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Al Technical Lemmas

Lemma S1 (Bonferroni Inequality). Let A = U}_, A;. For any k < [p/2], we have

2k

> (F1)7TE < P(4) < 2&:_1(—1)“&,

=1
where Et = Zl§i1<~~<it§p ID(AAZ1 N---N Alt)
Lemma S2. For any random vector W = (wy, ..., wy), with ECW) = 0, and W = & +

oo+ &, where {& = (S1g, - &k), kK = 1,...,n} are independent random vectors and

\&ik| < 7,1 <1 <b, we have, for any y,e > 0,

P(W|>y) < P<|N|2y—e>+clb5/2exp(— ‘ )

cob3T

P(W|>y) > P<|N|2y+e>—clb5/2exp(— ‘ )

cob3T
for some absolute constants c1,co > 0, where | - | is any vector norm, N is a normal random

vector with E(IN') = 0 and the same covariance matrix as W.

Lemma [S2]is based on Theorem 1 of Zaitsev| (1987), and its proof is omitted. Lemma [I]
in Section [2.2] of the paper is proved by applying Lemma[S2] similarly as done in the proof of

Theorem 1 inCai et al. (2013), and its proof is also omitted here.



A2 Proof of Theorem [1]

We rearrange the indices of {S; 4,1 <i < j <p}by{Sia:, i =1,...,q}. Let(Up1,...,Uy)"
be a zero mean random vector, with the covariance matrix ¥ = (o;;) and the diagonal

{o::}, = 1, which satisfies the moment conditions (C1) or (C2) and the regularity con-

ditions (Al) and (A2),l =1,...,n. Note that,
Vaii/Var(Siaig) — 1) = Op{(logq/n)"?}, 1<i<j<pd=1.2,

Then under the event that {|V; ;/Var(S,q.;) — 1| = O{(log ¢/n)'/?)}, to prove the theorem,

it suffices to show that, for any = € R, as p — oo,

n 2
P ¢ max (n_1/2 Z Ul,i) —2logq +loglogq < x p — exp{—7m""?exp(—x/2)}.
=1

1<i<q

Let UM = U, I{|U,| < 7} —EUI{|Ui| < 7)), 0=1,...,n,where 7, = n7'/22,/log(q + n)
if (C1) holds, and 7,, = /n/(log¢)® if (C2) holds. Let W; = >")", U;;/y/n and W, =

oy UZZ/\/E If (C1) holds, then we have,

max n~ /2 Z E(U..|)I {|Ul,i| > 77_1/22\/ log(q + ”)}
=1

1<i<q

< Cn'? max max (U )] {|Ui] > 7"/*2/log(q + 1) |

1<i<n 1<i<q

< Cnl/z(q +n)~? max max E(|U|) exp (nUfi/2)

1<i<n 1<i<q

< Cn'?(q+n)~2
If (C2) holds, then we have,

max n 2 S E(UN {|U] = v/ (log0)*}
=1

1<i<q

<Cn'? max max E(|U)I {|U| > vn/(logq)*}

1<I<n1+n2 1<i<q

< Op~20—¢/4,



Therefore,

P {max |W; — WZ| > (logq)l} < P <max max |Up ;| > Tn)

1<i<q 1<i<q 1<i<t

< tgmax P(|Uy| > 7,) = O(g~t +n~*). (S1)
1<i<q

Note that
max W72 — max W2| < 2 max |W;| max |W; — W;| + max |W; — W;|>. (52)
1<i<q 1<i<q 1<i<q' ' 1<i<q 1<i<p

By and (S2), it suffices to prove that, for any = € R, as p — oo,

P <max Wf —2logq + loglogq < x) — exp {—7‘('_1/2 exp(—x/Q)} :

1<i<q

Let z, = 2log ¢ — loglog ¢ + x. It follows from Lemma [ST]that, for any fixed k& < [¢/2],

2k
s—1 T 7
S0 Y P(Walz g Wil 2 a,) <P (mx Wil > x)
s=1 1<ii<..<in<q
2k—1
<S (-t Y P<|WZ~1| > 2y [ Wi qu>. (S3)
s=1 1<ii1 <. <is<q

Define \W\min = min;<p<s \Wzb| Then by Lemma , we have,

P (|Wymm > :cq) < P{1Z]uin > 74 — €a(logq) 7}

5/2 exp § ——— " s4
as eXp{ 0283Tn(10gq)1/2}’ 9

1/2

where ¢c; > 0 and ¢, > 0 are absolute constants, €, — 0 is to be specified later, and Z =

(Ziy, ..., Z;,)' is a s-dimensional normal vector with the same covariance structure as W.

