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Supplementary Material

This Supplementary Material includes the proof of Theorems, the additional theoretical
results, the implementation of GEP-MSCRA, and the ADMM Algorithm for CoCoLasso [Dattal

and Zou| (2017).

S1. Proof of Theorems
In this part, we write Ag¥ = 8% — g* and v* = e —w" for k =1,2,.. ..

S1.1 The proof of Theorem 2

To get the conclusion of Theorem 2, we need the following two lemmas.

Lemma 1. For any € R?, it holds that || ZB|> > L[| X8|+ 18T DB.
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Proof. From & = %ZTZ and ¥ = €I+Hsi(§] —¢I), for any 8 € R?, we get

15 1 lpe e 1ooo
5 128" = 5 IXBIP + 587 (€~ £)5 + 5675 - )8

1 1 ~ 1
= — || X8>+ =B (e — 2 -3™D
5 IXBI? + 567y (B — £)8 + 55" Dp

1 1
> — || X8>+ =8"D
> S IXBI + 367 D8
where the inequality is by the positive semidefiniteness of g (el — f]) ]

Lemma 2. Suppose that for some k > 1 there exists an index set S¥~1 O S*

such that max;c(ge-1ye wf™ ' < 3. Then, whenever A > 8||€]|s, it holds that

||Aﬁé€5k—1)c”1 S 3||A6§'k—1||17
1, ~
%HZAﬁkHQ < (“55’6*1H + )‘\/ Zigs*(vfil)2> \\Aﬁgk_1||

Proof. From the optimality of 3% and the feasibility of 3* to (3.1), we have

1, ~ ~ L 1, ~ ~ b
o 128 =3 + NS e 1] < 51128 = 3P+ A D ok
i=1 =1
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which, by Ag¥= gF — B* and £= Z (7 — Zf3*), can be rearranged as

1 .~
S Z084" < (B ag + a3 v (8] = [85) =2 D0 vl
1€(S*)e

1€S*

< EABY XD o ABE =X D> oA (L)

1€S* ie(sk—l)c

< D Elast+ Y [E]las

ieSk—1 ie(Sk—1)e

+)\va}—l‘A6k Z k: 1|A6k

1€S* e(sk—1)

< O A8 [ A8 [, + (1Bl —=2/2) [ ABEgse ],

where the second inequality is using S*~! D S*, and the last one is due
to vf < 1 for i € S* and minggi of Tt > 1 From A > 8||g]|« and
%HZ AﬁkH2 > 0, we obtain the first inequality. For the second inequality,
by using inequality - ) and min;ggr—1 v 1> % it follows that
—HZM’“H < Z| lABE] = —A D 1B+ Yo |As

ie(Sk—1)e i€ES*

< Z |ngA@k| +AD e U571|A6ﬂ

icSk—-1
< &t ]| ABG- || + X/ Piese (071 [| AL .

where the second inequality is due to A > 8||€]| - O

The proof of Theorem 2: Define S¥':= S*U {i ¢ S*: wi™' > 1}

for each k € N. We first argue that if [S'™!| < 1.5s for some [ € N, and
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consequently the following inequality holds

||~||oox/ﬁ+ MWs) _ 2+V6/8) W5

. S1.2
7 e v T I G

125 <

Since S'~' O $* with |S""!| < 1.5s5 and A > 8||]|, from Lemma [2] we have

1., ~
1 Z8817 < 1B+ 3y S 7] 1A |

2
((AB) DAB'| < 1D lmax | AB'NT = 1D llimax (1A Bsi-1 1l + 1 AB(s1-1):]l1)
< 16/ Dlmax 1A Bgi-a [IF < 16]S"H[[Dlmax 1A Bgi |

< 245 Dl max || A B |- (51.3)
By combining the last two inequalities with Lemma [T} it then follows that

1
X8 = 1261 Dl S < [+ 2/ (1 A

Notice that AB! € C(S*) since S'=1 D S* with | S| < 1.5s. Together with

the k-REC of ¥ on C(S*), it is immediate to obtain

(= 25| Dll ) | A8 < [H%HH S <v£1>2] Jag |

(S1.4)

N | —

< (18118 + Ms] | A8
< [IEle V155 + AV3] || AB].

