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EMPIRICAL PROCESSES OF STATIONARY SEQUENCES
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Abstract: The paper considers empirical distribution functions of stationary causal
processes. Weak convergence of normalized empirical distribution functions to
Gaussian processes is established and sample path properties are discussed. The
Chibisov-O’Reilly Theorem is generalized to dependent random variables. The
proposed dependence structure is related to the sensitivity measure, a quantity
appearing in the prediction theory of stochastic processes.
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1. Introduction

Let e, k € Z, be independent and identically distributed (i.i.d.) random
variables and define
Xn=J(...,en—1,n), (1)

where J is a measurable function such that X,, is a proper random variable.
The framework () is general enough to include many interesting and important
examples. Prominent ones are linear processes and nonlinear time series aris-
ing from iterated random functions. Given the sample X;,1 < ¢ < n, we are
interested in the empirical distribution function

Fafe) = - Ixs &)
=1

When the X; are i.i.d., the weak convergence of F,, and its sample path prop-
erties have been extensively studied (Shorack and Wellner (1986)). Various gen-
eralizations have been made to dependent random variables. It is a challeng-
ing problem to develop a weak convergence theory for the associated empir-
ical processes without the independence assumption. One way out is to im-

pose strong mixing conditions to ensure asymptotic independence; see

(1L968), mmmﬁﬂmm@) Witherd (1974), Wklﬁndﬂad ),
i ), [Andrews and Pollard ), Shao and Yui
(@) and [Rid (M), among others. Other special processes that have been
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studied include linear processes and Gaussian processes; see [Dehling_and_Taqqu
(1989), ICs6regd and Mielniczuk (1996), Ho and Hsing (1996) and Wil (2003). A
collection of recent results is edited by [Dehling, Mikosch and Sarensen (20072).

We now introduce some notation. Let the triple (2, F,P) be the underlying
probability space. Let F.(z|¢,) = P(X,+1 < z|&,) be the conditional distribution
function of X,,+1 given the sigma algebra generated by &, = (...,en—1,€n); let
F(z) =P(X; < ) and R,(s) = /n[F,(s) — F(s)]. Assume throughout the pa-
per that the conditional density f.(z|¢,) = (0/0x)F.(z|&,) exists almost surely.
Define the weighted measure wy(du) = (1 + |u|)*(du). For a random variable
Z write Z € L9, ¢ > 0, if ||Z||, := [E(|Z]9)]"? < co. Write the £2 norm as
|Z]] = ||Z||2. Define projections PrZ = E(Z|{;) — E(Z|€k—1), k € Z. Denote by
Cy (resp. C,, Cy, etc) generic positive constants which only depend on ¢ (resp. v,
i, etc). Their values may vary from line to line.

The rest of paper is structured as follows. Section 2 concerns sample path
properties and weak convergence of R,. In particular, in Section 2.1, the
Chibisov-O’Reilly Theorem, which concerns the weak convergence of weighted
empirical processes, is generalized to dependent random variables. Section 2.2
considers the weighted modulus of continuity of R,. Applications to linear pro-
cesses and nonlinear time series are made in Section 3. Section 4 presents some
useful inequalities that may be of independent interest. The inequalities are
applied in Section 5, where proofs of the main results are given.

2. Main results

It is certainly necessary to impose appropriate dependence structures on the
process (X;). We start by proposing a particular dependence condition which is
quite different from the classical strong mixing assumptions. Let m be a measure
on the 1-dimensional Borel space (R, B). For 0 € R, let T,,(0) = >, h(0,&) —
nE[h(0,&1)], where h is a measurable function such that ||h(6, )| < oo for almost
all @ (m). Denote by h;(6,&) = E[h(6,;)|¢0] the j-step-ahead predicted mean,
J > 0. Let (&) be an i.i.d. copy of (&), & = (...,e-1,€0,€1,-..,€k), kK >0, and
define

athom) =3 [ [ 16,60 - 1s(6.65) Pra(a)] " 3)
j=0 7R

Let f1(01¢) = (9/00)-(81&). Tn the case that h(6, &) = F.(0]¢) [resp. .(0]¢)
or fL(0)& )], we write o(F.,m) [resp. o(f.,m) or o(fL,m)] for a(h,m).

Our dependence conditions are expressed as o(F.,m) < oo, o(f.,m) <
oo and o(fl,m) < oo, where m(dt) = (1 4+ [t|)%dt, § € R. These condi-
tions are interestingly connected with the prediction theory of stochastic pro-
cesses (Remark 1 and Section 2.3). The quantity o(h,m) can be interpreted
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as a cumulative weighted prediction measure. It is worthwhile to note that
|h;(8,&) — h;(6,&5)]| has the same order of magnitude as ||Poh(6,&;)|. To
see this, let g( 5671’60) = h(ea ( 7671560))' So g(é-;) = h(@,g}k), g](gak) =
Elg(&5)1¢0] = R;(0,£5), Elg(&;)|€-1] = Elg(&7)|¢0], and

Pog(&5)1l = [[Elg;(€0) — 95(£0)I&o]ll < llgs(€0) — 95(&o)
< llg;(&0) = gi+1(E=DIl + [lgj+1(E-1) — g;(&) Il = 2[Pog (&Il (4)

Note also that [[Pog(§;)]l < [[9(&;) — g(&;)||. Therefore we have
1 N - ) 3
Ea(h,m) <a(h,m):= Z [/R [Poh(6,&;)|| m(d@)] < o(h,m)
=0

<2) [/R 1h(0,&;) — h(e,g;f)H?m(de)]E =: 26 (h,m). (5)
j=0

All results in the paper with the condition o(h, m) < co can be re-stated in terms
of (h,m) < oo, or the stronger version &(h,m) < co.

