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ON THE STATIONARITY AND THE EXISTENCE OF MOMENTS
OF CONDITIONAL HETEROSKEDASTIC ARMA MODELS

Shiqing Ling
University of Western Australia

Abstract: Sufficient and necessary conditions for the existence of a unique second or-
der stationary solution of conditional heteroskedastic autoregressive moving-average
(CHARMA) models proposed by Tsay (1987) are derived. The solution is strictly
stationary and ergodic, and has a causal representation. When the CHARMA
model reduces to some special cases, it is shown that the conditions are equivalent
to those already known in the literature. Based on Tweedie’s (1988) result, suffi-
cient conditions for the existence of finite-order moments of CHARMA models are
also derived.
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1. Introduction

Tsay (1987) proposed the CHARMA (conditional heteroskedastic autore-
gressive moving-average) model,

P q
Yyt — p= Z?/)z‘(yt—z‘ —p)+ ZQiat—i + ay,
i=1 i=1
(Observation Equation) (1.1)
T S
ar =Y Siar—i+ Y wir(Ye—i — 1) + wor(Ge—1(1) — p) + er,
i=1 i=1

(Innovation Equation) (1.2)

where the orders, p, ¢, r and s, are finite and non-negative integers, u, ¥;’s
and 0;’s are constants, d;;’s, w;;’s and e;’s are random variables, and §;—1(1) =
E(y4|F;—1), where F;_; is the o—field generated by {e;—;, wi—;, 0p—ili = 1,2,...},
wy = (wot, ..., we)', 6 = (614,...,0r¢)" and AT denotes the transpose of a
vector or matrix A. We consider the following.

Assumption 1. {e;} is a sequence of independent and identically distributed

random variables with mean zero and finite positive variance o?;
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Assumption 2. {w;} and {d;} are two sequences of i.i.d. random vectors with
mean zero and non-negative definite constant covariance matrices F(w,w]) =
Q = () (s11)x(s+1) and E(6:6] ) = A = (Agj)pxr, respectively;

Assumption 3. {e;}, {w;} and {d;} are mutually independent;
Assumption 4. y; and a; are F;—measurable;

Assumption 5. The equations zP — 12P~1 — ... —4h, = 0 and 27 + 0,297 +
-++ 464 = 0 have no common root.

The CHARMA model (1.1)-(1.2) better summarizes the available informa-
tion at time ¢t — 1 and is also a natural model for conditional heteroscedastic
time series, both statistically and intuitively. It shares many characteristics of
linear models and is more flexible than Weiss’ (1984) ARMA-ARCH model in
applications. Another important advantage is that the CHARMA model is easily
extended to the multivariate case, as compared with Engle’s (1982) ARCH model
and Bollerslev’s (1986) GARCH model. See the work by Ling and Deng (1993)
and Wong and Li (1997).

Tsay (1987) investigated invertibility and parameter estimation for the
CHARMA model (1.1)-(1.2) under the assumption tr{A + Q Cov (Zs;)[Var (y:)/
Var (a;)]} — Q11 < 1, where tr(A) denotes the trace of the matrix A, Var(X)
denotes the variance of the random variable X and Cov (Zs) is the correlation
matrix of the process Zs; = (yi,. .. ,yt_s)T. It is obvious that the assumption
depends on the existence of Var (y;) and Var(a;). However conditions under
which y; and a; have finite variances are yet to be investigated. Moreover for
some asymptotic properties of the estimated parameters, the strict stationarity,
ergodicity and existence of the fourth and eighth moments of the CHARMA
model (1.1)-(1.2) are required. The conditions under which these requirements
are satisfied have not been found. In this paper, we derive the sufficient and
necessary conditions for the existence of a unique second order stationary solution
of model (1.1)-(1.2). It is shown that the solution is strictly stationary and
ergodic and has a causal representation. In some special cases, these conditions
reduce to those already known in the literature. Based on Tweedie’s (1988) result,
sufficient conditions for the existence of finite-order moments of the CHARMA
model (1.1)-(1.2) are also derived.

The paper is organized as follows. Section 2 investigates the stationarity
condition and Section 3 investigates the existence of finite-order moments.