Because logp = o(nl/ 5), we can let €, — 0 sufficiently slow, such that

1/2

5/2 . e — —-M S5
c1S exp{ 0283Tn(10gq)1/2} O(q ) (S5)



for any large M > 0. It then follows from (S3), (S4) and (S5)) that

2k—1
P <max W > xq> <Y DT YT P (12 > 2 — €n(logq) ™) + 0(1).(S6)

1<i<
== s=1 1<i1<...<15<p

Similarly, using Lemma [S2] again, we get

2%
P <lrgla§>§ |W;| > xq> > z:(—l)s_1 Z P(|Z]min > g — en(logq)_1/2) —0(1).(S7)

s=1 1<i1<..<is<q

By (S6), and the proof of Theorem 1 in|Cai et al.|(2014), our theorem is proved. O

A3 Proof of Theorem

We first show that, as nq, ns, p — 00,

inf  P(T,=1)— 1.

(51,52)€U(2V/2)
Let
_ — 2
(Svij = S2ij — S145 + 52i5)
M!' = max
n T <i<i<p Viij/m + Vagj/no

By the self-normalized large deviation theorem for independent random variables (Jing et al.,

2003, Theorem 1), we have that,

{ (Stij — Saij — 51 + 52,

2
) > 22 < C{1 — ®(2)},
Viig/m+ Vaij/ns - }_ el

uniformly for 0 < x < (8log p)'/2. Thus we have that,

1
P (M,}b < 2logq — §loglogq) —1

as t,q — oo. Note that,

2
maX ( 50,0 7Z7.]) S 2M$ + 2Mn
1<i<j<p Vi /na + Vaij/ne




and that

(Sl,z‘,j - SQ,i,j)2

max
1<i<j<p Var(517l7i,j)/n1 + Var(SQ,l’i’j)/ng

> 8logg.
By the fact that
Vaig/Var(Siaig) — 1] = 0, {(loga/n)/?}, 1<i<j<pd=12,

we have that,

P (M, > g, + 2logq — loglogp) — 1

asn,q — oo.
We next prove that, there exists a constant ¢, > 0 such that, for all sufficiently large ny
and p,

inf sup P(T,=1)<1-5,
(s1,82)€U(co) Tae% ( ) - /B

Since 7, contains all the a-level tests over the collection of distributions satisfying (C1) or
(C2), it suffices to take 7, as the set of a-level tests over Gaussian distributions. Then follow-

ing the proof of Theorem 4 of (Cai et al.|(2014), our theorem is proved. [

A4 Proof of Theorem

Under the assumption that |S,| > [1/{r/?a} + §](log ¢)*/2, we have that,

> I(|Tm-] > \/2logq> > {ﬁ'i—(S} Vlog g,

(i,5)EH

with probability tending to 1. Henceforth, with probability going to one, we have

-1

: = 12
: Q{—H} (log )",
Suen I (1T > /2logq) 1724,



Define hy = v/2logq — 2loglog q. Because 1 — ®(hy) ~ (v2mhy) ™" exp(—h?/2), we have

PO < h < hq,) — 1 according to the definition of hin Algorithm Namely, we have
P (ﬁ exists in [0, hq]> — 1L

Thus it suffices to prove the theorem under the event that {ft exists in [0, A, }

Note that, by the definition of fz, for any h < iL, we have

G(h)q
max {3,y (gl > 1), 1}

> Q.

Because max{z(” ey 1T 50 > h), } < max{z(i?j)eﬂ I(|T;,;| > h), 1}, we have that,

G(h)q -
max {3,y (gl = B), 1}
Thus, by letting h — fL, we have,
G(h)q .

max {5, jyep L1550 = 1), 1}
On the other hand, based on the definition of fz, there exists a sequence {h;} with h; > h and

h; — ﬁ such that,
G(h)q

Hax {Z@,j)ea I(|Ti 5] = ), 1}

Since max {z(m)eﬂ (T = k), 1} < max{z(” L I( Ty > b, } it implies that,

< .

