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In this Supplementary Material, we provide additional simulation results and technical proofs

for all results presented in the main body of the paper.

S1 Simulation Studies

S1.1 Empirical Distributions of Estimated Weighting Functions

At the suggestion of the reviewer, we investigate the stability of the covariate-
balanced weights {wg, (1|X;)}Y,, {0k, (0] X;)}Y,, and {c/i\KQ (X)), with

data drive smoothing parameters. Figure 1, 2 and 3 plot their empirical
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distributions in the j* Monte Carlo run, for j € {50, 100, 150, 200, 250,

300, 350,400,450} and N = 500. The data generating process (DGP)
follows the scenario I in Section 8 of the main text. The plots show that
{ir, (1)1 X;) }¥, are distributed over the interval [1.25,2.75], {ig, (0|1 X;) }¥,
are distributed over the interval [1.25, 3.75], and {c? K, (Xi) }Y, are distributed
over the interval [—0.625, —0.125]U[0.125, 0.625], suggesting that the covariate-

balanced approach prevents extreme weights.

S1.2 Simulation Results of Estimated ATE with 2-dimensional

Covariates

This scenario adds one more covariate to that in the main paper so that
X = (1, X1, Xy) with Xy = U?/4 and U, uniformly distributed on (0,1).
The true values of the model parameters are now set at « = (0.1,0.5,3),
g =(0,-0.5,-0.5), v = (0.1,-0.5,—-0.5), ¢ = (0, —1,—-1), n = (=0.5,1,1).
The average treatment effect now is 7 = 0.287.

In each Monte Carlo run, a sample of 500 observations and 1000 ob-
servations are generated from the above data generating process. Table
reports the bias, standard deviation (Stdev), the root mean square error
(RMSE) and the coverage probability (CP) at the nominal size a = 0.95.
Glancing at the table, the naive estimator is still badly biased in this case.

MR has a small bias when N = 1000 when some functionals (Mj, My)
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Figure 1: The empirical distribution of {wg(1|X;):4=1,---,500}.
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Figure 2: The empirical distribution of {wx(0|X;):4=1,---,500}.
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Figure 3: The empirical distribution of {dx (X;) :i=1,---,500}.
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or all functionals (All) are correctly specified, but when sample size is
500, MR performs badly. B-MR performs well under both sample size
when some functionals (Mj, Mj) or all functionals (All) are correctly
specified, but performs substantially better than MR when most or all
functionals are misspecified. The coverage probabilities of both MR and
B-MR are close to the nominal size in all cases except when the model
is badly misspecified. Despite its out-performance over MR, B-MR is
still biased when the model is badly misspecified. Third, HIR produces
a large standard deviation when N = 500. This due to some estimates
E(Di\Zi =1,X;) — E(DAZZ- =0,X;),(i=1,---,N) are very close to zero,
see Figure {4 for the empirical distribution. This makes HIR estimator per-
form badly in the small sample. Fourth, CBE with data-driven smoothing
parameters is still unbiased in this case and its coverage probability in all
cases is around the nominal size, suggesting that the asymptotic theory is

a good approximation.
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Table 1: Simulation results of estimated average treatment effects with 2-dimensional
covariates

N =500
Estimators Bias Stdev RMSE Cp
Naive -0.228 0.045 0.232 0
MR (All) -0.690 17.22 17.24 0.996
MR (M) 0.242 5.259 5.265 0.99
MR (My) -0.327 8.173 8.179 0.994
MR (M3) -12.72 403.3 403.5 0.984
MR (None) 60.69 834.709 836.912 0.992
B-MR (All) 0.011 0.151 0.151 0.95
B-MR (M) 0.016 0.157 0.158 0.946
B-MR (M5s) 0.041 0.403 0.405 0.952
B-MR (M3) 0.020 0.154 0.157 0.938
B-MR (None) 0.058 0.462 0.466 0.954
HIR 0.085 2.550 2.551 0.988
CBE 0.003 0.221 0.221 0.956
N = 1000

Estimators Bias Stdev RMSE CP
Naive -0.228 0.030 0.230 0
MR (All) 0.001 0.216 0.216 0.976
MR (M) 0.007 0.514 0.514 0.984
MR (M3) 0.027 0.894 0.895 0.980
MR (M3) 113.9 2355.9 2358.7 0.998
MR (None) -25.82 450.87 451.61 0.992
B-MR (All) -0.006 0.104 0.104 0.956
B-MR (M) 0.002 0.108 0.108 0.948
B-MR (My) 0.068 0.355 0.361 0.938
B-MR(M3) -0.003 0.105 0.105 0.954
B-MR (None) 0.216 0.443 0.493 0.97
HIR 0.020 0.375 0.376 0.986

CBE 0.009 0.137 0.138 0.952
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Figure 4: The distribution of E(D|Z; = 1,X;) — E(D|Z; = 0,X;)(i = 1,---,500) for
493rd Monte Carlo

S1.3 Simulation Results of Estimated LATE

We consider the following data generating process: Y = (1—D)-(g(X)+e),
D = ZI(v > h(X)), Z = I(q(X) > U), where the observed covariates
X and the unobserved errors ¢, v, U are mutually independent with € ~

unif[—1, 1], v ~ unif[—1, 1], U ~ unif|0, 1].

e Scenario It X = X, g(X) = X, h(X) = X; — V,¢(X) = tanh(g(X))
where X7 ~ unif[0,1],V ~ unif[0,1]. The true value of the local

average treatment effects is —0.950.

e Scenario II: X = (X7, Xy), ¢(X) = X1+ Xo, (X)) = X1 — X, q(X) =
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A2 —1/g(X)) where X; ~ unif[0,1], (: = 1,2),A(z) = /(1 + €%).

The true value of the local average treatment effects is -1.508.

We compute the covariate-balancing estimator (CBE), the inverse prob-
ability weighting estimator (IPW) proposed by Donald et al. (2014a)), and
the inverse probability weighting estimator based on a local polynomial re-
gression (IPW-R) proposed by Donald et al. (2014b)). Since Donald et al.
(2014bja) did not discuss how to determine the smoothing parameter in
their polynomial approximation. We use the basis us(X) = {1, X} and
uz(X) = {1, X, X?} respectively in scenario I and u3(X) = {1, X;, X5} and
us(X) = {1, X1, Xo, X2, X2, X1 X} respectively in scenario II. The same
basis functions are used to compute the CBE estimator so that we can
compare the relative performance of all estimators.

Tables [2[ and [3| report the bias, standard deviation (Stdev), the root
mean square error (RMSE) and the coverage probability (CP) at the nom-

inal size o = 0.95. These tables reveal that:

1. In Scenario I, when us(X) is used, both IPW and IPW-R are biased
and both have incorrect coverage probability. CBE on the other hand
is practically unbiased and its coverage probability is close to the nom-
inal size. When u3(X) is used, the relative performance of the three

estimators is the same as when uy(X) is used.
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2. The relative performance of all three estimators in Scenario II is similar

to their relative performance in Scenario I.

3. The CBE with data-driven smoothing parameters is practically unbi-

ased and has correct coverage probability in all cases.

Table 2: Simulation results of estimated local average treatment effects for Scenario I

N =500
Estimators Bias Stdev RMSE CP
IPW uz(X) -0.096 0.055 0.111 0.662
uz(X) -0.033 0.039 0.051 0.862
IPW-R uz(X) -0.065 0.126 0.142 0.996
uz(X) -0.037 0.351 0.353 0.962
CBE uz(X) -0.007 0.027 0.028 0.95
uz(X) -0.001 0.027 0.027 0.952
CBE Data-driven -0.007 0.027 0.028 0.950
N = 1000
Estimators Bias Stdev RMSE CpP
IPW uz(X) -0.094 0.043 0.103 0.418
uz(X) -0.032 0.028 0.043 0.786
IPW-R u2(X) -0.057 0.082 0.100 0.99
uz(X) -0.035 0.276 0.278 0.974
CBE u2(X) -0.008 0.020 0.021 0.938
uz(X) -0.001 0.020 0.020 0.942

CBE Data-driven -0.008 0.020 0.021 0.938
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Table 3: Simulation results of estimated local average treatment effects for Scenario II

N =500
Estimators Bias Stdev RMSE CP
IPW uz(X) -0.168 0.088 0.190 0.534
ue(X) -0.049 0.053 0.072 0.85
IPW-R uz(X) -0.025 2.076 2.076 0.994
ue(X) -0.119 0.104 0.158 0.802
CBE uz(X) 0.003 0.037 0.037 0.948
ue(X) -0.001 0.038 0.038 0.954
CBE Data-driven 0.003 0.037 0.037 0.948
N = 1000
Estimators Bias Stdev RMSE CP
IPW us(X) -0.171 0.064 0.182 0.216
ue(X) -0.052 0.037 0.064 0.704
IPW-R uz(X) -0.192 4.907 4.911 0.996
ue(X) -0.119 0.065 0.126 0.56
CBE uz(X) 0.004 0.025 0.041 0.942
ue(X) -0.005 0.028 0.028 0.946

CBE Data-driven 0.004 0.025 0.025 0.942
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S1.4 Simulation Studies with High-dimensional Covariates

At the suggestion of the reviewer, we investigate the performance of the pro-
posed estimator when the dimension of covariates is high, e.g. 10 covariates.
The DGP is specified by adding 8 more covariates to the scenario II in Sec-
tion 8 of the main text, so that X = (1, Xy, Xy, X3, X4, X5, Xe, X7, Xz, X9, X10)
where X3 = I(N; > 0.05), X, = sin(|Ny]), X5 = 0.5U1, + 0.5, X =
{0.5 4+ 0.5U, }/2, X7 = —0.5Us3, — 0.5, Xg = (3 — 0.5U4,)%/9, Xo = 0.5 +
0.5Usg, X10 = —0.5Us, — 0.5, and {Uy, }5_, are i.i.d. uniformly distributed on
the interval (0, 1), {N;}2, are i.i.d. standard normal random variables. The
true values of nuisance parameters are set at o« = (0.1,0.5,4,0,0.1,0.9,0,0,0,0,0.3),
g =(0,-0.5,-0.5,0,0,0,0,0,0,0,0),v = (0.1,-0.5,-0.5,0,0,0,0,0,0,0,0),
¢=(0,-1,-1,0,0,0,0,0,0,0,0), n = (-0.5,1,1,0,0,0.5,0,0,

0,0,0). The true value of the average treatment effect is 7 = 0.662.

Table 4: Simulation results of estimated average treatment effects with 10-dimensional
covariates

N =500
Estimator Bias Stdev RMSE CP
CBE (K; =11, K, = 11) 0.889 18.38 18.40 0.986
N = 1000
Estimator Bias Stdev RMSE CP
CBE (K; =11, K, = 11) -1.357 31.44 31.47 0.998

Table {4 reports the bias, standard deviation (Stdev), the root mean
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square error (RMSE) and the coverage probability (CP) at the nominal
size 0.95 from the 500 Monte Carlo runs. The proposed estimator has
poor performance owing to the curse-of-dimensionality in nonparametric
estimation. Estimation of average treatment effects with high-dimensional

covariates will be pursued in the future work.



CHUNRONG AI AND LUKANG HUANG AND ZHENG ZHANG

S2 Assumptions

Assumption 1. E [m} < oo and E [5]3)(/)2()4} < 00.

Assumption 2. The support X of the r-dimensional covariate X 1is a

Cartesian product of r compact intervals.

