève decomposition, the continuous sample trajectory Xk(t) =

Zk(t) + εk(t) can be decomposed into three parts: the leading part of signal, the non-leading

part of signal, and the noise:

Xk(t) =

r∑
j=1

ξjkφj(t) +
∑
j≥r+1

ξjkφj(t) + εk(t), k ∈ Jl. (48)

Then, λj(G) = Var(ξkj). Let ξ̄jk = ξjk/λ
1/2
j (G) be the normalized score. We further define

S =


ξ̄11 · · · ξ̄1n

...
...

ξ̄r1 · · · ξ̄rn

 ∈ Rr×n, (49)

Φl =


(φ1)Il(1) · λ

1/2
1 (G) · · · (φ1)Il(1) · λ

1/2
r (G)

...
...

(φ1)Il(|Il|) · λ
1/2
1 (G) · · · (φ1)Il(|Il|) · λ

1/2
r (G)

 ∈ R|Il|×r

as the matrix of leading scores and the discretized loadings, respectively. Then, Φl matches

the definition (15) in Theorem 1 as

ΦlΦ
>
l = Σ

(r)
0l ∈ R|Il|×|Il|. (50)

We further let Z
(−r)
k (t) =

∑
j≥r+1 ξjkφj(t) be the tail part of sample. By restricting (48) onto

the index set Il, one has

(Xk)Il =

r∑
j=1

ξjk(φj)Il +
∑
j≥r+1

ξjk(φj)Il + (εk)Il

=ΦlS[:,k] + (Z
(−r)
k )Il + (εk)Il , k ∈ Jl.

Based on the proof of Theorem 1, rank(Σ
(r)
0l ) = r and

σ2
j (Φ)

(50)
= σj(Σ

(r)
01 )

(22)
= pσj(G

(r)
[Il,Il]) +O(1), j = 1, . . . , r,

9



‖Φ‖F = (tr(ΦΦ>))1/2 =
(

tr(Σ
(r)
0l )
)1/2

≤
(
p · tr(G(r)

[Il,Il]) +O(r)
)1/2

Assumption 2
≤ Cp1/2.

(51)

In particularly,

σr(Φ) = σr(Al) =

√
σr(Σ

(r)
0,[Il,Il]

)
(22)

≥ c
√
p/γ. (52)

Recall the central goal of this proposition is to provide an upper bound for minO∈Or ‖Âl −

AlO‖F . One can only show minO ‖Âl − AlO‖2F ≤ Cpγ/n∗l by directly applying Lemma 7 on

Σ̂0l and Σ
(r)
0l . Instead, we introduce a “bridge” covariance in this proof

Σ̄0l =
1

n∗l

∑
k∈Jl

(ΦlS[:,k])(ΦlS[:,k])
> =

1

n∗l
ΦlSJlS

>
Jl

Φ>l ∈ R|Il|×|Il|. (53)

Let Āl = ΦlSJl/
√
n∗l . Then for all Q ∈ Or, we have

min
O∈Or

‖Âl −AlO‖F ≤ min
O∈Or

{
‖Âl − ĀlQ‖F + ‖ĀlQ−AlO‖F

}
=‖Âl − ĀlQ‖F + min

O∈Or

‖Āl −AlOQ>‖F .

By taking the infimum over Q ∈ Or, we obtain the following triangle inequality,

min
O∈Or

‖Âl −AlO‖F ≤ min
O∈Or

‖Âl − ĀlO‖F + min
O∈Or

‖Āl −AlO‖F . (54)

In the next two steps, we give upper bounds for minO∈Or ‖Āl − AlO‖F and minO∈Or ‖Âl −

ĀlO‖F , respectively.

Step 2 Since rank(SJlS
>
Jl
/n∗l ) = r, we can further factorize

SJlS
>
Jl
/n∗l = FlF

>
l

for some Fl ∈ Rr×r. Then,

σmin

(
SJl/

√
n∗l
)

=

√
σmin

(
SJlS

>
Jl
/n∗l

)
= σmin(Fl),

σmax

(
SJl/

√
n∗l
)

=

√
σmax

(
SJlS

>
Jl
/n∗l

)
= σmax(Fl).

Suppose

F = UFΣFV
>
F , UF , VF ∈ Or, ΣF ∈ Rr×r

is the singular value decomposition. Since ΣF is diagonal, we have

‖ΣF − Ir×r‖ ≤max {σmax(Fl)− 1, 1− σmin(Fl)}

= max
{
σmax(SJl/

√
n∗l )− 1, 1− σmin(SJl/

√
n∗l )
}
.

(55)
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We set Āl = ΦlFl ∈ R|Il|×r, then

Σ̄0l = ΦlFlF
>
l Φ>l = ĀlĀ

>
l .

On the other hand, we also recall that the true factor Al satisfies

AlA
>
l = Σ

(r)
0l = ΦlΦ

>
l . (56)

Since rank(Σ
(r)
0l ) = r and both Al,Φl ∈ R|Il|×r, there exists an orthogonal matrix Vl ∈ Or

such that Φl = AlVl. Therefore,

min
O∈Or

‖Āl −AlO‖2F = min
O∈Or

‖ΦlFl − ΦlV
>
l O‖2F

= min
O∈Or

‖ΦlUFΣFV
>
F − ΦlV

>
l O‖2F

≤‖ΦlUFΣFV
>
F − ΦlV

>
l VlUFV

>
F ‖2F = ‖ΦlUF (ΣF − Ir×r)V >F ‖2F

≤‖UF (ΣF − I)V >F ‖2 · ‖Φl‖2F
(51)

≤ Cp‖ΣF − I‖2

(55)

≤ Cpmax
{
σmax(SJl)/

√
n∗l − 1, 1− σmin(SJl)/

√
n∗l
}2
.

