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S1 Lemmas and the proof of main results

Lemma 1. Assume that K is a positive semi-definite and symmetric kernel defined on

X x Z. Let u be a finite measure on 2 . If

/ K2(z,y)du(e)duly) < oo, (SL.1)
XXX

then K(xz,y) = 222 Ajabj();(y), {15 ()} C L* () form a complete orthogonal normal

system i.e., E{i;(X)p(X)} = ;5 where 6, =1 if j =k; d;, =0 if j # k.

Proof: Given a positive definite kernel K (x,y), we can construct a reproducing kernel



Tao He, Ping-Shou Zhong, Yuehua Cui and Vidyadhar Mandrekar

Hilbert space (RKHS) %, and the reproducing property implies that

K(ib’,y) =< K(JL‘, ')7 K(y7 ) >,%”K::< Ka:a Ky >,7KK .

Since for any K, € H#%, | K| = /< Ku, Ko > = \/K(2,2), we have

K (2, y)| =< Ko, Ky > < KKl = VE (2, 2) K (y, y),

and

| K@) < . (s1.2)
P A

Therefore, K (x,y) generates a compact operator on L?(u) through the integral operation

(Kf)(x) = [, K(z,y)f(y)du(y). Let {\;}32, and {t;(-)};2, be the eigenvalues and

corresponding complete orthogonal normal system of kernel K under measure p, i.e.,

/K@ww@@@Z&%@>ﬁﬂ%“ww (51.3)

Since K(z,y) € L*(u@pu), K.(-) = K(z,-) € L*(u), i.e., there exist {c,,(z)}%_, such

that K(z,y) = K.(y) = >, cm(2)¥m(y), then we have K,(-) = > _ cm()¥m(y).

Because K,(-) € L*(u) and {¢,n(y)}22_; can be considered as constants once y is given,

o0
m=1"

then ¢,,(-) € L?(u) and can be expanded using bases {1y, () Therefore, we have

K(2,y) = > 55— aigtbi(2);(y), where 37, . a?; < oo is due to (S1.2).

It will be shown in the following that a;; = A;d;, which implies K (x,y) = > 72, Ajibj(2)1;(y)-
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Actually,

[ [ wepsaim = [ [ > s (o))

where the left hand side is [ A\ (y)v;(y)du(y) = Xidi; by using the eigen-decomposition
property (S1.3), and the right hand side is Zk,l a0i0y; = a;;. This finishes the proof of

Lemma 1. ]

Corollary 1. LetZy,--- ,Z, be g-dim IID random vectors where ¢ = q(n) is a function
of n, and q(n) — oo as n — oco. Let H,(x,y) be a symmetric kernel function of x,y €
R?, which may depend on n. The kernel function satisfies E{H2(Z1,Z5)} = 02, and

E{H,(Z1,7Z5)|Zs} = 0 almost surely. Then, there exists eigenvalues A\, and a complete

orthonormal functions (Yuk)k=0,1,2,... such that UJ;IHn(ZL‘, Y) =D ey Akt () Vi (y).

Proof: Because the eigenvalue decomposition in Lemma 1 is applicable to a semi-definite
and symmetric kernel defined in any space 2", we can apply it to the kernel function
o5 H,(x,y) defined in R? for any ¢. By definition 0;,>E{H2(Z,Z)} = 1 < oo and
Lemma 1, there exist eigenvalues and a complete orthonormal functions (¢nk)r=01.2, .

such that 1,0 = 1 and A\t (®) = [ o) 4 Ho (2, y)nr(y)duna(y). O

Lemma 2. Let Zy,--- ,Z, be g-dim IID random vectors where ¢ = q(n) is a function
of n, and qg(n) — oo as n — oo. Let Hy(x,y) be a symmetric kernel function of
z,y € RY, which may depend on n. The kernel function satisfies E{H*(Zy,Z5)} = 0%y

and E{H,(Z1,Zs)|Z2} = 0 almost surely. Define U, = {n(n — 1)} 3", H.(Z;,Z;),

i#]
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as a degenerate U-statistic. Let A\px and ¥,i(x) be eigenvalues and the corresponding

ergenfunctions defined in Corollary 1. Under conditions
(A1): S22 5 A2 = 0 uniformly for alln > ng as ng, N = oo, and Ay — Ap # 0;
(A2): sup, o P B|H,(Zy,Z,)|*" < oo for some 6 > 0.

Then, as n — oo, we have no, U, < Yoo Me(xz — 1), where X3 are IID chi-square

distributed random variables.

Proof: Let a, = {y/2n(n — 1)}~'. To prove noj'U, - >ore  Ae(xi — 1) is equivalent

to prove

Zan (Z:,Z;) dixk(xz—n/\/é (S1.4)

i#]

Using the eigenvalue decomposition in Corollary 1, it follows that

n

Z an0. ;irH Zza Z Z /\k: Z andjnk )wnk(zj) = Up,

i#]j k=1 i#j

where £ means equality in distribution. Let Y} for j = 1,--- ,n be IID standard normal

random variables. Then, to prove (S1.18) is equivalent to prove
p(tp,v,) — 0, (S1.5)

where v, = 3% Ae(D2, @, Y;Y1) and p(A, B) is the Levy-Prokhorov distance between
the probability laws of A and B (Billingsley (2013)). By carefully checking the proof of

Mikosch (1993), Theorem 2.1 in Mikosch (1993) can be applied to prove (S1.5). Thus, we
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only need to check conditions (A1)-(A3) in Theorem 2.1 of Mikosch (1993). Condition
(A1) in Mikosch (1993) can be slightly relaxed to (A1) given in this Lemma 2. For the
condition (A2) in Mikosch (1993), we can see that d~%(n) = 1/{2(n—1)} — 0, therefore
condition (A2) in Mikosch (1993) holds. Condition (A3) in Mikosch (1993) also holds
because of the remark (5) below Theorem 2.1 in Mikosch (1993) suggests that condition

(A2) is a sufficient condition. O

Lemma 3. If kernel Kj(xq,x2) is a positive definite kernel, then the centralized kernel

Ky(x1,29) is positive semi-definite.

Proof: Assume kernel function Kj(z,y) has eigen-depcomposition {\: ., ¥ (1)},
and centralized kernel Ky(x,y) has eigen-decomposition {\um, ¥nm(-)}5o_,. Since the
kernel can be normalized, we assume the sum of squared eigenvalues are bounded without
loss of generality. Recall the definition of the centralized kernel function Ky(xi,xs) =
Ky (x1,%g) — K g(x1) — K7 y(x2) + pixc+. Then we have E[Ky(x1, X2)] = E[Kj(x1, X2)] —
K7 g(x1) = 0, or equivalently, [ 1- Ky(x1,X2)dpu(xz) = 0, which implies that ¢y (-) = 1
is one of the eigenfunctions corresponding to zero eigenvalue. Due to the orthogonality
of the system, E{¢,,,(X)} = 0 for m # m*. By the eigen-decomposition equality in

Lemma 1 we have

AU (X1) = E{ Ko (%1, Xo)Vnm(Xa)} = E{Kg(x1, X2)Vnm(X2)} — E{K7 y(X2)nm(Xa)}

+ L — K7 g(%0) YE{¥nm (Xa) } = E{Kj (x1, X2)Vnn(X2)} — E{K7 o(X2)Ynm(X2)},
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for any m # m*. By plugging in K (x1,Xo) = > - X b (x1)17,, (X2), and multiply-

ing ¥nm(x1) to both sides, we have

nmdf Z)‘ s Uns (X1) Vi (%1) E{ 7, (X2 ) hnm (X2) } — E{K 0(X2) Vnm (X2) }onm(x1),

for m # m*. Taking expectation with respect to X; and using the orthogonal normal

property,

Z)\* B2 (X)W (X)] > 0, m #m”*.

In addition, A~ = 0, then the positive semi-definiteness of centralized kernel function
can be achieved. U
Proof of Theorem 1: (i) Under the null hypothesis, Y; = u + ¢;. Because the test
statistic 7}, is invariant to location shift, without loss of generality, we assume p = 0 in
the following proof. Then T? := THo the reduced version under null hypothesis, can be

written as

1 2 2

T = ———— 3 KX X)) (=8 (6= {1+ (55— 1} = Th{1+(55 — 1)} (SL6)

n(n —1)o?
i#]

Since 0%/6% — 1 = 0,(1), under the null, we have T //Va, = T, /v/Van{1 + 0,(1)}.
We now study the asymptotic distribution of T, /v/Va, using the U-statistic theory.