This, by [|€]c < §A, implies that the inequality (S1.2) holds.
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Next we show that |S¥~1| < 1.5s for all k € N. When k = 1, this

e. Now

inequality holds automatically since S® = S* implied by w° < %

assume that |S*~!| < 1.5s for k = [ with [ > 1. From the above argument,
we have [|3'— B*|| < w. Notice that ¢ € S'\S* implies i ¢ S* and

—2453||D||max

wl e (%, 1]. By equation (5.10), the latter implies p;|3¢| > 1. Consequently,

VISNST < 4/ Ticsns- (0l B < pull8' = 6]

(2 +V6/8)p\/s
< S TanDL < V05 (51.5)

where the last inequality is by pA < psA < 2("6_24;—\%)“'“"). Thus, |S!| < 1.5s.
Hence, |S*~1| < 1.5s for all k € N, and the error bound follows from ([S1.2)).
S1.2 The proof of Theorem 3

To achieve the conclusion of Theorem 3, we need the following lemma.

Lemma 3. Let F* and A be the sets in (4.6). Then, for each k € {0} UN,

V e (01?2 < /e max(u (i), e (1)

Proof. Fix an arbitrary ¢ € S*. If i € F*, from vF = 1 — wF < 1 we have

oF < Tpe(i). Ifi ¢ F* from vF = 1 —wf and (3.3), it follows that vf =

2a—(a+1 Bf . .
(Q(G_)lp)k\ |)), and hence vF < I, pk|5§\§2a/(a+1)}(2) < Tpx (7).

max (0, min(1,
Thus, for each i, it holds that (vF)? < vF < max(Ixk(7), [« (7)). From this,

it is immediate to obtain the desired result. O
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The proof of Theorem 3: Write S~ := S* U {i ¢ S*: wf™' > 1} for
each k € N. Since the conclusion holds automatically for £ = 1, it suffices

to consider the case £ > 2. From the proof of Theorem 2, we know that

|S¥=1 < 1.5s for all k € N. Moreover, by using (S1.5) and p; > 1,

~ ~ ~ - 1A
&1 || < ||&s+ || + VISEN\SH||E]| . < [|Es+]| + pkgl V| SFI\S*|. (S1.6)

By using inequality (S1.4) and Lemma [3] it follows that

2 -~ / _
k_ x| < 1 . k—1y2
||B ﬁ || = g — 243“DHmax |:||€S || + X Zzes (Uz ) :|

2 = . .

S DT (1Bl 4+ M e ma(Lyis (3), Trics (1))
2 B . —

= % 245 Dl {H%MH 0 X max (Lye (), 1851 — |7 <pk_1>2>]
2

< DT (1Bsis 1+ Ay ma (gL (), (n1)2 [ A5H1)12))

where the third inequality is by the definition of F*~1. Together with ((S1.6)),
2
K —243||D||max

. 9pk_1A _
0y DI (i) + 22 28]
2

e ; L k—1 =
= m_243||p||mx(llas4l AN s Tvr (i) + oL

where the second inequality is using pr_1A < p3A < %\%)”mx). The

8% — B*|| <

[E2

desired result follows by solving this recursion with respect to ||3¥ — 3*||.

S1.3 The proof of Theorem 4

We need the following two lemmas with AB% = B¢ — BLS for k = 1,2, .. ..
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Lemma 4. Suppose that for some k > 1 there exists an index set S¥=1 O S*

such that max;c(ge—1ye wi~' < 3. Then, whenever A > 6]|e"5||«, it holds that
Rk 2k
1ABgr-1)ellr < 31 ALgk-1 1.

Proof. By the optimality of 3* and the feasibility of 85 to (3.1), we have

Y

1, ~ _ G 1,2 ~ S
a7 TP A DSk o] < 12685 B+ a3k

which, by AB\’“ = pF — %S and €8 = lZT@— ZBLS), can be rearranged as

n

L ZAB® < (15, A5 + A DD w115 - [84)

=1
=D T eSABE A WA — |BE) = A of B
igS* i€S* i¢S*
<D [S|AB + A D o AB = A D w5
i¢ S i€S* i¢S*

where the equality is using 8 = 0 for i € S* and 85 = 0 for all i ¢ S*.

