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SIMULTANEOUS INSPECTION FOR VARIABLE
SAMPLING ACCEPTANCE

TaChen Liang

Wayne State University

Abstract: We investigate the problem of simultaneously inspecting k shipments
for variable sampling acceptance. Our goal is to simultaneously select all good
shipments and exclude all bad shipments. By incorporating information from the
samples taken from each of the k£ shipments, an empirical Bayes simultaneous in-
spection procedure §* is proposed. The relative regret Bayes risk of §* is used as
a measure of its performance. We have proved that the simultaneous inspection
procedure §* is asymptotically optimal, and its relative regret Bayes risk converges
to zero at rate O (k‘lén2k).
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1. Introduction

The exponential distribution has played an important role in modeling the
lifetime of random phenomena. It arises in many areas of applications, including
reliability, life testing and survival analysis. Johnson, Kotz and Balakrishnan
(1994) present an introduction to the exponential distribution. More applications
of the exponential distribution are given in Balakrishnan and Basu (1995).

Suppose that a batch of components is presented for acceptance sampling.
The quality of a component is measured by its lifetime X. In order to estimate
the quality of the batch, a sample of m items is put on life test and not replaced
on failure. Then one decides whether to accept the batch based on the observed
lifetimes of the sampled components. An introduction to sampling inspection and
quality control can be seen, for example, in Wetherill (1977). Interested readers
are referred to Lam (1994) and Lam and Choy (1995) for the recent development
of variable sampling plans for exponential distributions.

Consider k shipments (populations) 7y, ..., 7, each consisting of M compo-
nents. For each ¢ = 1,...,k, let X;; denote the lifetime of component j of ;.
Suppose that X;1,..., X;) are identically and independently distributed, having
an exponential distribution with mean lifetime 6;, and that X; = (X;1,..., Xin),
i=1,...,k, are mutually independent. Thus, Y; = ZjM:l Xi; is the total lifetime
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of the M items of m;. Let 6y be a specified positive value. Shipment ; is said
to be acceptable if ¥; > 0p; 7, is said to be rejected if Y; < 6. We consider the
problem of simultaneously inspecting k£ shipments. Our goal is to accept all good
shipments and to reject all bad shipments.

In the literature, the problem of comparing populations with a control has
been extensively studied by many authors. We mention a few here. Huang
(1975) derived Bayes selection procedures to partition & normal populations;
Gupta and Hsiao (1981) derived Bayes I'-minimax and minimax procedures for
selecting populations close to a control; Mee, Shah and Lefante (1987) devel-
oped multiple testing procedures to compare the means of £ normal populations
with respect to a control; Miescke (1981) and Gupta and Miescke (1985) derived
optimal selection procedures via I'-minimax and minimax approaches for select-
ing good populations. Interested readers are referred to Bechhofer, Santner and
Goldsman (1995) for an overview of the area of ranking and selection. See Gupta
and Panchapakesan (1988) for a comprehensive survey of selection procedures in
exponential distributions and other reliability models.

In this paper, it is assumed that the mean lifetime parameter 6; is a re-
alization of a positive random variable ©;, ¢ = 1,...,k, and that ©4,...,0y
are independently and identically distributed, following an unknown but non-
degenerate prior distribution H(-) over the interval (0,00). Under our assump-
tions, X;, i = 1,...,k, are mutually independent and marginally identically
distributed. Thus, the empirical Bayes approach is adopted to incorporate in-
formation from each of the k sources for constructing simultaneous inspection
procedures.

The paper is organized as follows. In Section 2, the inspection problem for
variable sampling acceptance is formulated and a Bayes inspection procedure §7
is derived. In Section 3, an empirical Bayes simultaneous inspection procedure
0" is constructed by mimicking the behavior of the Bayes inspection procedure
6. Relative regret Bayes risk is used as a measure of performance and the
asymptotic optimality of ¢* is established in Section 4 and Section 5. An upper
bound of order O(k~!In? k) is established for the convergence rate of the relative
regret Bayes risk of §*. Then, a lower bound of the same order is established
These results together show that the empirical Bayes simultaneous inspection
procedure §* is asymptotically optimal, relative to the prior distribution H, at a
convergence rate of order k! 1In? k.