G(hl) < a.
max {50, jyep L1350 = 1), 1}
Letting h; — iL, we have that,
GUI) < a.

max{z(weﬂ I(|Ty;] > h), }



Thus by focusing on the event {iz exists in [0, h,] }, we have that,

G(h)g
e {Zu,j)ea I(|T31 = h), 1}

Then it suffices to show that

Z(z] cHo (|7—’l]‘ > h‘) |%0|G(h)

qG(h) -0

sup
0<h<hg

in probability. Let 0 < hg < hy < --- < hy = hg, suchthath, —h,_; =v,forl1 <. <b—-1,

and hy — hy—1 < v,, where v, = 1/4/log g(log, q). Then we have b ~ h,/v,. For any h such

that h,_; < h < h,, we have that

> iyeno LTl = ) G(h,) - > tijyeno LTl = 1)

[HolG(h.) G(h1) ~ |Ho|G(h)
Z(” €Ho (lTw| > h,— 1) G(hL—l)
N |H0|G( =1 ) G(hb) .

Thus it suffices to prove that

max
0<e<b

2 jery Tl = h) — G(h)}
|H0|G(hb)

in probability. Note that

5 <mX 2 ) eHo “,ifj@ (z ;w G| >
. Z o (‘ 2 6)eHo {I&ffc'; (>l)z )= G}
Sviq P( L)ty {%g(zm — G} ) "
+Z 5 <|Z<i,j>eﬂo ”,35;"@ i?) — G| ) |

By the proof of Theorem I} we have that

P(ITij| = h) = {1+ o(1)}G(h).



Thus it suffices to prove the following two statements are true for any € > 0:

/hqp (‘EUGHO {1(Tiy] > h) = P(IT;y] h)}‘ . ) dh—ofu). (S8

qG(h)
and
> ijeno LTzl = h) = P(|Tiy[ = h)} B
o P <| () ze]=el 89

Next we prove (S8)), while the proof of (S9) is similar and is thus omitted. Note that the

variance can be calculated as follows

E > ipyers L Tigl = h) = P(|Ti ;] = h) }
qG(h)
gy (iriyeno AP (Tigl = by [Ty | = h) = P(|Ti ;0 = )P (T | > )}

2G2(h)
We further split the pairs of indices in H, into three subsets as below. We rearrange the indices
of {(4,j),1 <i<j<p}by{k,k=1,...,q}, and denote by k; ; the corresponding index of

(1, 7) after rearranging:

Hoo = {(4,4), (0", 5") € Ho, (i,5) = (¢, 5")},
Hoy = {(i,j),( 7)€ Ho, (1,7) # (', 7). kij € Ak, /(f) or ky j € Ak”<5>} )

Hos = {(i,4), (0, 5") € Ho} \ (Hor U Hoz).

For the subset H,1, the cardinality is gy, thus we have

Do ipninineror \PUTigl = 1y [Ty | = h) = P(|T ] = R)P(|Ty o[ = h)} C
2G2(h) ~ qG(h)

For the subset 9, recall that

Ai(€) = {5+ max{riigls Irassl} > (logg) ™},



and maxi<;<, | Ai(§)] = o(¢”) for 0 < v < (1 —r)/(1 + r). Thus we have [Hp| =
O(q'™"). Note that, by Assumption (A2), we have that, uniformly for (7, 7), (¢, ") € Hoe,
Corr(T;;, Ty ) <7 < 1l,withr' <r+e<1,0<e< ;—Z — r. Therefore, similar to (S4)
in the proof of Theorem [I} under (C1) or (C2), by applying Lemma[S2]and Lemma 6.2 in|[Liu

