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BINOMIAL APPROXIMATION FOR DEPENDENT
INDICATORS
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Abstract: A binomial approximation theorem for dependent indicators using Stein’s
method and coupling is proved. The approximating binomial distribution B(n',p")
is chosen in such a way that its first moment is equal to that of W and its variance
is asymptotically equal to that of W as n’ tends to infinity where W is the sum
of independent indicators and p’ is bounded away from 1. Three examples, one of
which concerns two different approximations for the hypergeometric distribution,
are given to illustrate applications of the theorem obtained.
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1. Introduction and Statement of Main Result

Stein (1972) introduced a powerful and general method for obtaining an
explicit bound for the error in the normal approximation for dependent random
variables. This method was adapted and applied to the Poisson approximation
by Chen (1974, 1975). Since then, Stein’s method has stimulated an area of
intensive research in combinatorics, probability and statistics. The method was
also extended to the binomial distribution by Stein (1986), Ehm (1991) and
Barbour, Holst and Janson (1992), to the compound Poisson distribution by
Arratia, Goldstein and Gordon (1990) and Barbour, Chen and Loh (1992), to the
multinomial distribution by Loh (1992), to the multivariate normal distribution
by Go&tze (1991), and to the processes by Barbour (1988, 1990), Barbour and
Brown (1992). Excellent accounts can be found in Stein (1986) and Barbour,
Holst and Janson (1992).

The aim of this paper is to obtain a binomial approximation theorem for
dependent indicators using Stein’s method and coupling.

Let Xy,,..., X, be random indicators with

which are not necessarily independent or identical, and let W,, = >~ | X;,,. To
simplify the notation, we write p; = pin, X; = X; and W = W,,.
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We are interested in the bound of binomial approximation to the distribution
of W, denoted by £L(W'), measured in terms of total variation distance. The total
variation distance dpy between two probability measures P and @) is defined by

drv(P,Q) = sup |P(E) — Q(E)],

where the supremum is taken over all measurable sets of the real line.

Assuming independence of the indicators X;, Ehm (1991) gave upper and
lower bounds on dry (L(W), B(n,p)), the total variation distance between £(W)
and the binomial distribution B(n,p), where p = Y p;/n(= 1 —q), via Stein’s
method. The bounds are

(1/124){(npg) " A1} i(pi —p)* <drv(L(W), B(n,p))
i=1

IN

(1= )+ Dpa} S (i—p)?.
=1

This result shows that if the p;’s are close together, the approximation of £(W)
by B(n,p) is good. However, it may not be good to approximate L(W) by B(n,p)
where some of the p;’s are far apart. Let us look at one example. Let py = --- =
Pins2) = 0 and pp 941 = -+ = pp = 1/2. The bound for drv (L(W), B(n,p))
obtained by using Ehm’s result is (1—27")/3 which is quite large. Therefore, it is
natural to ask whether we can improve the situation by approximating £(W') by
another binomial distribution. In this paper we choose B(n/,p’) to approximate
L(W), where

W= [(Cp o +1/2 and o =3 gy
i=1 =1 i=1

The bracket [m] represents the integral part of m.

For simplicity, denote A; = 3774 pé- and A = \;. Also, let p* = Aa/\. Here,
n' and p’ are chosen in such a way that the binomial distribution B(n/,p’) has
the same expectation as £(W) and in the case where X1, ..., X, are independent
and p* is bounded away from 1, both distributions will have the same variance
asymptotically when n’ tends to infinity. (Note that n’ — oo implies n — c0).
To see this, we argue as follows: since A — p*/2 < n'p* < X\ 4 p*/2, we have
A/p* > n'—1/2. This implies that p* = o(\) as n’ — oo, so that n’p* ~ A =n'p’.
Thus, under the case where X, ..., X,, are independent and p* is bounded away
from 1,

n'p'(1—p) ~ A1 —p*) =X— Xy = Var (W).