Readers are referred to Balakrishnan and Ma (1996, 1997), Huang and Lai
(1998) and Liang (1997a, b), and the references cited there, for recent develop-
ment of empirical Bayes procedures in the area of ranking and selection.
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2. Formulation of the Problem and a Bayes Inspection Procedure

In this section, we provide a decision-theoretic formulation of the sampling
inspection problem and derive a Bayes inspection procedure based on which an
empirical Bayes simultaneous inspection procedure will be developed.

Let ¢ = (aq,...,a;) be an action, where a; = 0,1, i« = 1,...,k. Shipment
m, is accepted if a; = 1, and rejected if a; = 0. For action ¢ and observation
Y = (Y1,...,Y%), the loss L(Y, a) is defined to be

k
LY,0) = S0 (¥, i), (2.1)
=1
where
4 (Y;, (I,‘) = a; (90 — Y;) I (90 — Y;) + (1 — ai) (Y; — «90) I (Y; — «90) , (2.2)

and I (z) =1(0) if z > 0(x <0). In (2.2), the first term is the loss of wrongly
accepting a bad shipment, and the second term is the loss of wrongly excluding
a good shipment.

Given the values of X;, i = 1,...,k, we can always reach the best decision.
However, it is time-consuming to have a life test for each of the M items in ;.
Also, at the end of the life test, the items put on life test are destroyed. Therefore,
in order to implement a decision, a sample of m items, 1 < m < M, is taken from
each shipment, and put on life test. At the end of the life test, the corresponding
lifetimes are observed. We denote the lifetimes of the m items sampled from 7;
by Xi(m) = (Xi1,..., Xim). Let X(m) = (X1(m),..., Xx(m)) and x denote the
sample space of X (m). An inspection procedure § = (d1,...,0x) is defined to be
a measurable mapping from the sample space x into the product space [0, 1]"3 ,
such that for each z(m) € x,4d(z(m)) = (61(z(m)),...,dk(z(m))), and & (z(m))
is the probability of accepting m; when X (m) = z(m) is observed.

Let C be the class of all inspection procedures. For each § in C and a prior
distribution H, let R(H,J) denote the associated Bayes risk. Then R(H) =
infs . R(H,9) is the minimum Bayes risk among the class C and an inspection

procedure §7 such that R(H, ot ) = R(H) is called a Bayes inspection procedure.
Let fi(x;]0;) and fi,(2;(m)|0;) be the conditional probability densities of X;
and X,;(m), respectively. Then

M m
Fasl0) = grr expl{= Y aii/00), Famlzs(m)|0) = o exp{— > w03}
j=1 7 7j=1

o

Let fi(z:) = [ fi(xil0s)dH (6;), and fim(zi(m)) = [ fim(2i(m)|0;)dH (6;). Then
fi(z;) and fim(z;(m)) are the marginal probability densities of X; and X;(m),
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respectively. Note that X;, 7 =1,...,k, are mutually independent and marginally
identically distributed. Thus, f1 = -+ = fi and fi, = -+ = fem. Let
fi(zi|lzi(m)) = fi(z:)/ fim(2:(m)), the marginal conditional probability density
of X; given X;(m) = x;(m).

Tt is assumed that JoT0dH (0) < oo. With the loss function given in (2.1)-
(2.2), and by Fubini’s theorem, the Bayes risk associated with an inspection
procedure § = (d1,...,0) is

i=1
where
k
Ri (H,(Si):/&( ) [60 — vl H (2j)dz + D (2.4)
= [ e m){60 — EWlX: (m) }ny () (m))dz(m) + Dy

Here y; = Zj]\il zij, D = [ (yi —00) I (yi —6o) fi(x;)dx;, which depends on
the prior distribution H but is independent of i (since f; = --- = fi), and
E[Y;|X; (m) = x; (m)] is the marginal posterior mean of ¥; given X (m) = z; (m).