Now from S*~1 D S* and Uf’l =1- wf’l > 1/2 for i ¢ S*!, we obtain

LIZaB < 3 S |AR A b AR -3 Y ok |aRY

i¢S* i€S* igSk—1
S X AR AL ot AR
1ESk—1\S* 1ES*
~ 1 ~
T S Al PN RV Ve S (51.7)
ie(Sk—1)e

~ 1 -~
< mae ([ oo, A) | A8 |, + (15— 52) | ABEsi—sy

which along with the nonnegativity of %HZ AB*||? implies the result. [
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Lemma 5. Suppose that for some k > 1 there exists S¥~1 DO S* with

|S*k=1 < 1.5s such that MaX;e (gh—1ye W 1< 1 and that the matriz ¥ satis-

1
27

fies the k-REC on C(S*) with k > 245||D||lmax. Then, when X > 6||g™5]|,

~ 2 ~
1884 < s qurpi (18l + 2 Sies- (F7172).

Proof. First of all, from equation (S1.7) and A > 6]|g™5]|.., it follows that

1.~ ~ . N
S ZAB P < D7 [ |ABE + A Y o |ABY

ieSk—1\g* 1ES*
< e MABS -+ M/ Sicse F )2 1488 |

where the second inequality is using S*~! O S*. Together with Lemma ,

1 ~
IXAF < [+ M T (2] AR | - S (AFHTDAB

Since S¥~1 D S* with |S¥~!| < 1.5s, using Lemmal[4/and the same arguments

as for (S1.3) yields that —(AB*)TDABY < 24| D||max|| AB¥||2. Then,

1 ~ ~
S X AP =125 Dl A < [ A e (0] 0B |

Since ¥ satisfies the k-RSC on the set C(S*) with k > 245s|| D||max, We have

1 ~
5 = 248]| Dllma) | A <[5 + A/ Ticse (0572 [ ABE- |

This implies the desired result. The proof is then completed. O
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The proof of Theorem 4: Let S¥~!:= S*U{i ¢ S*: wf™" > 1} for each
k € N. We first prove that the desired inequalities holds by the induction
on k € N. Since w” < fe, we have S = 5* and [S°| = s. Notice that
satisfies the x~-REC on C(S*) with x > 245|| D||max and A > 6||e%®||o. The

conditions of Lemma [5| are satisfied. Along with e%® = 0 and F° = S*,

2
16" = 51 < = (1688l +2/ Sies- (4)2)

0
< %(HE;? +)\\/|F0|> < % VIEL (S1.8)

Since |55 — 7] < ||E7|oo for i € S* by (4.8) and p; > YA |ET ||, We have

1 p1A>9\/§—4

BBl 2 16 = Bl = 18- B > — = == > vie !
| = - | P1 Y 9v3p

where the last inequality is by 1 < p; <, /%. By the last two equations,

. = 93p . 18.27+/3p1po A
VIFTT = /ST (i) < S22 /S0 — e < v VI

Together with (S1.8) and 1 = py < p1 < p3, we conclude that the desired
inequalities holds for £ = 1. Now, assuming that the conclusion holds for
k <1l—1 with [ > 2, we prove that the conclusion holds for £ = [. For

this purpose, we first argue |S""!| < 1.5s. Indeed, for i € S""1\S*, we have



Supplementary Material 9

wi™! € (,1], which by (3.3) implies that p_;|3{~'| > 1. Then,

/|SEN\S| < /[F1] < 18.27v/3p1_1p1-2\ NF2) < ...

(9v3—4)y
1827V3A\ -1 ) -
< <m> Pr-1pi—a - papry/ [ FY|
18.27v/3(p3)2 A\ 22, 812 \%-2
s\/( Vi1 ) |F|s\/(9ﬁ_4) || < V05s,

where the first inequality is due to S"=1\S* C F'=1 the second is since the
conclusion holds for k¥ < [ — 1 with [ > 2, the next to the last is using
p3 < ,/%, and the last one is using 2l — 2 > 2. The last inequality

implies that [S'"!| < 1.5s. Using Lemma [5| delivers that

2
18 = 1 < = (el + 2/ S (672)
2 .
< —(||asl nse A e T (0)
< 2 (16BN + AVIFT 57
2\ /1
— | — -1 * 1—1 *
(VIS T+ VT AE)

22 2.03p, 1\
(1 +1/36)[F-1] < 2222212 T,
Y v

IN

| /\

where the second inequality is using €% = 0, Lemma [3| and p,_, > p; >

4 - LS -
armin g the fourth one is due to A > 6//e"]|c0, and the fifth one is

since ga +b < \/(1 +35=)(a? +b?) for all a,b € R. Now using the same

argument as those for k = 1, we have |3! — g5 > %‘3;4 for all i € F', and
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hence /|F'| < %—’3&%“\“@‘% Thus, we complete the proof of the

case k = [, and the desired inequalities hold for all .

