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Abstract: We propose two methods based on the functional principal component
analysis (FPCA) to estimate smooth derivatives for a sample of observed curves
with a multidimensional domain. We apply the eigendecomposition to a) the dual
covariance matrix of the derivatives; b) the dual covariance matrix of the observed
curves, and take derivatives of their eigenfunctions. To handle noisy and discrete
observations, we rely on local polynomial regression. We show that if the curves
are contained in a finite-dimensional function space, the second method performs
better asymptotically. We apply our methodology in simulations and an empirical
study of option implied state price density surfaces. Using call data for the DAX
30 stock index between 2002 and 2011, we identify three components that are
interpreted as volatility, skewness and tail factors, and we find evidence of term

structure variation.
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1. Introduction

Over the last two decades functional data analysis has became a popular
tool to handle data entities that are random functions. Usually, discrete and
noisy versions of them are observed. Oftentimes, these entities are multivariate
functions. Examples include brain activity recordings generated during fMRI
or EEG experiments (van Bommel et al.| (2014), Majer et al. (2015)). In a
variety of applications though, the object of interest is not directly observable
but can be recovered from the observed data by means of derivatives. Typical
examples of financial applications are functionals retrieved from the observed
prices, such as the implied state price density (Grith, Hardle and Schienle| (2012)),
pricing kernel (Grith, Hardle and Park! (2013)) or market price of risk (Hardle and
Lopez-Cabrera| (2012))). Motivated by such, we address the problem of estimating
derivatives of multivariate functions from existing discrete and noisy data.
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Functions that are objects on an infinite-dimensional vector space require
specific methods that allow a reasonable approximation of their variability with
a small number of components. FPCA is a convenient tool in this because it
allows one to explain complicated data structures with only a few orthogonal
principal components that fulfill the optimal basis property in terms of L? ac-
curacy. These components are given by the Karhunen-Loéve theorem, see for
instance Bosq| (2000). In addition, the corresponding principal loadings to this
basis system can be used to study the variability of the observed phenomena.
An important contribution in the treatment of the finite-dimensional PCA was
by |[Dauxois, Pousse and Romain| (1982]), followed by subsequent studies that fos-
tered the applicability of the method to samples of observed noisy curves. [Besse
and Ramsay| (1986), among others, derived theoretical results for observations
that are affected by additive errors. Some of the most important contributions
for the extension of the PCA to functional data belong to [Cardot, Ferraty and
Sardal (1999), |Cardot, Mas and Sarda| (2007, [Ferraty and Vieu| (2006), Mas
(2002)) and Mas (2008). Simple one-dimensional spatial curves are well under-
stood from both numerical and theoretical perspectives and FPCA is then easy
to implement. Multivariate objects with more complicated spatial and tempo-
ral correlation structures, or not directly observable functions of these objects,
such as derivatives, often lack a sound theoretical framework. The computational
issues are considerable in higher-dimensional domain.

To our best knowledge, FPCA for derivatives has been tackled by [Hall,
Miiller and Yao| (2009) and Liu and Miller| (2009). The first study handles
one-dimensional directional derivatives and gradients. The second paper anal-
yses a particular setup in one-dimensional domain where the observations are
sparse. The method is applicable to non-sparse data but can be computation-
ally inefficient when dealing with large amounts of observations per curve. For
the study of observed curves, there are a series of empirical studies for the two-
dimensional domain case, see Cont and da Fonseca (2002) for an application close
to our empirical study. Further proposals to implement FPCA in more than two
dimensions to analyze functions, rather than their derivatives, have been done
particularly in the area of brain imaging, see for instance, |Zipunnikov et al.| (2011)
who implement multilevel FPCA (Staicu, Crainiceanu and Carroll| (2010)), D1 et
al.| (2009)) to analyze brain images of different groups of individuals. A thorough
derivation of statistical properties of the estimators is missing in these works.

In this article, we aim to contribute to the literature on FPCA for the study
of derivatives of multivariate functions. We present two approaches to estimating



FPCA FOR DERIVATIVES 2471

the derivatives. They are not tailored to handle sparse data sets, compared to
other methods that aim to estimate the mean or covariance function of a sample
of curves, see for instance|Cai and Yuan (2011)) and Zhang and Wang| (2016)). Our
approaches are feasible when the spatial dimension increases only under suitable
smoothness assumptions of the underlying curves. Otherwise, the estimators that
we propose suffer from the curse of dimensionality.

The paper is organized as follows: the theoretical framework, estimation
procedure and statistical properties are derived in Section 2. Our empirical
study in Section 3 is guided by the estimation and the dynamics analysis of the
option-implied state price densities. It includes a simulation study and a data

example.

2. Methodology
2.1. Two approaches to model derivatives using FPCA

Let X be a centered smooth random function in L?([0, 1]9), where g denotes
the spatial dimension, with finite second moment f[o 19 E {X (t)Q} dt < oo fort =

(t1,...,ty)". The underlying dependence structure can be characterized by the

covariance function o(t,v) def E{X(¢)X(v)} and the corresponding covariance

operator I'

(TO)(¢) = /[0 RO

Mercer’s lemma guarantees the existence of a set of eigenvalues A\; > Ao >
- and a corresponding system of orthonormal eigenfunctions 71,79, ... called
functional principal components such that

ot,v) =Y Ay (t)ye(v), (2.1)
r=1

where the eigenvalues and eigenfunctions satisfy (I'v,)(t) = A\, (t). Moreover,
Yo A = f[o 10 o(t,t)dt. The Karhunen-Loeve decomposition applied to the
random function X gives

X(t) = Z oryr(t), (2'2>
r=1

where the loadings ¢, are random variables defined as §, = f[o 10 X (t)-(t)dt that
satisfy E (53) = A, as well as E (6,05) = 0 for r # s. Throughout the paper, we

use this notation for the derivatives of a function X
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LX), (2.3)

X (@ (¢ - = ...
1) = X otd ot

for d = (di,...,dy)" and d; € N the partial derivative in the spatial direction
j=1,...,9. We take |d| = gzl |d;| and require that X is at least |d|+ 1 times
continuously differentiable.