Throughout the paper, the following notation will be used: p(A) is the max-
imum eigenvalue of the matrix A in absolute value, vec(A) is the usual column-
stacking vector of the matrix A, and ® denotes the Kronecker product of ma-
trices. The properties of matrix operations, vec(ABC)=(CT ® A)vec(B) and
(A® B)T = AT @ BT, will be also used.
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2. Conditions for Stationarity

Following Tsay (1987), with P = max(p, s) and @@ = max(q,r), we have

P Q
Ge-1(1) = p = El(ye = W|Fr1) = Y Yilye—i — ) + Y _biar—i,  (2.1)
=1 =1

where 1, =0 for ¢ > p and 6, = 0 for 7 > q.
From (1.1) and (2.1),

P Q

ay =Y (hiwor + wie) (Ye—i — 1) + > _(6it + worbi)ar—i + ey, (2.2)
i=1 i=1

where w;; = 0 for i > s and d;; = 0 for ¢ > r. Further, from (1.1) and (2.2),

P
ye — =Y (i + woeth; + wit) (Ye—i — )
i=1
Q
+ 2(91 + 'thei + 5it)at_i + e;. (23)
i=1
Let
_ T
Ut - (yt — My Yt—P+1 — MU, Gty - 7at—Q+l)(P+Q)><17
U . vp |6y . 0o
o Iip—1yx(P-1) O(p—1)x1 Op-1)xQ
‘ 0 . 0 ’
0Qxp lig-1x@-1) O@-1x1
worpr +wiy -0 woPp +wpglwob + 01 - worllg + 0
r Op_1)xpP 0(P-1)xQ
t pr—
worr +wiy -0 woPp +wpglwob + 010 - woillg + 0
0@-1xp 0@-1x@

= PBt7

where I, is the r x r identity matrix, I' = (1,0,...,0,1,0,... ’0){P+Q)><1 whose
first and (P + 1) — st components are 1, and B; = (w1 + wiy, - . ., woehp +
Wpt, Word1 + 14, . .., worg + ot ).-

We can write (2.2) and (2.3) equivalently in the vector form,

Ut = ((I) + PBt)Ut_l + €tF. (24)

It is easy to show that equations (1.1)-(1.2) are equivalent to (2.4). The follow-
ing theorem gives a simple necessary and sufficient condition for the existence
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of a F;— measurable second-order stationary solution. Another necessary and
sufficient condition can be found in the Appendix.

Theorem 2.1. Under Assumptions 1-3 and 5, a necessary and sufficient condi-
tion for model (1.1)-(1.2) to have a unique F;,— measurable second-order station-
ary solution {(yt,at)} is that

p(@@®+C)< 1, (2.5)

where C' = (I @T')E(B;® By). Furthermore, {y:} and {a;} are strictly stationary
and ergodic.

Proof. If p(@®@®+C) < 1, it is easy to show that 37", (®®@® +C)*vec(I'TT)
converges as m — 00, Corollary 5.6.14 in Horn and Johnson (1990, p.299). The
sufficiency of (2.5) follows from Theorem A.1 in the Appendix.

Suppose now that p(® ® ® + C) > 1. Writing ® ® & + C in Jordan form,
dR®+C = PAP~!, where except for the main diagonal elements and several ones
on the first upper diagonal, other elements of A are zero. Then there exists at least
one element A > 1 on the main diagonal of A. However by Theorem A.1 in the Ap-
pendix, we know that 37" | (2®@®+C)* tvec(ITT) = 37, PAF 1P~ lvec(TTT)
converges as m — oo. Therefore, vec(I'T'") must be orthogonal to the eigenvector
z = (21,...,2p4+q)T corresponding to A. Since zZvec(I'TT) = 0, we obtain that
21+ 2p+1 + 2p(P+Q)+1 T 2P(P+Q)+P+1 = 0 and hence

M =T(@ed+C)=1(d2®)+ T eIEB;® B)
2@ ®®) + (21 + 2p11 + 2p(pa)+1 + 2p(P+Q)+P+1) E(Br © By)

(@@ ). (2.6)

From (2.6), we know that A is also an eigenvalue of ® ® ®.

Since 371 (® ®@ ® + C)*~vec(I'TT) converges, from Lemma A.1 in the Ap-
pendix, we know that p(®) < 1. Furthermore p(® ® ®) < 1 (see Problem 1.8 in
Srivastava and Khatri (1979), p.33) and hence |A| < 1. This contradicts |A| > 1
and the necessity of (2.5) is proved.

Next we show uniqueness. We only need to prove that the F;—measurable
second-order stationary solution of (2.4) is unique. Suppose that there are two
such solutions, denoted S; and S;. Then V; = 5; — 5’; is Fy—measurable and
satisfies

Vi=(®+TIB)Vig.