2.1. Weak convergence

The classical Donsker theorem asserts that, if X} are i.i.d., then {R,(s), s €
R} converges in distribution to an F-Brownian bridge process. The Donsker
theorem has many applications in statistics. To understand the behavior at the
two extremes s = 00, we need to consider the weighted version {R,,(s)W (s), s €
R}, where W(s) — oo as s — =£oo. Clearly, if W is bounded, then by the
Continuous Mapping Theorem, the weak convergence of the weighted empirical
processes follows from that of R,. By allowing W(s) — oo as s — =£00, one
can have the weak convergence of functionals of empirical processes, ¢(F,), for
a wider class of functionals. The Chibisov-O’Reilly Theorem concerns weighted
empirical processes of i.i.d. random variables; see [Shorack and Wellner (1986,
Sec. 11.5). The case of dependent random variables has been far less studied.
For strongly mixing processes see Mehra and Rad (1977), IShao and Yu (1996)
and |Csorgé and Yu (1996).

Theorem 1. Letvy' >0, ¢ > 2, and vy = +'q/2. Assume E[| X1]|7+log(1+|X1])] <
oo and

q
/E[f52 (U|50)]w7_1+%(du) < 0. (6)
R
In addition assume that there exists 0 < u <1 and v > 0 such that

U(Fzzaww’—u) + U(fsaw'y’—l—u) + O'(fé,w,,,) < 00. (7)
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Then (i) E[supser |Rn(s)]2(1 4 |s])Y] = O(1), and (i) the process {Rn(s)(1 +
|8|)7//2, s € R} converges weakly to a tight Gaussian process. In particular, if
X, € £Lra/2=1 gpg

sup f2(uléo) < © (8)

holds almost surely for some constant C' < oo, then (@) holds.

An important issue in applying Theorem 1 is to verify (), which is basically
a short-range dependence condition (cf. Remark 1). For many important models
including linear processes and Markov chains, () is easily verifiable (Section 3).
If (X,,) is a Markov chain, then o(h,m) is related to the sensitivity measure
(Fan_and Yad (2003, p. 466)) appearing in nonlinear prediction theory (Section
2.3). If (X,,) is a linear process, then () reduces to the classical definition of the
short-range dependence of linear processes.

Remark 1. If h(0, &) = f-(01¢), then hi(0, &) = E[f-(0]€0)I€0] = fir(010),
the conditional density of Xy at 6 given &y. Note that £ = (§_1,¢()) is a coupled
version of & with ¢¢ replaced by (. So hi(0,&) — hi(0,&5) = fr+1(01&0) —
fr+1(0]&5) measures the change in the (k + 1)-step-ahead predictive distribution
if &y is changed to its coupled version &j. In other words, hy(6,&0) — hi(0,&5)
can be viewed as the contribution of ¢y in predicting Xx,1. So, in this sense,
the condition o(h,m) < oo means that the cumulative contribution of gy in
predicting future values X, k > 1, is finite. It is then not unnatural to interpret
o(h,m) as a cumulative weighted prediction measure. This interpretation seems
in line with the connotation of short-range dependence.

We now compare Theorem 1 with the Chibisov-O’Reilly Theorem that con-
cerns the weak convergence of weighted empirical processes for i.i.d. random vari-
ables. Note that (y+¢/2—1) | v/ as ¢ | 2. The moment condition X; € £749/2-1
in Theorem 1 is almost necessary in the sense that it cannot be replaced by the
weaker

E{|X1[" log™!(2 + | X1])[loglog(10 + | X[} ™} < o0 (9)

for some A > 0. To see this let X be i.i.d. symmetric random variables with
continuous, strictly increasing distribution function F; let F# be the quantile
function and m(u) = [1+|F#(u)|]~""/2. Then we have the distributional equality

R (F7#(u))

{Ru(s)(1+]s)¥, s € R} =p { m(a)

,ue(o,l)}.

Assume that F(s)(1 + |s|)" is increasing on (—oco, @) for some G < 0. Then
m(u)/+/u is decreasing on (0,F(G)). By the Chibisov-O'Reilly Theorem,
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{Rn(F#(u))/m(u),u € (0,1)} is tight if and only if lim; o m(t)//tloglog(t~1) =

oo, namely

uEmOOF(u)(l + |u])” loglog |u| = 0. (10)
Condition (I) controls the heaviness of the tail of X;. Let F(u) = |u|™
(loglog |u|)~! for u < —10. Then (@) holds while (M) is violated. It is unclear
whether stronger versions of (@), such as E(]X1]"") < oo or E[|X1|" log~ (2 +
|X1])] < o0, are sufficient.

2.2. Modulus of continuity

Theorem 2 concerns the weighted modulus of continuity of R,(-). Sample
path properties of empirical distribution functions of i.i.d. random variables have
also been extensively explored; see for example ICsorgd et all (1986), Shorack
and Wellner (1986), and [Einmahl and Mason (1988), among others. It is far less
studied for the dependent case.