By plugging in the full expression of ¢ =n~! 3" | ¢, the leading order of T, /v/V4, can
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be written as the sum of three U-statistics of different orders

TO
‘7;1 —UD +U® +U® 4 A0 (S1.7)
2n

where U2 = > V3(Z,,Z;)) P2,

i#]

n

1 1
U'r(z3) = ﬁ Z Q/(g)(Zi,Zj,Zk), U(4) = ﬁ Z \11(4)(Zivzj7zkazl)a
noititk " itjFEkAl

AV = op(U,SQ)—i—UT(lg)—i—U#)), and Z = (X, ¢). P*is the number of k-permutations of n, ¥*)
is the kernel function of k-th order U-statistic UV(Lk) for £ = 2,3,4 and of the following
symmetric form V3)(Z; Z;) = K(X;, X;)[eie; — n7 (e + €)?]/02, VO(Z;,Z,,Zy) =

e, 4, k) + @ (4, k, i) + 0P (i, k, j) and

VN Zi, 2y, L, Z) =™ (i, 5, K, 1) + 0D (i, K, 5, 1) + oW (6,1, 5, k) + oW (5, k,4,1)

+ oW L k) + oW (k1 1, 5),

where ) (i, 4, k) = —K(X;, X;) (eiertejes—er /n) /(302) and oW (i, 4, k, 1) = K(X;, X;)erer/(602).
To study the distribution of T /v/V,, we will look at the asymptotic properties of each

U-statistic U respectively. Specifically, we are going to show the following

(a): nUP 53 e — 1), (S1.8)
m=1
(b): nU® 50, (S1.9)

(c): nU® 5o, (S1.10)
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To see (a), we define the first-order and second-order projections of the kernel ¥(?)(.) as

9) (z;) = E{¥¥(z;,Z;)} = 0 and ¢§2) (zi,2;) = E{UP(z;,2,)} = WéQ)(zi, z;), and their
corresponding variances o3 ; = Var| §2) (Z:)], 05, = Var[gbgz)(zi, Z;)]. It is not difficult to
prove that US” is first-order degenerated, i.e., 05, =0and 03, = 2Vk2{1 4+ o(1)} # 0.
By Lemma 2, nU{? % S Am(XZ, — 1), where {Ac, . }5°_, are the eigenvalues of
kernel function K,(z1, z2) = K(z1, x2)e162 with respect to the distribution function F,,

i.e., solution of integral equations

/lCz(zl, 29)Wic,m(21)dE(22) = M, mWic. m(22),m=1,..., 00. (S1.11)

It remains to prove that A, ., = Acm. View kernel K, (21, 22) as the product of kernel
KC.1(21, 20) := K(x1, z2) and kernel K, o(21, 22) := €169, where I, » has only one non-zero
eigenvalue 1 with eigenfunction g(€) = €/ under the null hypothesis. Through equations
(S1.11) above, it can be verified that eigenvalues and eigenfunctions of K, (21, 22) are
{Mem} and {n(z) - g(e) }oo_, respectively. (b) and (c) can be achieved similarly by
proving means and variances of the first- and second-order projections of Ut and UMY
are all zero.

(ii) Based on the proof in part (i), we will only need to show that nU}lQ)/\/ﬁ N
N(0,1). To this end, we write nUL /v/2 = V23" &/(n — 1) = a, Y20, & where & =
ST U(Z;,Z)) and a, = v2/(n—1). Let Fo = {0,Q}, Fi = 0{Zi,-- ,Z;} be the o-

field generated by Zi,--- ,Z;. Then, we know that E{{|#,_1} = 0 and {§,1 <i < n}
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is a martingale difference sequence with respect to the o-fields {.%;,1 < i < n}. Let

02, = E(&|%;_1). Then, to show the central limit theorem, it suffices to show that

Var(>", &) — 1 and VarQ(Z?:l &) — 0. (S1.12)

We first show the first part of (S1.12). Because E(} ., 02;) = Var(3_ 1, &), it suffices
to show that Var(> " | 02,) = O{Var’(3_I_, &)}. By definition, we have

-1

Z Xk Cjkm

g,k

where KCo(z,y) = E{K(z, X)K(X,y)} and (jrpn = (1—2)%0%¢;ep +n 2 (ks + 0 + o€ +

}et). Because E{Ky(X;, X})} = 0 for j # k, we have
E(oy;) = (i = 1) E{K2(X1, X1) } E(Gu),

where (j, = (1—2)%02€3+n"2(rk4+20%€ +€;). Moreover, because E{Cs(X;, X;)Ka (X,

0 for j # t, we have

i—1 i—1
=Y B (X, X))t + D E{K (X, X ) (X, X))
j=1

JFs
i—1
23 B{KX,, X))
i#k

= (i = DB (X0, X0)E(CE,) + (0 = 1)(0 = 2) E{Ka (X, X1) FE* (Gin)

+2(i = 1)(i — 2) E{K3 (X1, X2) }E(CTy ).

X))
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Similarly, it can be shown that, for i < j,

E(oy00;) = (i = DE{KY (X0, X0)}E(CF,) + (0 = 1)(7 = 2)E* (G ) E*(Cun)

+2(i = 1)(i — 2) E{K3 (X1, X2) }E(CF ).

Thus, we have

Var(z 02) = {Z(i —1)+2) (i — 1)}Var{Ks(X;, X)} Var(¢.)

1<j

+ Q{Z(i D —=2)+2) (i —1)(i — 2)}E{(Xe, Xo) }E(Gy,0)-

i<j

Because E(€}) < oo, the order of Var(>"! | 02,) = Olmax{n*E{K3(X;, Xs), n* E{K3(X;,X;)}].
Moreover, we know that Var(}.! &) is at the order of n®. So, Var(d ! K o2,) =

o{ Var*(3_1, &)} if max(E{K3(Xy, Xs)}, E{K3(X1,X1)}/n) = o(1). Define Ky(z,y) =
F{K(z,X)K(y,X)}. If E{K2(X{,X5)} = 0o(V2) and E{K2(X1,X;)} = o(nV}), then

the first part of (S1.12) holds. If E{K3(X;,Xs)} = o(V,!) holds, then E{K3(X;,X5)} =
o(V2) holds.

We then show the second part of (S1.12). By a straightforward computation, we

have
i—1
B =) E[IC‘;(XZ-, Xi){eie; —n " e+ )"}
j=1
i—1

+3) E [IC%(XZ-, X)) (Xi, X {eie; — n™ (e + ) Peaa — n7' (e + @)}
I



S1. LEMMAS AND THE PROOF OF MAIN RESULTS

< C|(i = DE{KHX1, Xa)} + (i = 1)(i = 2) B (X0, Xa)K3(X, X3)}

where C'is a constant. Therefore, the second part of (S1.12) holds if F{K2(Xy, Xy)K3(Xy,X3)} =
o(nVyl) and E{Kj3(X1,X32)} = o(n?V,). Both conditions hold if F{K3(X;,Xs5)} =

o(Vay)- O
Remark 3: Derivation of the adjusted variance o7, .. Consider

1

2
1T = —YTHK°HY - —
n(n —1)Tn p HK'HY pym—

YTHK'HYY HY £ G, — G,

By using results from Zhong and Chen (2011), we have E(G) = 2tr(HK"),

mag:(niDhmHK%u&n+mmHK%+Auaﬂ@Hon
Var(G;) = 8tr(HK HK") + 4Atr(A o A),
Cov(G1,Gy) = e i N [16tr(HK HK?) + 4tr*(HK?) + 4tr(HK"HK")tr(H)]
N (n2_A1) [tr(HK")tr(A o H) + tr(H)tr(A o A) 4 tr(A% o H) + 2tr(A o A)]
2(7s <_n1_5 1_) 62) (A o A o H)

where 7, = E{(Y — p1)/o}" for any k € N. Applying the results from Bao and Ullah

(2010),

E(Y'AYYTAYY'HYY'HY)/0®
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= tr?(HK")tr*(H) + 10tr*(HK®)tr(H) + 2tr*(H)tr(HK°HK®) + 20tr(HK"HK)tr(H)

+ 24tr?(HK?) + 48tr(HK"HK") + R,

where Rn - ’72f72 +’74f74 +76f"/6 +722f7§7 Yo = T4 — 3 = Av Y4 = Te — 15A — ]-57

Y6 = T — 2874 — 35A% — 210A — 105, and

fro =n 't (HK®){5(n — 1)> + 8n + 24(n — 1)} + n~ "tr(HK°HK"){10(n — 1)* + 64(n — 1)}
+tr(AoA){(n—1+2n"" (n—1)*+16(n — 1) + 48 + 16n ' (n — 1)},

fru = 2tr*(HK")n "2 (n — 1) + 4tr(HK°HK)n%(n — 1)? + tr(A o A)n "' (n — 1)(2n + 18),

fro = tr(Ao A2 (n — 1),

fp = t*(HK®)n ™2 (20 — 2n+ 4) + tr(A o A)n~ " {8n — 16 + (n — 1)*}

+ tr(HK"HK )n?(24n* — 32n + 12).

Hence,

(n — 1)*Var(Gy) =E(YTAYYTAYY HYY HY)/0® — {E(G5)}?
=tr’(HK"){6(n — 1) + 20} + tr(HK"HK"){2(n — 1)* + 20(n — 1) + 48}

—{4Atr(HK")tr(A o H) + A*tr*(A o H) + 2Atr(HK)tr(H)tr(A o H) } + R,,.

Denote S; = —2tr?(HK®)/(n—1)+tr(HK’HK’){2—12/(n—1)} and S, = —tr?(HK)A /n+
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6tr(HK'HK")A /n + Atr(A o A), then we have

Var(G1 — Gg) = Sl + SQ + O(Sl + SQ)
= tr(HK"HK"){2 — 12(n — 1)"' + 6An"'}

+ tr?(HK”){—2(n — 1) — An7'} 4+ Atr(A o A) + o(S; + Sy),

where it can be proved tr(AoA) = n~'{2tr(K?)—tr*(HK") — 2tr(HK"HK") } {1+0(1)}.
Therefore, Var(nT,;) = (n — 1)"?Var(G; — G3), which is an adjustment for the variance
of test statistic nT,,, since Var(nT,,) = Var(nT,1){1 + o(1)}. This finishes the proof. [

Proof of Remark 4: Let T, = Y. Ko(X;, X;)(Y; — V,)(Y; — V) /{n(n — 1)6?} and

i#j
Tor = > Ko(Xi, X5) (Vi = Y,)(Y; — Vo) /{n(n — 1)0®} be the statistics using the true

centralized kernel Ky. Let T, = 3 Kno(Xi, X)(Y; = V,)(Y; = Y,)/{n(n — 1)6?}

7]

and Ty = Y. K o(Xi, X,)(Y; — Y,)(Y; — V) /{n(n — 1)6} be the ones using empir-

i#]
ically centralized kernel K, ¢. Following similar arguments in the proof of Theorem 1,
nT ) Van = 0T /v Van{l + 0,(1)} and nT,,//Van = nTp1/v/Van{1 + 0,(1)}. To show
NT /v Van = 1T, )/ Van {1 + 0,(1)}, it remains to show (T — nT1)/v/Van = 0p(1).