From (2.4), a Bayes inspection procedure o = (6. .. ,5,? ) is clearly given
by: for each z(m) in x, and each i = 1,... k,

1, if 6y < E[Y;|X; (m) = z; (m)],

2.5
0, otherwise. (2.5)

8! (z (m)) = {
From (2.5), we see that the component inspection procedure 5Z-H depends on

z (m) only through z;(m) and is independent of x; (m), for j # i.
Let V; = > | X;;. Conditioning on ;, V; has a probability density g; (v;]0;)

Ui

= ue(m) exp(—g*), where u (v;) = o1 T (m) . Marginally, V; has a probability

density g; (v;) = /gi (v;0;) dH (6;) . Note that Y; = ij‘il Xij. A straightforward

computation yields

E[Yi|X; (m) = Za:zﬁ Z E[Xu|Xi(m) =2;(m)]  (2.6)
{=m+1

=v; + (M — m) wz ('Uz) /gl (vl) ’

where v; = Y7 x5 and 1) (vi):/ g,q(fl)l exp(—4%)dH (0).
0
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Let a (v;) = v;— 6+ (M — m); (v;) /gi (v;) and W (v;) = (v; — 0p) gi (v;) +
(M —m); (v;). From (2.5) - (2.6), the Bayes inspsection procedure § =
(6. .. ,5}?) can be written as: for each i = 1,... k, and each z(m) in y,

5 (x(m)) = {1, if o (v;) >0,

¢ 0, otherwise;

_{1, if (v; —6p>0) or (v; — 6y <0 and W (v;) > 0), 2.7)

0, otherwise.

We see that §77 depends on z(m) only through v; = DTy Tig

Let A = {v > 0la(v) > 0} . Note that a (v) = v—0y+ (M —m); (v) /gi (v)
is continuous and strictly increasing in v for v >0. Also, a (6p) = (M — m) 1; (6y) /
gi (o) > 0. So 6y is in A, and hence A is not an empty set. Define ay = inf A.
Then 0 < ag < Oy. If ag > 0 then a(agy) = 0. If ag = 0, then either a(0) =0
or «(0) > 0. Note that ag can be viewed as the critical point of the Bayes
inspection procedure §. In terms of ag, the Bayes inspection procedure §7 can

be expressed as: for each i =1,...,k, and v = (vy,...,vk),
1, ifv; >a
H g H — H ) — Y [ H,
871z (m) = 801 () = o () {07 e = an (2.8
The minimum Bayes risk R(H,§7) is
k
R(H,3") =} Ri(H,5}"), (2.9)
i=1
where
Ri(H,81) = [ 67 (03) [=a (0] i (vs) dvs + D
0
:/ S5 (0) [=W (v5)] dvs + D (2.10)
0

3. An Empirical Bayes Simultaneous Inspection Procedure

It can be seen that the Bayes inspection procedure @H depends on the prior
distribution H. When H is unknown, it is not possible to implement §. How-
ever, according to the model described previously, the X, (m), i = 1,... k, are
marginally identically distributed, and mutually independent. Therefore, the
empirical Bayes approach is employed to combine information from the & obser-
vations X; (m), i = 1,...,k, to construct robust inspection procedures for each
of the k variable sampling acceptance problems.
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The proposed empirical Bayes inspection procedure resembles 7. For this,
(2.7) provides important motivation for the construction. To construct an em-
pirical Bayes simultaneous inspection procedure, we need to have estimates for
gi (v;) and 95 (v;) .

Let K(t) = > ;2 Ogv@lllt) I(t) (the kernel K (t) has been used by Pensky and
Singh (1995) for some empirical Bayes estimation problem). Foreachi =1,...,k,
define

k
1
vir (Vi) = gy =
Ve
Jj=1

L I(V-T) o
w(V;) I (V;=V; Vi—V;
gix (Vi) = (k:—l)ilz(k:,vi)z wy K <h(]k:V)> ;
FE

j=1
where h = h (k,v) = v/ (In k)*. In the following, for convenience, we use h instead
of h(k,v). We show that 1 (v) is an unbiased, consistent estimator of ; (v).
Also, by choice of h = v/(In k)2, we can show that g, (v) is an asymptotically
unbiased, consistent estimator of g; (v), having bias converging to zero at a rate
of order O(k™1). A straightforward computation leads to

{ E; [tk (vi)] = i (vi)

B ()] = g1 ) — [ %52 expl=) exp(~ ) (6) < gew0), P

where the expectation E; is with respect to the probability measure generated

by V (i) = (Vl,.. Vic1,Vig1, .., Vi), @ = 1,...,k; the bias 0 < By (v;, k) =
w01 exp(—4) exp(—2)dH (0) < L [<9=mdH(0) (see (6.5)) and — 0 as k —

co. By notlng that the function u (v) = v™ /T (m) is increasing in v, and that
OOK2 (t)dt = 3, (see Pensky and Singh (1995)), we find