(57)

Let T = max
{
σmax(SJl)/

√
n∗l − 1, 1− σmin(SJl)/

√
n∗l
}

. Since (ξ̄1k, . . . , ξ̄rk) is a sub-Gaussian

vector, by random matrix theory (c.f. Theorem 5.39 in Vershynin (2010)),

P
(
T ≥ C

√
r/n∗l + t

)
=P
(

max
{
σmax(SJl)/

√
n∗l − 1, 1− σmin(SJl)/

√
n∗l
}
≥ C

√
r/n∗l + t

)
≤1− P

(
1− C

√
r/n∗l − t ≤ σmin

(
SJl/

√
n∗l
)
≤ σmax

(
SJl/

√
n∗l
)

≤ 1 + C
√
r/n∗l + t

)
≤C exp(−cn∗l t2), ∀t ≥ 0.

(58)
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Then,

ET 2 =

∫ ∞
0

2tP(T ≥ t)dt ≤
∫ C
√
r/n∗l

0
2t · 1 · dt+

∫ ∞
C
√
r/n∗l

2tP (T ≥ t) dt

≤Cr/n∗l +

∫ ∞
0

2
(
t+ C

√
r/n∗l

)
P
(
T ≥ C

√
r/n∗l + t

)
≤
∫ ∞

0
C
(
C
√
r/n∗l + t

)
exp(−cn∗l t2)dt

=Cr/n∗l + C
√
r/n∗l ·

√
1

n∗l
·
∫ ∞

0
exp(−ct2)dt+

∫ ∞
0

C

n∗l
t exp(−ct2)dt

≤Cr/n∗l .

E min
O∈Or

‖Āl −AlO‖2F
(57)

≤ CpEmax
{
σmax(SJl)/

√
n∗l − 1, 1− σmin(SJl)/

√
n∗l
}2

≤CpET 2 ≤ Cpr/n∗l .

(59)

Step 3 Then we consider minO∈Or ‖Âl − ĀlO‖F in this step. We apply Lemma 4 to ÂlÂ
>
l and

Σ̄0l + σ2I|Il|. Then,∥∥∥ÂlÂ>l − Σ̄0l

∥∥∥2

F
≤C|Il|/(|Il| − r)

(
‖Σ̂l − Σ̄0l − σ2I|Il|‖

2
F

)
≤C‖Σ̂0l − Σ̄0l − σ2I|Il|‖

2
F .

(60)

By setting M = Σ̄0l = ĀlĀ
>
l , M̂ = ÂlÂ

>
l in Lemma 7, we have

min
O∈Or

‖Âl − ĀlO‖2F ≤
‖ÂlÂ>l − Σ̄0l‖2F
σr(Āl)σr(Âl)

∧
(
‖Âl‖2F + ‖Āl‖2F

)
≤
C‖Σ̂0l − Σ̄0l − σ2I|Il|‖

2
F

σr(Āl)σr(Âl)
∧
(
‖Âl‖2F + ‖Āl‖2F

)
.

(61)
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Step 4 In this step, we give an upper bound for E‖Σ̂0l − Σ̄0l − σ2I|Il|‖
2
F . First,∥∥∥Σ̂0l − Σ̄0l − σ2I|Il|

∥∥∥
F

≤

∥∥∥∥∥∥ 1

n∗l

∑
k∈Jl

(
(Xk)Il − X̄Il

) (
(Xk)Il − X̄Il

)> − Σ̄0l − σ2I|Il|

∥∥∥∥∥∥
F

=

∥∥∥∥∥∥ 1

n∗l

∑
k∈Jl

(Xk)Il(Xk)
>
Il
− X̄IlX̄

>
Il
− Σ̄0l − σ2I|Il|

∥∥∥∥∥∥
F

≤

∥∥∥∥∥ 1

n∗l

∑
k∈Jl

(
ΦlS[:,k] + (Z

(−r)
k )Il + (εk)Il

)(
ΦlS[:,k] + (Z

(−r)
k )Il + (εk)Il

)>
− 1

n∗l
(ΦlS[:,k])(ΦlS[:,k])

> − σ2I|Il|

∥∥∥∥∥
F

+
∥∥∥X̄IlX̄

>
Il

∥∥∥
F

≤2

∥∥∥∥∥∥ 1

n∗l

∑
k∈Jl

ΦlS[:,k](Z
(−r)
k )>Il

∥∥∥∥∥∥
F

+
1

n∗l

∥∥∥∥∥∥
∑
k∈Jl

(Z
(−r)
k )Il(Z

(−r)
k )>Il

∥∥∥∥∥∥
F

+

∥∥∥∥∥∥ 1

n∗l

∑
k∈Jl

(εk)Il(εk)
>
Il
− σ2I|Il|

∥∥∥∥∥∥
F

+
2

n∗l

∥∥∥∥∥∥
∑
k∈Jl

(
ΦlS[:,k] + (Z

(−r)
k )Il

)
(εk)

>
Il

∥∥∥∥∥∥
F

+
∥∥∥X̄IlX̄

>
Il

∥∥∥
F
.

We analyze each term separately.

