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Abstract

This supplement contains the technical details required for the arugments given in
Section 2.2 of the main paper.
MSC 2010: Primary: 62F40, 60B20; Secondary: 62H10, 60F05

1. Technical details

We begin with the proof of Proposition [2.1]

1.1 Proof of Proposition

Below let [ := fol. According to the definitions of 7,¥(X), 0X(¢, A), 7%, and v, a simple
calculation shows that for almost all ¢ € [0, 1],

/(CX(t, s) + (C’,)rf(t, s,\) — C¥(t, S)))(UJX(S) + (f)JX(S, ) — vj)-((s)))ds (6.1)
= (7 + (75 () = ) (0 (8) + (05 (1, X) — v (1))

The sequence {v) }jen forms an orthonormal basis of L*([0,1]), and hence for each natural
number j there exist coefficients {; »}ien such that

0¥ (¢, \) Z EiavX (6.2)
for almost every ¢ in [0, 1]. By rearranging terms in (6.1]), we see that

/ O (,5)(0X (5, ) — v (s))ds + / (CoX(t.5.2) = C¥(t.5)) o (s)ds (6.3)
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1.1 Proof of Proposition

= 7X@ (6, ) — v (1) + (75N = 1) v () + Gim(8, ),
where
Gim(t,\) = / [CX(t,8) — CX (8,8, N[0 (5, A) — v (8)]ds + [75(N) = 75 [0 (¢, A) — v (1))

Taking the inner product on the left and right hand sides of (6.3)) with v, for & # i, and
employing (6.2)) yields

le(fm + // (én{f(t, s,\) — CX(t, 3)) vj((s)v,f(t)dsdt = zjfk,)\ +(Gjm(-, N, v ),

which implies that
<én)§('7'?)‘)_CX’UJX®U§> <Gj7m('7)‘>’vl§>

= — 6.4
ék,/\ TJ‘X _ 7_]5( TJ‘X — TkX ) ( )
for all A € [0,1] and k # i. Furthermore, by the parallelogram law,
Ein = (v7, 05 (4 A) —vj) = ——H CPVEE AL (6.5)
Let S;x = min{r;* | — X, 7¥ — 7%} for j > 2 and Sy x = 7{* — 7. By Assumptlonlﬁl and

the fact that j < d we have S;x > 0. Hence, Lemma 2.2 in [Horvath and Kokoszka (2012)
(see also Section 6.1 of Gohberg et al.| (1990)) implies for all A € [0, 1],

. 1 .
VX (-, A) — o] < E”\/X[Cfrf(.,.’)\) - cX. (6.6)
.]7
Further,

[mA]
% Z (X;(1)X,(s) — CX(t,5))

1 m sz’i
-7

It is easy to show using the Cauchy—Schwarz inequality that the sequence X;(+) X;(-)—C* (-, ) €
L?([0,1])? is L?>T*-m-approximable for some x > 0 if X; is LP-m-approximable for some p > 4.
Lemma B.1 from the Supplementary Material of |Aue et al.|(2018)) can be generalized to L***-
m-approximable random variables taking values in L?([0, 1]?), from which it follows that

VACE (8,5, 0) — CX(t, 8)] =

— C*(t, 5)).

— X, H — Op(log/® (m)).

Ae[()l] \/ H Z

Using this and combining with , we obtain the bound

VACE (- A) = €| = 08 (108 (m)v/im), (6.7)

sup
A€[0,1]
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and the estimate (2.28). Furthermore, using the bound that
|7A_X(>‘) - T]X| < ||én)§<> 'a )‘) - CXHa

J

we obtain by similar arguments that

X| log™/" (m)
Asel[lopl]\/_h' (A) — |—O[p>( NG > (6.8)

Using the triangle inequality, Cauchy—Schwarz inequality, and combining (6.7 and (| ., it
follows

$up A Gan (- VI| < sup VA[IC( o) = €| sup VA 2) = o] (6.9)
A€[0,1] A€[0,1] A€[0,1]
log(2/)
+ sup VAFE(N) = 7] sup VA[o(, A) — v ]| :Op<og—(m)).
A€l0,1] A€[0,1] m
Let
Rjm(t,\) = ! Z v (1) /I/IZX(S S9, \Ui (82)v2 (51)ds1ds
JmAD \/mk#TJX—T,f oo ™ 1, 52, A)Up (S2)V; (S1)as1aSs.