0
{wﬂww»uw—wv< ) < 4 (vi) 53)
Var (u (v;) I(V; — v)K((V; — i) /h) Ju(V;)) < 2oeeed, '
Therefore,
{Var (Yir (vi)) < i (vi) [/ (k—1), (3.4)
Var (g, (v5)) < gi (v3) /2 (k — 1) h]. '

Hence, ¥k (v;) and g (v;) are consistent estimators of v; (v;) and g; (v;) , respec-
tively. Define

Wi (vi) = (vi — 0o) gix (vi) + (M —m) Py, (v;) . (3.5)
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We have
(3.6)

{Ez[Wzk (Ul)] = W (’Ul) + (90 — Ui) BH (Ui, k) s

—v)2g: (vs —m) e (v
Var (Wi (v;)) < (Bo (k_)l)gh( ) 4 2 k_)lw( .

Thus, W, (v;) is a consistent estimator of W (v;) . Based on Wy (v;), 4 =1,...,k,
and akin to 07 at (2.7), we propose an empirical Bayes simultaneous inspection

procedure ¢* = (47, ...,0;) as follows: for each i = 1,...,k, define
* _osH (o N\ 1a if (Ui > 90) or (Ui < 90 and Wzk (Uz) > 0) ’
5(0) = 57 (41,0(9) = {0’ iz (3.7
The Bayes risk of §* is
k
R(H,6%) = 3" Ri (H,57) (3.5)
i=1
where -
R; (H,57) :/0 Ei[67 (vi, V (4)] [= o (v3)] gi (vi) dvi + Dy (3.9)

Since §" is the Bayes inspection procedure, for any inspection procedure
§ = (61,...,0x), Ri (H,6;) — R;(H,0") >0 for each i = 1,...,k, and therefore
R(H,8) — R(H,§") > 0. Define p(H,$) = [R(H,$) — R(H,5™)]/R(H,4"). Then
p(H,J) is called the relative regret Bayes risk of .

An inspection procedure ¢ is said to be asymptotically optimal relative to H,
if p(H,J) — 0 as k — 0o. An inspection procedure ¢ is said to be asymptotically
optimal, relative to H, at a rate of order O (8), if p(H,J) = O (B) , where {8}
is a sequence of decreasing, positive numbers such that limg_,., Gr = 0.

In the following sections, we investigate the asymptotic optimality and rate
of convergence of the empirical Bayes simultaneous inspection procedure 9*.

Before ending this section, we provide a numerical example to illustrate the
implementation of §*.

An illustrative numerical example

Suppose that k& = 10 shipments, each consisting of M = 30 components,
are presented for acceptance sampling. Let Y; denote the total lifetime of the
M items of shipment ;. Shipment 7; is accepied if Y; > 0y = 35;m; is rejected
if Y; < 6y. In order to implement the empirical Bayes simultaneous inspection
procedure ¢*, a sample of five components are selected at random from each m;
and put on life test. We denote the total lifetime of the five sampled item from
m; by v;. The following data are observed.
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i1 2 3 4 5 6 7 8 9 10
v |24 32 40 48 78 125 182 243 281 324

Using (3.1), (3.5), and (3.7), the values of g;x(v;), Yk (vi), Wik (vi) and 6} (v)
are computed and tabulated in the following. Note that §;(v) = 1 means that m;
is accepted while 5;-‘ (v) = 0 means that 7; is rejected. According to the numerical
results, shipments 71, w9 and 73 are rejected and the others are accepted.

Numerical result for the procedure §* based on (vy,...,v19) with k = 10, M =
30,m =5 and 6y = 35.

i gik(vi) | psii(vi) | Wi(vi) | 67 (v)
1 0.05220 0.05770 -0.25920 0
2 0.09756 0.07125 -1.32108 0
3 0.05965 0.06285 -0.27800 0
4 0.00031 0.01921 0.47076 1
5 -0.00030 0.02281 0.57834 1
6 -0.00090 0.03932 1.00315 1
7 0.00963 0.06558 1.47772 1
8 0.01964 0.09729 2.22220 1
9 0.01174 0.06286 1.49059 1
10 0.00000 0.00000 0.00000 1