Note that (p3)?\ < 94775 and py < p3 for all k € N. So, it holds that

—  18.27\3pror_ N [ 18.27v/3(ps3)? A\ F
Fk| < FEk-1l < ... < o <1,
< = VIFE << ( VR ) VI

which implies that |F*| = 0 when k > k. Together with the first inequality

obtained, we have 8% = 55 when k > k. From ps < 4.8),

9\/@\ and (

1871 = 18:°1] <187 = 8% < N|EMloe < peXy ™" <

Vi e S*. (S1.9)
\/_Pk

Bl > (aff)pk > 9\/%/3;9’ implies |3F%| > 0 for all

This, along with min;eg«

a

i € 5" (if not, one will obtain _%;

< ﬁ:}’ a contradiction to a > 1), and
hence supp(8™°) = S*. The last inequality also implies sign(3™%) = sign(3*)

(if not, there exists ip € S* such that sign(8:°) = —sign(5;) and then

18, — BES| > |67 | > minges-| 57| > f , a contradiction to (S1.9)).) Thus,

BF = B8 and sign(B¥) = sign(*) for all k > k. We complete the proof.

S2. Additional Theoretical Results

In this part, we need the following assumption on the noise vector .

Assumption 1. Assume that €; (¢ = 1,...,m) are i.i.d. sub-Gaussians,

i.e., there is o >0 such that Elexp(te;)] < exp(c?t?/2) for all i and ¢t €R.
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S2.1 Additive errors case

In this part, we consider that the matrix X is contaminated by additive
measurement errors, i.e., Z = X + A, where A = (a;;) is the matrix of mea-
surement errors and the rows of A are assumed to be i.i.d. with zero mean,
finite covariance ¥4 and sub-Gaussian parameter 72. Following the line of
Loh| (2014)), we assume that >4 is known. Now the unbiased surrogates of
> and & are given by iadd = %ZTZ — X4 and aldd = %ZTy, respectively.

We write iadd = /6\] + HSi(iadd - /E\I) and ENadd = g;mdd - iaddﬁ*-

Lemma 6. Let K = 2(Anax(X4) + 9)||5*]1 and n = min (1, m)

Then, there exist universal positive constants C' and c, and positive function

C (depending only on 8*, 7%, 0* and Amax(24)) such that

P{||(Zaad — £)B*||loc > K} < Cp? exp(—cnl 'n?), (S2.1)

~

P{||Eadd|oc > K} < Cp*exp(—cns 2 'n?). (S2.2)
Proof. From the expression of iadd, it follows that

H(iadd - E)B*Hoo < ”(iadd - Eadd)ﬁ*Hoo + H(iadd - Z)B*Hoo
= ||z (eI —Xaad) 8" loo + [[(Zaaa — 2) 8[|

< [ Mgy (€1 = Baaa) [[max [ 67111 + [ (Fada = 2) 67| co-
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For a matrix I' € S, it is not hard to check that Apax(I') > ||T'||max- Thus,

1(Zaad = )8 lloo < Amax gz (B =Zaa) 1187111 + | (Zaaa — )8l

= [ = Min(Saad) ] 18711 + |(Baa — )" [loo- (52.3)

Notice that )\min(iadd) > )\min(%ZTZ) —Amax(24) > —Amax(X4) implied by

(Horn and Johnson| 1990, Theorem 4.3.7). Together with ([S2.3)),

1(Zada = £)8 oo < EH+Amax( B[ + 1 (Saaa = )8 e

By this and (Datta and Zou, 2017, Lemma 1) with € = 2”];—’7”1 < €, there

exist universal positive constants C, ¢ and positive functions ¢ (depending

only on 8%, 7%, 02 and Apax(34)) such that

P{|(Baaa = D)l > K} < B{[[(Saaa — D)8l > K72}
K
e,

< Cp? exp(—cnn2()\maX(EA) + €)2C’1).