It is easy to see that E(V;V,') < 2[E(S:ST) + E(S,S,")], where the right
side is a constant matrix. Since p(® ® ® + C) < 1, we have vec(V;V,1) =
(PR ®+C)vecE(V;_1Vi_1) = limyy, 00 (P @ P+ C)vecE(Vi_,, V,L,) = 0. Hence
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Vi =0 as, ie., S = S; a.s. Finally the strict stationarity and ergodicity follow
directly from Theorem A.1 in the Appendix. This completes the proof.

Remark.

(i) The sufficient condition can be extended directly to the multivariate case.
However, from the above proof, we see that in general condition (2.5) is not
necessary for such an extension.

(i) When 6y =wj =0,i=1,...,r,j=0,1,...,s, model (1.1)-(1.2) reduces to
the usual ARMA model with a constant conditional variance, and condition
(2.5) is equivalent to the well-known necessary and sufficient stationary
condition that all roots of the equation 2P — 2P~ — ... — 1p = 0 lie inside
the unit circle.

(iii)) When g = 0, woy = 0 and 63 = 6; = 0 for i = 1,...,Q, model (1.1)-
(1.2) can be rewritten as a random coefficient autoregressive model, y; =

P (i + wit)yi—i + €, and condition (2.5) is equivalent to the condition
given by Nicholl and Quinn (1982).

Corollary 2.1. For model (1.1)-(1.2) with p =0, wy =0; =0, =0,1,..., P,
ji=1,...,Q, ie., y = Zf-j:l ViYyi—; + ar and ap = ZZQ:l Oipar—i + e, condition
(2.5) means that all roots of the equation

P p =0 (2.7)

lie inside the unit circle and p[E(Gy ® Gy)] < 1, where

G <5lt 5ot )
e I o) '
(Q-1)x(Q-1) Y(Q-1)x1

This is the condition in Ling and Deng (1993).

Proof. In this case,

PR®+C=E[(®+TB)®(®+TH)

“ela) e (b6)
B

where M = ¥ vp ,0p = O 0q1 and * con-
Iip—1yx(p=1) Op-1)x1 OP-1)x(Q)
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sists of some suitable elements. Note that

< M | 0
M®<%2)]:M® o---o‘o 0
' 0 | Iig-1x(@-1 0

E

By a direct calculation, we have

Det(\ — E

Mo (Mo ) = A9F Det(\] — M ® M).
0 G,

Similarly we can show that

Det(\ — E

Gy ® (Agg;tﬂ) = A9F Det[A — E(G; @ Gy)].

Thus p(® @  + C) < 1 if and only if p(M ® M) < 1 and p[E(G; @ Gt)] < 1.
Note that p(M ® M) < 1 if and only if p(M) < 1. After some algebra, we know
that p(M) < 1 is equivalent to condition (2.7). This completes the proof.

Example. Consider the model y; = Y1 y:_1 + ar with a; = wiyp—1 + S1ear—1 + e,
a special case of model (1.1)-(1.2). Here

(10 P10 w1t O1¢ wit O1¢
cmq)”}_(oo>®<oo>+E{<wlt5u O\ w6 )

V2 +020002

_ o2 0007
o2 0002 |’
2 00 2
Ow 0'6

where 02 = Ew}, and 0 = E6},. After some algebra,
Det(A\] — @@ ® — C) = N2[\2 = (V% + 02 + 02) — Yio}].

Thus the eigenvalues of ® @ ® + C are A\ = 0 and A\34 = {11)% + 0120 + ag +
(42 + 02 + 02)% — 4yp}0?]}/?} /2. By some algebraic calculations, we know that
N34 < 1if and only if 02 < 1 and [¢1] < [(1 — 02 — 02)/(1 — o2)]V/2. Tt is
obvious that if 02 # 0, then the admissible region of ¢; is smaller than that
of the corresponding coefficient of an AR(1) model with a constant conditional

variance.

3. Conditions for the Existence of Moments

Sufficient conditions for the existence of finite-order moments are given by
the following theorem.
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Theorem 3.1. Suppose that Assumptions 1-5 hold and that p(E(® + I' By)®?™)
<1 and Eel™ < oo, where m > 1. Then (1.1)-(1.2) admits a unique station-
ary solution {(y;,ar)} with Ey?™ < oo and FEa?™ < oo, where A®™ denotes
ARA®: - ®A.

n factors

Before proving Theorem 3.1, we illustrate a concept and Tweedie’s (1988)
criteria. Let {Xy;¢ =1,2,...} be a temporally homogeneous Markov chain with
a locally compact complete separable metric state space (S, B). The transition
probability is P(X, A) = Pr(X,, € A|X,,—1 = z), where z € S and A € B.