In fact, Anp = V5,2 (nToy —nT1) = 32, Dy (Vi = YV)(V; = V) /{(n — 1)0?}, where
D = V,, (K = K,.), Dij = Vi, {Ky(X;) = (n = 1) S Ky + Kip(Xs) — (n —
DY s K+t (n = 1)71 30, Ky — pe- } and Ky = K*(X;, X;). Viewing A, p as
a special case that was considered in proof of Theorem 1, it is not difficult to see that

E(A,,p) = 0, and the asymptotic variance of A, p is 2BE(DZ) < CV;,'(20% 1 + 034 ,) for
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some constant C', where 03 , = BE{K7 o(X;)—(n—1)"" >, ,; Kj;}* and 03 , = E{n~'(n—
1)1 Ky — pe}?. T the following we will show that V5, ' (203 ; + 02 5) = o(1).
Let {\*, 1" 1°_, be the eigen-decomposition of kernel K*. Denote Vy:, = >.°°_ \*2

nm? m=1 "‘nm?

km = E{¢ (X))}, i =3, Aokt and vp =y AR k2. Since the Ap, s invari-
ant when the kernel is scaled, we can assume A} = 1 without loss of generality. Then it

can be shown that 0% | = n= (V5 — 1») and 0% , = 4n~"'vy + n=2Vy,. Moreover, it has

been studied in Lindsay et al. (2014) that Vs, = V5 —2uvs+12, where 1 < 15 < 1y < /Vy,

Therefore,
_ 2V, + 11 2 Vo, + Vs 2 Vo, + Vo
V12O_2 +0_2 — 2 72n 1+ o(1 < Z n n_oZ n n’
2n ( A,l A,Q) ‘/'2n { ( )} — n ‘/'22 _ 21/2 + 1/12 — n ‘/22 . 2 ‘/22
which is o(1) no matter V5, is infinite or finite. O

Polynomial Kernel: Consider the polynomial kernel K7 ;(Z1,Z,) = (Z{ AZy)* where
Z, and Z, are independent multivariate distributed normal random vectors with mean

*

p* and variance I,. Then the corresponding centralized kernel is

Kno(Z1,Z2) = K, g(Z1,Zo)—E{ K}, y(Z1,Z2)|Z1 } = E{ K}, y(Z1, Z2)|Zo } + E{ K}, y(Z1,Z5) }.

Let J = {j1, - ,jp} be a set of non-negative integers such that j; +--- + j, = d and
{k1,--- ,ks,} be a subset of {1,--- ,p} for which jy, #0,--- ks, 7 0. It follows that
d L
B{K (T 2y = Y B [ 2zl
!

j1+j2+"'+jp=d ]1- k1
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d! Sy . .

: Jk; Ik Jk

- ——E ' 2 E(Z).
Tol=1

Jrtiatgp=d TV TP
We then write the centralized kernel as
J J J J ]
Koo(Z1,25) = Y ,H o {215 — E(ZG)H 2o — B(Z3)}
J1tgat- +Jp—d I’ =1

Following the derivation in Liang and Lee (2013), the eigenvalues A, and eigenfunctions

¢(+) of K satisfy the following equation
> ,H T {20 = B(Zp MWt — E(W)}6(Z) f(Z)AZ = Aup(W),
J1tie+tip= a’ ! Jps 12y

where f(Z) is the density function of Z. The above equation then can be written as

122 j
') Jkl/z{WIzlkl — E(WiYChy e, = Mad(W),  (S1.13)

d!

Jitizt+ip=d ' P =1
where

R ”211 [ [ 12 - Bz @

From equation (S1.13), we obtain

12 5 /2 )
.) W — E(WIYC, e (S114)

o d!
¢<W>_)\n Z <]1'] »Jp*

Jit+izttip=d ’ P =1
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Plugging the equation ¢(-) into the expression of Cj, ... ;,, we have

d! 1/2 P .
Clry iy = ( H/ w e~ B(Z))

XW > (#)/z ne {2 — B(Z00}Ci, s, | F(2)IZ,

i1+in++ip=d ' p I=1

where I = {ky,--- ,ks,} C {1,---,p} for which jx, # 0,--- Ik, # 0. Because of
the independence among {Zi,---,Z,}, the integration in the above equation is zero

whenever [ is not the same as .JJ. Therefore, we can write the above equation as

d! 1/2 d! 1/2
MGy gy = Z (jll---j') (ik' , '> piCi i

Tk +’Lk2+"'+’kaJ =d p L Sy

where ;= [[7 7" [{Z“l BE(Zi)H 2 - B(Z "“l)}} Here {ki,- ks, }isa
subset of {1,--- ,p} for which j, #0,--- s Jks, # 0 and 4y, - - - , %, has the same non-zero

support as {ji, -+ ,jp} on J.

Let M, 4 = (M;il)) be a d, x d, matrix with the entries MZS:Q given by

) d! )1/2( d! )1/2
Mnd‘(‘!---'! il 1) HD
J1 Jp k1 ks,

where d, = dﬂ” ). Then, the eigenvalues of the kernel K* are given by the following
P

equation:

Mp,dC = )\nC,
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where C' = (C) is a d,-dimensional eigenvector that containing all Cj, .. ; for which
it tip=d

Based on the above results, the eigenvalues of the kernel K* are given by the eigen-
values of the matrix M, 4. Therefore, V5, is a summation of the squares of M;‘]). If
Cov(Zy, Zy) for any integers u,v € {1,--- ,d} are uniformly bounded (for k =1,--- | p)

above and below, then applying the Cauchy-schwarz inequality, we have

ks,

d! d! (ik,+Jk,)
Vi< ), > i Ll

, - . : Uy e s Lk Tk
Zkl_t,_..._HkSJ:djkl_t,_‘.._t,_]ks(]:d 1 Sy Jka J S5% =1

ks;

d! 2iy, d! 25 d /2
= Z il 1AL = Z ill...Z'lan = tr(E7).
X R 7% s, 7 . .t P
Zkl_t,_..._HkSJ =d J =1 i1+-+ip=d k=1
This completes the proof of the polynomial example. OJ

Proof of Theorem 2: Under the alternative hypothesis Hy,,, Y; = u+d,(X;)+¢;, where
Ed,(X;) = 0, E(¢;) = 0, and Var(e;) = 0. Without loss of generality, we also assume

p = 0 in the following proof. Similar to (S1.6), considering the following expansion

o S K X)) (Y = )~ V{1 (5 - D} = T {1+ (5~ D)
i#j

Ty=—
n(n —1)o?

Under condition (3.9), E(Y;) = 0 and E(Y?) = 02 + E{d2(X;)} = o*{1 + o(1)}, it is
not difficult to see 62 2 2. Hence it is enough to study the behavior of T,,;. By plugging
in expression of Y; and Y; under H,,,, T},; could be decomposed into two parts: 7, Y and
T0

0 where asymptotic distribution of T, is the null distribution and has been studied in
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Theorem 1. The remainder term TP can be expressed as the sum of the following three

terms
% ={0® +0® 4+ 0Wi{1 +0,(1)}, (S1.15)
where
v Vo, 1 2
o) = n2022 D Ko(Xi,X;) [UiU; + Use; + Ujei — ~(Uit Uj)* — (Uit Uj)(e + &),
i#£]
Von 1
@7(13) — n3—;2 Z ]Cg(Xi, Xj) [ — (Ui + Uj)(Uk + Ek) — (Ei + Ej)Uk + E(Ug + 2Uk6k)},
ik
VAL
@7(14) = n4;2 Z ICg(Xi,Xj)(UkUl -+ Ukel + Ulek),
i#jAhA

and U; = d,(X;). Denote the eigenvalues of normalized kernel fCg(x,y) as {Acm ooy,
where ) A,chm = 1 and Ax,, > 0 for each m. Notice that kernel Ky and Ky have the
same eigenfucntions {1, (X)}5°_,. Besides, for centralized kernel, pi,, := E{¢,,(X)} =
0 for m € N'\{m*}, where p,,~ = 1 corresponds to zero eigenvalue (A, = 0) (See Lemma
3 in the first section). Let G = {m : A, > 0}, then Ky(x1,22) = >, cc Am®m(21)¢m(22)
and p,, = 0 for all m € G. Define b, := E{¢nm(X)dn(X)} representing the projection
of function d,,(X) onto the eigen-function v, (X).

In the following we will show that (a) E(o7'nT?%)—¥(d,) = o(1), and (b) Var(nTQ) =

o{Var(nT?,)}. To prove (a) and (b), let us study the asymptotic behavior of each term
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in nJTlTO1 =nor (@ +ef + @%4)). Firstly split
JE:n@,(f) = n(gll + 2,§12 + 2‘§13 + 2514){1 + Op(l)}, (81.16)

where

o

n2o?