Building on and , we propose two approaches to model deriva-
tives. The first one is stated in terms of the Karhunen-Loeve decomposition
applied to X(@ and uses the FPCA of the covariance function o(®(t,v) e

E {X(d) (t) X () (v)}, assumed to be continuous for all t,v € [0,1]9. With /\gd) >

)\gd) > --- denoting the eigenvalues of the corresponding covariance operator,
. o d . . i
functional principal components o, , r = 1, 2, ... are solutions to the eigenequa
tion
lwaMmezwww. (2.4)

Similarly to (2.2)), the decomposition of X(?) in terms of principal components
gosd) (t) is given by

o0

XDty =" 6D (1), (2.5)
r=1
for 619 = Jioaje X )\ (t)dt.

By abuse of notation, gogd) denotes the r-th eigenfunction of the covariance

operator of (¥ and not the d-th derivative of ¢,. For |d| = 0 we introduce the
equivalent notations ~,(t) = gpﬁo) (t), o(t,v) = cO(t,v), \, = A and 5, = 6.

A different way to obtain a decomposition of X (@ is to differentiate the left
and right hand sides of , which leads to

XD (1) =3 6,90 (0), (2.6)
r=1
where the d-th derivative of the r-th eigenfunction is the solution to
oldl
[ G totom )} do = aal(e). (27)
[0,1]s OV

In general, for |d| > 0 it holds that @ﬁd) (t) # v,gd) (t), but both basis systems
span the same function space. In particular, there always exists a projection
a with a, = (1Y, 00") = [, 9 Oe” ()t such that 3332, el (1) =

%ﬁd) (t), for all pairs r,p = 1, 2,.... However, if we consider a truncation of

(2.2) after a finite number of components this is no longer true in general. An
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advantage of using ¢£d) instead of 'y,gd) is that the Karhunen-Loeve decomposition

uses orthonormal bases that fulfill the best basis property, such that for any fixed
L € N and every other orthonormal basis system ¢’

o0 L
>0 AN =B XD = 37X, o) o) <E|IXD 37 (XD, 1)
r=L+1 r=1 r=1
(2.8)
This guarantees that, by using gp&d), r =1,...,L, we always achieve the best

L-dimensional subset selection in terms of the L? error function. We show that
estimating the basis functions with such a property comes at the cost of slower
rate of convergence. In addition, if the true underlying structure of X lies in a L-
dimensional function space, which is equivalent to a factor model, the advantage

of deriving the best L-orthogonal basis vanishes because spcm{vid), e ,71({1)} =
span{wgd), ol (p(Ld)}.
2.2. Sample inference

In practice, the true eigenfunctions are unknown. Let Xi,..., Xy € L?(]0,1]9)

be a sample of i.i.d. realizations of the smooth random function X. For some
m assume that X; is a.s. m-times continuously differentiable in each direction
j=1,...,9. Let v = (v1,...,v,)", v; €N, |v| < m. The two cases of interest
are v = (0,...,0)" and v = d.

The empirical approximation of the covariance function based on a sample

of N curves is given by
N

~(v 1 v v
s (t,0) = 5 DX 0x" (0) (29)
i=1
and of the covariance operator by
EOHN0 = [ 69 0e e =3E 0, (210
[0,1]¢

where eigenfunction 4,57(11) corresponds to the r-th eigenvalue 5\7@ of T*). Then we

get X{(t) = SN, 8% (1), where 81 = [, 1, X (1)@ (t)dt. Note that
for v = (0,...,0)" we have 7, = 4,57(“0) (t), and A, = 5\9), Ori = 57{?). Following
28), X (1) =N, 547 (1)

Theoretical properties of 957(«1') are well studied. Under some regularity condi-
tions we obtain ||<p£y) —@(f’)H = Op(N~1/?) and |)\£y) —5\?)\ = O,(N~1/2), see for
instance Dauxois, Pousse and Romain| (1982)) or Hall and Hosseini-Nasab| (2006)).
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2.3. The model

In most applications, the curves are only observed at discrete points and
data is noisy. To model these aspects, we assume that each curve in the sample
is observed at a random grid t; = (t;1,...,ti) ", ti € [0,1]9, k=1,...,T},i =
1,..., N having a common bounded and continuously differentiable density f
with support supp(f) = [0, 1]9 and the integrand u € supp(f) with inf f(u) > 0.
Then - b

Yi(tin) = Xi(tik) + e = Y _ Orivr(tit) + Eins (2.11)
r=1
where ¢ are i.i.d. random variables with E [g;;] = 0, Var (e;x) = o2 and let g
be independent of X;. We take Y; = (Y;(ti1),...,Yi(ti,))" to be the vector of
observations of X;.

2.4. Estimation procedure
2.4.1. Dual method

Under , the empirical principal components have to be recovered from
the discrete, noisy data. An efficient estimation procedure when the number of
observations per individual curves T; is larger than the sample size N relies on the
duality relation between the row and column space. The method was first used
in a functional context by |Kneip and Utikal (2001)) to estimate density functions
and later adapted by Benko, Hardle and Kneip| (2009) to general functions. The
underlying idea is that integrals of smooth functions can be estimated more
accurately than specific functional values.

Let M®) be the dual matrix of () (t,v) from consisting of entries

W) _ W)y x@)
MY = /[0 71]QXZ. ()X (t)dt. (2.12)

Let l,(f/), r=1,...,N be the eigenvalues of matrix M*) and pfny) = (pgi)

p%Z)T the corresponding eigenvectors. For v = d, the eigendecomposition of M (%)

PRI

is relevant for the empirical version of equation (2.5)), leading to

_ () ~
@ x @Dy 3@ =5 4 3D =i\ D (2.13)

5D ) = L (@) x A
F(t) sz ¥ i

Important for an empirical version of equation (2.6) are the eigenvalues and

eigenvectors of M(©) denoted by I, = l,(ﬂo)7 Dr = p&o). Then
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~ l ~
~(d Z er(d) = Nr and 67“1' = \/Epir' (214)

2.4.2. Estimation of M(©) and M@

There are challenges when estimating M©) and M(9: we observe discrete
noisy curves in and each curve is observed at irregular points. To handle
such difficulties smoothing methods are commonly used. We implement local
polynomial regressions as better suited to estimate integrals like than other
kernel methods, e.g., Nadaraya-Watson or Gasser-Miiller estimators, because the
bias and variance are of the same order of magnitude near the boundary as well
as in the interior, see |[Fan and Gijbels| (1992).