< P{Suaa = Sl >

This shows that (S2.1)) holds. Recall that Z,qq = Eaqq — Sadq/3*. Hence,

l|€addlloo < l|€ada — &lloe + [|€ — 287 ||oo + H(iadd —3) 8" |o-

By applying (Datta and Zou, 2017, Lemma 1) with € = @ < €9 where

1.5
[EAIH

no = min(1, ), we obtain

~ K ~ K
P{[|€ua—€lloo > 5 } < P{lGuaa—¢lloe > =P | < Cpexp(—nes K¢ ™),
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while P{||¢ — £8*||c > K/3} < Cpexp(—nco~?K?) holds by (Datta and
Zoul, 2017, Property B.2). Together with the last inequality and inequality

(S2.1)), we obtain the inequality (S2.2)). ]

Lemma@states that ||(Zaqa— %)% and ||§add||oo can be controlled by
|8*]]1. From the proof of (Datta and Zou, 2017, Theorem 1), we know that
there also exist universal positive constants C” and ¢’ and positive function

~

¢" (depending on f%., 7> and ¢®) such that for all € < min(e, F5),
P{||D||max = £/(64s)} < C'p° exp(—nc/ez(a)*l). (52.4)
Combining with Lemma [6] and Theorem 3, we have the following result.

Corollary 1. Suppose that ¥ satisfies the k-REC on C(S*). If X and p3 in
Algorithm 1 are chosen such that A > 8K and p3 < ﬁ where K 1is the

constant same as in Lemmal[@, then for all k € N the following inequality

4/5 )

K

18° = 5*Il <

(52.5)

holds w.p. at least 1 — p*C exp(—cns™2(™1), where C' and ¢ are universal

positive constants and C is a positive function on 3%, 72,02, k and Amax(34).

Write Gogq 1= [Zadd] (5%)es* [iadd]gls*. By recalling €™ = %ZT@— Z B18)

and using the equality (4.8), it is not difficult to obtain the inequalities

||5LS||<>0 <max(2, H‘SHCN;add”maX)HgaddHom ||g)r||oo§ SH[iadd]sT*lS*

max”gaddHoo-



14 Ting Tao, Shaohua Pan and Shujun Bi

Along with Lemma |§|, Theorem 4 and ((S2.4]), we obtain the following result.

Corollary 2. Suppose that ¥ satisfies the k-REC on the set C(S*). Write

K' = Kmax(2,1+5||Gaddllmax) and K" = Ks||[Saadls-s-

max Where the
constant K is same as the one in Lemma|@. If \, p1 and ps are chosen such

4 5KK" /5 k_
that A > 6K', p; > max((aﬂ)miies*lﬁf\’ o) and p3 < ﬁ, then B% =

. . % m 0.51n(s
B and sign(8*) = sign(8*) for k > k = (1n[(9\[3_4)5,£)\—1}_(131[147\/3(;)3)2]—I w.p.

at least 1 — Cp? exp(—cns™2¢™1), where C, ¢ are universal positive constants

and ¢ is a positive function depending on B*, 72,02, k and Amax(X4).

As remarked in the beginning of this subsection, when X is from the
Y.-Gaussian ensemble, with high probability there exists a constant £ > 0
such that ¥ satisfies the REC on C(S*). We see that if x has a small value,
there is a great possibility for the choice range of p3 to be empty, and it
is impossible to achieve the sign consistency; and when « is not too small,

> 1, after & > % > (?n?inizs))} the iterate ¥ is sign-consistent.

5K
say, 108v/3K’

S2.2 Multiplicative errors and missing data

In this part, we consider that the matrix X is contaminated by multiplica-
tive measurement errors, i.e. Z = X oM, where M = (m;;) is the matrix of
measurement errors and the rows of M are assumed to be i.i.d. with mean

s, covariance Xy, and sub-Gaussian parameter 72. Similar to [Datta and
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(2017)), in the sequel we need the following conditions

max [ X;| < ex, max [ M| < cpr, min(Sar)i; > 0, (par)min >0 (S2.6)
1,) 2,7 4,7

where cx and cj; are universal positive constants. From |[Loh and Wain-|

(2012), S = 2272 @ (Sur + parpily) and & = 22Ty © p

are the unbiased surrogates of ¥ and &, where © denotes the elementwise

division operator. Let imul =cl +Hgi (ﬁmul—gl ) and Eyy = Emul — imulﬁ*.