511 = — ZIC@ XHX )U UJ, 512 = Z/Cg XZ,X )UEJ,

9T, i#] nio? O, i#j

- Vo, - Vs
N AL X, X )U2, X, X, )Use;.
Sig = ——— o ;ICG( DUE S == o ;ICQ VUse

We want to show nSj; = U(d,) and nglj 200 for j = 2,3,4. Actually, E(ngn) =

naTl \% ‘/271 Zm 1 nm)\lcm - \IJ( n){l + 0(1)}’ and

~ V- "
n25121 = ;2 Z )\KJ,m1 )\K,mz wnml (Xz)wnml (Xj)wnmg (Xk)wan (XI>UZU_] UkUl

nlolof &
it kAL
m1,mo€G

Define index subsets I. = {(4, j, k, |)||{i, i} {k, I} = ¢, i, 4, k, L € {1,--- ,n},i # 5,k #1}
for ¢ = 0,1,2, where | - | denotes the set cardinality. For example, I represents set

{(Z7]7k7l> < |i7j7k7l S {17 7n}7i 7&] 7é k 7é l} Then nQS%I = Jo + J1 + Jo, where

Van

n2c40?2

']c = Z )\IC ,m1 )\IC mgwnnn ( Z)wnml (Xj)wnmg (Xk)wnmz (XZ>U’LU] UkUl

o
Tn ijkicl,
m1,m9€G

By using the orthogonal and centralized properties of eigen-functions, it can be proved
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that

E(Jo) = E*(nS1){1 + o(1)} = ¥*(d,){1 + o(1)},

4Van,
E(Jl) = ﬁ Z AK,mlAIC,sz{wnm1 (Xz‘)wnmz (XZ‘)Uz‘Q}E{wnm1 (Xj)Uj}E{@Dnmz (Xk)Uk}
- 4”‘/2710-_40-;"2 < Z >\IC,m1 >\IC,m2 bnm1 bnmg eml,m2> {]- + 0<1)}7
ml,mQEG
o —4 _—2 2
E(Jy) = 2nVoo "0y < Z A;C,mlA;C,memth) {1+0(1)},
ml,mQEG

where €, m, = E[Unm, (X)Unm, (X)d2(X)]. Under condition (3.9), we can prove that
|brm| < Dy [Edi(X)]1/8, and |€m, my| < D2 [Edi(X)]l/4 for some finite constants D; and

D5, by using Cauchy-Schwartz inequality. Therefore, E(J;) < 267*DiDy-n[EdS(X)] V2 _

o(1), B(J2) < 0=4D3-n[Ed3(X)]"* = o(1), and Var(nSy1) = o(1) under condition (3.9).
Hence nSy; % ¥(d,) = O(1). Tt remains to prove nSy; % 0 for j = 2,3,4 in (S1.16).

It is easy to see that E(nSiy) = E(nS;s) = E(nSy) = 0 by using the centralized
kernel property. Moreover, it can be proved that Var(nSi,) = Var(nSys) = Var(nSy) =

o(1). Actually,

Van

Var(nSys) = e Z Mg mEmm{l +0(1)} < (V20) 2 Dy[EdS (X)]V4,
Tn meG
~ Von
Var(nSi3) = m {Z A,chmfm + Z )\;le)\,gme?m,m} {1+0(1)}
T \meG mi,mz

< (V2no?)*[Ed, (X)]/*(Ds + D3)
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V??; > 0 {1+ 0(1)} < (V2no) 2Da[EdS (X))

Trn meG

Var(n514

n2o?

where f,, = E[12 (X)d!(X)] < Ds[Ed®(X)]'/? for some constant D3 > 0. The variance

above are all of order o(1) under condition (3.10). For the triple sum terms e in

(S1.15),
So1 = ns—va% > Ko(Xi, X;)User, S = n;g% > Ko(X, X5) Ui,
T itjtk Tn itk
~ V' Von A%
Sog = Bolon Z ICo( Xz,X )Ukeéi, 524 = T Z Ko ( X'MX )Uker,
neccor n-o°or
" iF#k " i#iFk
- vV Van
S5 = it > Ko(Xi, X,)U
"iFj#k

Similarly, it is not difficult to see that E(nSy;) = 0 for j = 1,...,5. Furthermore, up to a

factor of {1 + o(1)}, we have the following

Var nSQ]_ 2 5 9 Z )\lCm + 2n_l€m,m)7

meG

Var(nS;m) ==— > M Mems (D, bomny T 17 20y, BIA2 ()] + 207 D, Congy sy )

m1,m2€G

1 2 2 2 —1 2 -1 2

meG

Var(nSss) =(2n0?) Z A b + Eld2(X)]),

meG

Var(nSs,) =(nc")'E[d%(X)],
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Var(nSys) =(2n%c*) ™ (Ez[di(X)] + 2n 'E[d} (X ) ey} Z A% b

meG

where ¢, = E[th,,(X)d2(X)], and dyn; 1y = E[Ynm, (X)Unmy (X)d,(X)]. Under condition
(3.9), all the triple sum terms are of small order. Finally consider the following quadruple

sum terms O3 in (S1.15),

. Vi Vi
T iolo Z Ko(Xi, X,)UpUs, Ss2 = v p— Z Ko(Xs, X;)Uker.

g0
Tn itk Tn itjthl

It can be shown that E(nSs;) = E(nSs) = 0, and

Var(nSs;) = L Bl (X)) D A mbon + (D Meambum ) + E2d2 (X)) Vieo) {1 + o(1)},

2n 202
meG meG

Val"(n832 Z >‘IC mYnm +E d2 (X)]VIC,2){1 + 0(1)}7

meG

are of order o(1) under condition (3.10). Therefore, no L0, A U(d,,) under the local
hypothesis Hy,, (3.9). This finishes the proof of Theorem 2. [J

Proof of Proposition 1: (i) We will firstly show that the leading order of 67, is 67, =
2n~ (n — 1) 1r[(K®)?], which can be written as a U-statistic. Denote Ax = diag(K), a
diagonal matrix with the same diagonal elements as matrix K. Then on one hand, we

can see K* = K — Ag and tr[(K°)?] = tr(K?) — tr(A%). On the other hand,

tr(HKHK") = tr(K?)—2tr(HKHA g ) +tr(HA g HA i) = {tr(K?)—tr(A%) }H1+0,(1)}.
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It remains to show that 6% /o2 5 1 asn — co. As a U-statistic, the variance of 63,
can be derived following the classical method. In fact, Var(67, /2V3,) = O(n™'), and
E(67. /2Va,) = E(6%, /o) = 1. This finishes the proof of part (i).

(i) It is sufficient to prove E(dx/dx) — 1 and Var(dx/dx) — 0 as n — oo. Let

o2(a) = nVar(dx). Then we have

Ok \ _ o [ vVnoy'(a)(0k — 6x)
EpE—

and

Ok _ \/HSK _ oq(a)
Var (5) = Var (ﬁ(SK) = n5%( .

Therefore, it remains to show that o2 (a)/(né%) = o(1). Since the leading order of 0 is

a U-statistic, we can obtain its variance using classical results. That is,

o2 (a) = nVar(dx) = [4Var{h(X)g(X)} + 40*Var{g(X)} + 40°6% + R,] {1 + o(1)},

n

where R, = 2n~"Var{ K (X1, X2)h(X1)h(X2) }+4n"to?Var{ K (X1, X2)h(X1) }+2n "1 0* V3,
and g(z) = E[K(z, X)h(X)]. Applying the conditional variance formula, we obtain that
Var{h(X3)g(Xz)} < Var{K (X, X2)h(X1)h(Xz)} and Var{g(Xs)} < Var{K(Xy, X3)h(X1)}.
Then the ratio consistency is proved.

In the following we will show that the kernel Kg € Zx 1 with probability 1. This is
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equivalent to show that P( Uke 2 , {Kg = K}) = 1. Because

P(Uges, {Ks =K}) > max P(Ky =K) > P(Ky = Kp),

- Ketg[ﬂ(’l

one only need to show that P(Kg = ]K@) = 1. Define U = {Ky € Fio : Vinaxk, =
o(nég,)}, and F& = Fxo\ FW. It is not difficult to see that for any Ky € F©®),
715]12(9 = O(Viaxk,)- Let us consider two different cases: Ky € F# M or Ky € ZF@.
Specifically, we will show for each of the two cases, for j = 1,2,

lim P( N {6500 > &;;7K95K9}> — 1. (S1.17)

n—oo
K@Egz(j),K9€<%K70
To show (S1.17), we note that

PN 6nade > omeded)=1-P( U {0500 < 070}

Koe.Z;,Ko€FK 0 Ko€.Z;,KoE€Fk o

1§ A1 %
1= Z P(JTH,KQ(SKG < UTm]KedKf))'

Ky Eyj Ko EyK’O

Thus, to show (S1.17) is equivalent to show that, for Ky € Fk o,

i a1 1
P07 4,02, < 07,05, ) = o). (S1.18)

where |.Zk o| is the cardinality of the candidate kernel set .F o.

Consider the first case where Ky € .Z1) and Ky € Frpo. Let Ag, = 0;111&95& —

-1 s .. 1 s
07, 1,0k, Because Ky maximizes o7y Jk,, we have Ag, > 0 for any Ky # Ky. Then,



S1. LEMMAS AND THE PROOF OF MAIN RESULTS

we have the following

~-1 } -1 A1 3 -1
=P {(UTR,KQ‘S& - UTn,K95Ke> = (67, k0% — 07, 1, 0%) < _AKe}

Al § 1 s A1 1
<P |UTMKQ5K9 O-Tn,Kg(SKG‘ + |0Tn K95K9 UTn,K95K0| 2 AKG}
~—1 < -1 B ~—1 A -1
<P{ |0Tn,K95Ke UTn,K95K9| > AK(.} } 1 P{ |0Tn7K95K9 - OTn,K95K9| > AKQ }
= -1 CaN— N
O-Tn,]Kg(;K@ QUTn,Kg(SK@ O'T Ko 0K, QUTMKQCSKQ
-2 2 —2 2 -2 2
O O 6% AV & Op g 0% AV 072k 6
2 K 2 Tn Ko K max,Kg ~ Th,Ko K max,Kg 9T}, Ko Ky
<4Var((5K /5]K ) Tn,Kg Ko + 4Var((5K /(5]K ) Ko " Ko Ko Ko Ro ) ) )
= 2 o/ YKo 2 = 2 2 2 2
0r e AKG AKG n5K9 AKO néKe AKQ
Because UT &, of /A%, = O(1) and V. g,/ (n67 ) = o(1/|Fk), the first term in the

above inequality is a smaller order of 1/|.% o|. Since Ky € FW| we have Viyay x,/ (néﬂie) =
o(1). If UEE,K(;(S%% /A%, = O(1/|Fxl), then the second term in the above inequality is a
smaller order of 1/|.Zko|. Thus, (S1.17) holds.