For any vectors a, b € RY and ¢ € N9, we take |a] aof >0y lagl, a”

— _ def b def def
(all,...,agl)T, ab = alil X oo X ag', aob = (arb,...,azby) " and ! = ¢! x

. |
X Cg:.

1 def

For arbitrary ¢ = 1,..., N, consider the multivariate local polynomial esti-
mator B,(t) € R” defined by a lexicographical arrangement, see Masry| (1996),

that solves
2

T
gil(itr)lz Yilta) = > Bix®)(ta —t)F p Kp(ty —t). (2.15)
I=1 0<[k[<p
Kp is a non-negative, symmetric and bounded multivariate kernel function, B
a g X g bandwidth matrix. For simplicity, we assume that B has main diagonal
entries b = (by,...,b,)" and zeros elsewhere. p satisfying |v| < p < m is the
order of the local polynomial expansion used in . In our application, for
the two dimensional case, if v = (0, 0) " then p = 1 and if v = (2, 0) " then p = 3.
As noted by [Fan et al.| (1997) the solution for the minimization problem in
can be represented using a weight function Wi, see the online Supple-
mentary Material S3, such that the local polynomial estimator of Xi(y) is given
by

X5t) = viBiu(t —v'ZWT tu —t)ob ) Yi(ta). (2.16)
We estimate off-diagonal terms MZ-( ), j #1, by f[o 17 X, b) (t)X( )( t)dt given

(2.16|) and, due to the presence of squared error terms, a diagonal correction is
additionally applied for i = j. This leads to
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( T, T;
VYN w by e, )Y () Vit if i  j,
k=11=1
A T, T,

k=1 1=1

T;

—67. > wy(tis tin, b)} ifi = j,
k=1

where w, (tik, tj1,b) = f[o’l]g WL ((tig —s)ob™1) W, ((tjy —s)ob~1)ds. The

estimator for M) is given by setting v = (0,...,0)" and the estimator for M (%)

by v =d.

Rates of convergence for these estimators are given by Proposition 1 that
relies on Assumptions 1 - 6 as given in the Supplementary Material S1. Apart
from regularity conditions, essential requirements are that, for some integer m,
sample functions are m times continuously differentiable. Furthermore, it is

assumed that consistent estimators of the error variances are used that satisfy
jof. — 6% = Op(T~172).

Proposition 1. Suppose Assumptions 1 - 6 hold and that m > max(|v|+2, 2|v|),
and that the local polynomial regression is of order p with |v| < p < m. If
T := min;(T;) — oo with max(b)?™1b=" — 0, log(T)/(Tby x -+ x by) — 0 and
Thy x -+ X bgb4” — 00, then, for alli,j € {1,...,N},

1/2
(MY — M| = Op | max(b)? b + ! +a ).
ij ij T2by X -+ x b T

Notation b” = bY* x- - - xb{* was introduced earlier. A proof of the proposition

is given in the Supplementary Material S2. By Proposition 1, estimating M (@)
gives an asymptotic higher bias and also a higher variance than estimating M (©).
This effect is more pronounced for larger g, but one can get parametric rates
within each method if using local polynomial regression with large polynomial
order p is feasible.

Remark 1. We can infer from Proposition 1 that if

g
m>p2%—l+32ul, bj = C;T~° for 0 < Cj < o0, (2.18)
=1

for j=1,....,9, /{200 + 10 m)} <a < 1/(g+ 450 v), then |M) —
MY = 0p(1/VT).
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Here the orders of polynomial expansion and the bandwidths for estimating
M) differ for v = (0,...,0)" and v = d. In particular, the estimator of M (%
requires higher smoothness assumptions via m > p, and a higher bandwidth to
achieve the same parametric convergence rate as the estimator for M©).
Remark 2. If the dimension g is larger than 1, then it is nontrivial to calculate
integrals of the form f[O,l} X Z( b) )X (, )( t)dt numerically. In our Matlab imple-
mentation, such integrals are determined via Monte Carlo integration. We draw
random samples uy, | = 1,...,7*, T* > T = min;(7;), uniform on [0, 1]9, and use
f[oﬁl]g )A(Z.(f;) (t)f(](j;) (t)dt =~ (1/T%) Zszl XZ.(;) (ul)f(j(;;) (ug). Since v; is independent

of all observations (Y;(tix), %), and since all X Z.(';) (t) are continuous functions,

we have

T*

1 s (v (v (v (v

e SR ) X ()| X0, XL :/ £ X Y w)at
l*l [07119
T*

1 > (v (v 1 (v (v

= yoX! G| X5, X8 ) = = XU 02X (1)t
I=1 [0,1]

2
- { X 01X @ >dt}
[0,1]¢
When computing M @) according to (2.17)) this of course means replacing
wy (ti, tj1,0) by (1/T*)Zl WE (b —w) 0 7YY WA (85— w) 0 b™1). Since
T* > T = min,(T;), this implies that this approximation has asymptotically no

effect on the rate of convergence derived in Proposition 1, since the additional
error is of order T~1/2 regardless of dimension g.

In Proposition 1 it is required that |02 — 62| = O,(T~'/?), which ensures
parametric rates of convergence for M®) under the conditions of Remark 1. By
Assumption 3, in the univariate case, a simple class of estimators for o2 that
achieve the desired convergence rate are given by successive differences, see von
Neumann et al.| (1941) and [Rice| (1984). However, as pointed out in Munk et
al. (2005), difference estimators are no longer consistent for g > 4. A possible
solution is to generalize the kernel-based variance estimator proposed by [Hall

and Marron| (1990) to the multidimensional case

T 2
. 1
01'25 = ’LT E { E wzlkY ik } ’ (219)
4

=1
where wiy, = Ko p(ta —tin)] Soiy Kepr (ti — tik)a v =Ty =23 Witk + Yy, Wi
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and K, p is a g-dimensional product kernel of order s with bandwidth matrix
B’. Munk et al.| (2005) show that if 4s > g and if the elements of the diagonal
matrix B’ are of order O(T~%/(4s+9)) then the estimator 62 in achieves
parametric rates of convergence.