Assumption 3. There exist two positive constants C and C such that
0 < C < Amin (B [ur (X)ufe(X)]) < Amax (B [ur(X)ui(X)]) < C < o0,

where Apax (B [ur (X)ujk(X)]) (resp. Amin (B [ux (X)uk(X)])) denotes the

largest (resp. smallest) eigenvalue of E [uK(X)uIE(X)]

Assumption 4. There exist three positive constants oo > 1y > 1y > 1 >
ns > 0 such that ny < f~'(z|lz) < m and —nz < 6P(x) < m3, Y(z,2) €

{0,1} x X.
Assumption 5. There exist Ak, Br, and v in RX and o > 0 such that
for any z € {0, 1},

sup [ (0 (f 7 (2l2)) — 2 - Aguc(x) = (1 = 2) - Breuk (2)| = O(K™),

reX

sup [ (o (67(x)) — viuk (z)] = O(K™).

TEX
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Assumption 6. ((K)*K?/N — 0 and VNK=* — 0, where ((K) =

sup,ex |lux ()|l and || - || is the usual Frobenius norm defined by ||A| =

Vtr(AAT) for any matriz A.

S3 Proof of Theorem 1

We only show that for any integrable function u(X), E[Zw(1|X)u(X))] =
E[u(X)] holds if and only if w(1|X) = f~1(1|X). The rest can be similarly
established. The sufficient part is obvious. We prove the necessary part.

Let u(X) = exp(a’ X i) be the test function, where a € R". By assumption,

E [exp(aTX . z)] =E [Zw(l\X) exp(a’ X - Z)]

—E [z {w1]|X) = F1(11X)} exp(a’ X - i)] +E [Zf*l(uX)exp(aTX : i)] .

By the tower property of conditional expectation, E [Z f~!(1|X) exp(a' X - 1)] =
E [exp(a'X - )]. Then

0=E [Z(w(11X) - " (1X))exp(a’ X 1)] = E[{f(1|X)w(1]X) - 1} exp(a’ X - )]

holds for all @ € R". Due to the uniqueness of Fourier transform we can

obtain f(1|X)w(1|X) — 1 = 0, which implies w(1|X) = f~1(1]X).
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S4 Convergence Rates of Wy (1|X), W (0|X) and dg(X)

Proposition 1. Under Assumptions[1{, we have

sup [ae(1]2) = f(112)7!| = O, (<<K>K—a+<u<> %) ,

reX

[ tole) - sake)Par(o) = 0, (5724 ) |

1 — K
~ —1(2 __ —2a
¥ i) — X =0, (57 )

and
N 1 _ K
sup iz (0}2) — F(0}2) '] = O, <<<K>K ") N) ,
TEX
~ —12 —2a K
| b0l = 00 ars(o) 0, (K74 1) |
X
LS lanlo0%) - S0 = 0, (1070 )
N a K 3 i — Yp N 5
and



S4. CONVERGENCE RATES OF Wg(1|X), Wi (0|X) AND Dy (X)

Proposition |I| provides the convergence rates of wx(1|X) — f~1(1]X),
g (0]X) = f72(0|X) and dx(X) — 62(X). Tt directly follows from Lem-
mas [I] and [2] stated in the following subsections. We introduce some nota-
tions which will be used later. By Assumption [3] we assume the sieve basis

ug (X) is orthonormalized, namely
Elug (X)ug(X)] = Ik. (S4.1)

Since

(5‘K7 BK) = arg HAl%X é<)‘a B).

It is obvious to see that Ax = argmaxGi(\) and S = argmax Gy(f),

where

- %Z {2/ O\ (X))~ N ()}

=1

1 & T
)= 5 2 A = 200 (8Tus (X)) = BTux(X,)}

=1

Let G1(A), G5(8), H*(7), Nk, Bic» Vie» wi(1]X), wi(0]X) and dj(X) be

the theoretical counterparts of G1(\), Go(8), H(Y), Ak, B, A, Wi (1]1X),
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g (0]X) and dy (X) respectively:

Gi(V) :=E[G: (W] =E [Zp (ATuxc(X))] — BN ux (X)),
G3(8) =E[G2(B)] =E [(1 = Z)p (BTux(X))] —E[8 ux(X)],

H0) = [ (0 To(0)) < B [P iy = 7y 770

A = Gi(A o= G3(N), Ve = H*
K= argmax Gi(A) , i = arg max Gy(A), vy 1= arg max H7(y) ,

wi (11X) = o/ (k) "ur (X)), wi(01X) = o' ((Bx) "uk (X)),

die(X) == pi (7)) "ur (X))
S4.1 Lemma

The first lemma gives the approximation rate of the intermediate quantities

wi (1)), wi (0]z) and dj(z). Recall the notation ((K) = sup,cy [|uk(z)].

Lemma 1. Under Assumptions[I{f, we have

sup | f(1]2) ™" — wic(1]2)] = O (C(K)K™) |

TeEX

/X ’f(1|x)—1 — w§(1|x)|2 dFx(z) = O (K™*) |

%Z [F1X) 7 = wie (X[ = 0, (K72
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and
sup |£(0]) ™" = wic Ola)] = O (C(K)K ™)
/X |£(02) ™" — wie(0])[* dFy (x) = O (K2 |
¥ 201X w010 = 0, (56) |
and

Proof. We only prove

sup (1)~ wi (1)] = O (C(F)K™) .

/X }f(1|l’>—1 _ w;((1|I>‘2dFX(x) =0 (K—Za) 7

S SR = (11X = 0, (K7) |

and similar argument can be applied to obtain the other claims.
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By Assumption [} f(1|z)™* € [no,m], Vo € X and the fact (o)~ is

strictly decreasing, we have

TeX

()" (m) < inf ()7 <f(11|x)> < jgg;@’)‘l ( ! ) < ()7 () -

By Assumption [5]

7 (a5 ~ M)

f(l‘:L‘) < ClK_a, (842)

sup
TeEX

where C; > 0 is a universal constant. Then we have

o) (197 (k) - (i) 5
(54.3)

C(0) " m) = CLE™, (p)) () + CLE] , Vo e X,
and

P (Ve (2) + CLE ) = g () < 777 = /(N 2)

(1))
< (O gug () — CLK™) — p'(Apug(x)) , Vo € X.

By Mean Value Theorem, for large enough K, there exists

& (z) € (kux (2), Acux (z) + CLK ™) C [(p) " (m) — CLK ™%, (p') ' (12) + 2C1 K] C Ty
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&2(7) € (Akuk(z) — C1K ™% Acur () C [(p) " (m) = 201K, (p)) "' (2) + C1E "] C Ty,

where

'l = [(p/)_l(m) -1, (P/)_1<772> + 1} )

such that

P (Agur(z) + CLE ™) = p(Agure () = p" (& (2))CL K™ > inf p"(y)C1 K~

yely

P Agur(r) = CLE™) = p'(Agug (7)) = —p"(&2(2))CLE ™ < sup —p"(y)C1K™ .

yel

Let a := max {—infyer, p"(y), sup,er, —p"(y)}, which is a finite positive
constant because the set I'y is compact and the function p”(y) is continuous.

Therefore, we have

— ' \gug(z))| < aCL K™ . (S4.4)

ver | F(12)

For some fixed Cy > 0 (to be chosen later), define the set

Ak = {AeRM : |A = Xg|| < CoK*}.

For sufficiently large K, by (S4.3]), Assumption |§|, we have that VA € Ay,
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Ve e X,

IANTuk (z) = Aguk ()] = |(A = Ax) Tuk ()] < A= Ax|[[Jlux ()] < C2K~*¢(K)
=M uk(z) € Agur(z) — CoK ™ *C(K), Mgur (z) + Co K~ *¢(K))
Cl(P) Hm) = CLE™% = CoK ™K, (p') " (m2) + C1K ™% + Co K~ °((K)]

crIy. (84.5)

By (S4.4), (S4.5), and the fact Elug(X)ux(X)"] = Ik, we can deduce
that

(G ()| = HIE [f(1|X)p' (A}uK(X)) ur (X) —uK(X)} H

= [F o {# Okes0) - gy et

«E [{E 17010 {7 O (3)) = 717 (307 B s 007 "K(X)ﬂ

—1

=[x {or (Neur () = iy o O] B [ (0 (07 a0

1) {f (Meu () = 1755 | y

0 (A,EuK(X)) - ﬁ LS aCi K™ (S4.6)

L2

IN

IN

where the third equality follows from the definition of Frobenius norm and
the fact Elux (X)ugx(X)"] = Ig; the first inequality follows from the fact

that
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is the L?(dFx)-projection of f(1|X) {p’ (Agur(X)) — m} on the space

spanned by ug(X).
Then for any A € 0Ag, ie. [N — Ag|| = CoK~%, by Mean Value

Theorem we can deduce that

GV — G1 ()

= (=) (G () + 5 (= A) (G Gae) (A )

< IA = ArllIGTY Qu)ll + 5= Ar) B [FA1)0" (e (X)) e (X)ufe (X)] (4 = Ar)
< A= Al G Qull = G+ (0= Ase) T Eluse (X)uk (X)) (A = )

" * a 1
= []A = kMG )l = 31 : H”A — Akl?

= A= Al (H(G’{)/(AK)H - - AKH)

ai

< — K¢
< A=Akl (aa >

: czK—a> : (S4.7)

where a; = inf er, {—p"(y)} > 0 is a finite positive constant, and the last

inequality follows from ([S4.6|). By choosing

2aC'
Oy > a 1771’

ai

we can obtain that

Gi(\) < Gi(Ax), A€ oAg .

In light of the continuity of G7, there is a local maximum of G} in the
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interior of Ag. On the other hand, G7 is a strictly concave function with a

unique global maximum point A}, therefore we can claim

N €A%, de [N — Mgl < CaK (S4.8)

By Mean Value Theorem, for large enough K, there exists £*(x) lying be-
tween (\i ) ug(x) and A\jug(z), which implies £*(x) € Ty, such that for

any r € X,

|0 (Ageur () = o' (Vi) Tuk ()] (54.9)
= 1p"(€" (@) [Nk (z) — () "uk (@)

< =" (§ (@)l = Akl ()] < axC2K7C(K) |

where as = sup —p”(y) < co. Therefore,
v€l'y

1

sup 1 = #0) uK<x>>\ (34.10)
1 / T / T / * \ T
—sup | i = Oanle) + ¢ () = ()Tl
1 / T / T / * \ T
< sup i —p(AKuK«c))\ +sup ! O\ () = (40 Tur)

S aC’lK_a + QQCQK_(XC(K)

< (aCy + axCo) K~¢(K) = O (C(K)K™)
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where the second inequality follows from (S4.4), (S4.5) and (S4.9).