In the second case when Ky € .Z®), we have

(51 5 g8 < sl S ol s
- UTn,KQ(SKG O-Tn,KQ(SKe = UTnyKG(SKe UTn,K95K9>

_ S L e | 5= l \/_(5K9 5K0) \/ﬁan,Ke 0T, Ko + 6K9 0T, Ky o' 5
- o K, Ko o Ko Ke = 5 5 T, Ky Ko
" " n On,Kg 0T, Ko OTn Ky OTn Ko OTn Ko ’

2 . . N
where o7, . is the variance of \/ndg,. We can show that

0T, Ky B 2‘/2n K@ 2‘/271 KO B ,
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indicating that the second term on right hand side of the inequality in the probability is
of order O,(1/n). Similarly, the third term on the right hand side is also of O,(1/n) for
Ky € .#?) . Hence, we have

P ((3'_”1~ 5]1*(0 < 6';:7]1(95]1{9) =P <0'_1 5]K9 —ot b < —o7l 5]f<9> {1 + 0(1)}

Tane TnJKG KQ - T,Kg
— 0 ~ ~
T, Ko 5Ke

> 1 {1+ 0(1)} < Var(dg, /6g,) = o(1/| Ficol)

—1 5
aTn »KG 5K9

In summary, we have (S1.18) holds for any Ky € %k . This completes the proof of
second part.

(iii) Let ¢n(Ky) € {0,1} be the decision rule associated with the kernel K, where
én(Ky) = 1 indicates the rejection of null hypothesis. Similarly, we can define ¢, (Ky)
and ¢, (K) for the decision rules associated with the Ky and K respectively. Note that
for any kernel K that satisfies equation (4.10) in the main text and alternative h(x) with

0f = E{h3(X)} < ox,

T, 5
on(K) =1 (An > Zla) =1 <A2nA—K > Z1a>
0T, K 0°0T, K

n5K 5]1( UTn K
=1 e > | D,
or,x(0*+0}) Ox o1,k

as n — 0o, where 1(-) is an indicator function. Since both Ky and K satisfy condition

(4.10), we have ¢, (Kp) — ¢n(K) 2 0. Therefore,

¢n(k9) - ¢n(K) = ¢n(f(0) - d)n(Ke) + ¢n([~(9) - ¢n(K) £> 0.
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This completes the proof. [

Let T be the integral operator defined using kernel K, i.e., Tx f = [ K(z,-) f(x)du(z)
for f € L*(u). Then the eigenvalues corresponding to kernel function K are actually the

ones correspond to integral operator, and we denote them by A(Tk) in the following.

Lemma 4. For the given reqularized kernel K., in the paper, we have

VAm(TK)

Am (T ="
( KR,«/) PY+)\m(TK)

Proof: Applying the result from Dauxois et al. (1982), we have

A (K) — A\ (Tx) 230, n— o0 (S1.19)

and

" A (Kry) = An(Tkp,) =30, n— 00 (S1.20)

for any integer m. Next we will show that A(Kg,) = YA(K)/{n " 'A\(K) + 7}. If we
assume kernel matrix K has eigen-decomposition QAQ”, where A = diag{A,, ..., A},

then

Kr, = QAQ" - QAQ"(mQQ" +QAQ")'QAQ"

= Q{A-A(mI+A)'A}QT,
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e 7 YAm (K)

= = . H h
Sy ey Wy i W Zg Y ence we have

which implies A\, (Kg,) = Ay —

-1 ’YAm(TK) o ’y)‘m(K)/n i ’y)\m(TK> a.s.
W () — s = e - I (S1.21)

Combing (S1.20) and (S1.21), we can see A, (Tky, ) = YA (Tx) /{7 + An(Tk)}. O

S2 Regularized kernel and its oracle property

The regularization is most effective in the “sparse” case where the non-zero projections
reside only in the first N coordinates corresponding to the N largest eigenvalues. To
appreciate that, we hereafter consider the setting where A, = ¢A1, and {¢,, }o0_; is a
decreasing sequence satisfying ¢; = 1. Let {b2,, < Bp,m € S1} be the set of non-zero
projections whose squares are of the same order as B,, and S is a subset of {1,--- , N}.
Here a < b means that a and b are of the same order.

To show the effectiveness of regularization, we compare the SNR Vg(d,,7) to an
“oracle" SNR ¥ (d,, ) using regularized kernel. The oracle SNR is an ideal SNR which
eliminates all the coordinates with zero projections. The oracle SNR is used for com-

parison purpose but it cannot be realized by any test procedure in practice. The oracle

SNR ¥9(d,,~) is defined as

Zmesl )‘"mbim/O‘nm + 7)
\/Zmesl nm/ )\nm +7)

\Ijg(dna '7) =
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The following theorem provides the maximum orders of ¥9(d,,~) and ¥x(d,, 7).

Theorem 3. Let |Si| be the cardinality of signal set Sy. Assume that the regulariza-
tion parameter v* satisfies v = o(Aun), 7" = O(Anny ), Aun, = 0(7*), and Ry/N~y*2 =
o(1) where Ny = [NloglogN], No = [NlogN], and Ry = >~ A. .. Then (i)
max, ¥ (d,,y) < ¥9(d,,v*) and both at the order \/|S|CyB, for large p; (ii) there
exist constants Jo, J1 and Jo such that, for large p,

J1|51’Can S \I/R(dn,’y*) S J2’Sl|OnBP
VNlog N VN{1+ Jolog N(cw,/cn, )%}

Proof: (i) Consider the regularized oracle location shift ¥9(d,,~), whose order is pro-

portional to
Z (=} gm(,}/)
fly) = === :

where ¢,,(7) = Aum/(Anm +7). It can be shown that function f(v) is maximized

when g,,,(7) is a non-zero constant for m € S;. Denote fi(y) = >, cq, 9m(0), and

(V) =1/ 2 es, 9m(7)- Since f1 = 3" g,,(v) and f5 =3~ (V)95 (7)/ fo, then f'(v) =0

(i.e., fifo — f1fy = 0) is equivalent to

> g (NG, () (gml(v) ~ Gy (7)) =0,

m1#ma€Sy

where 4 = 0 (i.e., g (%) = 1) is one of the solutions. Then we can show that sgn(f”)|,=5 =

seu(f fo = f115)y=4, where (f{'fo = f1f5)y=4 = = Xes, Al 51"+ (e, Aum) 1511 i
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strictly less than zero when there exists at least one m € Sy such that \,,, # 1, by using
Cauchy-Schwarz inequality. For the case where A,,,, = 1 for all m € Sy, f(v) = \/W
does not depend on 4. On the other hand, using the Cauchy-Schwarz inequality, we
have |f(7)| < /|Si|]. Therefore, max, ¥9(d,,v) < max, f(v)C,B, = f(3)C.B, =
/181|CrB,. Furthermore, if v* = o(\,x), then g,,(7*) at the order of 1 for m < N and
19(dn, 7*) < \/151]C, B,. Hence max, UY(d,,, ) < UQ(d,,v*) < /]51]C,. B,

(i) It is not difficult to see for a regularization parameter v* satisfying conditions
in Theorem 3, ¢,(v*) — 1 for m = 1,--- | N, and ¢,,(y*) — 0 for m > N,. Since
v* = o(A\un), there exists ¢, > 0 small enough s.t. v* < €3\, n, hence |S1|/(1 +¢) <
> mes, Anm/{Anm + 7} < |S1|. Similarly, there exists €5 > 0 small enough s.t. A\yn, <

7, and Ry /{(1+ €2)*v**} <370 A m om + v*)71}? < Ry /4*2. Then, we have

J11511C B
Up(dn,y") > 1511C B, (S2.1)
V/Nlog N + Ry /7*2
for some positive constant J;. Assuming v* = JyA,n,, then
J2|51|C B,
U g(dn,v") < 2/1] (S2.2)

T VNI +6)2/(1+6)2+ (NlogN — N)J;2(cny/on, )% + Rafv2

Since ¢; and € go to 0, and Ry/v** = o(N), we obtain the conclusion in part (ii) by

combining (S2.1) and (52.2). O
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From Theorem 3, if |S;| < N, we have

Jiv/1511Cn By <

vV 1Og|51| B

aldoy) < Jor/|511Cr By '
’ - \/1+Jolog]81\(cN2/ch)2

Therefore, the SNR Wg(d,,,v*) of the proposed test with regularized kernel can attain
the SNR ¥9(d,,,v*) of the oracle test within a factor of a slowly varying function log(N).