In the special case that the curves are observed at a common uniform ran-
dom grid with T' = T; = T}, i,j = 1,...,N, a simple estimator for MO g
constructed by approximating directly through Monte-Carlo integral (see
the Supplementary Material S4). This estimator is given by

T
1 e
TZYi(tl)Yj(tl) if i # J,
O = ‘;1 (2.20)
Y Vin? -k ifi=
k=1

When working with more than one spatial dimension, data is often recorded
using an equidistant grid with 7T points in each direction. For our approach, this
strategy does not improve the convergence rate of MO If it is possible to influ-
ence how data is recorded, we recommend using a common uniform random grid
that keeps computing time and the storage space of data at a minimum and still

(0)

gives parametric convergence rates for the estimator of M;;”. This constitutes a
very special situation and, in particular, for estimating M (% smoothing is always
necessary.

The estimation of the eigensystem through the dual method involves the
estimation of the N x N matrix M®). The consistency of Mi(;/) is shown in
Proposition 1 to depend only on T' < min;(7;) and not on the sample size N. Fur-

thermore, in Remark 1 we derive the bandwidth rule under which Mi(;') achieves

1/+/T rate. We use this convergence rate for Mi(jy) to establish asymptotic results
for the empirical eigenvalues and loadings, as well as pointwise convergence for
the empirical eigenfunctions, the derivatives of eigenfunctions and our proposed
estimators for the derivatives of the individual curves.

2.4.3. Estimation of the basis functions

In order to estimate 4,57@ under (2.11]) we first determine eigenvalues lAgd) and
eigenvectors ;67@ of M@, Following (2.13]) a corresponding estimator is given by

N
A = =S L) (2:21)
Y =1

&‘
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where, similar to , ) denotes the local polynomial kernel estimator of

Xi(d) with polynomial order p and bandwidth vector h = (hq,..., hg) . Analo-
7(0)

gously, based on eigenvalues I, =1 and eigenvectors p, = ﬁﬁo) of M estima-
tors ’Ay?(,’cg of 7y7(~d) are obtained using .

In , h is not equal to b, the bandwidth used to smooth the entries
of M© or M@, We show below that the optimal order for the bandwidth
vector h differs asymptotically from that of b derived in the previous section. An
advantage of using local polynomial estimators, compared for example to spline
or wavelet estimators, is that the bias and variance can be derived analytically.
For the univariate case these results can be found in Fan and Gijbels| (1996),
and for the multivariate case in Masry| (1996) and |Gu, Li and Yang (2015)). We
summarize them as

Bias ( ( )Yz, tz) = Op(max(h)p‘*‘lh_d),

1

Var(X( ‘Yl,t) Op (Thlx---xhglﬂd)'
These results provide a basis for inference of eigenfunctions. We consider
fixed components with nonzero eigenvalues )\7@ > 0. Under Assumptions 1 - &,
the results of|[Hall and Hosseini-Nasab (2006)) imply that AW 3 = Op(N~1/2),
and hence 1) = N, - {1 + Op(N~Y2)}. Using (2.22), it follows that for
max(h)PHh=? — 0, {1rnax(h)1"+1Th_d}_1 — 0 as T — oo, and for p chosen
such that p — |d| is odd, one has that

N

l7(«l’) i=1 bir { v ( ) ’7h( )}

(2.22)

R -
_ Zp§};) Bias (Xﬂ) (t)\Yi, ti) +0op <HlaX(h)P+1h*d>

= Op(max(h)PT1h=%),

W;p(V)Xd)
RS N2 !
ﬁZ(J ) Var( ‘Y;’t)—i_op(NThlx-‘-xhgh?d)

ir i
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We show that, under certain assumptions, the asymptotic mean squared

error of cﬁfnd% and 'Ay?(ndr} is dominated by these terms, while the effects of replacing

pgd) by p&d) and p, by p, are asymptotically of smaller order of magnitude.
Since eigenfunctions are only unique up to sign, all results concerning a
comparison of eigenfunctions implicitly assume that signs have been chosen ap-

propriately.

Proposition 2. Suppose that the requzrements of Proposition 1, cmd As-
sumptions 7 - 8 are satisfied. If max(h)P™1h=% — 0, {max( h)pHTh d} — 0,
and NThy ... hg h?* — 00 as T, N — oo, then

a) ’¢$d)( t) — SOTT( )| = (max(h)pﬂh*d 4+ (NThy x --- x hgh2d)*1/2) :
b) 13”(t) = 30(#8)] = Op (max(h)P A~ + (NThy x - x hgh!)~1/2).

A proof of Proposition 2 is provided in the Supplementary Material S5.
Under our assumptions the results of Dauxois, Pousse and Romain, (1982)) or Hall

) and @(f’) is of

and Hosseini-Nasab| (2006) imply that the difference between ¢y
order Op(N ~1/2). The proposition implies that the additional error, generated
by estimating eigenfunctions from discrete noisy data, depends on N and T'. If
T is sufficiently large compared to N, then resulting global optimal bandwidths
are given by hy opr = Op ((NT)_l/(9+2p+2)). Even if the optimal bandwidth for
both approaches and each basis function is of the same order of magnitude, the
values of the actual bandwidths may differ. A simple rule of thumb for the choice

of bandwidths in practice is given in Section S7.2.
2.4.4. Estimation of the eigenvalues and loadings

We keep notations v = d to refer to the decomposition used in equation
2.5) and v = (0,...,0)T to (2.6). Empirical estimators of the eigenvalues and

loadings are given by )\( Y = l /N and 5 \/>p . Since )\ V) 5\7@ =
O,(N~1/2), equation (85) (in the Supplementary Material S5) implies pr
A = Op(NV2 4 T7V2NY2 4 771y = O,(N"/2), when N/T — 0. In
equation (S6.18) we show that 51(:) — Sl(:)T = O,(T~1/2 4 N'/2771).