Theorem 2. Lety' >0, 2 < q <4, and v =~'q/2; let 6, < 1/2 be a sequence of
positive numbers such that (logn)??/4=2) = O(nd,). Assume @), X1 € L7, and

U(fe,wy) + U(fé,wy) < 00. (11)

Then there exists a constant 0 < C' < oo, independent of n and d,, such that for
alln > 1,

’ 1-2
E[sup(1+|t|)7 sup |Rn(t + s) —Rn(t)|2] <05, " (12)
teR |s|<dn

2.3. Sensitivity measures and dependence

Our basic dependence condition is that o(h,m) < oo. Here we present
its connection with prediction sensitivity measures (Fan_and Yad (2003, p.466))
special structure. Assume that (X,,) is a Markov chain expressed in the form of
an iterated random function (Elton (1990) and Diaconis and Freedman (1999)):

Xn = M(Xn_1,€n), (13)

where gi, k € Z, are i.i.d. random variables and M (-, -) is a bivariate measurable
function. For k > 1 let fi(-|x) be the conditional (transition) density of X} given
Xo = x. Then f.(0|¢) = f1(0| X)) is the conditional density of Xj,1 at 6 given
X, and, for & > 0, E[f-(0|&k)|€0] = fr+1(0|X0). [Fan_and Yad (2003) argue that

Di(,) := /R (Bl + 6) — fu(6l2)Pd8 (14)
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is a natural way to measure the deviation of the conditional distribution of X
given Xy = x. In words, D; quantifies the sensitivity to initial values and it
measures the error in the k-step-ahead predictive distribution due to a drift in
the initial value. Under certain regularity conditions,

- Di(x,6) [ 10fu(0x)12 .
i 22— [ 20,

Here Ij, is called prediction sensitivity measure. It is a useful quantity in the
prediction theory of nonlinear dynamical systems. Estimation of [Ij is discussed
in [Fan_and Yad (2003, p. 468). Proposition 1 shows the relation between o(h,m)
and Ij. Since it can be proved in the same way as (i) of Theorem 3, we omit the
details of its proof.

Proposition 1. Let k > 0. For the process ([I3), we have

/R 171 (0, €0) — hae(6, €5 *m(d6) < 4]l7(Xo, X5) |,

where

Tk(a,b):/ab[fhk(x,m)]%dm and Ihk(x,m):/R[wrm(dﬁ).

Consequently, o(h,m) < oo holds if Y po; ||7x(Xo, X§)|| < oo.

In the special case h(0,&k) = f-(0|¢k) = f1(01Xk), hi(0,&0) = E[R(0,&)[&o]
= fr11(0|X0) and I, (x, m) reduces to Fan and Yao’s sensitivity measure I, (x)
provided m(df) = df is Lebesgue measure. So it is natural to view Ip, (x,m) as a
weighted sensitivity measure. Since the k-step-ahead conditional density fx(0|x),
may have an intractable and complicated form, it is generally not very easy to
apply Proposition 1. This is especially so in nonlinear time series where it is often
quite difficult to derive explicit forms of fy(f|x). To circumvent such a difficulty,
our Theorem 3 provides sufficient conditions which only involve 1-step-ahead
conditional densities.

For processes that are not necessarily in the form ([[3]), we assume that there
exists an o(&,)-measurable random variable Y,, such that

P(Xpi1 < 2/€0) = P(Xpi1 < 2]Yy) = F(2|Y,). (15)

Then there exists a similar bound as the one given in Proposition 1. Write
Y, = I1(&,), Y,) = I1(&) and h(0,&,) = h(0,Y,). For Markov chains, (I3 is
satisfied with Y;, = X,,. Let X,, = > 72 a;e,—; be a linear process. Then ([H) is
also satisfied with Y,, = > .2, ajent1-:. Let f(0]y) be the conditional density of
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Xnt1 given Y, =y and f/(0ly) = (9/90)f(0]y). Then o(h,m) is also related to
a weighted distance between Y;, and Y,’. Define

0 2
Ph,m(a,b) / y)dy, where Hp ,(y) :/ ‘a—yh(ﬁ,y)‘ m(df).  (16)
R

Theorem 3. (i) Let Ep,n = Y07 [|ohm (Yo, )| Then o(h,m) < 25, and

/Rth(@,fo) = h (0, ) |Pm(d0) < 4l pp (Yo, Y1) (17)
(ii) Assume there exist C > 0 and q¢ € R such that Hpm(y) < C(1 + |y|)? 2
holds for all y € R. Then ||ppm(Yo, V)| = O[|| Yy — Y*Hmm(lqﬂ ] ifq>0, and

lon,m (Yo, Y) || = O[[[ min(1, [Yn, = Y]] if ¢ <O.

Let h(0,Y,) = f(0|Yn). Then Hp,,(y) can be interpreted as a measure
of ”local dependence” of X, 11 on Y, at y. As does Dy(z,0) in @), Hpm(y)
measures the distance between the conditional densities of [X,,4+1|Y, = y] and
[Xn+1]Ys = y + 9]. In many situations ||Y;, — Y,¥||, is easy to work with since it
is directly related to the data generating mechanisms.

3. Applications
3.1. Iterated random functions

Consider the process ([[J). The existence of stationary distributions has
been Wldely studied and there are many versions of sufﬁment conditions; see

(2001), Wu_and Shad (2004), among others. Here we adopt the conditions given
by [Diaconis and Freedmarl (Il9.9.g) The recursion ([[3) has a unique stationary
distribution if there exist @ > 0 and x( such that

/
Loy +|M(z0,20)| € LY and E[log(L.,)] <0, where L. = sup [M(w, &)= Mz ’6)‘.
! ’.1‘ — .%'”
(18)
Condition (I¥) also implies the geometric-moment contraction (GMC(S3), see
Wu_and Shad (2004)) property: there exist 3 > 0, r € (0,1), and C < oo such
that