Similarly, by (S4.4)), (S4.5)), (S4.8) and the fact E[ux (X)ux(X)'] = Ik,

we can deduce that

/ |£(1le) " = wic (1]2)[* dFx ()

<2/ ’f 1)~ = /\KUK( ))FdFX(;E)—FQ/ ‘p’ )\;r{uK(z)> -0 <()\’;<)TuK(z)>‘2dFX(x)

<2 sup [£(110)7" =o' (Neure @) +2- [ 10€ @) [0 = Xie) Ture () PP (o)
rzeX

<2 sup |f(1fe) ! = ' (Aflum))\ 250 [ (€ @) - (e = Xi) T [ usc(@duc (@) dFx (@) (e = A
zeEX reX X

=2 sup [ (112) 7! = ' (Meurc(@))[| +2 sup "€ @) - A = Akl
reX TEX

—O(K~2%) + O(1) - O(K~2%) = O(K~2%) .
We can also obtain

|FLX0) ™ = wie (1)

2|~
,Mz

-
Il
—

> |raix) " = (Veure ()| + 3
i=1

IA
Z[w
M=

s
Il
i

o (V@) — o (i) Tur(x0) |

N
[ra1x) 7 = 5 (Ve (X)) [+ 2 [0 (€ @) O = Aidur (X[

i=1

Mz

Z|w

.
Il
—

nggg\f(uz)—lfp’(ALuK(x))fH:gg\p'( € @) (k= N { Zux x)T }(AKA};)
2 N
<2 sup [£(110)7" = ¢ (ux (@) +2gggp"<5*<x>>|ﬂmx{ §UK(X)UK(X)T}||/\K Akl

—O(K %) 4+ 0(1) - Op(1) - O(K~2) = Op(K~27) ,

where A\pax(A) denotes the largest eigenvalue of a matrix A; the second

equality follows from Chebyshev’s inequality and the following facts

1
Elll=
[N

N
Z ur (Xi)ur (Xi) " — Elux (X)uk (X) ']

] (S4.11)
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N [H%(X)uK(X)T - E[uK<X>uK<X>T1H2]

:%]E [ir s (XD () T (X ure (%) ] — %tr [Efur (X)ux (X)) Blux (X)ux (X) 7]}
<R [ux ()17 = P 0,

and E [uK(X)uK(X)T} = Ik. H

S4.2 Lemma

Lemma 2. Under Assumptions[1{f, we have

. . K
I = Xl :op< N) ,

sup [k (1]z) — wi(1lz)| = O, (C(K) %) ;

reX

[ toxtlo) - wico)Parte) = 0, ()

1L . ) K
T X0 — wi X = 0, ()
=1
and
) K
Hﬁx—ﬁ}}H:Op( N) :
) . K
sup [ g (0z) — wi(0lz)| = O, (C(K) N) :
xeX

| totl) ~ witolo) i) = 0, ()
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1 K
T 01X~ i 0P =0, ()

=1

and

) i} . K
Y& — vkl = Op (K +1/ N) :

sup |dxc(z) — dic(2)| = O, (C(K)K_“ +¢(K) 5) :

Proof. We first prove

N . K
Ak = Xicll = 0, (x/ﬁ> ,

sup [ (1]x) — wi (1|z)] = Oy (C(K) 5) )

reX

[ totile) — wiilo)Pare) = 0, ()
%ém(u&) —wi (X2 = 0, (%) .

Define

~

N
1
Sy = N ;ZiuK(Xi)uK(Xi)T ;
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obviously Sy is a symmetric matrix and E[Sy] = E[f (1| X )ux(X)ug(X))].
We have
5 s~ - [ramuccouteo] ]

= tr (B[S Sw] - 2EISNELF(1X)ux (X)uf (X)] + ELF (11X ux (X)ug COJELF(1 X ux (X)ug (X)])

( { ZZQUK D (Xi)uge (Xa)uge (Xi)

N

1

+E{N2 N ZiZjure(Xoyuk (Xoug (X;)uk (X))
i,j=1,i#]

—E[f(1[X)uxk (X)UE(X)]JE[f(llX)uK(X)u}(X)}>

= SR )ure () Ture (X (X) Ture (X)] = e (B s (Ouf (0] EF (11X s (X)u (X))

SC(K)2% : (S4.12)

where the last inequality follows from the facts sup,cy ||ux(z)|| < ((K),

0< f(llz) < 1 and E[up(X)ug(X)] = K.

Consider the event set
*\T & * * \ T T 1 * *
Enog, = {()\ — M) TN = Ae) > (A — Afe) (E[f(1|X)uK(X)uK(X)] - ﬁIK) A= Nic), A # AK} :
By Chebyshev’s inequality and (S4.12)) and Assumption |§| we have

(0= 450 T8O = ) = (= X TELF 1 (X ()]

1
> A= ARl A £ )
m

An2[x— A% ||4IE[HSN E [f1X)ur (X)ug (X)] H] A2C(K)K
< EESE ST

which implies that for any € > 0, there exists Ny(e) € N such that N >

No(e) large enough

P((Enm)) < (S4.13)

[NRINe
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Note that A} is the unique maximizer of G7(\), which implies
(G1) (X)) = E[(Zp (X)) "ur (X)) = Dug (X)) =0
Then we have that for sufficiently large K:

E[[|G5 (X I”] = E[GE (M) TG (AR

—% D E[(Zip (Vo) Tukc (X)) = 1)%ure(X5) T (X5)]

i=1

+ % D E[(Zip (M) Turc(X3)) = Dure(Xo) T+ (Zp (Vo) Tuc (X)) — Dure (X))

i#]
1 ! * \ T 2 T N—-1
= CEI(Z0/ (%) T (X)) — e (X) e ()] + 2t 0
1 K
gchE[uK(X)TuK(X)] = Cfﬁ : (S4.14)
where C} := max {1, sup (p'(v) — 1)2} < +o00 .
vel
Let € > 0, fix C5(¢) > 0 (to be chosen later) and define
i . ) K

For VA € A k(€), x € X, and sufficiently large N, by Assumption @ (1S4.5))
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and (S4.8)) we have

AT (@) = (Vi) " (@)] < A = Nicllllu (@) < Cs(e) \f C(K
= A lu(@) € [(A})Tuz«(x) - Cs(e>c4<(K)@, (Vi) "usc (@) + Cs() Ca (K) ﬂ

(0) 7 H(m) = LK™ — C2K~*((K) — Cs(E)C4C(K)\/%,

C

(P) " (m2) + CLE ™ + C2 K~ “((K) + Cs(€)Cu(K) g} CTIae)

(S4.16)

where

[oe) := [y —1—=Cs(€), 7+ 1+ Cs(e)] ,

is a compact set independent of x.

By Mean Value Theorem, for any A € AAg(e), there exists A on the

line joining A and A} such that
A * * A * 1 * I Y *
Gi(A) = Gi(Xie) + (A = N TG (X) + 5 (0 = M) TETIN A = ) -

For the second order term, when N large enough we have

1

(A= Xi) TGTN (A =A%) = - P (N (X)) (A = i) T (XoJure (Xa) T (A = Ak)

P (N ukc (Xa)) (A = Nie) Ture (Xi)ure (Xi) T (A = i)

Mz uMZ

2‘»—!
<
Il
—

N
< =b(e) 7 D Zih = Ai) Tuk (Xi)ur (Xi) T (A = Ak)

2=
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= —ble)- A= Ai) T Sv(A = Ak, (S4.17)

where —b(e) := sup, cp, o p"(7) < 0o because T's(€) is compact and p” is
a continuous function. Then on the event Ey,, with large enough IV, we

have that for any A € GAK(E),

Gi(N) — Gi (V)

—_

= (A=) TGN + 3 (A= M) TET (A - A)

[\

* A * Z_) * & *
< A= kllEE il = B0 x50 TS - X

< I8 = Al 0l = “E2 0= xie)” (B (X (X0 = 51T ) (0= Xi)
< 1A= Nl 0l = 0= xi0)T (1 = 5T ) O Xi)
< x= Xl (16 030l = 521 xil ) (51.19)

where the first inequality follows from (S4.17]). By Chebyshev’s inequality

and Inequality (S4.14), for sufficiently large NV,

Lo = X i) < o

€
_ — S4.19
n peeg Sz G419

4 2
the last inequality holds by choosing C5(€) > %\/j . Therefore, for suffi-
)V e

ciently large N, by (S4.13)) and (S4.19) we have that

1 * b(e *
P ((ENm)C or G () = 2D - AKH) <

+
47’]1

€
_:6
2

DO ™
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=P (ENM and |G (A% < T—;)H)\ - /\}H) S1—e. (S4.20)
1

Then by (S4.18) and (S4.20)), we get

P{G1(\) — G1(N\i) <0, VA€ A} > 1 —€,

for sufficiently large N. Note that the event set {G1(\%) > G1()\), VA €
dAk(€)} implies that there exists a local maximum point in the interior of
Ak(€). On the other hand, G} is strictly concave function and Ak is the

unique global maximum point of G, then we get
i (XK c [\K(e)> 1, (S4.21)

1.e.

. . K
Ak = il = 0, (x/ﬁ> -

We next show that sup,.y |Wk(1|z) — wi(1]z)] = O, (C(K}wK/N).

By Mean Value Theorem, we can have

(1)) = wic(12) = o' (Aurc(@)) = o' (i) Turc()

= ¢ (Meux@)) O = 3i0) Tl
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where Ag lies on the line joining Ak and Aj. From (54.21) and (S4.16)), we

have

o (x;uK(x)> ) = 0,(1) , (S4.22)

reX

therefore, we can obtain that

. i K
sup [ibxe(12) — wic (1)) < sup | (M (@) |- se = Acll - sup usc(@)] = Oy <<(K> N>.
reX TEX

(S4.23)

Then we show [, [wg(1|z) — wic(1]z)|*dFx(z) = O, (K/N). By Mean

Value Theorem, (S4.22)), and the fact E [ug (X )ux(X)"] = Ik, we have

/X o (1) — wie (1)) PdFx (x)

= . P’ (X}UK(JU)) : (5\K — X5) Tug (2) ’ dFx(x)
reX 4 (:\IEUK(SE)) " (e = Xi) " /;(UK(x)UK<$>Tde(ZL’) Ak — i)
sup | (Mo (@) [ I = il

om0, (%) ~0,(£) 28

Similarly, we obtain that

N
Z r(11X3) — wie (LX)
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1 N
%2

1=

" (R (30)) - (e = ) T ()

2

<sup ‘p” (:\IT(UK(I))‘ Mg — X)) {% iuK(Xi)uK(Xi)T} (A — )

reX

< sup
TeEX

N
~ 2 . . 1
o (Meuscl@) )| s = Nicl2 - A {N Zw(Xi)uK(Xi)T}
=1

<0,(1)-0, (%) L0,(1) =0, (%) | (84.25)

Symmetrically, we have

A K
HEK - 5;<|| = Op (\/;) )

sup [ (0|z) — wi (0]z)| = O, <C(K) 5) ;

zeEX

|t - wiolo) i) = 0, (57 )

N
N
1 ~ * 2 K
7 1 01%) ~wic 0 = 0, (1) -

Next, we prove ||[yx — 7kl = O, <K“" + \/K/N). This proof can
be established by using a similar argument for showing [|Ax — Ai| =

O, (\/ K/N > The whole proof works in parallel with minor modifications
that we need to recompute the probability order of |H’(v%)|| as what we

have done in (S4.14)). Note that

1 (i)
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- ;jﬁ;p;(m{) ur (Xi))ux (X Ni Di{Zi -k (11X3) — (1 = Zi) - Wi (01 X:) } uk (X5)
< §§p1<<va>TUK<Xi>>uK<Xi>—}Via{ o T () (54.26)
n Zbéa ’{f(1|1X¢) —wK(1|XZ)}uK(Xl) (54.27)

For the term (S4.26)), we have that for some finite constant C' > 0,

E [|E129)*] =

2|~

E |:(p/1((7;<)TuK(X)) - D{f(lz\x) N fl(()_\)f) })2 |UK(X)|2]