2.5. Consistency results for the derivatives of individual curves

(d)

In this section, the focus lies on approximating X, by a fixed number
of components. By (2.8) the mean squared error difference between Xi(d) and
Xi(flL)’@(t) = Zle 5§f)4p7d)( t) is equal to D72, )\( ). In most applications, the
eigenvalues decrease rapidly, and the approximation error becomes small if L is
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sufficiently large. Recall that under model , the eigenvalues and eigenfunc-
tions have to be estimated from discrete, noisy observations. Then there will
always exist a dimension L such that the influence of additional functional com-
ponents is small and cannot be distinguished from the pure random components
generated by noise.

Following [Kneip and Utikal (2001), the analysis is simplified when relying
on the additional semiparametric assumption that there exists a finite dimension
L, such that a factor model with L components holds X;(t) = Zle Oiryr (1)
and 0 = Ap41 = Ap4o = ---. From a theoretical point of view this is a restrictive
requirement, but in practice there will exist some L such that the estimated
eigenvalue 5\L+1,T does not differ significantly from 0. Model selection criteria
based on a factor model may thus provide an appropriate dimension to determine
well-fitting approximations whose error is mainly due to random noise. Such
criteria will be proposed in Section 2.5.1.

When considering derivatives, a factor model with L components leads to

Ld L
XD(t) =3 60 (t) = 3" 6, (1), where Ly < L. (2.23)
r=1 r=1
In general it cannot be excluded that derivatives ’yﬁd) (t),r =1,..., Lare collinear,

and thus leads to Ly < L. As observed by Kneip and Utikal (2001)), a factor
model with L < N components implies that, with probability 1, the empirical
eigenfunctions constitute a different basis of the same L-dimensional linear space.
In our context, we have a.s. span{@&d),...,tﬁ(;?} = span{wgd),...,tp(;?}, and
hence we get X (4 (t) = Zfil 57(«d)g07(~d) (t) = Zfil Sﬁd)gb,(ﬂd) (t).

Based on our methodology, we use the estimators

La L
o (d def X\ 2(d) . (d o (d def N\~ &~ (d
X205 200000, XE,0% X by (@20
r=1 r=1
for approximations Xi(,dL)dM(t) = Yk, 5§g)¢$d) (1), Xi(ydL)ﬁ(t) =L (5Z-Tfy,(,d) (t) of

the individual derivatives. In a factor model, Ly and L have a clear interpretation.
In the general case, we employ the same notation to emphasize that different
criteria are used to select the number of components following the two approaches
to represent derivatives.

Proposition 3. Under the requirements of Proposition 2 let N, T—o00, NT~'—0.

a) If additionally a factor model X (t) = S 6,0,(t) = S35 8,7(t) holds for
a fized dimension L, such that XD (t) = Zfil 57(ﬂd)<p£d) (t) = Zle 5,79 (1),
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Ly <L, then
XD (1)= XD (0] = Op(T ™ fmax(h)h= 4 (NThy x- - x hgh!) ~1/2)
XV ()~ XD (O] = Op(T2 4 max(h)PH ™4 (NThy x - - x hgh?)~1/2).
b) In the general case, for X, L)d’(p( ) = Zf‘il Z(f)cpg«d)( t) and Xz.(fjl:)ﬁ(t) = 25:1 Oir
Nom
X9 0 =XD (O]=0p (N2 4 max(h)P T A= 4 (NThy x - - - x hgh?®)~1/?)
XD (=X (D] =Op (N2 4 max(h)PH h=d4 (NThy x - - x hyh?4)71/2)

®)] —=p 0 and | XD @t) — x

Furthermore, \Xi(d)( t) — x@ i Ly

i Lo (t)] —p 0 as
Ld,L—>OO.

A proof of Proposition 3 is given in the Supplementary Material S6.1. Com-
pared with the Convergence rates of the local polynomial estimators for the in-
dividual curves, see , for a factor model, the error of the proposed FPCA-
based estimators reduces not only in 7" but also in N. Equations (2.13]) and ([2.14] -
can be interpreted as weighted averages over IV curves for a finite number of com-
ponents. The intuition behind this is that only those components are truncated
that are related to the error term and thus a more accurate representation is
possible. If N increases at a certain rate, it is possible to get close to parametric
rates. Such rates are not possible when smoothing the curves individually.

For the estimation of X i(7dL)m ,, stronger assumptions on the smoothness of the
curves are necessary to guarantee that the elements of M@ and M© achieve
the same rates of convergence, as illustrated in Remark 1. For raising g and |d|
it is required that the true curves are very smooth, which might be unrealistic
in many applications. In contrast, the estimation of M) still gives parametric
rates if less smooth curves are assumed. In addition, if the sample size is small,
using a high degree polynomial needed to estimate M (4 might lead to unreliable
results. To learn more about these issues, we check the performance of both
approaches in a simulation study in Section 3.1 using different sample sizes.

2.5.1. Estimation of the number of components

Model selection criteria can be applied to select a suitable dimension for the
FPCA approximations. For orthogonal basis expansion there exists a wide range
of criteria that can be adapted to our case. The easiest way to determine the
number of components is by choosing the model accuracy by an amount of vari-
ance explained by the eigenvalues. In (S5) we show that under the assumptions of
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Proposition 2 AW 5\51/% = Op(N~Y27-Y2 4. 7-1) and AW X = Op(N~1/2).
The assumptions in Corollary 1 from [Bai and Ng| (2002)) can be adapted to our
case and give several criteria for finding L or Ly by generalizing Mallows) (1973])
C) criteria for panel data settings. These criteria imply minimizing the sum of
squared residuals when k factors are estimated and penalizing the overfitting.
One such formulation suggests choosing the number of factors using the criteria

) ) ) [log(CEyp)

r=k+1 p=Lmax
(2.25)
for the constant Cyr = min(v/N,+/T) and a prespecified L™ < min(N,T).
Bai and Ng| (2002) propose information criteria that do not depend on the choice
of Linax. We consider the modified version

100 (1> 0 (1oe [ 2 W) log(C%r)
(k%) = pnin | log | T;I A | HE {C?VT} . (2.26)
For v = (0,...,0)", k* approximates L which is an upper bound for L4, while
for v = d, k* estimates L.