E[|J(...,e_1,€0,615--r6n)—J (... &1 €061, .. 0)|P] < O (19)

holds for all n € N, where (g},) is an i.i.d. copy of (). |Hs.m.g_a.ndJMJ (IZD.OA

argued that (9 is a convenient condition for limit theorems.
Doukharl (IZO.(H ) gave a brief review of weak convergence of R,, under various

dependence structures including strong mixing conditions. hlie;n.an.dﬂm&dﬁ
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(1993) discussed alpha and beta-mixing properties of Markov chains. Doukhan
and Louhichi (1999) introduced an interesting weak dependence condition based
on the decay rate of the covariances between the past and the future values
of the process, and obtained weak convergence of R,. [Wu and Shad (2004,
pp.431-432) applied Doukhan and Louhichi’s results and proved that, under
(@), R, converges weakly to a tight Gaussian process if, for some k > 5/2,
sup, |F(x 4+ 6) — F(z)| = O[log™"(|6]71)] as § — 0. The latter condition holds if
X has a bounded density. Note that results based on Doukhan and Louhichi’s
dependence coefficients do not require that F' has a density. In comparison,
our Theorem 1 concerns weighted empirical processes under the assumption
that conditional densities exist. They can be applied in different situations.
In Section 3.1.1, we consider weak convergence of weighted empirical processes
for autoregressive conditionally heteroskedastic (ARCH, [Engld (1982))sequences.
Berkes and Horvath (2001) discussed strong approximation for empirical pro-
cesses of generalized ARCH sequences.

3.1.1. ARCH models

Consider the model

X, = eny/a? +02X2_,, (20)

where a and b are real parameters for which ab # 0 and ¢; are i.i.d. innovations
with density f.. Let M(z,e) = eva? + b%z2. Then L. = sup, |0M (z,e)/0x| <
|be|. Assume that there exists 3 > 0 such that ro := E(|bsg|®) < 1. Then (IX)
holds with o = 8 and ||M(z,e,) — M(m’,sn)Hg < rolx — 2'|P. Tterations of the
latter inequality imply (@) with » = rg. For more details see Wn_and Shac
(2004).

Corollary 1. Assume E(|bgg|®) <1, 8> 0. Let ¢ € (0,3) and v > 0 satisfy
J @R o) + [ 1f0Pusegtdn + [ 170 Punsld < oo, @1

Then {Rn(s)(1 + |s|)?/2, s € R} converges weakly to a tight Gaussian process.

Proof. Let t = t, = y/a? 4+ b%y%. Then F(0ly) = F.(0/t), f(0ly) = f-(0/t)/t,
and f'(0ly) = fL(0/t)/t%. By @) of Lemma 1 and (ZII), we have sup,, f-(z) < oo
and (§). Choose ¢ > 2 such that 7 = ¢¢/2 +¢/2 -1 < 3. Then X; € L7.
By Theorem 1, it remains to verify (). Let p = 1. Recall ([{[) for Hp ,(y).
By considering the cases ¢ > 1 and ¢ < 1 separately, we have, by (1) and the
inequality |ut| < 1+ |ut| < (1 + |u|)(1 + [t]), that

Fi(
/‘a H/t(wlde —t_l/fa 2(1 4 Jut|)?"Ldu < C192
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holds for some constant C € (0,00). Since |dt/dy| < |b|, [ |0F(0]y)/0y|*we—1
(d9) < C(1+|y|)?~2. Similar but lengthy calculations show that [;, [0f(6]y)/dy|*
woar(d8) < C(1+ |y}~ and [ |0/(0y)/0yPw_2_,(d6) < C(i +|yl)>". By
@), 1Y, =Y, |lp = O(r™) for some r € (0,1). By Theorem 3, simple calculations
show that () holds.

Corollary 1 allows heavy-tailed ARCH processes. [I'say (2005) argued that in
certain applications it is more appropriate to assume that ; has heavy tails. Let
€x have a standard Student-t distribution with degrees of freedom v, with density
fo(u) = (1 +u?/v)~ () 2¢, where ¢, = T((v +1)/2)/[[(v/2)\/vx]. Then )
holds if ¢ < 2v. Note that e, € £? if ¢ < v, and consequently X, € L£? if
E(|bgol?) < 1.

3.2. Linear processes

Let X; = Z;’ZO a;e¢_;, where the ¢ are i.i.d. random variables with mean
0 and finite and positive variance, and the coefficients a; satisfy Y ;= a% < 00.
Assume without loss of generality that ag = 1. Let F. and f. = F! be the
distribution and density functions of €. Then the conditional density of X4

given &, is f-(z —Y},), where Y, = X, 11 — epq1 (cf. ().
Corollary 2. Let v > 0. Assume ¢, € L*17, sup,, f-(u) < 0o, and

(o]
D lan| < oo, (22)
n=1

12w )+ [ 120w () < . (23
R R

Then {R,(s)(1 + |s|)?/2, s € R} converges weakly to a tight Gaussian process.

Proof. Let ¢ = 2+ . Since g1 € L9, we have Y] € L9 and [|Y,, — Y/, =

lane1(20—f)llg = Ollans1]). Note that f(zly) = f.(z—y). Since f, £.(8)uw(d0)
= E[(1+ |e1])"] < oo and sup, f-(u) < oo, we have [, f-(u)*w(du) < co. Since

L+ fo+yl < 1+ )T +[yl),

/R 1400 — ) + 170 — ) Pl (d0) < (1 + |y]) / /()2 + |72(0) s (d0)
<O+ [y))".
On the other hand,

/|fé'(9—y)|2(1+|9|)_”d«9§/|fé'(9—y)|2(1+|9—y|)_”(1+Iyl)”d9
R R

— 1+ ) /R )P ().

By Theorems 1 and 3, the corollary follows.
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Condition (), together with e; € £2, implies that the covariances of (X;)
are absolutely summable, a well-known condition for a linear process being short-
range dependent. If (22) is violated, then we say that the linear process (Xp,)
is long-range dependent. In this case properties of F;, have been discussed by
Ho_and Hsing (199€6) and Wil (2003).