E1iet

K * *
< EB[|lux (X)|?] = N (the cross terms are zero since since (H")'(vi) = 0)

which implies (S1.26) = O, (\/K/N). For the term (S4.27), by Cauchy-

Schwartz’ inequality we can deduce that

-1
Bz = { ZDH[W (110 e ()T }{ ZuK )T}
1 2
’ NZ“K(XJ')“K(X]')T
Jj=1
| N L,
.{N;UK(XZ‘)’U«K(X'L)} { ;DZZ [f(1|X) (1|Xi)] UK(Xi)}
1 .
S)\max N Z uK(Xl)U/K(Xl)
i=1
{1§:DZ[ ! Iy (1|X)] (X)T}{li (X;) (X)T}_l
= iZi | o~ — WK )| v (X; il wie (X3 uge (X;
N i=1 f(1|Xz) N ot
1 X
: {N ZuK(Xj)uK(Xj)T}
Jj=1
1 -t 1 N 1
. {N ;uK(xi)uK(xi)} { >z, [y o] uK(XZ.)}
1 N 1 N R
T <N ZuK(Xi)uK(Xi)T> T 2 PN (X5) P (X5)
i=1 =
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IS _ R AT U N s DR b
<Amax <N;UK(X,)UK(XZ)> N;{Dzzl {f(l\Xi) wK(l\Xl)”
1 & 1 & 1 X 2
<Amax (NZuK(Xi)uK(Xi)T) 5 S {m 77UK(1‘X1‘)}

i=1 j=1

<0p(1) - {O(K‘Qa) +Op (%)} (by Lemmas [1] and [2)

—ZQ K
<0, (K 2 +N) .
where A\jpax (N‘1 Zf\il uK(Xi)uK(Xi)T> denotes the largest eigenvalue of
the positive definite matrix N1 Zfil ug (Xi)ug(X;)", which is bounded

with probability approaching to one; the second equality follows from the

definition

N

Py (X;) = {]{7 Z;DiZ,- {ﬁ - wK(1|Xi):| UK(Xi)T} {;] ;UK(Xi)uK(Xi)T} uk (X;)

1=

and Py (X) is the ordinary least squares (OLS) regression of D, Z; [m — p(Xj)
on ug(Xj;), then the second inequality follows from the geometric property

of OLS:

%éPN(Xj)ﬁN(Xj) < %i {DZZ,- {ﬁ - wK(1|Xi)} }2 .

Therefore, we have that

o K
(S1.27) = O, (K ﬂ/N).
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Similarly, |(S4.28)| = O, (K“‘ + %) Therefore, we deduce

Tl % —« K
[ (vie )| < [(54.26)[ + [(54.27)[ + [(54.28)| = O, (K +1/ N) :

Following the same argument as showing || Ax — i || = O, (« / %), we can

obtain |45 7|l = O, (K~ + \/%) Similar to obtain (52.23), (54.24),

and (S4.25)), we obtain

sup |dic(z) — dje(z)] = O, (C(K)K_a +C(K) %) ’

i (z) — & (2)2dFx () = O, (K—Za + %) ,

Using Lemmas [1} 2] and triangular inequality, we get the proof of the

proposition.

S5 Proof of Theorem 2

It suffices to show that the influence function of v/ N(7 — 7) is the same as
the efficient influence function developed in Wang and Tchetgen Tchetgen

(2018). We do some preliminary before the formal proof. Note that A
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solves the following equation:

N |
2:: ()‘KUK )) i - N Z::
By Mean Value Theorem, we have

N
- Zzzp ( ) Tuk (X; )) (X)) — — ZuK - —% S Zip” (X}uK(xi)) ure (X )ug (X)) T Qg — Nig)
=1

i=1

where A lies on the line joining A} and Ax. Thus

{ Z X‘ uK( ) (X ——ZuK } )
(S5.29)

Define p} (X) := E[Y|Z = 1, X], p¥ (X) := E[Y|Z = 0, X], and 6" (X) :=

pY(X) — py (X). We also introduce the following notations:
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and

Qr(X) = VX lug(X)

_ p{(l’) x /1 * TU Nuwr(z T
W= = [ B ) (i) ) (@)aPx ).

S =E[fQ1X)p" (V) Ture (X)) Jug (X)ur(X) "]

It should be noted that Qx (X) is the weighted L? projection of —pY (X) /6 (X)

on the space spanned by ug(X).

Note that

ZZwK XY dic(X0) ~ e (12010 i i (X0).

\/N(f'—T) \/N

%\H

We shall derive the influence function of % SOV Zibg (11X,)Y3/dge (X)),
and similarly obtain that of \/—% SOV (1 — Z)g (0] X;)Y;/dk (X;). We can
decompose \/LN Zf\il Zin(l‘Xi)Y;/CiK(Xi) as follows

N
3 Zutue (X0 /e (X0)
=1
1 Lz a
ziN;dK(X){wK(HX)fwK(HX Y; — Z ot (1) - K (1[Xi)}Yi (S5.30)
+L§: Zi = (1]1X,)Y, Z L (11X,)Y; (55.31)
Ni= dAK(Xi) Z \F 5D o .
+1N;{6Df)(w;<(1x) wic (1X)) Y; — /’Wmuw—w;(ux))wx(w}

(S5.32)
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1 X . _ 1 zZ:Y; pY (X) . 1
* NX;{ (wie1%0 - 7755 5oy & | B 010 (wieai) - f(lX))] }
(S5.33)
p (X) . 1
+VNE [5}3()( FAX) (wK(llX)— f(llX))} (S5.34)
+f/ F(U[2) (@ (1) — wi (1)) dFx ( )—if[z (V) T (X)) — 110k (X2)
$) TIWEK T ’U)K xX x (T \/71 . P K UK K
(S5.35)
1 N
7 212 () Turc (X)) = Qi (X0) = Qe (X)) (55.36)
=1
N
_— 3T, _ P (X) Z; _
\FZ:{ ((Ak) ux(Xe)) — QK (X:) + 5D (X )(f(l\Xi) 1)} (S5.37)
% p}/(Xi) Zi
WZ{ 1\X 6D(X) 5D (X,) (f(llX@-) 1) ' (85.38)

We claim the following two lemmas, and their proofs are left in Sections

[S5.1l and S5.2

Lemma 3. Under Assumptions [1}]6, the terms (S5.30), (S5.32), (S5.33),
(S5.34), ((S5.35)), (S5.36) and (S5.37) are of 0,(1)

Lemma 4. Under Assumptions -@ the term (S5.31)) has the following

asymptotically equivalent linear expression

_ 2Z; — 1 ply(Xi) 22 —1 CEIDi|Zi, Xi) v oy
&30 = \FZ FZIX) 3P (X, \Fzé fzixy P e

Using Lemmas 3| and [4, we have the following asymptotically equivalent
. . N ~ 7
linear expression for \/LN Yoini Ziwg (11X;)Yi/dg (X5):

f: Zitbre (11 X:) Y fdic (X (85.39)

i{ X )—f;’}igji (f(lz&o‘l)}

ﬂ\
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1- 1 22—1 E[D;|Z:, X
fz T 305 v Ptk L (X +o,(1).

Symmetrically, we can also obtain

D) (01X:)Yi/dr (Xi)

(S5.40)

- 3~
Mz H'Mz

,{ PRI pOY(Xi)<1<_Zi 1>}

3P (X:) \FOIX:)
\FZD e ol fz Ll

FZX) 'PB)/(Xi) +op(1) .
By combining (S5.39)and (S5.40)), we can deduce that

\/N(%—T

1

N 1
NZ

fZ{ 1|X>n_(1_zi)wf<(1xi>n_7}
2 [6D(X (Z~|X~>Y1"T}

1

\}ZIE[Y\Z_I X]{ (Zi } \ﬁZE[Y‘Z_OX]{ (0|Z)*1}

P (X FaX;)

X
1 N 2Zi—-1 Dy 2Z; -1 E[D4|Z;, X;] o since 8V (X)
\FZ‘S(X”{ TR TR sty ) e [see 00 = 55|
27; 1 Y N
\ﬁziyg i Yo D6<X>1+Wza NZT
1 Zi EY|Z_1X (1—2:)-E[Y;|Z; = 0, X;]
\/>Z D (X3) f(Z:]X5) Z 6P (X;) f(Zi| X:)
1 Zi - ED\Z_I Xi] 1 L (1 2)-E[Ds|Z; =0, X ‘
Z X)F(ZIX) (Xi)’ﬁl DrZixy e
2Z; — 1 1 Y 1
fzaDXWZ\X)[Y Do WZ(S Tva
1 (22—1) E[Yi|Z: =0,X:] 1 Z; Y|Z_0X]
Z Xi)f(ZilXs) NZ P (X)) f(Zi1X5)
Zi - EY|Z =1,X;]

1 (zz 1) B[, X
X F(Zi]%,) \FZ B ZiXy ) o)

—1
(Z X5 {Y — Did(X;) — E[Y;|Z; = O,Xi]}

HMZ ﬂ‘

1 & 1 Y
+ﬁ;5(xi)fﬁgf
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N N
1 v LG~ (22— 1) BDiZ, X
f? sy o9 f; DXzl T o)
N 1 XN 1 X
; 7){ NPT {Y — D;8(X;) — E[Yi|Z; = 0, Xi]} + N ;&Xi) i ;T
1 Y 2Z; — 1 ; Y (X
T Z:: Wé(){i) {E[Di|Zi,Xi] - — §D(X¢)} +op(1) [note (X)) = 5DEX;}
1 & 2z, 1 N
7275 (X)f(Z‘X){Y D6(X)—E[Y\Z_0X]}+ﬁ;5()( N;T
1 & 27; — 1
+ i ; W&(Xi){zi E[D;|Z; =1, X;] + (1 — Z;) - E[D;| Z; = 0, X]
_ Z
_ Zi(SD(Xi)} +o0p(1) {smce [O2=) = Z]
N N N
\/»EW{%—Dﬁ(X})—E[Yz‘\Zi=0,Xi]} Z:: ﬁgr
N

+ﬁ2m (Xi) - E[Di|Z; = 0, Xi]

Z

1
\/N Zﬁpeff(DuZzaXuY) +OP(1)
=1

where

207, —1 1

Ceff(Di, Ziy X3, Y5) :f(Zi|Xi) 50 (X,)

{Yi — D;o(X;) —E[Y;|Z; =0, X]]

+E[D;|Z; = O,Xi](S(Xi)} +0(X;) — 7,

is the efficient influence function developed in|Wang and T'chetgen T'chetgen

(2018).
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S5.1 Proof of Lemma

For term (S5.30). By Proposition , Lemma Assumptions 1| and |§|, we
deduce that

L 80 =k (X)] ey ) 1y

Ssaogm; e ()87 (X, ldr (11 X:) = wic (11 X3)] - Y]
VR S a0 — il | 23 ) - waie . —VE
- N TN T de (X)aP (X))

For term (S5.32)). Using Mean Value Theorem twice, we can decompose
(1S5.32)) as follows

EHO
x 60 (x)

) =3 LD%Q)YZ' " (Nur (Xa)ug (Xi) T

F()p" N ur (x))ug (z) T dFx (w)] (Ax — Xx)
py ()

- /. 5D(x)f(lIx)p”((/\%)TUK(x))uK(x)TdFX(x)

1 Y Z;
:{ [zSD(X-)Yip”((A%)TUK(Xi))UK(Xi)T

=1
1 = Z; 111 5 x\T T
+ﬁ;mnp (&3(Xa)) Ak — Ak)  uk (Xi)uk (X5)

i (2)
x 60 (x)

Fl)p" (€3(2) A — Nio) Tur (@)uk (@) TdFx (1‘)}(5\1( - k)

= Wik + Wag + War) T (Ax — Ni)

P} (2)

x 6D (2) f(1|x)pll((>\}‘()7uK($))uK(x)dFX(z)

W= \/% 2 LD%@-)m”(u;)TuK(Xi))uK(Xi) -
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N
Wag = \/% LZ: f X)) Yip" (€3(Xi))ur (Xi)ur (Xi) T | Ak — N¢)
)

Wik = — \ﬁ/ Fa)p" (€3 (@) uk (2)ur (2) TdFx (2) Ak — )

where A lies on the line joining A% and Mg, &(z) lies between ALug (z)

and (\3) Tug ().