Another possibility for the choice of number of components is to compute
the variance explained by each nonorthogonal basis by

(d) ~(d A d) @\ ]
var (8959) = (319.399) A, (2.27)
and sort the variances in decreasing order. Then one could use either (2.25)) or

(2.26)) to select the number of components. A thorough treatment of this criterion
is left for future research.

3. Application to SPDs Implied From Option Prices

In this section, we analyze the state price densities (SPDs) implied by the
stock index option prices. As state-dependent contingent claims, options contain
information about the risk factors driving the underlying asset price process and
provide information about expectations and risk patterns on the market. Mathe-
matically, SPDs are densities of some equivalent martingale measures for the dis-
counted asset price and their existence is guaranteed in the absence of arbitrage.
In the mathematical-finance terminology they are known as risk neutral densities
(RNDs). A restrictive model, with log-normal marginals for the asset price, is
the Black-Scholes model. This model results in log-normal SPDs of the under-
lying asset, which are equivalent to a constant implied volatility surface across
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strikes and maturities. This feature is inconsistent with the empirically docu-
mented volatility smile or skew and the term structure, see |Rubinstein| (1985).
Therefore, richer specifications for the option surface dynamics have to be used.
Many earlier works adopt a static viewpoint; they estimate curves separately at
different moments in time, see the reviews by Bahra (1997), |Jackwerth (1999)
and [Bliss and Panigirtzoglou| (2002)). In order to exploit the information content
from all available data, it is reasonable to consider them as collection of curves.

The relation between the SPDs and the European call prices has been demon-
strated by Breeden and Litzenberger| (1987) and Banz| (1978) for a continuum of
strike prices spanning the possible range of future realizations of the underlying
asset. For a fixed maturity, the SPD is proportional to the second derivative of
the European call options with respect to the strike price. In this case, SPDs
are one-dimensional functions. A two-dimensional point of view can be adopted
if maturities are taken as an additional argument and the SPDs are viewed as a
family of curves.

Let C: R2>0 — R denote the price function of a Kuropean call option with
strike price k and maturity 7 such that

C(k,7) =exp (—7,7) /OOO(ST —k)tq(s,, 1) ds,, (3.1)

where 7, is the annualized risk free interest rate for maturity 7, s, the future

price of the underlying asset at maturity 7, k the strike price and g the state

price density of the stochastic variable s.. One can show that

02C(k,T)
Ok? k=s.

Let sg be the asset price at the moment of pricing and assume it to be fixed.

q(sr,7) = exp (r:7) (3.2)

Then by the no-arbitrage condition, the forward price for maturity 7 is

F. = / $rq(sr,T)ds; = soexp(r,7). (3.3)
0
Suppose that the call price is homogeneous of degree one in the strike price. Then
k
C(k,7)=F.C (F,T) . (3.4)

If we denote m = k/F; to be the moneyness, then
02C(k,T) 1 0?C(m,1)
okr  F om?
One can show that for d = (2,0), C@(m, T)lm=s,/F, = a(57/50,T) = 50q(57,T).

(3.5)

In practice, it is preferable to work with densities of returns instead of prices
when analyzing them jointly because prices are not stationary. Also, notice that
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call price curves are not centered. This leads to an additional additive term
in and , which refers to the population mean. We illustrate in the
Supplementary Material S7 how to handle this in practice.

In our application, X refers to the rescaled and centered random call price
surface. Thus we have ¢ = 2 with ¢ = (m,7) and observation points t;; =
(mij,7i;). Henceforth, we also assume that the indices i = 1,..., N refer to
ordered time-points.

The code used to generate the results reported in this section is published on-
line at www.github.com/QuantLet/FPCA and www.quantlet.de. The data used
in the empirical study is available from the authors upon request. Further details
regarding the implementation are presented in the Supplementary Material S7.

3.1. Simulation study

We investigate the finite sample behavior of our estimators in a simulation
study guided by the data application in Section 3.2. Simulated SPDs are modeled
as mixtures of G components, g(m,7) = ZZG:1 wiq'(m, 7), where ¢' are fixed
components and w; are random weights. For fixed 7 we consider log-normal
density functions ¢'(-,7), with mean {4 — (1/2)o?} 7 and variance o771, and
simulate weights w;; satisfying Zlel wy = 1, where ¢ = 1,..., N is the index for
the day. Then

= iw‘zl L llog (m) ~ {mm — (1/2)02} 7]’

€exX — =
P O’lﬁ

2
Following Brigo and Mercurio| (2002) the prices of call options for these SPDs

(3.6)
=1 m 27r(7127

are

G
Ci(m,7) = exp (=rir7) > wir {exp(ur)®(y1) — m®(y2)}, (3.7)
=1
where y1 = [log(m™1) + {ju + (1/2)02}7)/(o1y/7), 12 = [log(m™) + {m —
(1/2)0?}7]/(01/T) and @ is the standard normal cdf. This representation cor-
responds to a factor model in which the mixture components can be interpreted
as densities associated with a particular state of nature and the weights as prob-
abilities of these states.

We illustrate the finite sample behavior for G = 3 with pu; = 0.4, pue = 0.7,
us = 0.1, and o1 = 0.5, 09 = 0.3, 03 = 0.3. The weights are simulated from
the positive half-standard normal distribution, then standardized to sum up to
one. As a result, the covariance operator of the SPD curves has L = G — 1
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nonzero eingenvalues. In this example, using a mixture of three factors means
that only two principal components are necessary to explain the variance in the
true curves. In this application L = Ly = 2.

Without loss of generality, we set r;; = 0, for each day i = ¢,...,N. We
construct a random grid for each observed curve X; by simulating points t;; =
(mig, k), k = 1,...,T, from a uniform distribution with continuous support
[0.5,1.8] x [0.2,0.7]. Finally, we record noisy discrete observations of the call
functions with additive error term i.i.d. g5 ~ N(0,0.12).