Remark 2. Strong mixing properties of linear processes have been discussed
by Withers (1981) and [Pham_and Tran (1985), among others. It seems that for
linear processes strong mixing conditions do not lead to results with best possible
conditions. Let ¢; € £2? have a density and A4, = Yo a?. Witherd (1981)
showed that (X;) is strongly mixing if >~ >° max(A}/g, VAn|log A, |) < oo. In
the case that a,, = n~?, the latter condition requires § > 2. In comparison, our
condition (ZZ) only requires that 6 > 1. More stringent conditions are required

for S-mixing.

Remark 3. Let ¢(t) = Eexp(v/—1ueg); let fr (resp. ¢x) be the density (resp.
characteristic) function of S:f:n a;e_;. Doukhan (2003) mentioned the following
result (see also [Doukhan and Surgailis (1998)): R,, converges weakly if for some
0 < a < 1andsCd > 0such that s6 > 2a, e € L%, > 72 |a;i|* < o0
and |p(t)] < C/(1 + |u|?). (Doukhan noted that the proof of the latter result
is unpublished.) These results allow heavy-tailed €. Our Corollary 2 deals
with weighted empirical processes, so there are different ranges of applications.
Consider the special case of Corollary 2 in which v = 0. A careful check of
the proofs of Theorems 1 and 3 suggests that Corollary 2 still holds if f! in
23) is replaced by f for some fixed k (see also Wil (2003)). Note that, by
Parseval’s identity, if v = 0, then 27 [; |f//(u)|*du = [ [t¢(¢)[*dt, which is
finite if |¢p(t)] < C/(1 4 t?). The latter condition holds if |¢(t)| < C/(1 + |u|?)
and #{i : a; # 0} = 0.

Remark 4. Let g be a Lipschitz continuous function such that, for some r < 1,
lg(z) — g(2')] < r|lz — 2’| holds for all z, 2/ € R. Consider the nonlinear model
Xn+1 = 9(Xy) + €nt1, where g, satisfy conditions in Corollary 2. Then X, is
GMC(q) and consequently Y, = g(X,) is also GMC(q), ¢ = 2+ 7. It is easily
seen that the argument in Corollary 2 also applies to this model and that the
same conclusion holds. Special cases include the threshold autoregressive model
(Tong (1990)) X, 41 = amax(X,,0) +bmin(X,,0) +&,41 with max(|al, |b]) < 1,
and the exponential autoregressive model (Haggan and Ozaki (1981)) X,,41 =
[a + bexp(—cX2)| X, + €nt1, where |a] + |b] < 1 and ¢ > 0.

4. Inequalities

The inequalities presented in this section are of independent interest and
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may have wider applicability. They are used in the proofs of the results in other
sections.

Lemma 1. Let H be absolutely continuous. (i) If p <1 and v € R, then

sup [H2(z)(1 + |z])7] < C, /OO H?(u)wsy—p, (du) + C.y /W[Hl(u)]zwvw(du)
M M

x>M

(24)
holds for all M > 0, where C, ,, is a positive constant. The above inequality also
holds if M = —oo and sup,>,; is replaced by sup,cr. (i) If v >0, p =1, and
H(0) =0, then -

suplF2 (o)1 + 1) 7] < 2 [ (/)P (), (25)
[ @ a(dn) < 55 [ 0P ), (26)

(iii) If v > 0 and H(+oo) = 0, then sup,cp[H?*(x)(1 + |z])7] < v~ [R[H'(u)]?
s (du) and [y F2 a1 (dn) < 492 fol Y (u) P 1 ().

Proof. (i) By Lemma 4 in [Wu (2003), for ¢t € R and § > 0 we have

) t+9
sup H?(s) < <

t+d
H?(u)du + 25/ [H' (u))*du. (27)
t<s<t+4 t t

We first consider the case p < 1. Let a = 1/(1 — ). In D) let ¢t = ¢, = n® and
Sn=Mm+1%=n" neN,and I, = [t,, tyr1]. Since lim, .o 8, /(an®1) =1,

sup [H*(x)(1 + )] < 2 sup (1 + z)? [5;1 H*(u)du + 6, [H'(u)]Qdu]
zeln z€ly, I, I,

<C [ HY(uwwy—p(du) +C | [H'(w)Pwyru(du). (28)
In In
It is easily seen by (1) that (28]) also holds for n = 0 by choosing a suitable C.
By summing ([28)) over n =0, 1,. .., we obtain (4] with M = 0. The case M >0
can be similarly dealt with by letting ¢, = n® + M.
If u=1, welett, =2" 6, =tns1 —ty, =ty and I, = [ty tn1], n=10,1,....
The argument above yields the desired inequality.
(i) Let s > 0. Since H(s) = [y H'(u)du, by the Cauchy-Schwarz Inequality,

23 ) ’u2 ulfu ) uilu
H()s/OrH<>r<1+ )-d x/0<1+ Y-l
<

< [P () « L
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So (Z3) follows. Applying Theorem 1.14 in [Opic and Kufney (1990, p. 13) with
p = q = 2, the Hardy-type inequality (28] easily follows. The proof of (iii) is
similar to that of (ii).

Lemma 2. Let m be a measure on R, A C R be a measurable set, and T,,(0) =
Yo h(8,&), where h is a measurable function. Then

\/ / ||Tn<e>—E[Tn<0>]||2m<de>sﬁz\/ / IPoh(0, &) |2m(do).  (29)
A oV Ja

Proof. For j =0,1,...let T,, ;(0)=>_7, E[h(0, &)|&—;] and )@:fAHPOh(H,gj)H?
m(df), \; > 0. By the orthogonality of E[h(0,&;)|&i—;] — E[h(0,&)|&i—j-1], @ =
* 7n7

1.2
/ [Ty (0)— Ty (0)|*m(d6) =n / B[, €)[61] — B0, £)|E_]|2m(db)
A A
:nA\\Pl_jh(H,gl)HQm(dH) — X2,

Note that T;,(6) = Tp0(f). Let A = >, A;. By the Cauchy-Schwarz Inequality,

o0

[ BT, Em )P~ [ 2] S(150) - o) mia)

A =0
o DO =Tojn O o n2
SA/AE{; . } (d0) =nA2,

and (Z9) follows.