• Since S[:,k] and Z
(−r)
k (t) correspond to different scores in the Karhunen-Loève decomposi-

tion, they must be with mean zero and uncorrelated, which implies that EΦlS[:,k]Z
(−r)
k (t) =

0. In addition,
{

ΦlS[:,k]Z
(−r)
k (t)

}
are i.i.d. for different k. Thus,

1

(n∗l )
2
E

∥∥∥∥∥∥
∑
k∈Jl

ΦlS[k,:](Z
(−r)
k )>Il

∥∥∥∥∥∥
2

F

=
1

(n∗l )
2

∑
k∈Jl

E
∥∥∥ΦlS[k,:](Z

(−r)
k )>Il

∥∥∥2

F
=

1

n∗l
E‖ΦlS[:,1](Z

(−r)
1 )>Il‖

2
F

=
1

n∗l
E
{
‖ΦlS[:,1]‖22 · ‖(Z

(−r)
1 )Il‖

2
2

}
≤ 1

n∗l

(
E‖ΦlS[:,1]‖42 · E‖(Z

(−r)
1 )Il‖

4
2

)1/2
.

13



Here,

E‖(Z(−r)
1 )Il‖

4
2

=E

∑
i∈Il

Z
(−r)
1 (T (Il(i)))

2

2
Cauchy-Schwarz

≤ |Il|
∑
i∈Il

Z
(−r)
1 (T (Il(i)))

4

≤|Il|2 · sup
t

E(Z
(−r)
1 (t))4 ≤ Cp2r/(n∗γ),

where the last inequality is due to the assumption of this proposition.

E‖ΦlS[:,1]‖42

=E‖XIl − (Z
(−r)
k )Il − (εk)Il‖

4
2

≤C
(
E‖XIl‖

4
2 + ‖(Z(−r)

k )Il‖
4
2 + (εk)Il‖

4
2

)
≤C|Il|

∑
i∈Il

E|X(T (Il(i)))|4 +
∑
i∈Il

E|Z(−r)(T (Il(i)))|4 +
∑
i∈Il

E|ε(T (Il(i)))|4


≤C|Il|2
(

sup
t

EX(t)4 + sup
t

EZ(−r)(t)4 + Eε4
)
≤ Cp2.

Provided that n∗ ≥ Cγ2 ≥ Crγ, we have

1

(n∗l )
2
E

∥∥∥∥∥∥
∑
k∈Jl

ΦlS[k,:](Z
(−r)
k )>Il

∥∥∥∥∥∥
2

F

≤ C

n∗l

(
p2r/(n∗l γ) · p2

)1/2 ≤ Cp2r

γn∗l
.

• With the assumption that (Eε4)1/2 ≤ Cr/γ, we have

E‖(εk)Il‖
4
2 =E

∑
i∈Il

εk(T (Il(i)))
2

2
Cauchy-Schwarz

≤ |Il| ·
∑
i∈Il

Eεk(T (Il(i)))
4

≤Cp2(r/γ)2.

(62)

σ4 =
(
Eε2
)2 ≤ Eε4 ≤ C(r/γ)2.

Given E(εk)Il(εk)
>
Il
− σ2I|Il| = 0, we have

E

∥∥∥∥∥∥ 1

n∗l

∑
k∈Jl

(εk)Il(εk)
>
Il
− σ2I|Il|

∥∥∥∥∥∥
2

F

=
1

(n∗l )
2

∑
k∈Jl

E
∥∥∥(εk)Il(εk)

>
Il
− σ2I|Il|

∥∥∥2

F

=
1

n∗l
E
∥∥∥εIlε>Il − σ2I|Il|

∥∥∥2

F
≤ 2

n∗l

(
E
∥∥∥εIlε>Il∥∥∥2

F
+
∥∥σ2I|Il|

∥∥2

F

)

=
2

n∗l

(
E‖εIl‖

4
2 + σ4p

)
≤ 2

n∗l

|Il| ·∑
i∈Il

Eεk(T (Il(i)))
4 + σ4p

 ≤ Cp2r

n∗l γ
.
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• With the assumption that supt∈T EX(t)4 ≤ C, and Xk(t) = Zk(t) + εk(t), we have

E‖(Zk)Il‖
4
2 ≤CE‖(Xk)Il‖

4
2 + CE‖(εk)Il‖

4
2

≤CE

∑
i∈Il

Xk(T (Il(i)))
2

2

+ CE

∑
i∈Il

εk(T (Il(i)))
2

2

Cauchy-Schwarz
≤ C|Il| ·

∑
i∈Il

EXk(T (Il(i)))
4 + C|Il| ·

∑
i∈Il

Eεk(T (Il(i)))
4

≤C|Il|2 ≤ Cp2.

(63)

Given Eεk = 0, εk and (Sk, Z
(−r)
k (t)) are uncorrelated, we have

E
(

ΦlS[:,k] + (Z
(−r)
k )Il

)
(εk)

>
Il

= 0 and

E
1

(n∗l )
2

∥∥∥∥∥∥
∑
k∈Jl

(
ΦlS[:,k] + (Z

(−r)
k )Il

)
(εk)

>
Il

∥∥∥∥∥∥
2

F

=E
1

n∗l
E
∥∥∥(Zk)Ik · (εk)

>
Ik

∥∥∥2

F

=E
1

n∗l
‖(Zk)Ik‖

2
2 · ‖(εk)Ik‖

2
2 ≤

1

n∗l

(
E‖(Zk)Ik‖

4
2 · E‖(εk)Ik‖

4
2

)1/2
(62)(63)

≤ Cp2r

n∗l γ
.