Lemma 7. Let K := 2[e—min(Amin(Zh,),0),] [ 8% |1 with £, = E(Sy+

pnriia;) where E is the matriz of all ones and 77 = min (1, ?—min(Am;O(E}/,),o)c?W )

Then, there exist universal positive constants 5,5 and positive function Z

(depending on %, 7%, 0%, Amin(24,) and the constants in (S2.6)) such that

P{||(Smu — )8 ]|lsc > K} < Cp? exp(—nl'i?), (S2.7)

P{|Emulloc > K} < Cp? exp(—cns~2C177). (S2.8)
Proof. From the expression of imul and the proof of Lemma |§|, we have

H(imul - E)ﬁ*”oo < [/6\_ Amin(imm)] Hﬁ*”l + H(imul - E)ﬂ*Hoo (82'9)
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Next we provide a lower bound for )\min(f]mul). Write 7 = £Z"Z. Then,

~

)\min(zmul) = )\min [EZ o (ETM - )\mln(ETM)[> + (EZ o )‘mln(E}r\/l)[ﬂ
Z >\min [EZ o (E}-w - )\mln(EEW)])} + )\min[EZ o Amln(zjw)[]
> Amnin(22) Amin(Zh = Anin (B3 T) + Anin[ 22 © Aunin (Z4) 1]

> Amin[ 22 © Amin (24,)7] > min(Amin (24,), 0) max (Z]Z;/n)

1<j<p

> min(Amim(2h,),0)¢2,

where the first inequality is using (Horn and Johnson|, 1990, Theorem 4.3.1),
the second one is due to Xf, — Ay (25,)I = 0 and (Horn and Johnson!, 1991,
Theorem 5.3.1), the fourth one is using the positive semidefiniteness of ¥y,
and the last one is due to Z = X o M and the first two relations in (S2.6|).

Together with (S2.9) and the definition of K ,
H(Emul - 2)5*”00 < (K/Q) + ||(Emul - E)B*Hoo

By (Datta and Zou, 2017, Lemma 2) for ¢ = 2||I§—77||1 < €, there are universal

positive constants C,c and positive functions ¢ (depending on 3*, 7% o?)

and the constants in (52.6]) such that

~ . ~ —~ . K
P{ (St = )8 oo > K} < P{|Ea= DBl > |
o Ky o Kif
< Pq|(Emu— X)5” — ¢ <PY |1 — 2 —_
< PUIEmi= 208" > 5} < B{IE = Bl > 5500}

< C’p2 exp ( —cn(€— min(/\min(E}LV[), O)C?W)QﬁQC_l).



Supplementary Material 17

Thus, we get (S2.7). From (Datta and Zou, 2017, Property B.2) and
[Emulloe < Hé\mul —&lloo + 1€ = X800 + H(imul — X)B" ||, it follows that
P{||¢ — £8*||lc > K/3} < Cpexp(—nco2K?). Together with (Datta and

Zou|, 2017, Lemma 2) and the inequality (S2.7)), we obtain (S2.8)). O

By using Lemma [7] and the same arguments as those for Corollary

and , the following conclusions hold where Gl i = [ (5%)es* (Yt 5ege -

Corollary 3. Suppose that ¥ satisfies the k-REC on the set C(S*). If

and ps are chosen such that A > 8K and ps < ﬁ where K is the constant

in Lemma 7, then for all k € N the inequality (S2.5) holds w.p. at least
1 — Cp*exp(—cns™2(™) where C,c are universal positive constants and ¢

is a positive function on 3*,72%, 02, K, )\min(EEw) and the constants in (S2.6)).

Corollary 4. Suppose that 3 satisfies the k-REC one the set C(S*). Write

K' = Kmax(2,14 5| Gmulllmax) and K" = Ks||[Smumlsise max where K is

same as in Lemma[7. If the parameters X\, py and ps in Algorithm 1 are cho-

2l 4a 5K 5k
sen such that A > 6K', p; > max((aH)minies*IB;*\’ o) and p3 < TGN

then the result of Corollary|d holds w.p. at least 1 — Cp? exp(—cns™2(71),

where C' and ¢ are universal positive constants and ( is a positive function

depending on 5%, 72,02, &, Amin(24,) and the constants in (S2.6).
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S3. Implementation of GEP-MSCRA