Lemma 3.1. (Tweedie (1988, Theorem 2)) Suppose that {X;} is a Feller chain,
i.e., {X¢} is a Markov chain and for each bounded continuous function g on S,
the function E(g(Xy)|Xi—1 = x) is also continuous in x.
(i) If there exists, for some compact set A € B, a non-negative function g and
€ > 0 satisfying

[, Padng) < gla)—e  ae (3.1)

then there exists a o-finite invariant measure p for P with 0 < u(A) < oo;

(i) if
[ @) [ Pl dygw) <. (32
A Ac

then w is finite and hence m = pu/u(S) is an invariant probability measure;

(iii) if

» P(z,dy)g(y) < g(z) — f(x), r € A,

then (1 admits a finite f-moment, i.e., [¢pu(dy)f(y) < oco.

Remark. For the Markov chain generated by a time series model, Lemma
3.1 tells us that the model admits a strictly stationary solution with stationary
distribution 7 if conditions (3.1) and (3.2) are satisfied.

Proof of Theorem 3.1. The process {U;} defined by (2.4) is a Markov chain
with state space RPTC, and is also a Feller chain.

Define g(U) = 1 + (U™ TWU®™, where U € RP+Q W is defined by
vec(W) = (I — D)"'vecH, D = E(® + T'B;)®?™, and H is a positive definite
(P4 Q)™ x (P + Q)™ matrix. Similar to the proof of Theorem 5 in Feigin and
Tweedie (1985), we can show that under Assumptions 1-5, if p(D) < 1 then W
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is positive definite and there is a compact and bounded set A ¢ RF*T9 and a
constant § > 0 such that, when U € A, the function ¢g(U) satisfies

E{g(U)|Up—1 = U} < (1-0)g(U), (3.3)

where U, is defined by (2.4). By (3.3), it is not difficult to show that the function
g(U) satisfies conditions (3.1)-(3.2) in Lemma 3.1. By Lemma 3.1, there is an
invariant probability measure 7 for the process {U;}.

Let f(U) = 0g(U). From (3.3) and Lemma 3.1 (iii), we know that E f(U;)
is finite. Thus Er,y?™ < oo and Er,a?™ < oo, where 7 and 7 are the marginal
distributions specified by 7, corresponding to y; and a;, respectively.

Since the function f(z) = /™ is concave (z > 0), by Jensen’s inequality,
Epny? < (Eny?™Y™ < oco. Similarly Er,a? < oo. Thus 7y and 7 are the
second-order stationary distributions of y; and ay, respectively, i.e., {(ys, ar)} is
the second-order stationary solution of model (1.1)-(1.2). From Theorem 2.1, the
solution is unique . This completes the proof.

Example. Consider the model y; = a; with a; = d1:a;—1 + e¢. In this case,

01
P +TB;)¥?m =
(@+T5) (0 1
E&3" < 1. Furthermore if §;; ~ N (0, 62), the condition reduces to o™ [ (2i—
1) < 1, which is the same as Engle’s (1982) condition for the finiteness of the
2mth moments of the first order ARCH model.

®R2m
) 62m. The condition given in Theorem 3.1 reduces to

Remark.

(i) From the definition of ¢,I" in (2.4), we cannot prove that the Markov chain
{U:} is ¢—irreducible, and hence its geometrical ergodicity cannot be es-
tablished by Theorem 1 in Feigin and Tweedie (1985). Similarly, since we
cannot show that the compact set A in Lemma 3.1 (i) is small , Theorem 2
in Feigin and Tweedie (1985) cannot be used for the finiteness of finite-order
moments.

(ii) For various special CHARMA models, we believe that the conditions in
Theorem 3.1 can be simplified, but we shall not pursue the details here.
The conditions for the existence of finite-order moments usually require us to
check the eigenvalues of a higher order matrix. Numerically, the verification
can be easily done.
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Appendix

Theorem A.1. Under Assumptions 1-3 and 5, in order that there exists a
Fy—measurable second-order stationary solution {(yt,a:)} satisfying (1.1)-(1.2),
it 1s necessary and sufficient that

f: DR+ C) vee(TTT) (A.1)

converges as m — 0o, where ® and I' are as defined in (2.4) and C is as defined
in Theorem 2.1. Moreover the {y;} and {a;} are strictly stationary, ergodic, and
have the following causal representations,

oo k—1

g =TT Y [[[(® +TBi—i)|Ter—k + e (A.2)
k=1 =0

and

oo k—1

ar = Pg Z[H ((I) + PBt_i)]Pet_k + e, (A3)
k=1 1=0

where 'y = (1,0,...,0){P+Q)X1, Iy =(0,...,0,1,0,... ,0)(TP+Q)Xl with (P+1) —
st component 1, and the right sides of (A.2) and (A.3) converge in mean square.