4. Asymptotic Optimality and Rate of Convergence
4.1. Asymptotic Optimality of ¢*

Under the model described previously, one can see that for the Bayes in-
spection procedure (jH,Rl(H, o) = ... = R(H, 5,?) Also, by the symmetric
property of the empirical Bayes simultaneous inspection procedure §*, we have
R1(H,8f) = -+ = Ri(H, ;). Therefore, p(H,&*) = Dy (H,8}) /R1(H, 51) where
Dy(H1,67) = R (H,07) — Ry (H, 5?) Note that Ry(H,d{7) is a constant, inde-
pendent of the number of shipments k. So, to study the asymptotic optimality
of §*, it suffices to investigate the asymptotic behavior of the regret Bayes risk
Dy (H,67) for sufficiently large k. From (2.8), (2.10), (3.7) and (3.9), the regret
Bayes risk D;(H,¢}) can be expressed as

Dy (H.67) = [ P{Wi(0) 20} [-W ()ldv + [ " P (Waslv) < 0} W (v) do.

(4.1)

Note that f090 |[W (v)| dv < 0o. Therefore, from Corollary 2 of Robbins (1964),

to show the asymptotic optimality of 7 it suffices to show that P {1y (v) > 0} —
0 for each v in (0,ar) and P{Wy (v) <0} — 0 for each v in (ag,6y). By
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Markov’s inequality, for v in (0, az),
P {Wy, (v) >0} = P{Wi; (v) = W (v) > =W (v)} < By [Wig (0)=W (0)]*/[W (v)]?.
From (3.6),
E1 Wi (v) — W (v)]?
= Var(Wis(v)) + [EsWix (v) — W (0)]2

(b =)’ g1 (v) | 2(M —m)* ¢y (v)
=T k—1Dh k1

which tends to 0 as k& — oo. Therefore, for each v in (0,ap), P {Wi (v) >0} — 0
as k — o0o. Similarly, for each v in (ag, 6y) , we can obtain that P {Wy; (v) < 0} —

+ (60— v)* [Brr (v, k)],

0 as k — oo.
The preceding result is summarized as a theorem.

Theorem 4.1. Let §* be the empirical Bayes simultaneous inspection procedure
constructed in Section 3. Assume that [y 0dH (0) < co. Then, §*is asymptoti-
cally optimal in the sense that p(H,0*) — 0 as k — oo.

4.2. Rate of convergence

We investigate the rate of convergence of the empirical Bayes simultaneous
inspection procedure §*by establishing an upper bound on the regret Bayes risk
D (H, 7). Note that as ag = 0, the first term in the RHS of (4.1) equals zero.
Without loss of generality, in the following, we assume that ay > 0.

Since « (v) is strictly increasing in v and « (ag) = 0, for sufficiently large k,
there exists a point ay (k) between ap /2 and ay such that

a(ay (k) = —In k/k. (4.2)

The regret Bayes risk D (H,d]) can be expressed as

Dy (H,57) = I + Iy + IIT}, + IV, (4.3)
where
agp/2
I, = /0 P{Wi (v) > 0} [=W (v)] do, (4.4)
anr ()
1= [ P (@) 2 0 W )] (4.5)
I, = / ”Zk)P{Wlk (v) > 0} [=W (v)] dv, (4.6)

v = / " b (Wi (0) < 0} W () do (4.7)
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To investigate the asymptotic behavior of the regret Bayes risk D; (H,07), it
suffices to investigate the asymptotic behavior of each of the terms (4.4) - (4.7).
0o 1

Let Cy (m,v) = [y gw exp(—v/0)dH (0) . We have the following lemmas (proofs
are provided in Section 6).

Lemma 4.1. Assume that Cy (m,0) < co. Then

1 < 800Cu (m,0) 502 (Ink)? + 3ay M2B(4L)] o ((mk)?)
b= 3m (k — 1) Crr(m, 45)a2(%L) kD
_ (v
where B(v) = m.
Lemma 4.2. Assume that Cy (m,0) < co. Then
2 2 2
I, < 479 [505 + 6h (k,aH)aM B (am)] _ O((lnk;) )
3(k—1)h(k, =L)dy k

where dy = ming,, o< <oy 1 (v) > 0 and 0 < 7y = My, jy<pcay 2 < oo,

)

Lemma 4.3. 11, < (lnkk)Q.