In this part we pay our attention to the implementation of GEP-MSCRA.
We know that GEP-MSCRA consists of solving a sequence of weighted

¢1-regularized LS, which can be equivalently written as

. ]- 2 m . =~ o~
min {Slul?+ el Z8-u =7}, (53.1)
where w; = nA(1 — wF) for i = 1,...,p are the weights. There are some

solvers developed for ; for example, the SLEP developed by [Liu, Ji
and Ye| (2011)) with the accelerated proximal gradient method in [Nesterov
(2013)), and the semismooth Newton ALM developed by [Li, Sun and Toh
(2018). Motivated by the performance of the semismooth Newton ALM of

Li, Sun and Toh| (2018), we apply it for solving the dual of (S3.1)), i.e.,

min {%HCHQ + @O +0a(n): Z°¢—n= 0} with A = [—w,w]. (S3.2)

¢,nERP

For a given p > 0, define the augmented Lagrangian function of (S3.2]) by

1 _ ~ ~
Lu(Gomi B)i= 5 ICIP + (5,C) + 8a(n) + (8, Z°C = n) + £ Z7¢ =)

The iteration steps of the ALM for solving (S3.2)) are described as follows.
Next we focus on the solution of the subproblem (S3.3)). For any ¢ € RP?,

define ®;({) := minyepe L, (¢,7; #7). After an elementary calculation,

2,(0) = L TA(Z7¢+ 87 1) — (Z7C+8 1) |+ 5 0CIP +45:.)
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Algorithm 2 An inexact ALM for the dual problem (S3.2)
Initialization: Choose py > 0 and a starting point (¢°,7°, 8°). Set j = 0.

while the stopping conditions are not satisfied do

1. Solve the following nonsmooth convex minimization inexactly

(Gt ~ aé"ggR}in Ly, (¢,m; 7). (S3.3)
777 p

2. Update the multiplier by the formula /™! = g7 + ,uj(ZTCjH — i),
3. Update ptj11 T ftoo < 00. Set j < j + 1, and then go to Step 1.

end while

It is easy to verify that (¢!, 7’*1) is an optimal solution of ([S3.3)) iff

¢t = argmin ®;(¢) and 7't = HA(ZTCj+1 + 5j/#‘j)-

CERP
By the strong convexity of ®;, (?*! = arg min g, ®;(() iff ¢+ satisfies
VO;(Q) =G+ C+mZ |(Z76+8 i) — T (Z7C+F /) | = 0. (83.4)

The system (S3.4) is strongly semismooth (see the related discussion in
Mifflin (1977); |Qi and Sun| (1993))), and we apply the semismooth Newton
method for solving it. Write h := ZTC+Bj/w. By (Clarke, |1983, Proposition

2.3.3 and Theorem 2.6.6), the Clarke Jacobian 0V ®; satisfies

(V®,)(C) C ®;(C) := I + p; Z(I — Ml (h)) Z" (S3.5)
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where 52<I>j is the generalized Hessian of ®; at (. Since the exact charac-
terization of OV ®; is difficult to obtain, we replace OV®; with §2<I>j in the
solution of (83.4). Let W € 0ll(h). By (Clarke, 1983, Theorem 2.6.6),

W = Diag(wy, ..., w,) with w,; € 0ll,,(h;) where

;

Olln (hi) = ¢ [0,1] if |y = wi;

From the last two equations, each element in 52<I>j(g“ ) is positive definite,
which by Qi and Sun (1993)) implies that the following semismooth Newton
method has a fast convergence rate.

It is worthwhile to point out that due to the special structure of V', the
computation work of solving the linear system is tiny; see the discus-
sion in (Li, Sun and Toh| 2018, Section 3.3). During the implementation
of the semismooth Newton ALM, we terminated the iterates of Algorithm
When max{ef;mf,eﬂmf,eéap} < ¢, where €, is the primal-dual gap, i.e.,

the sum of the objective values of (S3.1]) and (S3.2)) at (57, (7, n’), and ef)inf

and €, . are the primal and dual infeasibility measure at (67,¢7,77). By

comparing the optimality condition of ([S3.3|) with that of ((S3.2)), we defined

pinf "7 ~
1+ lyll

. j _ Ri—1
and €}, = —HB b N“ )
-1 (14 |y])
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Algorithm 3 A semismooth Newton-CG algorithm for (S3.4)

Initialization: Choose 9,5,6¢€ (0,1), 0 €(0,1) and ¢° €RP. Set [ = 0.

while the stopping conditions are not satisfied do

1. Choose a matrix V! € 92®;(¢!). Solve the following linear system
Vid = -Vo,(¢h) (S3.6)
with the conjugate gradient (CG) algorithm to find d' such that

IV'd" +V®;(¢HI < min(d, [VP;(¢")]F).