The true SPDs given by are used to verify )the performance of X Z(dL) o

X9 " and of the individually estimated curves Xi(dLP by local polynomial re-

4, L,y
gression. To derive the optimal bandwidth in each case we use the rule-of-thumb
approach presented in Section S7. To illustrate the empirical performance for the

estimators of curve derivatives we compute the relative mean integrated square

error
— d A d 2
N {Xz( )(t)—Xf,L)yw(t)} dt
RMISE (X.(d) X@ >: [0,1]2
i VML ;) N @ 3
NN [ {xPw)
[0,1)s
Similarly, we take RMISE(X@, X9 ) and RMISE(X® X[9,).

The bandwidth for the individually smoothed curve ¢ is derived by replacing
ﬁg:) in (S7.23) by one and zero otherwise. The performance is recorded for
sample sizes N of 10 and 25 with T" observations per day of size 50 and 250. This
procedure is repeated for 500 samples to get reliable results. The mean, variance,
median and the interquartile range based on the RMISFE of all replications are
reported in Table 1.

Both FPCA-based approaches give better estimates for the derivatives of call
functions than the simple local polynomial regression applied to the individual
curves, as shown by the mean and the median of their corresponding RMISE.
However, the estimator Xédz,y performs decisively better for small T than the
other two, in terms of the mean and variance of RMISE. With small T, the

variability of RMISE for X @ and individually smoothed curves is much larger

Lyi,p
than for Xédz - while the median of RMISE for Xédz . and X%

L, are compa-
d)

rable. This means that individual local polynomial smoothers and Xé might

by
behave worse than Xédl),y in some instances while ‘yf?—based expansion provides
more to stable estimates. To get the same effect using Xédz oA higher T is needed.

A possible explanation for this behavior is given by Proposition 1. The rates of
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Table 1. Simulation results for ¢ = 2. Based on the mean and the median of RMISFE,

X(d) and X(d)

i Lo i Loy yield superior results compared to X l(i) P X i(’dL)ﬁ outperforms xX@

i,L,p
in all cases. Results for Xi(fiL)M and X l(dL)W improve with raising NV and 7T'. These results

support our asymptotic results given by Proposition 1 and 3. All results are multiplied
by 102

RMISE T 50 250
N X  Mean Var Med IQR Mean Var Med IQR
X9, 3228 1883 18.95 2333 824 035 685 536
10 X@° 2085 2233 1680 2222 748 035 580 476

L,y
deL) b, TATL 7545 4959 6329 1447 106 11.50  10.35
XY, 1735 389 1218 1148 610 0.08 528  4.19
25 X9 1532 363 1012 978 467 0.14 405  2.66

X, 8083 8215 5418 6778 1457 1.05 11.77  10.39

Table 2. Simulation results for ¢ = 2. The mean and the median of RISFE for &(

N
g&ffi% improve with raising NV and T.

fi% and

RISE Mean Median
~(d) (@) A(d) NG Y C) N C) PN C) BN )
T N Y4 Yor P11 Prr o TYer Nt $Par

50 10 1997 6.99 091 1.02 2.69 0.05 096 1.02
250 10 51.7 1.35 0.64 1.03 254 0.19 0.6 1.06
50 25 9.02 024 084 101 096 0.05 087 1.03
250 25 322 154 054 1.06 049 0.19 045 1.09

convergence for the estimators of the dual matrix entries rely on T'. Thus in finite

samples, when 7' is small, the estimated loadings might be biased.

We evaluate the empirical performance of ’Ay?EdT) and gbgd% based on the relative

2
[ {i90 -390} a
[0,1]¢ 7
UG
/[0,1}9 {/y’r,T( )}

The results are summarized in Table 2. Here the mean and median of RISFE

integrated square error

RISE (7,49) =

do not have the same order of magnitude and the results for the corresponding
r are not comparable because they refer to different functions ¢£d% and @7{62

To compare the performance of our methodology with an existing E"PCA—
based method, we include in the Supplementary Material S8 a simulation study

for the unidimensional case, in which we report the results from our second



2488 GRITH ET AL.

method in (2.6) and (2.7) and the results from Liu and Muller| (2009). Both
(d)

these approaches aim to estimate 7y,

3.2. Data example
3.2.1. Data description

We use settlement European call option prices written on the underlying
DAX 30 stock index. These prices are computed by EUREX at the end of each
trading day based on the intraday transaction prices. The data range runs be-
tween January 2, 2002 and December 3, 2011, and includes 2,557 days. The
expiration dates of the options are set on the third Friday of the month. There-
fore, on a particular day, option prices with only a few maturities are available, as
illustrated in the upper panels of Figure 1. Methods that analyze curves jointly
are generally better tailored to this type of data, because they provide better es-
timates at grid points with only a few observations of the individual curves. We
include call options with maturity between one day and one year. The sample
contains prices of options with an average of six maturities and sixty-five strikes
per day.

By assuming ‘sticky’ coordinates for the daily observations, in accordance
with , we divide the strike and the call prices within one day by the stock
index forward price to ensure that the observation points are in the same range.
Afterward, we apply the estimation methodology of Section 2 to the rescaled
call prices, which are functions of moneyness and maturity. The proxy for the
risk-free interest rates are the EURIBOR rates, which are listed daily for several
maturities. We apply a linear interpolation to calculate the rate values for desired
maturities.