The above regularization could enhance the dimensionality that the proposed test
could handle. Recall the local alternatives considered in Theorem 2 in the paper. Let
dn(X) = brn(7*)A,(x) where A, (x) is a function such that E { Kp(Xy, X2)A, (X1)AL(X2)}
is a constant. Using the regularized kernel with regularization parameter v*, the pro-
posed test has a non-trivial power if bg ,(7*) is at the order by, (7*) = ‘/'2171/4p1/4(7*)/\/ﬁ
where

Z;.rjzl >‘121m/()‘nm/7* + 1)2 ) ( V5 )—1
{Zméﬁ /\”mb%m/()‘nm/’y* + 1)}2 {Zmesl /\”mb%m}Q .

p(v") = (

Assume v* satisfies the conditions in Theorem 3. Then we have

If |S)| < N and ¢,, = m™® for a > 1/2, then p(y*) = O(N—™in{2a=L1}) — 5(1). This
means that the smallest detectable order using a regularized kernel is smaller than that
of an unregularized kernel. The improvement is significant when N is large and o > 1.

Moreover, the test is consistent if V3, = o{n?p~!(7*)}. Comparing to the unregularized
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case which requires V,,, = o{n?}, the regularized kernel is powerful for higher dimensional

functions since p(v*) — 0.

S3 Some additional simulation results

S3.1 Simulation studies with p <n

In this subsection, we present some additional simulation studies in the cases of p < n.
The simulation settings are introduced in Section 5 of the main paper with the h(x) =

hr(x) — E(hy) in setting (i) under the alternatives where

hi(x) = c1(zy + 29 — 23) + coaf{exp(—x3) Hy(22) + exp(—a3) Hs(x3)} + cs{ziz3 + cos(z3)},

where Hy(-) is the kth order Hermite polynomial. We considered two scenarios with
S = {cg = 0.002,c5 = 0.2,¢3 = 0.002} and Sy = {¢; = 1.2,¢5 = 0.012,¢3 = 0.012}.
In scenarios Sy, ¢o are chosen to be much larger than ¢; such that the non-linear parts
dominate the functions while in Sy, ¢; are much larger than ¢, so that the linear parts
dominate.

Table S1 summarizes the empirical size of the proposed test under low-dimensional
cases with normally and Laplace distributed errors at the nominal level 5%. We can see
that the empirical size of the proposed test was reasonably controlled at the nominal
level for all three types of kernels and different error distributions.

Table S2 and S3, respectively, contain the empirical power of the proposed test for
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scenarios S and S, under the setting (i). Several observations are given below. (1)
There is a clear difference in power among the three types of kernels Kg, K and K7,
especially when p and n are relatively small. The power difference was especially striking
in Table S3 for scenarios §;. The power based on the exponential and Gaussian kernels
were both higher than that using the linear kernel. This is understandable since the
non-linear parts dominate the function hz(x) in scenarios S; and exponential kernel and
Gaussian kernel contain richer non-linear eigenfunctions than that of the linear kernel,
which can capture more information of non-linear functions; (2) The power increased as
the sample size increased in all the cases; and (3) The proposed test was very robust to

the change of error distributions.

Table S1: Empirical size (in percentages) of the proposed test for Gaussian and Laplace errors with

low-dimensional dependent covariates using different kernels.

Gaussian Error Laplace Error
n p Kgp K; K¢ Krp Kp Kg
3 5.8 5.5 5.6 5.1 4.6 4.7
40 5 6.0 58 59 49 48 48
10 6.0 6.2 6.2 4.7 44 46
3 5.5 54 5.6 46 46 4.6
60 5 58 55 5.6 53 54 55
10 56 54 56 46 48 48
3 53 54 56 4.8 46 4.7
100 5 53 53 53 43 40 41

10 5.5 9.3 5.4 4.9 4.5 4.6
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Table S2: Empirical power (in percentages) of the proposed test for Gaussian and Laplace errors with
dependent covariates using different kernels in the setting of p << n under scenario &; . The estimated
theoretical power is given in the parenthesis, and the percentage of a kernel being selected among the

three candidate kernels using the proposed kernel selection method is displayed underneath it.

Gaussian Error Laplace Error
n 4 Kpg K, Kg Kg Ky, Kg
3 72.6 (65.5) 10.5 (17.3) 29.6 (37.4) 76.0 (67.5) 11.7 (19.0) 32.0 (39.2)
(96.8) (0.0) (3.2) (95.9) (0.0) (4.1)
40 5 27.0 (34.8) 9.9 (16.7) 15.2 (24.1) 26.2 (34.0) 10.8 (17.5) 15.5 (24.1)
(79.5) (0.0) (20.5) (84.2) (0.2) (15.6)
10 14.9 (21.8) 9.6 (16.0) 11.5 (18.6) 15.8 (23.1) 10.4 (16.8) 13.6 (20.0)
(63.1) (1.7) (35.2) (64.1) (1.9) (34.0)
3 99.2 (93.4) 12.6 (21.3) 70.4 (59.7) 99.0 (92.9) 13.9 (22.2) 70.8 (60.9)
(99.5) (0.0) (0.5) (98.6) (0.0) (1.4)
60 5 51.5 (51.4) 11.7 (19.3) 24.1 (32.2) 52.3 (52.4) 12.4 (19.6) 24.9 (33.0)
(90.9) (0.0) (9.1) (93.2) (0.0) (6.8)
10 18.5 (26.4) 9.8 (17.0) 12.4 (20.9) 19.6 (27.0) 10.9 (17.7) 14.2 (20.9)
(72.0) (0.4) (27.6) (70.5) (0.2) (29.3)
3 100 (100) 28.6 (35.9) 100 (98.8) 100 (100) 30.3 (36.7) 100 (100)
(100) (0.0) (0.0) (100) (0.0) (0.0)
100 5 98.2 (88.8) 17.8 (26.6) 64.6 (57.7) 95.8 (87.1) 12.9 (27.2) 63.0 (57.8)
(97.9) (0.0) (2.1) (97.8) (0.0) (2.2)
10 36.5 (42.0) 15.0 (21.8) 22.2 (30.0) 34.7 (40.4) 13.6 (20.7) 19.4 (28.5)
(81.2) (0.1) (18.7) (80.1) (0.0) (19.9)

S3.2 Simulation studies with p > n

The simulation setups for p > n are similar to those given in Section 5 of the paper
except that we consider n = 40,60 and 100, and p = (150, 200, 250) in this subsection.
The true function A(-) was chosen as hy(-) as defined in Section 5 except that we consider
two more scenarios S5 and Sg regarding the choice of ¢y, ¢ and c¢3. In particular, S5 =
{c1 = 0.01,¢5 = 10,¢3 = 0.01} and Sg = {¢; = 100u, co = 0.1u, ¢35 = 0.1u,u = 0.0015}.

In scenarios Sy, co are chosen to be much larger than ¢; such that the non-linear parts
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Table S3: Empirical power (in percentages) of the proposed test for Gaussian and Laplace errors with
dependent covariates using different kernels in the setting of p << n under scenario Sy . The estimated
theoretical power is given in the parenthesis, and the percentage of a kernel being selected among the

three candidate kernels using the proposed kernel selection method is displayed underneath it.

Gaussian Error Laplace Error
n P Kg K, Kg Kpg Ky, Kq
3 60.5 (60.5) 62.1 (61.0) 63.4 (62.3) 60.2 (61.0) 61.0 (60.5) 62.1 (61.8)
(37.5) (32.3) (30.2) (37.9) (35.5) (26.6)
40 5 49.6 (49.5) 49.4 (49.8) 50.7 (51.1) 43.4 (46.2) 45.0 (46.5)  46.3 (47.8)
(38.6) (30.2) (31.2) (37.7) (29.6) (32.7)
10 33.8 (37.5) 32.9(36.8) 34.6 (37.9) 29.8(35.3) 31.5(35.5) 32.9 (36.4)
(39.7) (33.3) (27.0) (36.6) (32.7) (30.7)
3 79.3 (78.2) 79.0 (77.6) 80.3 (78.8) 78.6 (77.4) 781 (77.1) 79.1 (78.3)
(38.5) (29.4) (32.1) (35.6) (29.6) (34.8)
60 5 66.8 (65.6) 69.4 (66.3) 70.5 (67.8) 69.8 (68.3) 70.3 (68.5) 72.5(70.0)
(35.1) (24.3) (40.6) (33.9) (25.0) (41.1)
10 49.2 (50.1)  49.9 (50.7)  51.7 (52.0) 49.8 (50.5) 50.6 (50.6) 51.8 (51.9)
(35.0) (29.9) (35.1) (35.0) (30.7) (34.3)
3 97.1 (95.6) 96.9 (95.6) 97.4 (96.1) 96.8 (96.0) 96.5 (96.0) 96.8 (96.4)
(39.4) (23.2) (37.4) (35.0) (26.2) (38.8)
100 5 92.1 (89.7) 92.8 (90.5) 93.2 (91.2) 89.6 (87.7) 89.7 (87.6) 90.7 (88.6)
(33.2) (18.2) (48.6) (34.4) (18.2) (47.4)
10 78.6 (75.6) 80.0 (76.6) 81.0 (77.7) 78.1 (75.0) 78.0 (75.7) 79.4 (76.9)
(31.4) (23.3) (45.3) (32.7) (20.1) (47.2)

dominate the functions while in Sg, ¢; are much larger than ¢y so that the linear parts
dominate. All the results for evaluating empirical power are based on 1000 simulation
replicates and that for empirical size are based on 5000 simulation replicates. The kernels
considered here are the same as those considered in Section 5 of the paper.

Table S4 summarizes the empirical size of the proposed test with normally and
Laplace distributed errors at the nominal level 5%. We can see that the empirical size

of the proposed test was reasonably controlled at the nominal level for all three types
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of kernels and different error distributions. The corresponding empirical powers are
reported in Tables S5 and S6 under setting (ii). The phenomena we observed in Tables
S5 and S6 are very similar to those in Table 2 in the paper.