Consider Wik, for large enough K we have

E[|Wik|?] = E [tr (WJKWM)} ) {

(X) 7 * T T ) p}/(X)
E|:5D( X) FAX)p" (Mk) uK(X))uK(X)] ]E{ f(

(
< B | gl X0 () T (X)) () e ()|

< sup 5O B | S5l (1P < sup O B | s | €% < 0t

where the last inequality holds because of the fact E [ 5D X)2] =K [%} <

niE [aD(X)4] < 0o by Assumption . Therefore,

Wik || = Op(C(K)) - (S5.41)

Next, we calculate the stochastic order of Wo.

N
1
<
([Wak]l < ~ ;:1

%‘ 10" (3 (X)) - Hlur (X1 - [ A — Akl

N
< sup "€t 3 |t

N
Z llure (X1 | Ak = Akell
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reX

N
<O0p(1) - VN - 0 (1) - sup |Jus (= \j Z luk (X:)|2 - O (\/m)

<0,(1) - VN - Op(1) - {(K) - Op(VE) - Oy

Yy

K/N) -0, (KC(K)) ,  (S5.42)

where the third inequality follows from the fact that sup,c |p" (&3(2))] =

O,(1), Assumption [I] and Lemma [2]

Finally, we consider Wi,

[ £ B s yunte) )

< [ st |FEE] 10" @) (ot )
<0, [ B fuo)uc(o) (o)

W) N

\/ / e de<a:>\/ [ lucoyun@)T s (o)

where the second inequality follows from the fact that |p"(&5(2))| = O,(1),

and the last inequality follows from that

/X s (&) age () |2 F () = /X b (uuge (2)1age () T (@) (2) T dFx (2) < (KK

Note that Ag lies on the line joining Ax and X%, by Lemma A — i || =
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| K
O, ( N) , then we can deduce

IWax || = VNO, (VEC(K)) O, (ﬁ) = Oy(C(K)K) . (35.43)

Therefore, by Lemmal[2] (S5.41)), (S5.42), (S5.43), (S5.42), and Assump-

tion [6], we can obtain that

1(55:32)| <(IWik|l + IWak || + [War )| A& — Nicl|

—0,(C(K) + KC(K) + K((K)) - O, (@) -0, (<<K> %) .

For term (S5.33). The second moment of ((S5.33)) is

S -3 [{ (oo ) ol B0 (w00~ )]
SE[{(MX )

<sup (wK 1jz) — )
reX 1|£E

=0(¢(K)* - K~**)-0(1) = O(¢(K)* - K ),

where the second equality follows from Lemma [l and Assumption [T}
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For term (S5.34). By Lemma , Assumptions [1| and |§|, we can derive

3B = Ve S5 00 (w1~ 77 )|

(s500- 7757) |

<VN-01)-0(K™*)=0(NK™) .

-E

N

2

1 (X)
PX)

3

<V'NE

(=%

For term (S5.35). By Mean Value Theorem and ([S5.29), we can have

VI [ EEE o) o (1le) = wic(1o)dFx (o) (5.4
= VW [ B o) Gl o) R () B = 35
= — VN (Ag = A)
= = 12 (650 T (X)) — DEEE R ue(X)
= = > 12 () (X)) — QX))

then (S5.35)) is identically equal to zero.

For term (S5.36]). Note that (S5.36)) can be rewritten as

\/_1N Z[Zipl((A})TuK(Xi)) —1(Qx(X:) — Qx(X)))
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%N D 12 (Nie) Tause (X)) = (TS — Wiy e (Xo)

= (VS5 — VS VNG (A%)
= (Ug — V) 'S IVNG (V) + V(S5 — SOVNG, (V) - (S5.45)
Consider the first term, by (S4.14])) and Chebyshev’s inequality, we get

uéawauzop( %) . ($5.16)

By Mean Value Theorem we deduce that

b= e == [ ZD 04 () — 9050w o)

_ Wak
VN '
. 1 .
Note that /\mm(Z[}l) = ————— < 0 and A\pax(Xk) is bounded away
)\max(zK)
from zero with probability approaching to 1, we have [Amm(X%1)| = O,(1).

Therefore, together with ((S5.43)) and (S5.46)), we have

(T — Ug) TSV NG (A (S5.47)

< l(War) "SRG ()

2 X
= \/WSTK <Ef<1> Wik - |G|
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< VR EWilLioxacWae - 1GL O
K K3
< 0,(10,(C(K)K)O, (\/ N) -0, <<<K> W) .
Similarly, for the second term in ([S5.45)), we can deduce that

Uk (Ex - S )VNGI(AK)| (S5.48)
=VN|Gi(\) S (B — Sk S Uk

VNG k] - 18K (Bx — Sx) Sk |

Nl=

=VNIG O k] - tr (SF (Ex = S0)Tx Sk (Sx - Sr) S

[N

=VNIGE QN k] - tr (SE S5 (S = S0)SK S (S - £i0))

[NIE

~ 1 ~ ~ ~ ~
SYNIG OGN 12k - Panas (B ER]? - 11 (S = £085 £ (B — Eic))

[NE
[NE

=VN|IGL - 1k - [Amax (SK K] * - tr (ERIERI(EK - 3K)(Sk - iK))

Nl=
Nl=

~ 1 ~ ~
SVN[IGE - I [Amax (B B[ - | Amax (S £

“tr ((ZK - 3K)(Ek — EK))

=VNIGE R I Pain( )] - Ponin (B3| - [Brc = S|

where the second and third inequalities follow from the fact that tr(AB) <

Amax (B)tr(A) for any symmetric B and positive semidefinite matrix A.

Consider HEK — iK” Using Mean Value Theorem and triangle in-

equality, we can obtain that

HZK B EKH (S5.49)

N
< |B [FO108" () Tuse (O (0)ure ()] = 5 D7 Zep" (i) T (X0 (X Juae (X:) T

i=1
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+ 3 20 O (X (X T (e = Xi) e ()
<0, ( w05 + )

For the last item in the above expression, we can deduce that

*Z Zip" (€a(Xa))ur (Xi)ur (X:) T - (A = Ak) Turc (Xo)
N

2
HZZ " (a(Xi))ur (Xi)ur (Xi) T - A = i) Tukc (X0)

2

Z{zlp"'(@(x Duuse (X2) (s = Ni) Ture (X3) e (X0) T
i=1

—1

|
/—TH
Z| =
Mz

<
1
—

{Zz‘p”’(&(Xi))uK(Xz‘)(S\K *A%)TUK(Xi)}uK(X [ ZUK (Xi)uk (Xi) ]

=1

2
ug (Xi)ug (Xi)T]

<
Il
—

2=
M=

<
1
-

2|
M=

ure (Xi)ux (Xi)T] - % > unc(X0) { Zip" (€0 (X)) urc (X)) T e = Ajo) Turc(X0) }
=1

MHz

<Amax (N uK(Xl)uK(XZ)T>

N N -1
tr{ . Z{ Zip"" (€a(Xa))ure (Xi) Ak — A})TUK(Xi)}uK(Xi)T' l:]quK(Xi)uK(Xi)T:l
=1

=1

.
Il
-

1 & -
: N;’MK(XJ')UK(XJ')

1 N N B
[NZUK(Xi)UK(Xi)T] N; X){Zm’"(@(xi))uk(Xi)T(AKA})Tuz«m)}}

k(X)) Lr(X;)T

HMZ

N
ZEK(XJ')EK(XJ-)T} , (S5.50)

—1

N
Z{Z P (Ea(Xa)ur (Xi) A — M) Turc (X )}UK(X : [;[ Z“K(Xi)UK(Xi)T] ug (X;)
=1

is the OLS estimator of {Zip"'(@(xj))w(xj)(xK - A;()TUK(XJ.)} on the
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basis ux (X;), then it follows that

21N
2SS PY

{ ZLK (X;) Lk X)T}— ZHL

2
Zi" (€a(X;))ure (X5) Ok = Nje) Turc (X;)||

N
< Sup " (€a(@))| - C(K)? - (A — N) { ZUK (Xj)ur(X;)T }(:\K — k)

1

N 4

§521;|P”/(E4(90))'C(K)2'|5\K_/\;<||2'>‘ma>({ Zw(X Jurc (X;) " }
x j=1

<0p(1) - ¢(K)%- 0, (%) -0p(1) = Oy (C(K)Qﬁ) (by Lemma ; . (S5.51)

Therefore, by combining (S5.49)), (S5.50) and (S5.51)), we obtain that

HzK - EKH -0, (g(K) %) . (S5.52)

We next compute the order of U = —E [?gg; f(l|X)p”((/\})TuK(X))uK(X)] .

By using the similar argument of obtaining (S4.6[), we can deduce that

1912 = [ P55 AL (00 (X ()7 B [ P30 (3) e (0 ()]
—E {gigiﬂuxw”(um e (e (07| B [ (0 ()7
E [ure(X)ure(X)]
B [ure(X)ux (X)"] g {uK(X)IgiEﬁ;f(l‘X)p”(()\f;{)TuK(X))]
- {]E [?Eg;f(1|X)p”((AK)TUK(X))uK(X) } E[“K(X)UK(X)T}IuK(X)}T
<E {f;’igif(lX)p”«x;aTuK(X))ﬂ

<0(1), (S5.53)
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where the first inequality follows from the fact that

g [PL(X)

(SD(X)f(l|X)p”(()‘*K)TuK(X>)uK(X)T -E [uK(X)uK(X)Trl ur(X)

f;}ig;f(1|X)p”((/\})TuK(X)) on the space spanned

is the L2-projection of

by u(X). Combining (S5.48)), (S5.52)), and (S5.53) we can obtain

IR - SVNG0i)l = VRO, (ﬁ) 00,10, <<<K> %)
-0, <<<K> %) ,

then together with ((S5.47) and Assumption @ we have
1 a / * \ T A
Wi D 12 (Vi) Tuc (X)) = Qi (X3) — Qi (X))
i=1

o ) 0 ey ) <o ()

For term (S5.37): Note that

1 (X)

1oy \T . b1 . ’
B | (126050 u (X)) ~ 1Qu ) + 1557 (2 f(1|X)))]

=2k FX)

(p’((A}})TuK(X))— 1 )ZZ2QK(X)2]
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+2-KE

(Fo) + @) gt = Fab) ] |

Consider the first term, by ([S4.10) we have

1Nk \T o1 2: 2 7o —2a
sup (0 Tur(o) = 77 ) = O (SRR ™)

Note that Qx(X) can be written as follows:

Qx(X) = Ajug(X)

where Ak is defined by

v 2
Ak =arg min B | F(11X) (=p” ((A0) T uxe (X)) ) {g;g; - ATuK(X)} }

— Y
=—E [£1X)p" (i) T (X)) s (X )urc (X) 7] 'E [uK(X)f(llX)p” (i) T uk (X)) g},gﬂ :

Thus Qg (X) is the weighted L2-projection of —p} (X)/6P(X) on the space
spanned by ux(X). By definition and Assumption {4 we have that for any
A c RE,

E {gigg +QK(X)}2:|
g | (_”” ((A* )T“K(X))) (X)) T 2
- [f(1|X) (*p” ((/\K)TUK(X))) {5D(X) - AKUK(X)}
1

<m:-—— - E
infyer, |07 ()]

1
<m:-——+—"E
infyer, [p”(7)]
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SWPner PO PP (0 Ty 2
=M Wher, 107 ()] E{{W(X) . K(X)}]'

Taking infimum over A in the above expression yields:

o1 (X) Gl B 3 (e DR
E |:{ §D(X) +QK(X)} :| <m inf'yel‘l |P”(’Y)| AERPK]E |:{ A K(X)} :|

=O(K?). (S5.54)
Then by Lemma [T} Assumption [6] and above result, we obtain that

E ([Zp'((/\})TuK(X))*1]QK(X)+A(Z*J”(1|X)) }

1
f(tz)
1
f(tz)

) ‘E[Qx(X)*] +2ni -E

<2-sup <p,(()\*K)TUK(x)) -

TeEX

<2 sup (P’((A})Tw(x)) - ) ‘E [Qx(X)*] +2ni - E

TEX

=0 (K )+ O(K ) = O(K*%),

which implies (55.37) is of O,(K~%) by Chebyshev’s inequality.