Lemma 3. Let D; be L? (¢ > 1) martingale differences and Cy = 18¢%/%(q —
1)"1/2. Then

n
| D1+ -+ Dyl < Cp Z | Dillg; where 7= min(qg,2). (30)
i=1

Proof. Let M =37, D?. By Burkholder’s inequality, || Y7, Dilly <Cy[[ M|y /o-
Then (B0) easily follows by considering the cases ¢ > 2 and ¢ < 2 separately.

Lemma 4. (Wi (2007)) Let ¢ > 1 and Z;, 1 < i < 24, be random variables in
L9, where d is a positive integer. Let Sy, = Z1 + -+ + Z,, and S}, = max;<y, |S;|.
Then

2d—r 1
q

d
TS [ S 112 — Syt (31)
r=0 "m=1
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5. Proofs of Theorems 1 and 2

To illustrate the idea behind our approach, let F,(z) = n~' S0 F.(z|&-1)
be the conditional empirical distribution function and write

Fo(2) = F(z) = [Fa(2) — Fa(2)] + [Fu(2) — F(x)]. (32)

The decomposition (B2) has two important and useful properties. First, n[F,(z)—
Fn(x)] is a martingale with stationary, ergodic and bounded martingale differ-
ences. Second, F, — F is differentiable with derivative f,(z) — f(z), where
fa(z) = (0/0x)F,(x) = n= 320, fo(x]&). The property of differentiability is
useful in establishing tightness. The idea was applied in [Wu_and Mielniczuk
(2009).

Following B3), let G, (s) = n'/2[F,(z) — Fy(z)] and Q,(s) = n'/?[F,(z) —
F(x)]. Then R,(s) = Gn(s) + Qn(s). Sections 5.1 and 5.2 deal with G,, and Q,,
respectively. Theorems 1 and 2 are proved in Sections 5.3 and 5.4.

5.1. Analysis of G,

The main result is this section is Lemma 7 which concerns the weak conver-
gence of G,,.

Lemma 5. Let ¢ > 2 and o = max(1,q/4) — q/2. Then there is a constant C,
such that

G (y) = Ga(@)]l§ < Cqn®[F(y)—F ()] +Cyly — x) " /yE[fs% (ul€o)]du (33)

T

holds for alln € N and all z <y, and

[Gn(@)[§ < Cqmin[F(z),1 - F(x)]. (34)
Proof. Let ¢’ = ¢/2 and p' = ¢'/(¢' — 1); let d;(s) = 1x,<s —E(1x,<s&-1), di =
di(y) — di(x), D; = df — E(d}|&i—1), Kn = 3271 Dy, and Ly, = Y1 E(d7[&i1).

Then both (D;) and (d;) are martingale differences. By Burkholder’s inequality
(Chow and Teicher (1988)),

1Gn(y) — Gu(2)]|% = n~3E(|dy + - - + dy|?)

C, e, C, / :
< —gB[(d] + -+ dp)2] < —F(1Kallg + 1Lally).  (35)
nz2 n2
By Lemma 3,
1Kl

< CqllDallyy < Co27HlldR1Ig, + E(dTI60) 1] < Co2@ |IdRll5,  (36)

!
nmax(l,%)
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where we have applied Jensen’s inequality in HIE(d%KO)Hq: < Hd%HZ: Notice that
|d1| S 1)

/

la311% < Nldilld < 27 I Lecxizy I + IE(Lecx,<yl€0)I3] < 27 [F(y) — F(x)].
(37)
Since E(d?]&) < E(ly<x,<ylé) and 1/p' +1/¢' = 1, we have by Hélder’s In-
equality that

/

I2all < @i < w7 E{ [ [ s.tulgo)dn]" }
y xT
<a"E(y -2 [ 4 (ulgo)du]. (39)

Combining (B3)), B4), @) and BY), we have (E3)).
To show (Bm), in (BED we let dz = dl(CC) = 1Xi§1 — E(1X¢§x|£i71)- Then

E(jdy + - +dn) < Cqn? | di][§ < Cqn?||da]|* < Cyn? F(x)[1 - F(x)]
completes the proof.

Lemma 6. Let ¢ > 2 and o = max(1,q/4) — q/2. Then there exists a constant
Cy < oo such that, for allb >0, a € R and n,d € N,

E| sup |Gn(a+s) — Gp(a)|?
0<s<b
q q q a+b 4
< Con [F(a-+t) ~ P()] + Ot [+nf20-9] [ L (il (39

a

In particular, for d =1+ |(logn)/[(1 —2/q)log?2]]|, we have

B[ sup [Ga(a+5) ~ Gula)|"] < Cyllogn)m®(Fla+b) — F(a)

. a+b q
et [T Bl ol (40)

Proof. Let h = 0274, S; = Gy, (a+jh)—Gp(a) and Z; = S;—S;_1. By Lemma 5,

2d—7" 2d—r
> 1S2rm = Sarn-pllE < Y Cn®[F(a + 2"mh) — F(a+ 2" (m — 1)h)]
m=1 m=1

2d77‘
+> Cq(2Th)31/
m=1 a

— Cn®[Fla+b) - F(a)] + Cy(2'h)3',

a+2"mh

E[2 (uléo)]du
+27 (m—1)h
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where V' = fjerE[quﬂ(u]fo)]du. By Lemma 4,

d d
IS5:lla < S {Cn (F(a+8) = F@I}i + 3 {C,@ )4V
r=0

r=0
< d{Cyn°[F(a+b) — F(a)]}7 + {C,(24 h)$-1v}a. (41)
Let Bj = \/_[F (a+jh)— (a+ (j —1)R)]. Recall B, (z) =n~ "3 Fo(x]é 1)

and fn(x) = FT’Z( ). Since ¢ = q/2 > 1, an(x)Hq/ < || f=(x|&)|l¢- Note that
0 < F. <1, so by Holder’s Inequality,

2d
q q
E | ma B < ZEB Zn | Fula+ jh) = Fala+ (j — D)2

2d

<> n?||Fu(a+ jh) — Fu(a+ (G — DA%
7=1
2d ! ! a+]h ~ ! ! !