• Given EXk(t) = 0 and X1(t), . . . , Xn(t) are independent,

E
∥∥∥X̄IlX̄

>
Il

∥∥∥2

F
=

1

(n∗l )
4
E

∥∥∥∥∥∥
∑
k∈Jl

(Xk)Il

∥∥∥∥∥∥
4

2

≤ C

(n∗l )
2
E‖(Xk)Il‖

4
2

≤ C

(n∗l )
2
· |Il| ·

∑
i∈Il

EXk(T (Il(i)))
4 ≤ C|Il|2

(n∗l )
2
≤ Cp2

(n∗l )
2
≤ Cp2

n∗l
· r
γ
.

In summary,

E
∥∥∥Σ̂0l − Σ̄0l − σ2I|Il|

∥∥∥2

F
≤Cp

2r

γn∗l
. (64)

Step 4 In this step, we further introduce the following “good” event,

B∗ =
{
σ2
r (Âl) ≥ σ2

r (Al)/4, σ
2
r (Āl) ≥ σ2

r (Al)/2,∀1 ≤ l ≤ lmax

}
. (65)

Then we develop the upper bound under this good event to finalize the proof. First, we aim

to show B∗ happens with high chance. By (60), we have∥∥∥ÂlÂ>l − ĀlĀ>l ∥∥∥
F
≤ C

∥∥∥Σ̂0l − Σ̄0l − σ2I|Il|

∥∥∥
F

⇒ σ2
r (Âl) ≥ σ2

r (Āl)− C‖Σ̂0l − Σ̄0l − σ2I|Il|‖F .
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By definition,

σ2
r (Āl) = σr

(
1

n∗l
ΦlSJlS

>
Jl

Φ>l

)
≥ σ2

min(Φl)σ
2
r (SJl/

√
nl).

In addition,

σ2
r (Al)

(56)
= σ2

min(Φl)
(52)

≥ cp/γ.

Thus, B∗ holds if the following two conditions hold for some small constant c > 0:

∀l, σ2
r (SJl/

√
nl) ≥ 1/2, and ‖Σ̂0l − Σ̄0l − σ2I|Il|‖F ≤ cp/γ. (66)

By Markov’s inequality and the sub-Gaussian random matrix tail bound (58),

P(B∗ holds) ≥ P((66) holds)

≥1− P
(
∃l, σ2

r (SJl/
√
nl) < 1/2

)
+ P

(
∃l, C‖Σ̂0l − Σ̄0l − σ2I|Il|‖F ≥ cp/γ

)
(58)

≥ 1− lmax exp(−cn∗l )− lmax

E‖Σ̂0l − Σ̄0l − σ2I|Il|‖2F
‖2F

c(p/γ)2

(64)

≥ 1− C exp(−cn∗)− Crγ/n∗

≥1− Crγ/n∗.

(67)

When B∗ holds, we must have

σr(Al), σr(Āl), σr(Âl) ≥ c
√
p/γ.

By combining (61), (64), and the previous inequality, we have for all 1 ≤ l ≤ lmax,

min
O∈Or

E‖Âl − ĀlO‖2F 1{B∗ holds} ≤
CE‖Σ̂0l − Σ̄0l − σ2I|Il|‖

2
F

σr(Āl)σr(Âl)
· 1{B∗ holds}

≤
CE‖Σ̂0l − Σ̄0l − σ2I|Il|‖

2
F

p/γ
≤ Cpr

n∗l
.

(68)

Finally, (54), (59), and (68) conclude the statement of this lemma. �

Now we consider the proof of Proposition 1. Similarly to the proof of Theorem 1, we develop

an upper bound on the probability of the “bad case,” i.e., B∗ does not hold. To this end, we
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define w ∈ Rp, wi = |{l : i ∈ Il}|−1 as the weight in Equation (9). Then,

‖Σ̂0‖F ≤‖ÃÃ>‖F =

∥∥∥∥∥∥diag(w)

(
lmax∑
l=1

Â∗l

)(
lmax∑
l=1

Â∗l

)>
diag(w)

∥∥∥∥∥∥
F

≤

∥∥∥∥∥∥
(
lmax∑
l=1

Â∗l

)(
lmax∑
l=1

Â∗l

)>∥∥∥∥∥∥
F

≤ lmax ·
lmax∑
l=1

‖Â∗l (Â∗l )>‖F

=lmax

lmax∑
l=1

‖ÂlÂ>l ‖F
(6)

≤ lmax

lmax∑
l=1

‖Σ̂l‖F

Then,

E‖Σ̂l‖2F =E

∥∥∥∥∥∥ 1

n∗l

∑
k∈Jl

((Xk)Il − X̄Il)((Xk)Il − X̄Il)
>

∥∥∥∥∥∥
2

F

=E

∥∥∥∥∥∥ 1

n∗l

∑
k∈Jl

(Xk)Il(Xk)
>
Il
− X̄IlX̄Il

∥∥∥∥∥∥
2

F

Cauchy-Schwarz
≤ C

n∗l

∑
k∈Jl

E‖(Xk)Il(Xk)
>
Il
‖2F + CE‖X̄IlX̄Il‖

2
F

=
C

n∗l

∑
k∈Jl

E‖(Xk)Il‖
4
2 + CE‖X̄Il‖

4
2

(63)

≤ Cp2.

E‖Σ̂0 − Σ0‖2F ≤ CE‖Σ̂0‖2F + C‖Σ0‖2F ≤ Cp2.

By Cauchy-Schwarz inequality,

E‖Σ̂0 − Σ0‖F 1Bc
∗ ≤

(
E‖Σ̂0 − Σ0‖2F · E12

Bc
∗

)1/2

(67)

≤
(
Cp2 · γr/n∗

)1/2
.