(2013)), we have that
S i yenon PPUT L = b |To gl = ) = P(T = WP(I Ty > h)}

G2 (h)
I4vp—2 —h2/(1 /
2G2(h) g {G(h)}2r /4
For the subset Ho3, T; ; and T} ;; are weakly correlated with each other. Based on the

conditions in the theorem, by applying Lemma[S2and Lemma 6.1 in[Liu| (2013), it is easy to

obtain that,

max P ([T | > h, [Ty y| > h) = [1+ O{(log q) " HG*(h),
(ivj)z(i/»j/)e/HOB

with 7 = min{&, 1/2}. Thus, we have that
> iinirgnenon LPUTi 1 = hy [Ty | = h) = P(ITi | = h)P(|Ty | > h)}
2G2(h)

= O{(logq)™"7"}. (S12)

Combining (S10), (S1I)) and (S12)), we have

hq C C o
0 qG(h) + g {G (k)12 /0F) + C(logq) dh = o(v,).

This proves (S8). Along with (S9), we prove Theorem 3] O

A5 Proof of Proposition ]|

It sufficies to show that

Pro., (1Tisl = hi]Aigl = X) = {1+ 0(1)}G(R)P (IN(0,1) + azs| = A) + O(g™™),
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uniformly for 0 < h < Cy/logq, 0 < XA < Cy/logq,and 1 <1 < j < p. By the fact that |V is
fixed, the second part then directly follows.
Note that G[h + o{(log q)~'/?}]/G(h) = 1 + o(1) uniformly in 0 < h < c(log q)*/? for

any constant c. By the proof of Theorem[I] it suffices to show that,

P(|Uij] = t,1Qi5l = A) = {1+ o(1)}G(R)P (IN(0,1)] = \) + O(¢™™),

where
G G G 2 2 G
Stij— 52, Stij = S14 T (Uw,i,l/aw,m)(szi,j — 82,i5)
Uij = (02 Y o2 )1/27 and Qi,j = 5 5 5
w1 w52 \/Uw,i,l(l + Uw,i,l/gw,i,2)
with o2 ; ; = Var(S4u;)/na. d = 1,2. Note that U; ; and Q;; are uncorrelated with each
other.

We next truncate V;; and @); ;, respectively, by 7, as defined in Theorem [I| with rate
{log(q + n)}'* for a sufficiently small ¢ > 0. Then we have the truncated V;; and Q;

satisfy that,

P { max |V; — ‘A/l| > (logq)_l} <P (max max |U;| > Tn> = O(q_M),

1<i<m 1<i<q 1<I<ni+ng

and

p { max [0 — Oi] > aogq)—l} — (g ™).

1<i<m

Thus, it suffices to show that
P (1031 > £, 1Qi] = A) = {1+ o(}GR)G() + O(g ™), (313)
uniformly for 0 < h < Cy/loggand 0 < X < C'y/log q. It follows from Lemmathat

P (Wm’\ > h,|Qijl > >\>
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nl/2

_ _ €n
<P {’N1| > h —ey(logq) 1/27 |Na| > A —€,(log q) 1/2} + ¢y exp {—W}>

where ¢; > 0 and ¢, > 0 are constants, ¢, — 0 is to be specified later, and N = (N1, Ny) is a
normal random vector with E(IN) = 0 and Cov(N;, N;) = 0. Since log ¢ = o(n'/¢) for some

¢ > 5, we let ¢,, — 0 sufficiently slowly, so that for any large M > 0,

clexp{— n_cn }ZO(Q—M).

caTy (log q)1/2

1/2

Thus, we have

P <|Um| > h,|Qil > A) <P{|Ni| > h = en(logq) ™/, |No| > X — €, (logq) "/} +0(¢ ).
Similarly, using Lemma [S2] again, we have

P (1051 = he1Qil = 3) = P{INi| = h+ ealog @) /%, [Na| = A+ €4 (logq) 2} =0(g ™).

This proves (S13)), then also Proposition [I} O

A6 Proof of Theorems 4 and 5

By the proofs of Theorems 1 and 2 in [Xia et al.| (2020), it suffices to check the asymptotic
normality, the weak dependency, and the asymptotic independence assumptions. By the con-
struction of 7; ; and the proof of Proposition (I} we have that T; ; is asymptotic normal. In
addition, the assumptions of Theorem [3|ensures the weak dependency. Finally, Proposition

proves that the asymptotic independence holds. Thus Theorems [ and [5] follow. [
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