3.2.2. Estimation results

We report the results for the empirical loadings based on the spectral de-
composition of empirical dual covariance matrix M© of the rescaled option price
functions, and for the empirical second partial derivative of the eigenfunctions
'Ay?(fi}, d = (2, 0)". Recall that this method does not estimate orthogonal basis. In
thye Supplementary Material S9.1 we explain the selection of three interpretable
components that we now analyze. They correspond to vfl:)r, V?(,fi:)r and 'yéfl%. Their
estimates together with the empirical loadings are displayed in Figure 2. They
describe three types of variation present in the dynamics of the SPDs. There is
a long left tail, specific to the negatively skewed densities, and a peak located at
a value of moneyness slightly above one. For positive loadings, this component
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Figure 1. Option prices around expiration date (upper panels). Estimated component
&é‘f% (lower panel left). The effect of expiration date on the level of empirical loadings

b2 (lower panel right).

increases the mass of SPD around the mode of the empirical mean and decreases
the mass in the tails. We find that this component is related to the time-varying
volatility of the index returns. The next component, ’yéfl:)p has a ’valley-hill’ pat-
tern, which shifts mass around the central region of the density. A positive shock
in the direction of this component increases the negative skewness, and a large
negative shock can reverse the sign of the SPD skewness. This component is
interpreted as a skewness factor. Further justifications for the interpretation of
these two components are provided in the Supplementary Material S9.2. The last
component, ’Ay§d% takes negative values in the left tail and displays a prominent
positive—valued peak at the right of the mode of the empirical SPD mean. This
component can be interpreted as a tail factor, and we show in the next section
that its loadings are related to the volatility of volatility index.

We conjecture that the other components selected by PC© and 1€ cri-
teria are related to reactions of option prices along the maturity direction. In
addition, their loadings contain regular spikes around the expiration date of op-

tions between mid-February 2007 and mid-September 2008. We illustrate this in
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Figure 2. Estimated components M., ’yé‘f) (d

7 and &7,% and their loadings.

the lower panels of Figure 1 for the second component.
3.2.3. Dynamic analysis of the loadings

In this section, we investigate the dynamics of the loadings in the approx-
imating model. In the Supplementary Material S9.3 we discuss the preliminary
analysis of these loadings in a time series context. This suggests that we consider
the following time-varying autoregressive model for the loadings

Sir = bdi_1p7 + €, Var(ey) =02, r=123, (3.8)

er?
where b, is the autoregressive coefficient. We reestimate (3.8) daily based on
a rolling window of 250 past observation using OLS. This adaptive estimation
procedure helps detect the possible sources of non-stationarity in the estimated
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Figure 3. Time-varying autoregressive coefficients BT, standard deviation &, and pair-
wise correlations corr(é;,, é;) of residuals in univariate AR(1) regressions of loadings,
and standard deviation of the VDAX volatility index 67y estimated daily with a rolling
window of 250 observations.

loadings, by allowing the autoregressive coefficient and the error variance to vary
over time.

The upper left panel of Figure 3 displays the estimated autoregressive coef-
ficients. 517T is very persistent (131 is close to one), except for 2004. Interestingly,
by is relatively small between 2003-2006 and increases significantly thereafter,
suggesting a possible regime shift. by is relatively high and its variation seems
sensitive to the changes in the other two parameters.

We also compute the time-varying cross-equation correlations between the
error terms. The two lower panels of Figure 3 illustrate the results. The er-
ror correlation of the skewness with the volatility and with the tail factor move
closely together, suggesting a strong relationship between the volatility and the
tail factors. We focus on corr(é;1, é;3), which describes the dynamic relationship
between the changes in SDP volatility and skewness. Most of the time, the plot-
ted correlation is negative, meaning that positive changes in the SPD variance are
associated on average with increases in the negative skewness. The negative cor-
relation between an asset return and its changes of volatility is generally known
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as the leverage effect. The correlation reverses sign and becomes positive between
2007-2009. This implies that when volatility increases, there is a change in the
concentration mass in the left side of the density, in the area of medium-ranged
negative returns. We identify this behavior with the implied volatility skew puz-
zle, as documented by Constantinides and Lian (2015). The authors rationalize
this behavior through the reduction in put option supply from credit-constrained
market makers together with an increase in the demand for OTM puts required
for hedging purposed, see also net buying pressure in Bollen and Whaley| (2004)),
Garleanu, Pedersen and Poteshman| (2009).

Typically, the error correlation corr(é;1,é;7) is negative. Its magnitude de-
creases and reaches values close to zero in 2009. In the lower right panel of Figure
3, we also plot the 250-observation standard deviation &y of the VDAX implied
volatility index. The two time-series are strongly correlated (the correlation co-
efficient is 90.78%). This suggests that the tail component can be interpreted as
the volatility of volatility risk factor. Similar interpretations were proposed in
Du and Kapadial (2012)), Huang and Shaliastovich| (2014) and [Park (2015), who
use different measures of the volatility-of-volatility implied by VIX (the implied
volatility index of the S&P 500) as a tail risk indicator. The tail factor takes
highest positive values during the financial crisis, consistent with fat tail and
high risk hypothesis.

To verify the stability of the results reported, we repeat the regression analy-
sis by including a constant in . The root mean square error does not improve
significantly. We also estimate the model by including the lagged values of the
other two loadings as additional explanatory variables. Some of the estimated
autoregressive coeflicients take values above one. Independently of these model-
ing choices, the estimated cross-error term interactions are very similar to those
shown in Figure 3. These suggest that changes in the correlation sign for the
levels of the loadings are driven mainly by the error term correlation structure
and not by the changes in the other lagged variables.

Several stylized facts emerge from the dynamic analysis of the loadings that
summarize the variation of SPDs. When volatility is small, the innovations to
the volatility, skewness and volatility of volatility loading equations are very
strongly correlated. When volatility increases, the correlation structure changes.
In particular, the leverage parameter changes sign during the financial crises.
By including volatility of volatility as an additional factor, see also [Huang and
Shaliastovich| (2014), our study distinguishes between the volatility induced skew-
ness through the leverage effect and by the volatility of volatility induced skew-
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ness, see also Feunou and Tédongap (2012). These findings may have important
consequences for the formulation of stochastic volatility models for option pricing.

Supplementary Materials

The online Supplementary Material includes a summary of technical assump-
tions, proofs of Proposition 1, 2 and 3, the convergence of Monte-Carlo integrals
that approximate the elements of the dual matrix, practical aspects for the imple-
mentation of proposed methods, comparison to an existing FPCA-based method
for estimating derivatives, supporting results for the analysis of DAX 30 SPDs
and additional references.
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