Similarly to Steps 3 - 5 and based on Lemma 2, one can develop the upper bound for ‖Σ̂0−Σ‖F

on the “good event,”

E‖Σ̂0 − Σ‖F · 1{B∗ holds} ≤ C
√
p2rγ/n∗.

Thus,

E‖Σ̂0 − Σ‖F = E‖Σ̂0 − Σ‖F 1{B∗ holds} + E‖Σ̂0 − Σ‖F 1{Bc
∗ holds} ≤ C

√
p2rγ/n∗.

Finally, since Σ0 is a p-by-p linear interpolation for G, we finally have∥∥∥Ĝ−G∥∥∥
HS
≤ 1

p
‖Σ̂0 − Σ0‖F +O(p−1) = O(

√
γr/n∗ + p−1),

which has finished the proof of Proposition 1. �
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C Technical Lemmas

We collect all technical tools that were used in the main context of this paper in this section.

We first provide the proof for Lemma 1, which provides an error bound for Wahba’s problem

(Wahba, 1965).

Proof of Lemma 1. Based on our assumption,∥∥∥A2Ô −A1

∥∥∥
F
≤
∥∥∥A2O

>
2 O1 −A1

∥∥∥
F

=
∥∥∥A2O

>
2 −A1O

>
1

∥∥∥
F

≤
∥∥∥A2O

>
2 −A

∥∥∥
F

+
∥∥∥A1O

>
1 −A

∥∥∥
F

= ‖A2 −AO2‖F + ‖A1 −AO1‖F

≤a1 + a2.

On the other hand, ∥∥∥A2Ô −A1

∥∥∥
F

≥− ‖A1 −AO1‖F − ‖A2Ô −AO2Ô‖F + ‖AO1 −AO2Ô‖F

≥− a1 − a2 + σmin(A)‖O1 −O2Ô‖F

≥− a1 − a2 + λ‖Ô −O>2 O1‖F .

Therefore, ∥∥∥Ô −O>2 O1

∥∥∥
F
≤ 2(a1 + a2)

λ
.

Finally, ∥∥∥O2Ô − I
∥∥∥
F
≤
∥∥∥O2Ô −O1

∥∥∥
F

+ ‖O1 − I‖F ≤ ‖O1 − I‖F +
2(a1 + a2)

λ
.

�

The following lemma characterizes the least and largest singular value of semi-positive sym-

metric definite matrix factorization.

Lemma 3. Suppose a positive semidefinite matrix A ∈ Rp×p can be decomposed as A = HDH>.

Here D ∈ Rr×r is a non-negative diagonal matrix and H ∈ Rp×r is a general matrix that is not

necessarily orthogonal. Then(
max
i
Dii

)
σ2
r (H) ≥ σr(A) ≥

(
min
i
Dii

)
σ2
r (H),(

max
i
Dii

)
‖H‖2 ≥ ‖A‖ ≥

(
min
i
Dii

)
‖H‖2.
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Proof of Lemma 3. Suppose the singular value decomposition of H is H = UHDHV
>
H , where

UH ∈ Op,r, DH ∈ Rr×r is diagonal with non-increasing non-negative entries, VH ∈ Op,r. Then,

‖A‖ = max
‖u‖2≤1

u>Au = max
‖u‖2≤1

u>HDH>u ≥
(
U>H,[:,1]H

)
D
(
H>UH,[:,1]

)
≥σr(D) ·

∥∥∥H>UH,[:,1]

∥∥∥2

2
= min

1≤i≤r
Dii · σ2

1(H),

‖A‖ = max
‖u‖2≤1

u>Au = max
‖u‖2≤1

u>HDH>u

≤ max
‖u‖2≤1

‖u‖2 · ‖H‖ · ‖D‖ · ‖H>‖ · ‖u‖2 =

(
max
i
Dii

)
‖H‖2.

On the other hand, without loss of generality we assume Drr = miniDii, then

σr(A) =σr

(
UH

(
DHV

>
HDVHDH

)
U>H

)
= σr

(
DHV

>
HDVHDH

)
= min
u∈Rr:‖u‖2=1

u>DHV
>
HDVHDHu ≤ e>r DHV

>
HDVHDHer

≤‖D‖ · ‖e>r DHV
>
H ‖22 =

(
max
i
Dii

)
σ2
r (H),

σr(A) =σr

(
UH

(
DHV

>
HDVHDH

)
U>H

)
= σr

(
DHV

>
HDVHDH

)
≥σ2

min(DHV
>
H )σmin(D) =

(
min
i
Dii

)
σ2
r (H).

These have finished the proof for this lemma. �

Lemma 4. Suppose Σ = Σ0 +σ2I ∈ Rb×b. Here, Σ0 is positive semi-definite, Σ0 = Σ
(r)
0 +Σ

(−r)
0 ,

Σ
(r)
0 is a rank-r matrix. Suppose Σ̂ is another rank-r symmetric matrix satisfying ‖Σ̂−Σ‖F ≤ λ.

Suppose ÛD̂Û> is the eigenvalue decomposition and

Σ̂0 =

r∑
i=1

Û[:,i]

{
(D̂ii − σ̂2) ∨ 0

}
(Û[:,i])

>, where σ̂2 =

(
1

b− r

b∑
i=r+1

D̂ii

)
∨ 0, (69)

then the following inequality holds,∥∥∥Σ̂0 − Σ0

∥∥∥
F
≤ C

√
b/(b− r)

(
λ+ ‖Σ(−r)

0 ‖F
)
. (70)

for uniform constant C > 0.