74[3624+6h(k,00) M2 3(60)+4600(0o) In k)2
Lemma 4.4. IV, < [0 3(k—01)h(k,aH0)d4 val®)] _ o(! k) ), where dy =

ming , <y<g, 91 (v) >0 and 0 < 74 = max,, <y<g, % < 0.
From (4.3) and Lemmas 4.1 - 4.4, we can establish an upper bound for the
convergence rate of the regret Bayes risk D; (H,07). We summarize this main

result as follows.

Theorem 4.2. Suppose the prior distribution H is such that (a) [;°0dH(0) <
0o, and (b) [5° m=dH () < co. Then the empirical Bayes simultaneous inspection
procedure 0 is asymptotically optimal, Di(H,07) = O((lnkk)Q), and p(H,J*) =

O( (lnkk)2 ).

5. A Lower Bound for D;(H,d7)

In the following, we establish a lower bound on the convergence rate of
Dy (H, 7). More precisely, we provide a lower bound for I1j + I1I} where I} +
I, = f;{f/ZP{Wlk (v) > 0} [-W (v)] dv. Since Dy(H,67) > 11y + 111y, the
lower bound of I + II1} is also a lower bound of D;(H, 7).

For each v in [ag/2,ax], W (v) = a(v) g1 (v) < 0. From (6.6), Eq1[Wy (v)] >
W (v). From (6.1) - (6.2) and for sufficiently large k, it follows from Lemma 3,
p. 47, of Lamperti (1966) that for all £ > 0,

P{Wy (v) > 0}
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= P{Wi (v) — Ex[Wig (v)] > —E1[Wig (v)]}
> P {Wy (v) — Et[Wix (v)] > =W (v)
_ { F—1[Wi(v) — B/ [Way, (0)]]  —vE—TW (v) }
Var (Qs (v)) — Var(Qz2(v))
(k=1)W?(v)(1+¢)
= exp {_ War(Qa(v) | (5:1)
where Qs (v) = (520 tUER=0) e (Vamv) 4 (0] — ) U020 see (6.1) - (6.2

).
Note that Var (Q2 (v)) > Eg [Var (Q2 (v) |#)] and Var (Q2 (v) |0) = E [Q3 (v) |]
—(E[Q2 (v)]0])*. Straightforward computations show that

(v — ) u(v) e=v/?

(M —m)u(®)0 _p.
9m

gm ’
(60 — v)* u?(v)e /" /°° 1 —hy/6 72
K
hgm 0o u(v+ hy) c (v) dy
B (M = m)? w2 (v)e/? J——
om o u(v+hy) Y

_2(M —m) (Bp — v) u(v) —wjo [ 1 —hy/
om e 9/0 7u(v—|—hy)e h eK(y)dy.

EQ2(v) 0] =

X [1 —exp(—0/h)] +

E Q3 (v)16] =

+

Hence, E [Q} (v) |0] — (E [Q2 (v)]0])? = “&e=v/9C (0, v, h), where

(60 — v)* /“ 1 —hy /6 2 /“ 1 —hy/0
= Ny 7
C (6,v,h) - Sy e K*(y)dy + h o Wt i) e dy

0 1
—2(M —m) (6 — I
( ™) (6o U)/o u (v + hy)
2 v/ 2 n2
(0o —v)7e / [1 _e—e/h]2 (M -m)”0 o/
om gm
2 (00 — v) (M — m) fe"/? [1— o],
gm
Let 0 < #; < 03 < oo be two finite points such that H (61) < H (62) . Note that
apg/2 <wv <apg. For each 6 in [01, 03] and sufficiently large k,

e MIVK (y) dy

+

(90—71)2/OO 1 —hy /0 12
0.v.h) > VIO K2 (4)) d
C(0,v,h) > oh ; u(v+hy)e (v) dy,

>(90—U)2/°° 1
- 2h o u(v+ hy)

e I K2 (y) dy,

and therefore, Var (Qz(v)|0) > ";Sf)e_”/e (902_}:))2 ' u(v_ilrhy)e‘hy/alK2 (y) dy.
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Hence,

Var (Q2 (v))
> Ey [Var (Qz (v)|0))