2. Set ay = §™, where my is the first nonnegative integer m for which
0;(¢"+0™d') < ®5(¢) + 06 (VO,(¢h), d').

3. Set ("' = (¢! + ayd' and [ < [ + 1, and then go to Step 1.

end while

We adopted a stopping criteria similar to those in [Li, Sun and Toh| (2018):

|V, (¢ < 6; min (0.1,max(eéinf,eéap)) with 3776 < oo.
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S4. ADMM Algorithm for CoCoLasso

This part includes our implementation for CoCoLasso (a convex conditioned
Lasso of Datta and Zou| (2017)). They first solved the following PSD opti-

mization problem

Y € argmin ||W — &|max for some € > 0. (54.1)
Wel

When the optimal solution Y of (S4.1)) is available, one may apply the

semismooth Newton ALM in Section [S3| for solving

= arguin { 2L ly - Z51° + Al (542

BeRP
with the Cholesky factor Z/+/n of ¥ and the vector 7 satisfying 7% = Z"%y.
Therefore, we here focus on the computation of . The problem (S4.1]) can

be equivalently written as

min {||BHmaX: W-B=SW t?]}, (S4.3)

W,BeSp

whose dual, after an elementary calculation, takes the following form

Ygé% (V£ —eI) with B:={Y eS:[[Y], <1}. (S4.4)

Here, ||Y||; means the elementwise ¢;-norm of Y. Different from Datta and
Zou| (2017), we use the ADMM with a large step-size 7 € (1, @) instead

of the unit one to solve (S4.3). From the numerical results in Sun, Yang



Supplementary Material 23

and Toh| (2016), the ADMM with a larger step-size has better performance.

For a given p> 0, define the augmented Lagrangian function of (S4.3|) by
Ly(W. BiT):= || Blluax + (W = B = 5.T) + (/2)|W — B = 5.

The iterations of the ADMM for (S4.3]) with a step-size are as follows.

Algorithm 4 ADMM for solving the problem ([S4.3))

Initialization: Choose p > 0,7 € (1, ¥2) and (W°, B%,T9). Set k = 0.

while the stopping conditions are not satisfied do

1. Compute the following strongly convex minimization problem

Wk = arg min L, (W, B*; T*). (S4.5)

W€l

2. Compute the following strongly convex minimization problem

B"? = argmin L,(W* B; T). (S4.6)

BeSp

3. Update the multiplier by the formula

Fk—‘rl — I‘\k + T/L(Wk+1 . Bk—l—l o i)

4. Set k < k + 1, and then go to Step 1.

end while

Due to the speciality of the constraint W — B = i, the convergence
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of Algorithm {4f can be directly obtained from (Fazel et al., 2013, Theorem

B.1) with S =T = 0. By the expression of L, (W, B;I'), it holds that

WHH = &I + Tlgy (BF — p ' T + £ — €1,

BFHL = (WL 4 ik - i) V. (Wk—i—l LTk — i) (S4.7)

where the equality is obtained from prox.(G) + prox,(G) = G with
prox,(G) i= argminges (3B — G2 + F(B)} for £(B) = 1| Bllmas.
Just like Datta and Zou| (2017)), we use the algorithm proposed in Duchi et
al.| (2008)) to compute the projection involved in (S4.7]).

During our implementation of Algorithm [4] we adjust p dynamically by
the ratio of the primal and dual infeasibility. By the optimality conditions of

(S4.3) and (S4.5))-(S4.6), we measure the primal and dual infeasibility and

the dual gap at (W**', BM1 T*+1) in terms of €,

k

sapy Where

k
€gine and €

v (B = BY) 4+ (7 = (I =T g
pinf = L+ S

R e v IBE Y + (DHL S =€)

Eding 1= m and  €g,, = max(1, 0.5(|0F+1| + ’<Fk+17§] —€I>‘)).

€

)
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