Combining (6.2)), (6.4) and (6.5)), we see that for almost all ¢ € [0,1] and for all A € [0, 1],

NG (- A) = 0 (0] = s Rt ) = 3 SEETR I 1) = 210X ) = o o),

T T
kit J k

with the convention that (mA/|mA|)R;,,(t,\) = 0 for A < 1/m. Using this identity and the
triangle inequality, we obtain

mA

s [pie 60 = o 0] = S Rim V)| (6.10)
1 A <)\Gm(,)\),1}]§> X
< = sup M|oX(,\) —oX|* + sup I v tH
o AN =+ [ 35 BT

The first term on the right-hand side of (| can be bounded by bound - In order to

bound the second term we have, using the orthonormahty of the v (Parseval’s identity) and

the fact that 1/(7,¥ — 75)* < 1/5]27 for all k # i, that
AGJm ’ Uk> X <)\Gjm('7>\)71)]§>2 1/2
1> w0 = (0
oy X X <k;£j (5 =7 )? )
1 1/2 1
< = AGjm (5 A), 0007 ) < o—IIAGm( A
< G (2 POl 0 ) < DG
Therefore

AGm (4 N), v 1 log*%) (m
sup || 30 LA )l < sup a0 = 0p (B,
Aefo.) T T T A€[0,1] ©5,X m
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where the last estimate follows from (6.9). Using these bounds in (6.10]), we obtain that

sup

X x mA ) (log®™ (m)
i, P - 01 ] o ()

[mA]

Given the convention that (mA/|mA|)R;,(t,\) =0 for 0 < A < 1/m, the result follows then

by showing that
mA 10g2/m( )
] ~ Hlste ] = 02 (FE25),
|mA| ! g m

sup
AE[1/m,1]

This result is a consequence of SUpyc(y /.1 ‘LZLL_/\J — 1] < 1/m, and SUPert/ma) [ Bjm(t )| =

Op(1).

1.2 Proof of Proposition

Before proceeding with this proof, we develop some notation as well as a rigorous definition of
the constant ;. Recall the notations (2.31]), (2.26)) and (2.27)) and define the random variables

Xi(Sl, 82) = Xi(Sl)Xi(SQ) - CX(Sl, 82); ?(81, Sg) }/7;(81)}/1'(82) - OY<81, 82). (611)
Further let the random variables X ) and Y ' be defined by
J) - fofo i(s1,82)f X(Sla sp)dsydss (6.12)
Y; ]) - fofo (51, 52) fY(SM s2)dsydss,

with the functions f;*, f}" given by

X 1

fi¥(s1,82) = —v7 (s1) 2. T}}f%/o o (v (t)dt, (6.13)
Y 1

B Gonsn) = = (0 S [l (o oy (6.14)
ktj 4 kIO

Firstly, we note that by using the orthonormality of the eigenfunctions v and v , and As-
sumption [2.3] we get that

||fX||2 // fX (51, 82))%ds dsy = HUXH Z ( ( )i k()ldt) < 1/532,)( < 00.

k#j

Let

oo

J%m = Z COV(Y(()j),Yéj)), and U?f,j - Z cov(Y(()]lYg))'

l=—o00 l=—00

Based on these quantities, ¢; is defined as

. g%, .
G=2\5%+ Y (6.15)
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Proof of Proposition[2.3 We can write
1
Z;,?n(A) =vm+ n/o (ﬁ%?n(t, A)? — A2D3(t))dt (6.16)
1
=vVm+n {/ (DY), (t,A) — AD;(1))?