To check the performance of the proposed method when the underlying function
contains “equivalent” linear and non-linear functions, we enlarge the coefficient c3 but
make the coefficients ¢; and ¢y to be much smaller. We also compare our proposed
method with the method proposed by Liu et al. (2007). The simulation results are

summarized in Table S7.

Table S4: Empirical size (in percentages) of the proposed test with p > n for Gaussian and Laplace

errors with dependent covariates using different kernels.

Gaussian Error Laplace Error
n P Kg Kp Ka Kp Kr Ka
150 5.9 5.8 5.9 4.2 4.2 4.0
40 200 6.4 6.4 6.4 4.7 4.7 4.7
250 5.7 5.5 5.6 4.9 4.7 4.7
150 5.4 5.3 5.3 4.9 4.7 4.8
60 200 5.7 5.9 5.8 4.1 4.0 4.1
250 6.0 5.9 5.9 4.9 4.7 4.8
150 5.3 5.4 5.4 5.0 5.0 5.0
100 200 5.5 5.4 5.4 5.4 5.2 5.3
250 5.4 5.4 5.5 4.9 4.8 4.9

S3.3 Simulation studies with p >> n and Laplace errors

In this subsection, we include simulation results for p >> n with the same settings as
those reported in Section 5 of the main paper. But we replace the Gaussian errors by

Laplace errors to check the robustness of the proposed methods to the changes of the
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Table S5: Empirical power (in percentages) of the proposed test for Gaussian and Laplace errors with
dependent covariates using different kernels in the setting of p > n under scenario S5 . The estimated
theoretical power is given in the parenthesis, and the percentage of a kernel being selected among the

three candidate kernels using the proposed kernel selection method is displayed underneath it.

Gaussian Error Laplace Error
n p Kg K, Kg Kg K, Kg
150 70.6 (71.6) 64.0 (64.8) 63.9 (65.3) 71.0 (72.6) 65.4 (72.6) 65.3 (66.5)
(94.8) (2.9) (2.3) (95.3) (1.9) (2.8)
. 200 42.7 (50.7) 39.6 (45.7) 39.6 (46.3) 39.0 (48.1) 34.4 (43.2) 34.8 (43.7)
(89.4) (3.4) (7.2) (86.6) (4.8) (8.6)
250 26.1 (37.1) 23.8 (33.4) 26.5 (34.0) 27.0 (38.3) 24.6 (34.8) 24.6 (35.3)
(81.8) (4.4) (13.8) (82.9) (5.0) (12.1)
150 89.0 (86.9) 84.2 (81.5) 84.1 (81.8) 89.8 (87.6) 86.1 (82.6) 86.4 (82.8)
(96.6) (2.4) (1.0) (96.9) (2.4) (0.7)
60 200 59.6 (61.5) 53.5 (56.0) 53.1 (56.4) 59.1 (61.3) 53.8 (56.2) 53.4 (56.6)
(89.7) (6.2) (4.1) (89.6) (5.2) (5.2)
250 40.2 (45.7) 35.3 (41.9) 35.4 (42.3) 35.0 (43.0) 32.1 (39.5) 32.1 (40.0)
(81.9) (8.9) (9.2) (82.7) (8.1) (9.2)
150 99.2 (98.4) 98.5 (96.9) 98.6 (97.0) 99.0 (98.2) 98.4 (96.9) 98.4 (96.9)
(99.2) (0.8) (0.0) (99.1) (0.8) (0.1)
100 200 88.5 (85.7) 84.2 (81.8) 84.4 (82.0) 87.0 (84.0) 82.8 (79.8) 82.9 (79.9)
(94.1) (3.9) (2.0) (94.9) (3.6) (1.5)

250 61.8 (63.1) 58.4 (59.0) 58.5 (59.3) 63.8 (64.0) 60.0 (60.2) 59.9 (60.4)
(84.3) (10.7) (5.0) (87.4) (8.1) (4.5)
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Table S6: Empirical power (in percentages) of the proposed test for Gaussian and Laplace errors with
dependent covariates using different kernels in the setting of p > n under scenario Sg . The estimated
theoretical power is given in the parenthesis, and the percentage of a kernel being selected among the

three candidate kernels using the proposed kernel selection method is displayed underneath it.

Gaussian Error Laplace Error

n D Kpg Ky, Kg Kpg Ky, Kg

150 67.1 (69.1) 67.3 (68.2) 67.4 (68.7) 66.7 (68.7) 67.5(68.0) 67.2 (68.4)
(47.8) (20.8) (31.4) (44.8) (22.1) (33.1)

40 200 59.5 (61.6) 60.5 (62.6) 60.4 (63.1) 59.4 (63.4) 60.0 (63.2) 60.0 (63.7)
(53.9) (14.2) (31.9) (53.8) (13.6) (32.6)

250 54.4 (59.7) 54.1 (58.0) 54.3 (58.7) 52.7 (58.9) 53.4 (60.0) 52.5 (58.4)
(62.4) (8.8) (28.8) (63.1) (9.6) (27.3)

150 90.3 (87.1) 90.3 (87.1) 90.4 (87.3) 86.0 (84.1) 86.5 (84.1) 86.6 (84.2)
(36.1) (34.6) (29.3) (36.7) (33.1) (30.2)

60 200 81.7 (81.0) 82.1(80.8) 82.3 (81.1) 82.4 (80.9) 83.2(80.7) 83.3(81.0)
(46.6) (27.6) (27.8) (44.2) (26.6) (31.2)

250 73.3 (76.1) 73.3 (75.7) 74.4(76.4) 76.8 (76.2) 77.3 (76.8) 77.2 (76.5)
(51.2) (19.7) (29.1) (50.7) (20.1) (29.2)

150  99.3 (98.6) 99.1 (98.5) 99.2 (98.6) 98.9 (97.9) 99.0 (98.0) 99.0 (98.0)
(24.9) (45.8) (29.3) (26.2) (46.4) (27.4)

100 200 98.3 (97.2) 98.6 (97.3) 98.6 (97.3) 98.5 (96.6) 98.5 (96.7) 98.5 (96.7)
(31.6) (39.1) (29.3) (31.1) (41.9) (27.0)

250 98.0 (96.0) 98.1(96.0) 98.1(96.0) 97.2(95.1) 97.2(95.1) 97.2(95.1)
(33.3) (38.3) (28.4) (35.2) (34.8) (30.0)

error distributions.

Table S8 summarizes the empirical sizes of the proposed test and the test procedure
(LLD) proposed by Liu et al. (2007) for high-dimensional and functional covariates with
Laplace errors. We see that both methods were robust to the change of error distributions
and can control the type I errors reasonably well under Laplace errors. The empirical
power of the proposed test and LLD test are summarized in Table S9. We can see that

the power patterns for Laplace errors were very similar those for Gaussian errors. The
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Table S7: Empirical power (in percentages) of the proposed test (Proposed) and the method (LLD)
proposed by Liu et al. (2007) for Gaussian and Laplace errors with dependent covariates using different
kernels when (c1,c¢o,c3) = (0.1,0.1,10). The estimated theoretical power is given in the parenthesis,
and the percentage of a kernel being selected among the three candidate kernels using the proposed
kernel selection method is displayed underneath it.

Gaussian Error Laplace Error

n p method Kg Ky, Kg Kg Ky, Kg
200 Proposed 83.0(76.4) 83.0(76.5) 83.2(76.7) 83.8(77.8) 83.7(77.7) 83.8(77.9)

(35.9) (32.3) (31.8) (36.1) (33.6) (30.3)

LLD 79.1 80.5 80.7 79.7 81.9 81.8

o0 250 Proposed 76.3(70.4) 74.9(70.2) 75.3(70.4) 74.9(69.6) 75.1(69.4) 75.1(69.7)
(39.7)  (32.3)  (28.0) (37.7) (31.3)  (31.0)
LLD 71.9 73.0 73.3 69.2 71.9 72.1

200 Proposed 98.8(96.6) 98.9(96.7) 98.9(96.7) 99.9(96.7) 99.0(96.7) 99.0(96.8)
(347)  (341)  (31.2) (31.8) (37.2)  (31.0)
100 LLD 98.6 98.7 98.7 98.9 99.0 99.0

250 Proposed 97.6(94.9) 97.8(94.9) 97.8(95.0) 98.9 (94.9) 99.1(94.9) 99.0(95.0)
(35.1) (36.6) (28.3) (35.9) (34.9) (29.2)
LLD 97.6 97.8 97.7 98.3 98.7 98.7

kernel selection results in Table S9 were also very similar to the kernel selection results
with Gaussian errors in the main paper. This indicates that the proposed kernel selection

method was also robust to the change of error distributions.

S3.4 Simulation studies with regularization

In addition to the regularized tests with exponential kernels reported in the main text,
we include more simulation results with regularized Gaussian and linear kernels in this
subsection. We generated data and chose the function h(x) similar to those described in
Section 5.2 in the main paper. For each kernel K and K¢, we constructed the regular-

ized kernels with regularization parameter v. We selected a sequence of regularization
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Table S8: Empirical size (in percentages) of the proposed test (Proposed) and Liu et al. (2007)’s
method (LLD) for Laplace errors with high-dimensional (p >> n) and functional covariates using
different kernels.