(90 . 1))2 u2 (v) /92 e—v/0 1 /oo 1 Rl oD
> dH (0 — E—— T e d
= 2 s o O e () dy

_ 2.2 02 ,—am/0 0o
> Lozl (enl?) (P2 a o) 1 [T e AR ) dy

L, o “h o u(v+hy)
C*e (h)
= (5.2)
where C* = (QO_GH)QZHQ(QH/Z) fgf 6755/9 dH (0) > 0, and
h:/i‘hy/elf{? d 05/ K2 () dy>0 as k— oo,
e(h) Ny (y) dy—e(0) 0 @) (y)dy>0as k—o0

Let b1 = maxg, n<y<ay g3(v) and by = Ming,; 2<y<ay [%} . Then b; < o0

and by > 0. Combining (5.1) and (5.2) and plugging the inequality into I I+ 111,
since a(ay) = 0, we obtain

Dl (H7 5;)
> / Ijg P {Wiy, (v) > 0} [-W (v)] do

@H (k—=1)h(14+&W?(v)
> /aH/2 exp {— 2Ce () } [=W (v)]dv

_ [ (k — 1) h(k,v) (1+€) g7 (v) &® (v)
= - exp {_ 20C*e (h) ! } [—Oé (1))] g1 (1}) dv
o (k— 1) h(k,an) (1+&) bio? (v) 91 (v)
> /aH/2 exp {— 2é’{*e(h) 1 } [—a (v)] aM) (v) [a(ll) (v)} dv
aH (k—1)h(k,ar) (1 +&)bia? (v)
> by /aH/2 exp {— 2C¢ (h) } [—a (’U)] oM (v) dv
baC*e (h)

> .
(k=D h(kag)(1+8)b
Hence, we have the following theorem.

Theorem 5.1. Suppose that the distribution H is such that H (61) < H (62) for
some 0 < 01 < Oy < oco. Then for any £ > 0, the following hold.

* baC*e(h .
(a) D1(H,07) = (k—l)hfk,aH(l()Hs)bw
(b) p(H,5") mrErS

= (k—1)h(k,apm)(1+€)b1 Ry (H,68)"
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Theorem 5.1 provides a lower bound of order O((Ink)?/k) for the conver-
gence rate of p(H, ") and Theorem 4.2 gives an upper bound of the same order.
Hence, the simultaneous inspection procedure §* is asymptotically optimal at a
convergence rate of order O((Ink)?/k).

6. Auxiliary Results

Let Cy (m,v) = Oooeime_”/edH (#) . In this section, the analysis is made for
sufficiently large k£ and under the assumption that C'y (m,0) < co. To investigate
the asymptotic behavior of the four terms given in (4.4)-(4.7), we first study
certain properties related to Wiy (v) .

Note that .
1
Wlk (U) = m;Q] (1}) R (61)
where
=) u@I(V—0), Vi—o w(®)1(V; )
Qj (v) = == wy K (M —m) == (62)
Since 0 < %‘W <1 and |K (t)| <1, for sufficiently large k,
Qs ()] < 222 and 1@, () — B1[Q; ()] < 50 (63
Also, from (3.3),
(v=00) u@) I(V; =) . V=
Var (Q; (v)) < 2Var ( . w(V) K( h ))
u(v) I (V; —w)
+2Var (M — m) (Vj) )
< M + 2M%y; (v). (6.4)
From (3.6), E1[Wi (v)] =W (v) + (0g — v) By (v, k), where
0< By (v,k) = /OOO u(v)exp(—v/0)exp(—6/h)/0™dH ()
< “]i”) /0 T o (9) = %(JH (m,0). (6.5)

Therefore,

E[Wig (v)] > W (v) for all v. (6.6)
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Since « (v) is strictly increasing in v and by the definition of ag (k), for 0 < v <
ap (F)
a(w) <alag (k) = —In?k/k. (6.7)

Thus, for sufficiently large k£ and 0 < v < ag (k) , from (6.5) and (6.7),

By (v, k) a(w)  a()  (6—v)Cx(m,0)
o () + (60 —v) u (v) Cg (m,v) = 2 * 2 * ECy (m,v)
a() I’k (6p—v)Cx(m,0)  a(v)
= T T OkCH(m,v) =5

Therefore, for 0 < v < ay (k) , we obtain
EWok ()] =1 (0) [0 (0) + (B0 — ) ) < g1 () a0 /2

=W (v) /2 < 0. (6.8)

Let B (v) =1 (v) /g1 (v) . Then « (v) = v — 60y + [ (v) . Note that both G(v) and
o (v) are nondecreasing and differentiable in v. Hence, o)) (v) = 1+ M (v) > 1
for all v.