0

F2AD,()(DB), (1, ) = AD; (£)%dt
1
- \/m+n/ (D%)n(t, \))%dt
0
1
+2\/m + n / D;(t)DY). (¢, N)dt + op(1)
0

uniformly with respect to A € [0, 1], where the process D,g,],,)n(t, A) is defined in (2.31) and
Proposition was used in the last equation. Observing ([2.32)) gives

Z3, () = Z8), () + op(1) (6.17)

uniformly with respect to A € [0, 1], where the process Z(,{)n is given by

1
29 (\) = 2n/m T / D,(1)DD, (¢, \)dt. (6.18)
0
Consequently the assertion of Proposition follows from the weak convergence

{Z5, (M hea) ~ AGBON) hacoa-

We obtain, using the orthogonality of the eigenfunctions and the notation ({2.6]), that

29,00 = 2:w/m ¥ ] \/_/ X (51, 59, ) // D 0O X ()0 () dsrds

s
b Y(s1, 59, A // D;( () —~ - dtv; (sl)v;/(sz)dsldsz} (6.19)
Vi o C T
)

:zwm{ ZX T ZY”}

where the random variables X and Y are defined above. We now aim to establish that

LmA]

{\/— Z X7 }Ae[m ~ 0, {B (\) baepou; (6.20)

where B¥ is a standard Brownian motion on the interval [0,1]. In the following we use the
symbol || || simultaneously for L?>-norm on the space L*([0,1]) and L*([0,1]?) as the particular



1.2 Proof of Proposition

meaning is always clear from the context. Firstly, we note that by using the orthonormality
of the eigenfunctions v and v , and Assumption , we get that

(fo v ( dt)

<ﬁ—av

1559 = [ [ (5 Gorsa) Psudsa = [0S

k#j

<1/57 ¢ < 0.

The following calculation is similar to Lemma A.3 in |Aue et al.| (2020). Let
Xt 8) = X () Xin (5) — EXo(£) Xo(s),

where { X ,,, }iez is the mean zero m-dependent sequence used in definition of m-approximability
(see Assumption [2.2)). Moreover, if ¢ = p/2 with p given in Assumption 2.2 then we have by
the triangle inequality and Minkowski’s inequality that

(B X - X0 < {LEIXC) X = X))+ 1K) (Xa() = X ()73 (6.21)

< {ROXOG0) = XamONT o+ {EIXm (VG0 = Xem (D7
Using the definition of the norm in L?([0, 1]), it is clear that
1X:()(Xi () = Xim () = [ XGll[[ Xs = X,

and hence we obtain from the Cauchy—Schwarz inequality applied to the expectation on the
concluding line of (6.21)) and stationarity that

(B[ X () (X)) = Xi,m('))Hq)l/q + (E|| X () (X5(1) — Xi,m('))Hq)l/q
< (E||Xo||2q)1/2q(]E||X0 — X07m||2q)1/2q'

It follows from this and (6.21)) that

S (ENX = XY < (B Xo|P)P Y (B Xo — Xoml?) P < oo, (6.22)
m=1 m=1

Now let 71(]2” be defined as ng) in (6.12) with X; replaced by X;,,. We obtain using the
Cauchy—Schwarz inequality that

) 570) 141 X % v (m)(1q\1
(ELXG = XY < A ENX: - X9,
By (6.22)) it follows that

S EX — X0 < o0

m=1

and therefore the sequence 75 7 satisfies the assumptions of Theorem 3 in Wu| (2005). By this
result the weak convergence in ((6.20)) follows. By the same arguments it follows that

[nA)

{\/— Z }Ae[o,l] ~ oy {EB" () haefo, i) (6.23)
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where BY is a standard Brownian motion on the interval [0, 1] and

oy = Z cov(?éj),Yéj)).

{=—o00

Since the sequences { X, }ier and {Y;};cr are independent, we have that (6.20)) and (6.23) may
be taken to hold jointly where the Brownian motions BX and BY are independent. It finally
follows from this and (6.19)) that

~, . 0Xx,j Oy,j D
(Z2.Whenn = {2 (TFB N + LB W)} F PGB}y

which completes the proof of Proposition [2.3] O
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