Combining all all orders together and using Assumption [6, we can ob-

tain that

(55.30) + (55.32) + (55.33) + (55.34) + (55.35) + (55.36) + (55.37)

= {o,, (cx)k=*%) 10, <<(K)\/ Ifj) } +0p (r;(K)\/ Ifj) +O(C(K)? - K72)
K3
+O(VNK™®) +0+0p (cum/?) + O0p(K™%) = 0p(1) -
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Therefore, we can obtain that

%N >~ Zitoie (11 X))/ dx(X,)

1 & 7Y,
S {f<1|Xi>6D<Xi> -

S5.2 Proof of Lemma

Note that

VN < die(X:)0P(X;) F(1]X)
n 1 i ) 0P (XG) - dr(X;) _0P(XG) - dr (X)) Y;
VNS dr(X0)6P(X) 0P (X;)? FX)
(S5.56)

=~ [0P(X) —de(X) | Y
* Zzi{ 37X }f<1|xi>' (55:57)

i=1

il
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We first prove that ((S5.55)) and (S5.56) are of 0,(1).

For the term (S5.55). Using Cauchy-Schwartz’s inequality, Lemmas
and [2] and Assumption [0 we can deduce that

|(55.:53)| <—Z\5 Xl | wie (1X5) = 7 T (X097 (X0
<VN sup |wik (1|z) — ! . iiMD(X‘)—CZK(X‘)P' ii $2
=V R K ffe)| \ N = ' ' N = dre(X:)6P (X)

S\/N . O(C(K)Kia) ' OT—’ <Ka + \/5) ' Op(l)

=0, (VNC(K)K %) + 0 (C(K)K "3 ) = 0,(1) .

For the term (S5.56). Using Lemma , Cauchy-Schwartz’s inequality,

Assumptions [T ] and [6], we can deduce that

1 sD(Y _g NES 1 . |YZ|
. o, 1 1 Y;
SV - - sup |07 (x) — dic()[ {NZI (X)) |5D|(X|i)l2}

reX
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For the term (S5.57). Similar to the definition of Q(X) and Qg (X)

in P.19, we define the following notation

D _ 17102 T p}/(z) T N ) AT B
Ric () = | [ ot Gleuse @) fi ke @ )| | = 37 o (s (X0 wie (X (X0 | (X

=1

Y
Ric(X) = [ [ i T u ) Bk @ar (o)

where Ry (X) is the weighted L? projection of —5D((XX))2 on the space

spanned by ug(X), Yk lies on the line joining 45 and v} such that the

following Mean Value Theorem holds:

S ) T () — 3Dy Zetow 11X (1~ 201X X)

=1

- %ZP'1(?}UK(Xi))UK(Xi)UK(Xi)TWK ~7x) -

We can decompose ((S5.57)) as follows:

2

1 Y;
7 2 Ze{die (X0 =87 (X0} 55

i=1

_ 1 KA B (X)) = o () T (X)) } s - Y (@)
—Tﬁizl{ DX X ZiY; - /X {h Glurc (@) = oA (i) Turc (2) 55@)2””9”)}
(85.58)
1 X Z;Y; (X)
N;{{ (Vi) T (X3)) = 67 (X3) DX Xs) I:{pl('YK) ur (X)) = §7(X) 6D(X)2:|}
(85.59)
+VNE [{pa«vf{)%m ) — 60 )}5D(X)2} (S5.60)

Y x
+\/1N{/X{p’1(ﬁ<ux(x))p’l((’v}})TuK(x)) ;5(;))2%)((9;)
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%ﬁ > [P (5 Tuse (X)) = Dl Zi - (11X0) = (1 = Zi)ibge (01X0)} RK<X1->}

-
-

(S5.61)

N
2 D [0 T (X0)) = Dl Ze e (10 = (1 = Z0)ie (0100} - [Ri(X0) = R ()

i=1
(95.62)
N
+ LN > |:D7l {Z; wi(11X;) — (1 — Z)g* (Xi)} — Di{Z; - e (1] X)) — (1 — Zi)'LDK(O|XZ‘)}:| Ric(X:)
i=1
(S5.63)
| X
i {N Z [pll((’y;()TuK(Xi)) = Di{Zi - wi (11X3) — (1 = Zi)q*(Xi)}] - Ri (X;)
i=1
— Dixy_p % 1=Zi ]| P (Xi)
TN ; {5 (X0 =D {f(l\Xi) f(0|Xi)}} 5D(Xi)2} (55.64)
1 & Dy ) Z; 1-2; pY (X;)
VN ; [6 (X0 =D {f(1|Xi) - f(0|Xi)H sD(X;)2 (85.65)

Using the similar argument as for establishing Lemma [3] we can show

that (55.58), (85.59), (55.60), (S5.61), (S5.62), and (S5.64) are of o0,(1);

indeed,
e “Proof of is of 0,(1)” is analogous to “Proof of is of 0,(1)";
e “Proof of is of 0,(1)” is analogous to “Proof of is of 0,(1)”;
e “Proof of is of 0,(1)” is analogous to “Proof of is of 0,(1)”;
e “Proof of is of 0,(1)” is analogous to “Proof of is of 0,(1)”;
e “Proof of is of 0,(1)” is analogous to “Proof of is of 0,(1)";
e “Proof of is of 0,(1)” is analogous to “Proof of is of 0,(1)";
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For the term (S5.63)), we can have that

1 ) )
(S5.63) = — N ; [D; Z; {ivge (1)1 X;) — whe(1)X:)}] - R (X3)
1 & ) .
+ i Z [Di(1 — Z;) {wx (0] X;) — wi (0] X5)}] - Ree(X3)

1

(2

We make the following claims:

1 E 5 ‘ E[D\Z_lx] Zi v 4o

\/N;[Dzzz{ K (11X:) = wi (11X3)}] - R (Xi) = \FZ <2 {f(1|Xi) 1}p1 (Xi) +op(1)
(S5.66)

L s E[D|Z=0,X] [ 1—2;

7 2o 1P = 20 (i 01X:) = wic OLX0}] - Ric(X \FZ ot { ) 1} Y (Xi) + op(1) .

(S5.67)
We prove the claim (S5.66]), and by the similar argument we can obtain

(S5.67).

For the claim (55.66). Note that

= 3" IDZ k(11X — wk (X)) - Rie(X)
= = Y D (i)~ wi(1X0) - S (55.68)
1§ Py (X)

¢S D 01wy {2

i=1

+ RK(XZ-)} .

=

Xi)Q
(5.69)
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For the term (S5.69)), by Lemma [2| and Cauchy-Schwartz’s inequality, we

deduce that

Ly : P (X))

|\/N P DiZ; {wK 1|X) wK(1|Xz>}] . {5D(XZ)2 + RK(XZ)}|
1 N . . pY(Xz)

S Z o (11X = wie (XD - | TS5 + Bx(X0)

1L s |1 V(X 2
SERNEMCIERTIEIENEDS ;’D&)LWK(X»

5

K —ay
-Op (\/;) Op(K7%) = 0,(1) .

where the third inequality follows from that fact that R (X) is the weighted

L2-projection of —p¥ (X)) /6P (X)? on the space spanned by ug (X) (with the

weights —p{((7k) "ur (X))

For the term ([S5.68]), we have the following decomposition:

N

-  Z; {ad ) — wk Ny Pr(XG)
E568) == ; - DiZi {wk (11X;) — wic(11X;)} 55(&_)2
- o f(i]z) -E[D|Z =1, X = a]{x (1|z) — wi (1]z)} dFx (z)| (S5.70)
x 6P (z)?
- p,;((;)) fQz) E[D|Z = 1, X = a] {dk (L]z) — wi (L]x)} dFx ()
1 X _
N ; < ( ) Tuk (X )> ) PK(XZ'):| (85.71)
1 X o .
T UN ; (Zip ((/\K)TUK(XZ')) - 1> {PK(Xi) - PK(Xi)} (85.72)
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LN ) 1 ED|Z=1,X)] [ Z
N ;( o (Vi) T (X0)) = 1) Pre(X2) = *Z 5D (X,)? {f(1|Xi) - l}py(x")
(S5.73)
\}Z E[D\Z = 12X] {f(lZ|;(~) _ 1}p1Y(Xi) 7 (S5.74)

Pre(X) = { [ B fa) BIDIZ = 1,X = o] (s (0) T dFx (o)

Pr(Xi) = — [ ; 5,;((5))2 fQz) -E[D|1Z =1,X =] - p"((Ni) "ur (2))ur(z) " dFx (z)

E [0 (i) Ture () uae (X (X) ]

. \/% éuK(Xi) {Zipl (()\}})TuK(Xi)) - 1} .

and Pk (X) is the weighted L2-projection of —p¥ (X)/6”(X)? on the space
1

spanned by ux (X) (with the weights —p”((\3) Tug (X))). Using the similar

argument for establishing Lemma [3| we can prove that (S5.70), (S5.71)),

(S5.72)), and (S5.73) are of 0,(1). Indeed,

e “Proof of (55.70)) is of 0,(1)” is analogous to “Proof of (55.32)) is of 0,(1)”;

e “Proof of (85.71) is of 0,(1)” is analogous to “Proof of (55.35) is of 0,(1)”;
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e “Proof of (85.72) is of 0,(1)” is analogous to “Proof of (55.36) is of 0,(1)”;

e “Proof of (85.73) is of 0,(1)” is analogous to “Proof of (55.37) is of 0,(1)”;

Therefore, we can obtain the claim ([55.66)). Similarly, we can obtain the
claim (S5.67)). Then we have that

1 IE[D|Z_1X] Zi .y LNED|Z_0X] Z;
£089 = \FZ SR GOk N2 DXy S

27, —1E[D|Z,X] v
F(Z1X) 6P (Xi)2

(X) .
Therefore, we have that

55.31) =({S5.55) + (S5.56)) + (S5.57]

-7 ZN: 7000 -0 iy~ Fare ) o

1 E[D|Z_1X] Zi vy
fz ey 1o o0

1 SEDRIZ=0X] [ 1-Zi O\ vy,
W; P (Xi)? { F(01X7) 1}p1 (Xi) +o0p(1)
1 & ez pl(Xl 2Z—1. EIDi|Zi, Xi] vy y 4,
- W;DZ F(Zi]X3) P (X, \ﬁz(sD Fzxy P X e

which justifies our Lemma [4]

S6 Proof of Theorem 3

By definition, 0= (;\ K BK, YK, T) solves the following equation:

N
1 R
=1

- 1}p1Y(Xi)
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Let e3x 11 be a (3K + 1)-dimensional column vector whose last element is 1
and other components are all of 0’s, and 6* := (X, 8%, 7k, 7). By Taylor’s