Proof of Lemma 4. Since Σ̂ =
∑b

i=1 Û[:,i]D̂iiÛ
>
[:,i] is the eigenvalue decomposition of Σ̂, we

also have the following eigenvalue decomposition for Σ̂− σ2Ib×b,

Σ̂− σ2Ib×b = Σ(r) + Σ
(−r)
0 + (Σ̂− Σ) =

b∑
i=1

Û[:,i](D̂ii − σ2)Û>[:,i].
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Additionally, since Σ
(r)
0 is positive semi-definite, we can write down the eigenvalue decomposition

Σ
(r)
0 =

∑r
i=1 U[:,i]DiiU

>
[:,i], where U ∈ Ob,r, D ∈ Rr×r is non-negative diagonal. By Lemma 5,

‖{D̂ii − σ2}bi=r+1‖2 =

(
b∑

i=r+1

(
D̂ii − σ2

)2
)1/2

≤

(
r∑
i=1

(D̂ii − σ2 −Dii)
2 +

b∑
i=r+1

(D̂ii − σ2)2

)1/2

≤‖Σ̂− σ2Ib×b − Σ
(r)
0 ‖F = ‖Σ(−r)

0 + Σ̂− Σ‖F ≤ λ+ ‖Σ(−r)
0 ‖F .

(71)

Then

∣∣σ̂2 − σ2
∣∣ =

∣∣∣∣∣
(

1

b− r

b∑
i=r+1

D̂ii

)
∨ 0− σ2

∣∣∣∣∣ ≤
∣∣∣∣∣
(

1

b− r

b∑
i=r+1

D̂ii

)
− σ2

∣∣∣∣∣
≤ 1

b− r

b∑
i=r+1

∣∣∣D̂ii − σ2
∣∣∣ ≤ 1√

b− r

(
b∑

i=r+1

(D̂ii − σ2)2

)1/2

≤ 1√
b− r

(
λ+ ‖Σ(−r)

0 ‖F
)
.

(72)

Thus ∥∥∥(Σ̂− σ̂2Ib×b)− Σ0

∥∥∥
F
≤
∥∥∥Σ̂− Σ

∥∥∥
F

+ ‖σ̂2Ib×b − σ2Ib×b‖F

≤
√
b/(b− r)

(
λ+ ‖Σ(−r)

0 ‖F
)

+ λ.

(73)

On the other hand, note that Σ̂0 − σ̂2Ib×b =
∑b

i=1 Û[:,i](Σ̂ii − σ̂2)Û>[:,i] and Û[:,1], . . . , Û[:,b] are

orthonormal, the following inequality holds,∥∥∥Σ̂0 − Σ0

∥∥∥
F
≤
∥∥∥Σ̂0 − (Σ̂− σ̂2Ib×b)

∥∥∥
F

+
∥∥∥Σ̂− σ̂2Ib×b − Σ0

∥∥∥
F

(73)

≤

∥∥∥∥∥
r∑
i=1

Û[:,i]

{
(D̂ii − σ̂2) ∨ 0

}
Û>[:,i] −

b∑
i=r+1

Û[:.i](D̂ii − σ̂2)Û>[:.i]

∥∥∥∥∥
F

+
√
b/(b− r)

(
λ+ ‖Σ(−r)

0 ‖F
)
.

(74)

In particular, ∥∥∥∥∥
r∑
i=1

Û[:,i]

{
(D̂ii − σ̂2) ∨ 0

}
Û>[:,i] −

b∑
i=r+1

Û[:.i](D̂ii − σ̂2)Û>[:.i]

∥∥∥∥∥
2

F

=

r∑
i=1

{
{(D̂ii − σ̂2) ∨ 0} − (D̂ii − σ̂2)

}2
+

b∑
i=r+1

∣∣∣D̂ii − σ̂2
∣∣∣2 .

(75)
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Here, we note that the i-th eigenvalue of Σ satisfies λi(Σ) = Dii + σ2, Dii ≥ 0 for 1 ≤ i ≤ r, so

r∑
i=1

{
{(D̂ii − σ̂2) ∨ 0} − (D̂ii − σ̂2)

}2
=
∑

1≤i≤r

{(
σ̂2 − D̂ii

)
+

}2

≤3
∑

1≤i≤r

{(
σ̂2 − σ2

)
+

}2
+ 3

∑
1≤i≤r

{(
σ2 − (Dii + σ2)

)
+

}2

+ 3
∑

1≤i≤r

{(
λi(Σ)− D̂ii

)
+

}2

(72)

≤ 3r

b− r

(
λ+ ‖Σ(−r)

0 ‖F
)2

+ 0 + 3

b∑
i=1

{
λi(Σ)− D̂ii

}2

Lemma 5
≤ 3b

b− r

(
λ+ ‖Σ(−r)

0 ‖F
)2

+ 3‖Σ̂− Σ‖2F ≤
3b

b− r

(
λ+ ‖Σ(−r)

0 ‖F
)2

+ 3λ2;

∑
r+1≤i≤b

∣∣∣D̂ii − σ̂2
∣∣∣2 ≤ ∑

r+1≤i≤b

{
2
∣∣∣D̂ii − σ2

∣∣∣2 + 2
∣∣σ2 − σ̂2

∣∣2}
(71)(72)

≤ 2
(
λ+ ‖Σ(−r)

0 ‖F
)2

+
2b

b− r

(
λ+ ‖Σ(−r)

0 ‖F
)2
.