Proof. We first show the sufficiency. Iterating equation (2.4), we have

m k—1 m
Uy=Te+ > [[[(®+TBi-i)Teti + [[(® +TBi—i)Up—m—1
k=1 i=0 =0
A
= St,m + Rt,ma

where Ry = [1ieo(® 4+ I'Bi—i)Ut—m—1.

Note that E(B; @ B;) = E(B;—; ® B;—j) and Ee?_j = o2 for any j, and
E(et—ier—j) = 01if i # j,

VecE(St,mng)
m k-1

:vecE{(Z[H(@—i-FBt Dlei—k) Z H O+TB;)Tes 1)} + vec(TTT)o?
k=1 i=0 k=1 i=0
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m k—1 k—1
:Z vec{|[ H (@ + FBt_i)]FFT[H (® +TB;_i)]" }o? + vec(ITT)o?
i=0 =0

H [(® +TB;_;) @ (® +T'By_;)]vec(ITT)0? + vec(I'TT)o?

NE TTMS

(E[(® +T'B;_;) @ (® +T'B;_;)])*vec(ITT)o? + vec(I'TT)o?

>
Il
—

[@®®+ (T®T)E(Bi_; @ Bi_)]*vec(I'TT)o? 4 vec(I'TT)0?

M

>
Il
—

(@@ ® + C)rvec(TTT)o? 4 vec(I'TT)o?, (A.4)

NE

k

Il
—

where the identity (IT A;)@(I] Bi) = [1(4;®B;) is used. By (A.1), St converges
in mean square as m — oo. Denote this limit by S;. Then

oo k-1

Se=> [[[(®+TBii)Ce;—k + Tey.
k=1 =0

It is easy to verify that {S;} satisfies (2.4) and is Fi—measurable. By
(A4), vecE(S:SF) = limy,—.o0 vecE(Sy 1 SE,,) is finite. Now let y, = I'1 S; and
a; = I'TS;. Then {y;} and {a;} is an F;—measurable second-order stationary so-
lution of model (1.1)-(1.2) and have the causal representations (A.2) and (A.3),
respectively. Since y; and a; are measurable functions of i.i.d. random variables
{ej,wi, 65,0 =t,t —1,...}, {y:} and {a;} are strictly stationary and ergodic.

The proof of the necessity part is omitted since it is quite similar to the proof
of Theorem 2.2 of Nicholl and Quinn (1982). This completes the proof.
Lemma A.1. If 7 (@@ P+C)Fvec(TTT) converges as m — oo, then p(®) < 1.

Proof. Denote the matrix Q = E(S;S{)/o?. By stationarity,
Q= oQd” + E(IBOQBITT) + ITT.

Suppose that ® has an eigenvalue A with corresponding left eigenvector z =
(21,...,2p+q)T. Then

L0z =2ToQETe)T + TETBOBITT)z 4 T 2
= \?2TQzT + 2TECBOBITT)z + |21 + 2p41)?,

where z is the complex conjugate of z.
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We now show that z1 + zpy1 # 0. Since z is a left eigenvector of @, we have

(215, 2P+Q)® = (21,...,2P+Q)
e vp |6 00
Ip_1yx(P-1) OP-1)x1 Op-1)xQ
0 0
Oqxp lig-1x@-1 O@-1x1
=A(21,...,2P+Q)- (A.5)

From (A.5), it is easy to obtain that
21+ zig1 =Mz, i=1,...,P—1, z1¥p=XAzp (A.6)
and
210; + 2p4iv1 = Azpyi, 1=1,...,Q =1, 2109 = Azp4q. (A.7)
From (A.6), we get
a(AF = AT - —yp) =0, (A-8)
If 21 + zp41 = 0, then from (A.7),
2(AY 0097 1 hg) = 0. (A.9)

From (A.8)-(A.9) and Assumption 5, we have that z; = 0 and hence zp;1 = 0.
From (A.6) and (A.7), we obtain z; = 29 = -+ = 2zpy = 0, i.e., z = 0. This
contradicts the fact that z is a left eigenvector of ®. Thus z; + zpy1 # 0, which
implies that |A| < 1. This completes the proof.
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