Theorem we obtain

VNG =) = VN el 0 67)

N 0\ N
1 09(Z;, Dy, X;,Y:; 0) 1
T (2] (2] ) TV . O*
=€3K11 (ﬁ Z 20 _\/_N ;Q(Zi, D;, X;,Y;;0%)
09(Z, D, X, Y001\ ' 1 ,
:—e;)rK+1 (E |: 86 \/_N - g(ZZ)-D'L;XZaYZ)Q )+0P(]‘)7

(36.75)

where and 6 lies on the line joining #* and é, and the last equality follows

from the following claim:

N ~
1 — 99(Zi, Di, X;,Yi;0) 99(Z, D, X,Y: 07| »
N ; BT, —E 50 = 0p(1). (S6.76)

Proof of Claim (S6.76|). Since

Gll G12 G13 G14

ag(Zsz,Xz,}/Z’Q) 21 22 23 24

00

C7Y41 G42 G43 G44
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where

G = Zip" Meur (X3))ur (Xi)ug (Xi), Giz = O x i, G13 = Ox xx, G1a = O x1,

-

Il
—

L
N

3

N
1 .
G21 =0k xK,Go2 = E (1 — Z:)p" (Breur (X:))uw (Xi)uk (X;), G2z = Oxx i, G2a = O,

N 4
=1
1 < -

Gs1 = ; DiZip" Neure (X) Jure (Xi)uge (Xo),

1 < _
Gz = N ; Di(1 - Zi)p”(ﬁI-EUK(Xi))UK(Xi)u;(Xi)v

1 N
Gz =— ZPﬁ'(’v;uK(Xi))uK(Xi)UE(Xi)v

s
Il
-

G34 = Orx1,

N
1 1" !/~
G =+ > " Zip" (Mg (X)) Yiug (X3) /ot (Greux (X4)),

i=1

o= (1= 200 (Bewse (X0)Yiuk (X2)/ph (e (X2)),

_ 1 {Zip' Meux (X3)) — (1 = Zi)p' (Breur (Xa)) 1ol (Ficur (X3)) Yiuge (Xi)
Gia =~ 2 i G (X)2 |

To establish ([S6.76), it suffices to prove the upper left block is of conver-

gence, i.e.,

IG1 = E [Zp"(Nie) Ture (X)) ure (X)uge (X)] || 50,
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and similar argument can be applied to show that other blocks are also of

convergence. By Taylor’s Theorem,

G —E [Zp" (M) "urc (X)) Jurc (X )uge (X)]
N
1
=5 D Zip" (Vo) T (Xi) Yure (X Juge (X) — B [Zp" (Vi) T (X) e (X uge (X)]
i=1
(S6.77)
1 _
+ > Zip! (&(X0) Juse (XiJue (X3) - (A — Nie) Ture (X3) (56.78)
i=1
where &(X;) lies between A fug(X;) and (Xi)Tug(X;). For the first term
(156.77)), by computing its second moment, then using Chebyshev’s inequal-

ity and Assumption |§|, we can easily show (S6.77)) is of 0,(1). For the second

term (S6.78), in light of the fact sup,c [0”(&(2))| = O,(1) and Lemma [2]

we can deduce that

N
1 1" 3 *
1(S6.78))| SNZ 10" (E(X))] - NJur (X - Ak — Nk
=1
1 N
< i N 12— X, 3
<sup " (Eale )| Ak = Xl 5 3 ()

=sup " (&(@))] - A = Xl {EmuK(x)uﬂ +0, <<<K>2 %>

%\Hﬂ

reX

<sup |p" (& (2))] - Ak = N {C(K) Efl[ux (X)) + O, (C(K)2

)
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<O,(1)- -6t K =0, (<) ) =ay(1)

Therefore, we obtain the claim (S6.76)).
With (S6.75), the result vV N{7 — 7} 4 N(0,V.ss) of Theorem 2, and

Slutsky’s theorem, we obtain

€351 5 > _9(Zi, Di, X, Y;: 07)

T (IE |:89(Z2'7DiaXi:Y;;9*>:|)1 1 Y
\/N i=1

(86.79)

— _ \/N{?— 7} +op(1) 4 N(0, Vesr).

Hence, the second moment of ([S6.79) converges to the efficient variance,

ie.,

. O -1
elicn (B | 2220 CBig(0, 2,X,v:0)9 (D, 2.X.Y6)]

-1
D.Z.X.Y:0)1"
X <E |:ag( ’ (’30 ’ ’0 >:| ) €3K4+1 — ‘/eff- (8680)

8g<D,Z,X,Y;0*)} .

The estimator for V¢ can be constructed by replacing E [ 2

L and Elg(D, Z, X,Y;0%) ¢"(D, Z,X,Y;0*)] =: Q with their sample ana-
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logues:

where

N N

o 1 a ~ ~ T

L= ; 559(Zi> Diy Xi,Y;;0) and Q = ;g<Zi,Di,X@-,Yi; 0) - 9(Z:, D1, X, Yis ).

To prove the consistency of the proposed variance estimator, it is sufficient
to establish || — Q|| 2 0 and ||L — L] 2 0.

We shall elaborate the derivation for || — Q|| 2 0, while ||L — L|| & 0

can be similarly established. By applying the mean value theorem, we have

N
NZ 9(Di, Z;, X, Y55 07)g " (D, Zi, X3, Y 0) (S6.81)
N _
1 -Dl7ZZJXZ7§/l79) *\ /) * TagT<DlazZ7Xl7}/;76)
N; (0 —0%)(0—0) =
(S6.82)
;2 i (Dy, Zi, X, Y»Q*)(é—9*)T89T(D"’Zi’X"’Y";9~) (S6.83)
g (2 (2 )~ 89 . .

where 6 lies on the line joining 0 and 6*. For the term (1S6.81)), computing its
second moment and using the inequality {a+b+c+d}? < 4a>+40?+4c*+4d?,
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we have

Ell

N

]

[(gl (Z,X;0")g1(Z, X;0") + g5 (2,X;0%)g2(Z, X;0%)

|

’ (D, Z,X,Y;0%)g" (D, Z,X,Y;6")

Z\H Z\H

2
+95 (D, Z,X;0")g3(D, Z,X;0%) + ga(D, Z, X, Y; 9*)2> }
T L% L 0%\ \2 4 T L% L 0*\\2
<E|=x (91 (Z£,X;0%9:1(Z,X;07)"| + E N X (92 (Z,X;0%)g2(Z,X;60%))

< (0] (D, 2,X:0)0(D, 2,070 + B | 3 x au(D. 2 X, v307)").

4
N

X B [27(p(Nje) e (X)) = 1) (e (X e (X))?]

O(CH(K)) x Blufy (X )ux (X)) < O (< “QK) |

E

1

< (g7 (Z,X:0")04(Z, X e*>>2}

IA
z| e 2l
X

Similarly,

E % X (g;(z,x;e*)gg(z,x;e*)f] =0 (CQ(K)E) :
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and

?|

3 X @D 2.X: (D, 25077 = 0 ().

For the term 4 x N™' x E [{g4(D, Z, X, Y;0%)}*], we have

4
E | —
4

=—=xE
NX

32
< —=xE
_N><

cof3)+*[sf]

g(D, Z, XY 9*)4}

' { 120 (3T (X)) = (1= 2)p/((B3) Tuc O} . }

I P (7)) Tur (X))

({20 (N50) Tuw (X)) = (1= 2)0/((B) Tux(X))} i
{ P () Tur (X)) fortes

.

(%)=0()

where the first inequality holds by using (a+b)? < 2P~1.qP+2P~1.0P for p > 1;

the second

00, SUP,ex

inequality follows from Lemmathat supex 10/ (X)) Tuk(2)) | <

0" ((B5) Tux (2)) | < o0, and sup,ex 0] (Vi) Tur(2)) —0" (2)| =

o(1); the last equality holds by using the assumption imposed in Theorem 3,

i.e, E[Y*/§}(X)] < co. Therefore, by Assumption [6] for the term (S6.81)

we have (S6.81) = Q + op(1). Similarly, it is easy to show that both

(S6.82) and (S6.83)) are of op(1). With these results, we can conclude that

Q= Q-+ o,(1).
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S7 Proof of Theorem 4

Frolich (2007) derived the efficient influence function as:

1 Z
prare(D-2.X:Y) = gy gy (¥~ B IZ = 10
~ roarp - {D —E[D|Z = 1,X]}) 1(7)2()@/ E[Y|Z = 0, X]

—Trare - {D —E[D|Z = 07X]}) + 6" (X) — Tpare - 5D(X)}- (S7.84)

It suffices to show that the influence function of vV N (Tpare — Toare) equals

to the efficient influence function above. Note that

VN(TLATE — TLATE)

1 N -1 4 N
= |y 2 dx (X } Z{Z b (1X:)Yi — (1= Zi)iok (01X:)Yi} = VN - rpare
~ =1
(LS~ (Zuie (1X0)Ds — ( ><|>}}711§j{ (UX0)Yi — (1~ Zoyig (0 X))V} — VN
=|— Ziwg (1| X;)D; — (1 — Z;)wg (0| X;)D; —_— Ziwg (11X, 1—Z)wg(0|X;)Y;} — VN -1
_Nizl K K \/ﬁzz K K LATE
(LS (zowx0D; - (1 - ) <0|X~>D'}}71LXNJZA (11X0)%; — VN - El8” (X)) Elp} (X)]
== _N < TWK (3 (3 i )J WK 7 7 \/N < WK 1)1 1
1 N —1 N
[ Z{zzwmuxw—(1—z>wK<o|X>D}] 72 Do (01X:)Y; — VIV - B[P (X)) ElpY (X)),

i=1

where the first equality holds in light of the balancing equation

3 S (11X D = (1= Z2)iok (O1X) Di i (X0) = - D e (Xouse(Xo)

and the fact that ux(X) contains the constant 1.
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We first derive the influence function of

1 & -1
[N > AZivk (1X3)Di — (1 = Zi)iok (O‘Xi)Di}:|
1=1

Sl
M=

<
Il
—

Ziwg (11X:)Yi—VNE[5P (X)] T E[py (X)],
and similarly obtain that of

1 N —1 N
[N > AZibk (11X3)D; — (1 — Zi)wK(O‘Xi)Di}:|
i=1 -

(1—Z:)wx (01X Y; —VN-E[6P (X)]*E[pY (X)] .

5-

-

k3

Define 6;(X) := E[D|Z = 1,X] and 0o(X) = E[D|Z = 0,X], then

6P (X) = §1(X) — dp(X). We also introduce the following notations:

Hg(X) = & Q% ug (X)

b= — /X Py () f (1)) (Meusc () e (2)d Fix () |

N
1 ~
Qx = ;_El Zip" (Mg (Xi) Jure (X Juge (X3)
and
Hp(X) = ©xQp ur(X) |

P = —/Xp?(ﬂﬁ)f(lva)p”((A%)TUK(ft))UK(fL’)de(I) :

Qx = E [FLX)p" (M) Ture (X) Jur (X (X)]

Note that Hg(X) is the weighted L? projection of —p¥ (X) on the space
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spanned by ug(X). Now, we can decompose

[;] S {Zeibok (11X:)Di — (1~ Zi)wK(OXi)Di}] VNS Zic (11X,)Yi

i=1 =1

as follows

1y N

E Z{ZwK (11x)D -—<1—zz>wK<0|xz-)Di}] 7 2zt 11X — VN EP (01 EpY ()

=FE éD {

N
—E [P0 {fv S (Zutbic (11X0)D; — (1~ Z2)ibge (01X ;) — E [87(X)] } (57.50)
i=1

an

K (UIX0)Y; — Ep} (X )}} (57.85)

—Zzle(uX VY .
i=1

{ Z{ZwK (1|1X3)Ds — (1 — Z3)wg (0] X;)D;}

The following Lemma is key for establishing the asymptotic normality of
Trare. We omit the proof because it is similar to that of Theorem 2 of

Chan et al.| (2016)).