In summary, we have ∥∥∥Σ̂0 − Σ0

∥∥∥
F
≤ C

√
b/(b− r)

(
λ+ ‖Σ(−r)

0 ‖F
)
.

for some uniform constant C > 0. �

Lemma 5. Suppose A,B ∈ Rd×d are two symmetric matrices. λj(A) and λj(B) represent the

j-th eigenvalues of A and B, respectively. Then

‖A−B‖2F ≥
d∑
j=1

(λj(A)− λj(B))2 . (76)

Proof of Lemma 5. Since

‖A−B‖2F =tr
(

(A−B)>(A−B)
)

=‖A‖2F + ‖B‖2F − 2tr(A>B) =
d∑
j=1

λ2
j (A) +

2∑
j=1

(B)− 2tr(A>B),

we only need to show

tr(A>B) ≤
d∑
j=1

λj(A)λj(B). (77)
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Suppose the eigenvalue decomposition of B is B = UDU>, with D = diag(λ1(B), . . . , λd(B)).

Let U{j} = U[:,1:j], then

B =
d∑
j=1

U[:,j]U
>
[:,j] · λj(B) =

d∑
j=1

U{j}U
>
{j} · (λj(B)− λj+1(B)) ,

thus,

tr(A>B) =

d∑
j=1

tr
(
A>U{j}U

>
{j}

)
· (λj(B)− λj+1(B))

Lemma 6
≤

d∑
j=1

tr

(
j∑
i=1

λi(A)

)
(λj(B)− λj+1(B))

=

d∑
j=1

λj(A)λj(B),

which has finished the proof of this lemma. �

Lemma 6. Suppose A ∈ Rd×d is symmetric, U{j} ∈ Od,j, then

tr
(
A>U{j}U

>
{j}

)
≤

j∑
i=1

λi(A)

Proof of Lemma 6. Without loss of generality we can assume A = diag(λ1(A), . . . , λd(A)).

Since U{j} ∈ Od,j , we have

0 ≤ (U{j})ii ≤ 1,

d∑
i=1

(U{j})ii = j,

then by rearrangement inequality,

tr
(
A>U{j}U

>
{j}

)
=

d∑
i=1

λi(A)
(
U{j}U

>
{j}

)
ii
≤

j∑
i=1

λi(A).

�

The following lemma characterizes the square-root factorization perturbation. The proof

involves Abel’s summation identity in Lemmas 8 and 9, which is highly non-trivial.

Lemma 7. Suppose M̂,M ∈ Rp×r are two matrices with the same dimension, then there exists

an orthogonal matrix O ∈ Or such that∥∥∥M̂ −MO
∥∥∥2

F
≤
‖M̂M̂> −MM>‖2F

σr(M)σr(M̂)
∧
(
‖M̂‖2F + ‖M‖2F

)
. (78)
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Proof of Lemma 7. Suppose M>M̂ has singular value decomposition: M>M̂ = UΣV >, where

UM , VM ∈ Or, Σ ∈ Rr×r. We will show that when O = UV > (namely the solution to Wahba’s

problem), (78) holds.

Define xi = σi(M̂), yi = σi(M), zi = σi(M̂
>M), by Lemma 8, we know

x1 ≥ · · · ≥ xr ≥ 0, y1 ≥ · · · ≥ yr ≥ 0, z1 ≥ · · · ≥ zr ≥ 0,

and
∑s

i=1 zi ≤
∑s

i=1 xiyi for all 1 ≤ s ≤ r. Then by both inequalities of Lemma 9,

r∑
i=1

(x4
i + y4

i − 2z2
i )−

r∑
i=1

(
x2
i + y2

i − 2zi
)
xryr

≥2
r∑
i=1

(x2
i y

2
i − z2

i )− 2
r∑
i=1

(xiyi − zi)xryr ≥ 0.

On the other hand,∥∥∥M̂ −MO
∥∥∥2

F
= tr

(
M̂M̂> +MM> − M̂O>M> −MOM̂>

)
=‖M̂‖2F + ‖M‖2F − 2tr(O>M>M̂) = ‖M̂‖2F + ‖M‖2F − 2tr(V U>UΣV )

=

r∑
i=1

(
σ2
i (M̂) + σ2

i (M)− 2σi(M
>M̂)

)
=

r∑
i=1

(x2
i + y2

i − 2zi);

∥∥∥M̂M̂> −MM>
∥∥∥2

F

=tr
(
M̂M̂>M̂M̂> +MM>MM> − M̂M̂>MM> −MM>M̂M̂>

)
=‖M̂M̂>‖2F + ‖MM>‖2F − 2‖M>M̂‖2F

=
r∑
i=1

(
σ4
i (M̂) + σ4

i (M)− 2σ2
i (M

>M̂)
)

=
r∑
i=1

(x4
i + y4

i − 2z2
i ),

which means∥∥∥M̂ −MO
∥∥∥2

F
σr(M)σrM̂ = xryr

r∑
i=1

(x2
i + y2

i − 2zi) ≤
r∑
i=1

(
x4
i + y4

i − 2z2
i

)
≤
∥∥∥M̂M̂> −MM>

∥∥∥2

F
,

min
O∈Or

∥∥∥M̂ −MO
∥∥∥2

F
≤
‖M̂M̂> −MM>‖2F

σr(M)σr(M̂)
.

In addition,

min
O

∥∥∥M̂ −MO
∥∥∥2

F
≤ 1

2

(∥∥∥M̂ − IM∥∥∥2

F
+
∥∥∥M̂ + IM

∥∥∥2

F

)
= ‖M̂‖2F + ‖M‖2F .