<3 nt'p 1/ E[| fo(2)[7]du < n? BT -1V (42)
= a+(j—1)h

Observe that

Gu(a+h|2]) —maxB; < Gpla+s) < Gn(a+h|2 +1]) + max B;.
h _]<2d h ]<2d

Hence ([BY) follows from ), [2) and, since S; = Gp(a + jh) — Gy(a),

Sup [Gu(a+5) = Gu(a) < sup [Gula+hlF +1)) = Gu(a)]

0<s<b 0<s<b
s
+ sup |Gpla+h|—=]) —Gnl(a )|+2maxB
0<s<b h j<2d
< 252d + 2max B;
j<2d

by noticing that h = 279%. For d = 1 + [(logn)/[(1 — 2/q)log?2]|, we have
nd/224(1-4/2) < 1 hence [@0) is an easy consequence of (B9).

Lemma 7. Let v > 0 and q > 2. Assume E[|X1]|7 + log(1 + | X1|)] < oo, and
@). Then (i) E[sup,er |Gn(s)|?(1+4|s])?] = O(1), and (ii) the process {Gr(s)(1+
|s[)7/4, s € R} is tight.

Remark 5. In Lemma 7, the term log(1 + | X}|) is not needed if v > 0.

Proof. (i) Without loss of generality we show that E[sup,>q |G (s)[?(1+]s])?] =
O(1), since the case of s < 0 follows similarly. Let o, = (logn)in»ax(La/4)=q/2
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By (B) and @0) of Lemma 6, with a = b = 2%,

Z QkVE[ sup  |Gp(s) — Gn(2k)|q}
k=1

2k <s<2k+1
[o¢] o) . 9k+1 q
<G Y- 20, [FRH) - PN + 6, 2@ [l el
k=1 k=1

< Cyq0m /:O f)(A +u)Tdu+C /2 w0 EE (ulgo)ldu
< Cyqtin + Gy g = O(1). (43)

Observe that the function £(z) =3 72, 2’”12%96, x > 0, is bounded by C [z +
log(1 + x)], where C, is a constant. Then by (B4l of Lemma 5, we have

> 270G (2NIF < D 2MCE(Lycx,) < CE[IXa | + log(1+]X1[)] < oo. (44)
k=1 k=1

Simple calculations show that (i) follows from ({3l), @) and E0), with a = 0
and b = 2.
(ii) It is easily seen that the argument in (i) entails

lim limsupE[ sup |Gy (s)[9(1 + \s\)v] =0 (45)
' n—oo |s|>r
Let 6 € (0,1). For s,t € [—r,r] with 0 < s —t < §, we have
ol ol
[Gr(s)(L+[s]) e — Gn(t)(1 + [t]) 7]
ol ol ol
<X+ [s)7[Gn(s) = G| + Ga(®[(L +[s[) s — (1 +[t]) 7]
< (1+7)7|Gn(8) = Gu(t)| + Crrygd sup |Ga(u)]. (46)

u€[—r,r]

By (i), ||supyer |Gn(w)||| = O(1). Let I}, = I}(6) = [ko, (k + 1)d]. By Lemma 6,

s
Z P[sup |Gr(s) — Gn(kd)| > E]
b %J—l s€ly
5141 .
<t Y {CuanB(xi € 1) + €t / E[f2 (uléo)]du
k=—{5]-1 .

< 1y +1CpE [ Bl o).
R
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By @), [ E[ 4/ ?(u|éo)]du < oo. Hence

lim supIP’[ sup |Gr(s) — Gn(t)] > 26] < e*qC’qégfl

n—00 s,t€[—rr], 0<s—t<4

which implies the tightness of {G,,(s), |s| < r} for fixed r. So [{H) and (EH)
entail (ii).
5.2. Analysis of Q,,

It is relatively easier to handle @, since it is a differentiable function. The
Hardy-type inequalities (cf Lemma 1) are applicable.

Lemma 8. Let v > 0 and assume ([@). Then (i) E[supseg |Qn(s)]*(1+ |s])7] =
O(1), and (ii) the process {Qn(s)(1 +|s)Y'/2, s € R} is tight.

Proof. Let r > 0 and recall 0 < < 1. (i) By Lemma 1,

A= sup @)1+ 1) < C [ QA Iwyn(ds)+C [ [Q(s)Pwru(ds)

|s|=>r |s|=>r |s|=>r

holds for some constant C' = C,/ ,. By Lemma 1,

\/ P01 IPr0y - (0) +Z\/ Po S (016;) Pwy-+,,(d6). (47)

So (i) follows by letting » = 0 in ().
(ii) The argument in (ii) of Lemma 7 in applicable. Let 0 < § < 1. Then

U,o(0) = swp (@l + )T — Qu(t)(1+ )T
s,te[—r,r], 0<s—t<§
< s A+ IsDFQuls) - Qud)]
s,t€[—rr], 0<s—t<4
S s QeI+ sDE — (1))

s,t€[—rr], 0<s—t<4

< Cpy0 sup ]Q;L(u)]—i—Cm/(S sup  |Qn(u)l.

u€[—r,r] u€[—r,r]

By (1), Lemma 2, and ([l), there exists a constant C' = C'(r,~/, u, ) such that

E| sup IQ%(S)Iﬂ =C /| 197 (8)[Pwry4(ds) + C i 197 (5)[Pw- (ds)

Is|<r

< Cyo?(feywyyy) + Cra?(fL woy) = O(1).
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By (i), there exists C1 < oo such that for all n € N, E[¥2 (6)] < 6*Cy. Notice
that the upper bound in 1) goes to 0 as r — oco. Hence (ii) obtains.