Lemma 5.

=
o=
Mz

N
Il
-

N
% D Zib (11X3)Y; — E[P}/(X)]} =

i=1 { F(X5) P () (f(1|Xz’) - 1) —E[p}/(X)]} +op(1).,
1-2; 1-27;
(oY= 00 (T — 1) — B GOl ] +0000)

e (7

3
M=z =

(1 — Z;)ir (01X;)Y; — E[pg (X)]

z[=
i
——
Il

Il
—

i

Zsbg (1)1 X:)D; E[él(X)]} a IX) - 1) fE[él(X)]} +op(1),

<
Il
=

1{1 £( 1\X Di =00 (X2) (% - 1) —E[éo(X)]} +op(1) -

339
,—’h\/;"jz—/h«
M=

2|~

i

— g\~

g 1= g
3

Mz

(1 - Z)wk (01X;)D; — E[do(X

7

Using Lemma 5] we can have that

1 & N N 1 & N D Y
[0 2 s 10D~ 0= ZiscOX0P} | 3 Zrinc (150~ VIV EI5P (0) B ()
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B OO S 1{ A ) (5 1) —EbY 01

BRI 1N§{ Fay g e (Farey 1) 900 (rare )
—IE[(SD(X)]} "E[P(X)]7L-E [ﬁﬂ + 0p(1)

SCCOE 1{ i (Y=Y (60) +0Y (%0 — B (0] |

~EBP O] fi{ Dy = 31 (3X0)) = T (D1 = 80(X0) + 4P (X)) ~ B8P ()]}

~E[67 (X)) Efpy (X)]

and

—1 N
[ Z{ZwK 11X:)D (1—Zi)wK<0|Xi)Di}} %NZ Zi)wx (01X:)Y; = VN - E[67 (X)] ' Elpg (X))
i=1 i=1
=i (012 S T ey (- 00) 0 000 - B 001
N
=B CO1 - 5 St (s =100 e (D= (0 + 87(X,) ~ BISP()}
B[ ()] Bl (X)]
Therefore, we have that
VN(FLaTE — TLATE)
1 & 1- 7
=E[s” (X)) N;{ ey (0 —plyom)—m(Yi—pzﬂxi))+5Y<Xi>—E[6Y<X>1}
~ BP0 wZ{ T (D1 = 10X0) = e (D = do((X2) + 67(X0) BB (X)) - ars

:ﬁ ;sDLATE(Di,Zi,Xi,Yi) .
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S8 Calibration Estimation with Estimated Design Weights

At the suggestion of the reviewer, in this section we show that the cal-
ibration estimator constructed from estimated initial design weights also
produce efficient estimation of average treatment effects. For simplicity of
presentation, we suppose there is no unmeasured confounder. Then the
unconfoundedness condition holds, i.e. D L {Y(1),Y(0)}|X. The average

treatment effect is identified by

r—E {%y} , (S8.87)

where f(D|X) is the conditional probability mass function of D given X
(the propensity score function). Suppose the propensity score function
f(D|X) is initially estimated via a parametric maximum likelihood, de-
noted by f(D|X;7), where 7 is an estimated finite dimensional parameter.
Let ¢* be the limit of 7. Under regular conditions, the parametric MLE

delivers v/N-convergence rate, i.e. |[T— ¢*|| = Op(N~1/?).

We consider minimizing the distance from the estimated sampling weights
f~H(D|X;7) under the distance measure defined by D(a,b) := alog(a/b) —
a—+b:

min oI {wi log (w; - F(Dil XiiD) — wi + flx (X550 | .
S8.88

subject to % SN Diwsug (X)) = & Yo uk (X3) = % 200, (1 — Di)wiug (X;).
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Applying the similar argument of Chan et al.| (2016, Appendix B), the dual

solution of ([S8.88)) is given by

1-D,

Wk (D, X;) = W

X exp (—X;uK(Xl)> Xexp <—@<UK<XZ)) ;

f(Di|Xi;f)

where XK, B € RE maximize the following concave objective function:

é(A,m;:{_lzDiAexp(AuK )——Z)\ uk (X } (S8.89)

i=1 fD\X(D |X'u 9)

B N A SIS (R A,
+{ Niz:;fD|X(Di|Xi;§)e p( B uK(Xl)) N;ﬂ UK(XZ)}

~ ~

=G1(N) + G2(B), (S8.90)

where the definitions of G;(\) and Ga(f3) are obvious. The estimator of

average treatment effects (58.87)) is given by
== Z { Dt (1) X)Y; — (1 = Dy) i (0] X,)Yi} .

Using a similar argument of proving Theorem 2, we can show that 7 attains

the efficiency bound of 7 developed in Hahn| (1998), i.e

(38.91)

_V%i{ L;Eg)y [}%5—@)—1] -%(X»—E[Y(Oﬂ}
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+ OP(l),

where p¥ (X) :=E[Y|X,D =d] for d € {0,1}.

Proof of (58.91)). It is sufficient to prove

Z {Dix (1|1 X;)Y; — E[Y (1]}
2D

s 5

{ (D; |X {ﬁ B 1} -y (X5) — E[Y(l)]} +o0p(1).
(S8.92)

We introduce the following notation:

D

Gi(A\) =E _W exp (—)\TUK<X)) — )\TuK(X) , A\ = argmax G7(A),

and
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and

Qx(X) = VNl ug(X)
exp (—(Xi) Tu(x))

W= [ @D = 1)) TGS ()P ()
i = B | o e (-0 (X)) e ) ()

It should be noted that Qx(X) is the weighted L? projection of —p¥ (X)

on the space spanned by ug(X).

Using a similar decomposition of ((S5.30)-(S5.38), we can decompose
N-1/2 ]\i D;,wk(11X,)Y; — E[Y(1)]} as follows:
=1

1 N
LS (D (11X0)Y: — B ()]}
VN ; K
1 N
=N ; {Di (W (1 X3) — wi (11X4)) Ys — /Xp}/(x)f(D = 1|z)(wk (1|z) — wf{(lx))dFX(iﬂ)}
(58.93)
1 . 1 B . 1
tE { ((wic10) = 2= ) oY= B [o} (050 = 1) (wie(13) = w52 | }
(S8.94)
V[ (070 =13 (i) - 75215 )| (38.95)

+

VN /X Y (@) F(D = 1]2) (dxc (1]z) — wi (1)) dFx (x)

L DT W1l 6w (x
- N = [fDX(Di|Xi;L*)e P(=(Ak) e (X2)) 1:| Ux(Xs)
0.fp|x (DilXs37)
f%‘X(DHXi;Z)

~ O.f(D = 1|z;7) S
[ o @0 = 1) exp (N o) Mdmx)} VN (- }}

N
+ { ! ZéK(Xi) - D; exp <*(/~\K)TUK(XZ')>

(S8.96)
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A < 0. fp|x (Di|Xi;7)
_ {N ;QK(Xi) - D; exp (—(AK)TuK(Xi)) 4f%|X(Di|Xi§ D
g aLf(D = 1‘x§ Z) ~ *
/ Y (2)f(D = 1|z) exp( A}uK(x)) Wde(x)} VN {71} (S8.97)
N
\/%Z { Fox(Ds |X o & xp(—(Ai) Tuk (Xi)) — 1] (Qr(Xi) — Q(X4)) (58.98)
1 Y . D;
ﬁ ; { l:fDX(D X5 o) cxp(—()\K)TuK(Xi)) - 1:| Qk(X:) + (7f(Di —1x) — 1) p}/(XZ)}
(88.99)
1 X - O.fp|x (Di|Xs;7)
_ {N ;QK(XZ') - D;exp (*(AK)TuK(Xi)) —f%)|x(Di|Xi? P)
~ of(D = 1|z;7 S
+ [ o @0 = 1) exp (N o) dex)} VN }}
(S8.100)
N .
Z{fw ol Vs R DCORECI (58101

We claim that (S8.93)-(S8.100) are of op(1), then (S8.92) holds true.
Using a similar argument of showing (S5.32))-(S5.37) are of op(1), we
can show that ([S8.93)-(S8.99) are of op(1). The term (S8.96) is exactly

zero, which can be demonstrated as follows: using the first order condition,

ie. G (XK) = 0, and mean value theorem, we have

1 EN: {m exp (*(A}})TuK(Xi)) - 1} ur (X;)

z=1

-5 2 o o () T () k(X0 2o (DX D) 717}

) [flv > { o o (-0 Twex0) § “K(X»uw»} (i}

A — N
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|:N i {W €xp ( (S\K)TUK(XZ')> } UK(Xi)uI((Xi):| 7
’ iféi‘{fDuxé?zzL>6XP(—<A%>TUK<X0)“1}“K‘X”
_ |:]i] i {% exp ( (S\K)TUK(Xi)) } UK(XZ)UL(XJ] i
x Jbi W exp (=) T (X)) wre (X0) - 0, o x (Dil Xis7) 7= 07}
=Sy L0 { o (-0 Taw) 1}
+ 5k i{iu (X, )WGXP( o) T (X )) Ouf o (D1 X 1) (7= 1}
Note that

— wi (1]z))dFx ()

VN /X pi (@) f(D = 1|z) (i (1]x)
xp (—Axur (@ exp (—(Ni) Tuk (z
_1u><ep( ) oo -0 i§»>dEﬂ@

:“ﬁﬂf“““D_ FO=1wn  F(D=1ls

= 1|z) exp (fX;uK(x)) %de(x) -}

:—VﬁﬂfﬂﬂﬂD
exp (_X}ux(:c)) wl (2)dFx (z) - {XK B X;(}

_\/7/ =1lx) D =im)
=—ApumﬂD=umwpc&hmu0?Q—E{—Qa&<>Vﬁﬁ—ﬁ}
D ) exp (—()\})TuK(Xi)) — 1}

N
|
+ Uk Sk —— Y ur(X; {—
oo \/]V; K (X3) Ioix (Di| Xs; 0%

— Uy Sk %ZUK(Xi)Di a}JfZDX)E(DDZ[)'()iMZ)Z) exp (_(XK)TUK(Xi)) VN {i-0
B L | . - _ 0.fp|x(Di| X4 7)
—— {N ;QK(Xz) - D; exp (—(AK) uk( 1)) f%p((Di'X“Z)
. B - O.f(D = 1|z;7) T
Jr/Xpl (2)f(D = 1|z) exp (7/\;uK(m)) fQ(D—lx,Z)dFX(m)} . \/N{L -}
Di exp (7(/\;()TUK(X1')) — 1} )

x(X) { foix (Dil Xi5e%)

+
\H

S.MZ
L)
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which gives (S8.96)) = 0.

The term (S8.100)) is of op(1) by noting /N {T— ¢*} = Op(1) and

0. fpix (Di| X;;7)
j%|x(Di|Xi§ )
0.f(D = 1]z;7)
fA(D = 1]z;7)

{% 5 G5 - Diex (~Gi) (X0

T /X P (0)f(D = 1] exp (~Neur () de<x>} Lo,

because Qx (X) is a weighted least square projection of p¥ (X) on ug (X).
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