Therefore, we have finished the proof of this lemma. �
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Lemma 8. Suppose M, M̂ ∈ Rp×r are two matrices of the same dimensions, we have the

following inequality for Ky Fan s-norm of M>M̂ (Fan, 1950) for any s ≥ 1,

‖M>M̂‖ks =
s∑
i=1

σi(M
>M̂) ≤

s∑
i=1

σi(M)σi(M̂).

Proof of Lemma 8. We first note the following property for Ky Fan norm (Fan, 1950),

‖X‖ks =
s∑
i=1

σi(X) = max
U∈Op,s

V ∈Or,s

tr(U>XV ).

Let M̂ = UM̂ΣM̂V
>
M̂

be the singular value decomposition, then (ΣM̂ )ii = σi(M̂). Now for any

U, V ∈ Or,s,

tr
(
U>M>M̂V

)
=tr

(
U>M>UM̂ΣM̂V

>
M̂
V
)

= tr
(
V >
M̂
V U>M>UM̂ΣM̂

)
=

r∑
i=1

(ΣM̂ )ii

(
U>
M̂
MUV >VM̂

)
ii

=
r∑
i=1

σi(M̂)
(
U>
M̂
MUV >VM̂

)
ii

=
r∑
i=1

(σi(M̂)− σi+1(M̂)
) i∑
j=1

(
U>
M̂
MUV >VM̂

)
jj

 ,

where is last equality is due to the Abel’s summation formula1. Note that U>
M̂
MUV >VM̂ is a

s-by-s projection of M , so it has smaller Ky Fan norms than M . Then

when i ≤ s,
i∑

j=1

(
U>
M̂
MV >UVM̂

)
jj

=

i∑
j=1

e>j U
>
M̂
MUV >VM̂ej

≤‖U>
M̂
MUV >VM̂‖ki ≤

i∑
j=1

σj(M);

when i > s,

i∑
j=1

(
U>
M̂
MUV >VM̂

)
jj
≤ ‖U>

M̂
MUV >VM̂‖ ≤

s∑
j=1

σj(M).

1https://en.wikipedia.org/wiki/Summation_by_parts
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Thus,

tr
(
U>M>M̂V

)
≤

s∑
i=1

(σi(M̂)− σi+1(M̂)
) i∑
j=1

(
U>
M̂
MUV >VM̂

)
jj


+

r∑
i=s+1

(σi(M̂)− σi+1(M̂)
) i∑
j=1

(
U>
M̂
MUV >VM̂

)
jj


≤

s∑
i=1

(σi(M̂)− σi+1(M̂)
) i∑
j=1

σj(M)


+

r∑
i=s+1

(σi(M̂)− σi+1(M̂)
) s∑
j=1

σj(M)


=

s∑
i=1

σi(M̂)σi(M),

since U and V are arbitrarily chosen from Or,s, we have finished the proof for this lemma. �

Lemma 9. Suppose {xi}ri=1, {yi}ri=1, {zi}ri=1 are three sequences of non-negative values satisfying

x1 ≥ · · · ≥ xr ≥ 0, y1 ≥ · · · ≥ yr ≥ 0, z1 ≥ · · · ≥ zr ≥ 0;

∀1 ≤ s ≤ r,
s∑
i=1

xiyi ≥
s∑
i=1

zi.

This means x1y1 ≥ z1, x1y1 + x2y2 ≥ z1 + z2, but not necessarily x2y2 ≥ z2. Then, we must

have the following two inequalities,

r∑
i=1

(
x2
i y

2
i − z2

i

)
−

r∑
i=1

(xiyi − zi)xryr ≥ 0.

x4
i + y4

i − (x2
i + y2

i )xryr − 2x2
i y

2
i + 2xiyixryr ≥ 0, ∀1 ≤ i ≤ r.

Proof of Lemma 9. The key to the first inequality is via Abel’s summation formula. First,

r∑
i=1

(x2
i y

2
i − z2

i ) +
r∑
i=1

(xiyi − zi)xryr −

{
r∑
i=1

(x2
i y

2
i − z2

i )−
r∑
i=1

(xiyi − zi)xiyi

}

=
r∑
i=1

(xiyi − zi)(xiyi − xryr) =
r−1∑
i=1

(xiyi − xi+1yi+1)
i∑

j=1

(xjyj − zj)

 ≥ 0.

If we let xr+1 = yr+1 = zr+1 = 0, then{
r∑
i=1

(x2
i y

2
i − z2

i )−
r∑
i=1

(xiyi − zi)xiyi

}
=

r∑
i=1

zi(xiyi − zi)

=
r∑
i=1

(zi − zi+1)
i∑

j=1

(xiyi − zi) ≥ 0.
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By combining the two inequalities above, we have finished the proof for the first part. In

addition, by some algebraic calculation we can show

x4
i + y4

i − (x2
i + y2

i )xryr − 2
(
x2
i y

2
i − xiyixryr

)
=x4

i + y4
i − (x2

i + y2
i )xiyi − 2

(
x2
i y

2
i − x2

i y
2
i

)
+ (x2

i + y2
i − 2xiyi)(xiyi − xryr)

=x4
i + y4

i − x3
i yi − xiy3

i + (xi − yi)2(xiyi − xryr)

=(xi − yi)2(x2
i + xiyi + y2

i ) + (xi − yi)2(xiyi − xryr) ≥ 0.

Therefore we have finished the proof for this lemma. �
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