5.3. Proof of Theorem 1.

We need to verify finite-dimensional convergence and tightness. Let j > 0.
Observe that (9/00)PoF.(0|¢;) = Pofe(0I¢;) and |[PoFL(01&)|l = [[Polx;, <oll-
By Lemma 1(i)

SHPHPOFE(H\&)HSC\// HPOFE(&§j)HQW—u(d9)+C\// 1Pof=(0,€)IPw,(d0)
OeR R R

which, by (@) and (@), implies Y ;% [|[Polx,<q| < co. Hence by Theorem 1(i) in
Hannan (1973), R, (0) is asymptotically normal. The finite-dimensional conver-
gence easily follows. Since R, (s) = Gp(s) + Qn(s), the tightness and (i) follow
from Lemmas 7 and 8.

Since E[f.(u|¢)] = f(u), @) and the moment condition X; € £Y+4/2-1

imply (@).

5.4. Proof of Theorem 2.
Let ©y(a,d) = suppcs.5|Gnla +s) — Gu(a)] and o = max(1,q/4) — q/2.

Note that (logn)in® = (9(5?/271). By #0) of Lemma 6, we have, uniformly in
a, that

q a+0n
E [@?L(a, 5n)} < Cy(logn)in®[F(a + 6,) — F(a)] + Cqégingfl / f(u)du

<083 [Fa+8,) — Fla)).

Here the constant C' only depends on 7, v, ¢ and E(|X;|?). Hence

S0+ [k ) E (04 (0, 0) | < ST+ [K6a]) o8 [F (I + 60) — F (k)]

k€EZ keZ

< C52TE[(1 + 1 X1))7).

Lt T4(5) = [k%, (14+k)5] and c5 = supj,_<sl(1+ [#)/(1+ ful)]. Then cs < 2 since
§ < 1/2. By the inequality |Gy (a) — Gp(c)| < |Gn(a) — G, (b)] + |Gn(b) — Gr(c)|,

sup |Gn(t+8) — Gn(t)| <2 sup |Gp(kd, + u) — Gn(kdy)|.
tely(dn), 0<s<dn 0<u<2dy,
Therefore,

E[ sup(1+ [t])04(t,0,)| < DE[ sup (1+ #0556
teR keZ telk((sn)

<290 ST + |k6,|)'E[ 09 (Kb, 26,)| < C62 7
On n

kEZ
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Note that R, (s) = G,(s) +Qn(s). Then ([[Z) follows if it holds with R,, replaced
by G, and @, respectively. The former is an easy consequence of the preceding
inequality and Jensen’s Inequality. To show that () holds with R, replaced by
Qn, recall v/ = 2v/q. By ([4) of Lemma 1 and Lemma 2,

B[ sup(1+ 2)1Qu@)] < € [ 1Qu@) Py () + € [ Q1) Py ()
< Co*(feywy) + Co®(fL,wy) < 00,
which completes the proof in view of the fact that
(L+ )7 sup |Qu(t+5) = Qu(t)” < on (1 +[¢])" sup |Q(t + 5[
Is|<dn |s|<én
<con s [(1 Jul)” @) ()]

uilu—t|<dpn

Remark 6. It is worthwhile to note that the modulus of continuity of G,, has
the order 671;2/ ¢ while that of Q,, has the higher order 6,,.

6. Proof of Theorem 3.

(i) If (@) holds, then o(h,m) < 25}, ,,,. To prove (I]:Z]) let Zn, (0) hn(6,&0)—
hn(6,85), h(0,Ys) = h(0,&,), and V;, (0) =Nh(0,Y})— fY ay h(6,y)dy.
Let A(y) = [Hpm(y)]Y/? and U = fY y)dy. By the Cauchy—Schwarz Inequality,

[vieman < [ [ [ j’fﬁ%h(e,y)f@x / Y Aw)dy|m(d9) = U.

Note that E[A(6,Yn)[€-1] = E[1(0,Y;))|S]. By @), [[Za(0)]] < 2([Poh(0,Yn)]| <
2|V (0)]- So we have (D). (i) Let & = q/2 — 1 and W = [y ws(dy). If ¢ <0,
then [, ws(dy) = —4/q and |W| < min(|Y,, — Y;5|,—4/q). If § > 0, by Holder’s
Inequality,

W< I+ 1Y) + (4 1Y ))(Ye = YN
<N+ 1Y)’ + @+ YDl Y = Y llg = OIYa — Y lg).
For the case —1 < § < 0, we need to prove the inequality | [ ws(dy)| < 27°|u —

v[*%/(1 4 §). For the latter, it suffices to consider cases (a) u > v > 0, and (b)
u>02>v. For (a),

/u ws(dy) = (1+ u)1+6 -1+ 'u)1+5 _ (u— ,U)1+5.

1+0 - 149
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For (b), let t = (u — v)/2. Then

e (d) — C+w)' -1+ 0+ p)*H -1 20400 -2 2™
wé( y)_ 146 - 146 _1+(5'
v

Therefore |W|| = O(|||Y, — Y7 °T1]) = O(||Y;, — Y:HZ/Q)-
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