Proof of Lemma 4.1. For 0 < v < ay/2,

Um—l ,Um—l

=——C 2) < < —
I‘(m) H(’I?’L,(IH/ ) > g1 (U) = F(m)
From (6.1) - (6.4), (6.8) - (6.9) and the Bernstein inequality. (see Shorack and
Wellner (1986, p.855)), for 0 < v < ap/2,

Cg (m,0) and — 6y < a(v) <0. (6.9)

P{Wlk (1}) 2 O} S P {Wlk (1}) - El[Wlk (1))] Z —%W (1})}
(k-1 W )] /2
Var (Qz (v)) + % X )Wg(”)

e {_§ (k ~ 1) hg (v) 0* (v) }
~ P\ 78302 + 6hM2B (v) + 200 Ja (v))]

Sexp{—g(k UWF( )CH( )QQ(QTH)}

<exp{ —

8 362+ S M3 (%) + 263

=exp{—Cy(k)v™}, (6.10)

3(k=1)Cp (m, L )a?(H)
8T'(m)[563 (In k)* +3aHM2,6(a2H)]'

where Cy (k) =
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Plugging (6.10) into I and by (6.9), we obtain

IkS/OTeXp{—C'l(k)vm}Pffn)CH (m.0) ™ L < %

86oCr (m, 0) [593 (Ink)? + 3ay M283 (QTH)}

3m (k— 1) Cr (m, %) o (%)

Proof of Lemma 4.2. For % < v < ay (k), following a discussion analogous
to (6.10), we obtain

_ v a2 v

3 (k=1)h(k, %) doc® (v) |
Sexp {_é X 5076k (k. are) M5 (an) } =exp {~Cs (k) o* (v)}

(6.11)

3(k—1)h(k,22)d .
where Cy (k) = 8[50§+6h(k,aH)1\2423(2aH)], and dy = ming, j5<y<ay 91 (V)
u(Fcz{In{)Q)CH (m’aH) > 0. Let m = Max,,, /2<v<ay 91—(”) Note that 7 <

a@ (v)
max,, /2<y<ay 91 (V) < %CH(m,aHﬂ) < oo, since oY) (v) > 1. Plugging

(6.11) and the preceding inequality into Iy, we obtain

v

IIkg/aaH exp {~Ca (k) o (v) } [or (v)] oV (v) [ ©) 14,

H/2 o0 (U)
< TQ/aHIjQ exp {—02 (k) o® (v)} [—a(@)]a® (v)dv < 207;(}{})

. 47’2 [598 + 6h (k, aH) MZﬂ (aH)]
T 3k Dh(hB)d

Proof of Lemma 4.3. According to the definitions of ay (k) and ap, and by

: : : . (nk)? _
the increasing property of the function o (v) in v, for ag (k) < v < ag, — 5> =
alag (k) < a) <a(ag)=0. Hence,

aH n 2
1< [ (ol ()do < (R,

Proof of Lemma 4.4. For ag < v < 0y, W(v) > 0. From (6.6) and following a
discussion analogous to (6.10), we have

P{Wig (v) <0} < P{Wig (v) — Ex[Wig (v)] < =W (v)}
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e[ 8 - Dha el

- 2 302 + 6hM?2 3 (v) + 46 (v)

<o § (k— 1R (k,ag) dsc? (v)

- 2 392 + 6h (k 90) MQﬂ (90) + 40pcx (90)

:exp{—c4 (k)a? (v)}, (6.12)
where Cy (k) = S(h—Dh(k.ar)ds and dy > u((aH)) Cr (m,6p) > 0. Let

2[362+6h(k,00) M23(60)+460cx(60)]

T4 = MaX,, <u<fy a<1§()) Note that 4 < U((Ooch (m,apm) < oco. Plugging (6.12)
and the preceding inequality into IV}, we obtain

bo
1< [ ep{-Cutkat (@) a(wa® o) 45

< 74/;0 exp{—Ci(k)a?(v)}a(v)a™ (v)dv

7'4[390 + 6h(k 90)M2,8(90) + 49004(90)]
- 3(k — 1)h(k G,H)d4
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