High-dimensional covariates Functional covariates
n p method Kpg Ky, Kg Kg Ky, Kg
1500 Proposed 4.7 4.8 4.7 4.3 4.9 4.8
LLD 4.1 4.2 4.3 4.3 4.1 4.2
0 3000 Proposed 4.4 4.3 4.3 5.2 6.1 5.8
LLD 3.8 4.0 4.0 5.0 5.8 5.7
4500 Proposed 4.1 4.4 4.1 5.5 5.2 5.4
LLD 4.4 4.0 4.0 5.1 5.2 5.3
1500 Proposed 5.2 5.1 5.0 4.8 5.0 5.0
LLD 5.3 5.0 5.2 4.8 5.0 5.0
50 3000 Proposed 5.6 5.4 5.5 4.5 4.5 4.2
LLD 5.7 5.5 5.6 4.5 4.3 4.2
4500 Proposed 4.9 4.8 4.8 4.9 4.2 4.4
LLD 5.2 5.4 5.4 4.9 4.5 5.0
1500 Proposed 4.7 4.3 4.3 5.3 5.0 5.1
LLD 4.9 4.4 4.4 5.5 4.9 4.9
100 3000 Proposed 5.0 4.9 5.0 4.6 5.1 4.9
LLD 5.0 4.8 4.8 4.8 5.3 5.1
4500 Proposed 4.6 4.5 4.4 4.6 4.5 4.7

LLD 4.3 4.7 4.6 4.4 4.8 5.0
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Table S9: Empirical power (in percentages) of the proposed test (Proposed) and Liu et al. (2007)’s
method (LLD) for Laplace errors with dependent covariates using different kernels under scenarios Ss
and S4. The estimated theoretical power is given in the parenthesis, and the percentage of a kernel

being selected among the three candidate kernels is displayed underneath it.

S3 Sy
n p method Kg Ky, Kg Kg Ky, Kg
1500 Proposed 49.8(49.8) 47.3(47.6) 47.4(47.7) 58.9(57.2) 59.3(57.0) 59.2(57.1)
(84.1) (11.0) (4.9) (38.7) (34.0) (27.3)
LLD 42.8 42.3 42.3 52.6 53.8 53.9
3000 Proposed 27.7(33.1) 27.0(32.7) 27.1(32.8) 38.0(41.2) 37.8(41.1) 38.2(41.2)
40 (50.4) (29.9) (19.7) (36.2) (38.1) (25.7)
LLD 22.4 21.5 21.8 31.7 32.3 32.5
4500 Proposed 20.6(27.2) 19.8(27.0) 20.1(27.1) 31.8(35.5) 31.8(35.4) 32.0(35.4)
(42.5) (37.0) (20.5) (36.2) (40.4) (23.4)
LLD 15.8 16.7 16.8 26.9 27.8 27.8
1500 Proposed 74.2(69.1) 71.3(66.4) 71.3(66.5) 85.3(79.2) 85.0(79.1) 85.2(79.1)
(93.9) (3.6) (2.5) (37.1) (33.0) (29.9)
LLD 70.8 69.1 69.1 83.9 83.5 83.5
3000 Proposed 45.2(45.5) 44.5(45.0) 44.4(45.0) 62.6(60.0) 62.4(59.7) 62.5(59.8)
60 (59.7) (24.6) (15.7) (39.4) (31.3) (29.3)
LLD 40.9 40.8 40.7 58.8 59.8 59.8
4500 Proposed 31.1(34.9) 30.4(34.7) 30.1( 34.8) 51.7(51.3) 51.2(51.1) 51.7(51.2)
(43.4) (35.0) (21.6) (39.0) (33.3) (27.7)
LLD 27.5 27.4 27.4 48.1 48.2 48.3
1500 Proposed 98.3(94.1) 97.7(92.6) 97.7(92.7) 99.8(98.5) 99.8(98.5) 99.8(98.5)
(98.6) (0.6) (0.8) (34.8) (37.3) (27.9)
LLD 98.0 97.7 97.7 99.8 99.8 99.8
3000 Proposed 76.8(69.2) 75.2(68.4) 75.3(68.5) 95.1(88.5) 95.0(88.5) 95.0(88.5)
100 (68.5) (17.7) (13.8) (37.8) (33.9) (28.3)
LLD 74.4 73.4 73.4 94.5 94.7 94.7
4500 Proposed 56.0(55.8) 55.7(54.5) 55.7(54.6) 85.1(78.1) 85.2(78.0) 85.3(78.0)
(52.9) (26.9) (20.2) (40.9) (33.0) (26.1)

LLD 54.0 54.0 54.0 83.6 83.2 83.2
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parameters of different orders (7 = 107%/n, a € (—5,2)) to check their effects on empir-
ical power. For each regularization parameter value, we constructed the corresponding
regularized test statistic and applied the test, respectively, to data generated under H
and H;.

Figure S1 shows the empirical power and size of the proposed test using regularized
kernel Kp.. The x-axis represents the —log;,(v) and y-axis is the empirical power or
size. The power with large regularization parameters v was not displayed in the graph
for a better view for small v range. When 7 is large —log,,(v) € (—3.222,1.778), not
shown in Figure S1, the power of the test was the same as the one using non-regularized
kernels (0.674, and 0.672 for Kz and Kp), and then started to grow slowly. As for
—logy, v € (1.778,3.778), the power peak (0.720 and 0.710, for K¢ and K, respectively)
of the proposed test can be observed for all the three kernels. It can be seen from Figure
S1 that the empirical size of the regularized test was all reasonably controlled.

To evaluate the method for selecting regularization parameters proposed in Section
4.2, we also marked the regularization parameter selection results in Figure S1. The
three vertical lines correspond to the first quantile (Q;), median and third quantile (Q3)
of the stabilized ¥ obtained from the 1000 simulation replicates, where L = 5 were
chosen in stability selection. It can be seen from Figure S1 that the vertical lines were all
very close to the place where the maximum power was achieved. This suggests that the
proposed regularization selection method can locate the optimal regularization parameter

to maximize the power of the proposed test.
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Figure S1: The empirical power (left panel) and size (right panel) for regularized kernels, where the vertical
purple lines in the left panel denote the first, second and third quantile of the selected regularization parameters
among 1000 simulation replicates. For each replicate, the regularization parameter was selected by the method
introduced in Section 4.2 in the main paper.
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S3.5 Impact of kernel parameters

To understand the impact of the kernel parameters on the proposed method, we evalu-
ate our proposed method and the LLD method using linear kernel K (x,y) = x’y/0,
Gaussian kernel Kg(x,y) = exp{—||x — y||?/0} and the exponential kernel Kg(x,y) =
exp{—(||x]|* + 3|Jx — y[|* + |ly||*)/0} with two different kernel parameters § = 2,/p and
6 = p. The results are summarized in the Table S10. The results show that our proposed
method is robust in the kernel parameters in the sense that they have similar empirical
size and power with different kernel parameters. However, we observe that the LLD test
may be sensitive to the kernel parameter. In particular, when 6 = 2,/p, one can see that
the LLD test lost power for exponential kernel in both scenarios S5 and Sy, and had a size
distortion for exponential kernel with Laplace error. These results are understandable

because the LLD test was not designed for high dimensional settings.

S3.6 Computational time

To understand the computational cost for the proposed tests with and without regu-
larized kernels, in Figures S2 and S3, we summarize the mean and standard deviation
of computational time using the simulation experiments in the scenario S3 described at
the beginning of Section 5.2 in the main paper. We considered various data dimension
p = 200,500, 1500, and sample size n = 60,100. We chose exponential kernel for our

illustration. The mean and standard deviation of computational time were calculated



S3. SOME ADDITIONAL SIMULATION RESULTS

Table S10: Empirical size and power (in percentages) of the proposed test (Proposed) and the method
(LLD) proposed by Liu et al. (2007) for Gaussian and Laplace errors using different kernels and different
kernel parameter § when n = 60 and p = 1500 in scenarios S3 and Sy.

Gaussian Error Laplace Error

0 Scenarios method Kg Ky, Ka Kg Kr, Kg
Size Proposed 4.9 5.1 5.5 4.0 4.9 5.3

LLD 4.7 4.5 4.8 12.7 4.3 4.9

S3 Proposed 70.5 76.2 76.2 68.0 71.5 72.3

2P

LLD 5.8 73.1 73.6 4.9 69.2 69.6

Sy Proposed 69.2 84.0 85.0 68.5 84.6 84.9

LLD 5.0 81.9 82.7 4.8 83.6 83.3

Size Proposed 5.3 5.1 5.1 5.6 5.4 5.5

LLD 3.9 4.0 4.0 5.3 5.0 5.2

S3 Proposed 76.3 74.1 74.2 74.2 71.3 71.3

b LLD 73.4 71.9 71.8 70.8 69.1 69.1
S4 Proposed 84.4 84.3 84.2 85.3 85.0 85.2

LLD 83.0 83.9 83.7 83.9 83.5 83.5

based on 1000 simulation replications. We observed that the average computational cost
both tests with and without regularization are low. As expected, the computation time
for tests with regularization is longer than tests without regularization. The computa-
tional time is about linear in data dimension, which indicates that the proposed tests

are computationally efficient for high-dimensional data sets.



Tao He, Ping-Shou Zhong, Yuehua Cui and Vidyadhar Mandrekar

with regularization

o.&- L

60

time

0.6~
~=— 100

0.4-

200 560 1500

Figure S2: The mean and standard deviation (vertical bars) of the computational time for the proposed tests with
kernel regularization when p = 200, 500 and 1500, and n = 60 and 100. The tests with kernel regularization are
described in Section 5.2 in the main paper. The simulation settings are the same as those described in Section 5.2

in the main paper.
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Figure S3: The mean and standard deviation (vertical bars) of the computational time for the proposed tests
without kernel regularization when p = 200, 500 and 1500, and n = 60 and 100. The simulation settings are the
same as those described in Section 5.2 in the main paper.
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