Hence the claim.
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Denote I' = {1,...,n} and set I'; =T" — {i},

Pmax = 112-3«<X Pi;  Pmin = 121111 pi and 7 = pmax — Pmyin-

Also, let Cprpy = {1 — ()" — ()T + 1)}
The following theorem is the main result in this paper.
Theorem 1.1. For each ¢ € I', let the random indicators X;, X;, Jj;, j € I'; be
defined on the same probability space with
ﬁ(in;j S F,‘) = ﬁ(XJ,] S F,“Xi = 1).
Let W Zg;ﬁz X]7 W’L] El;ﬁzg Xla V Zg;ﬁz Jiy z] El;&z] le
(a) Then
dry (L(W). B(n', 1)) < Cuup {200 — 23/2) + Al = p*| + X piE|Wi — Vi
207N " Ipi — pjlpip; BV — W
(2]
+ATEY (pi — py)?|Cov(X;, Xj)\}-
i,J
(b) If there exists a partition T; = T UT; UT? with Jj; > X; for j € T and
Jji < Xj for j €', then for n > 2,
dry (L(W), B(n',p"))
< G {20 = M3/ + A =5+ (130 3 [Cov(Xi, X))

i jerfur;
+Z Z +pzp]))}

i jer?

The possibility of proving Theorem 1.1 was suggested by Barbour, Holst
and Janson (1992, p.192). The proof of Theorem 1.1 is given in Section 2. It is
similar to the proofs of the Poisson approximation theorems in Barbour, Holst
and Janson (1992, pp.21-29).

The following corollaries are immediate consequences of Theorem 1.1.
Corollary 1.1. Suppose that the random indicators (X;;j € I') are negatively
related, that is, I'; =TI';". Then, forn > 2,

drv (L(W), B(n',p'))

< o {200 = X3/0) + Al = 7| = (1+3r) Y Y Cov(X, X;) |-
i g
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Corollary 1.2. Suppose that the random indicators (X;;j € T') are positively
related, that is, T; = T'. Then, for n > 2,

dry (L(W), B(n',p'))

< Cn’p’{2(>\3 - A%/)‘) + )‘|p/ _p*‘ + (1 + 3T) ZZCOV(X“XJ)}
i i

Since independent indicators are both positively and negatively related,
Corollaries 1.1 and 1.2 yield Corollary 1.3.

Corollary 1.3. If the random indicators are independent, then

dry (L(W), B(n', 1)) < Cpr{2(As = A3/X) + Alp’ = [}

Remarks for Corollary 1.3.

1. The error bound has a smaller absolute constant than that obtained in
Theorem 9.E. of Barbour, Holst and Janson (1992, p.190).

2. Note that Ap’ — p*| = p'|\ — n/p*|. Thus, if A2/)\; is an integer, then
n'p* = X\ and the second term in the braces vanishes.

3. Note that A\|]p’ — p*| < Ap*/(2n’) = Aa/(2n') and is of order o()2) as
n’ — oo. In addition, A3 < pmaxA2 = o(A2) if pmax = o(1) as n’ — oo.
Therefore, for the case pmax = o(1) as n’ — oo, the bound in Corollary 1.3
is of a smaller order than that of the bound on dpy (L(W), Po(\)) obtained by
Barbour, Holst and Janson (1992). This has also been observed by Barbour,
Holst and Janson (1992, p.190).

4. Applying Corollary 1.3 to the example mentioned earlier in this sec-
tion, since p; = -+ = P9 = 0 and py /941 = -+ = pn = 1/2, we have
dry(L(W),B(n/,p')) = 0, where n’ = [(n + 1)/2] and p’ = 1/2. That means,
W ~ B(n/,p') which is the case.

From Corollary 1.3, we have Corollary 1.4.

Corollary 1.4. If the random indicators are independent, then

P(W >n' +1) < Cpp{2(A3 — A3/N) + p'|A — n'p*[}.

If p; = p, for all s = 1,...,n, then A3 — (A\3/\) = 0, n’ = n, A = n/p* and
p' = p. Thus, Theorem 1.1 yields the following corollary.
Corollary 1.5. Suppose that the random indicators (X;;j € I') are identical

and they are either positively or negatively related, that is, I'; = Fj Ul';". Then,
forn > 2,

dry (L(W), B(n',p")) = dry (L(W), B(n,p)) < Cpp > > |Cov(Xi, X;)|.
i i
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Remarks for Corollary 1.5.

Using the result obtained by Barbour, Holst and Janson (1992) on the Pois-
son approximation for sums of indicators, we can also obtain a bound for the
total variation distance dpy (L(W), B(n,p)) through the Poisson approximation
to L(W) and B(n,p). In particular, when the random indicators X; are all
identical and they are either positively or negatively related, we have

dry (L(W), B(n,p)) < dpy(L(W), Po(})) + dry(Po(A), B(n,p))
< A —e M 2w+ 3 Y [Cov(Xi, X))}
i ji
In this way, an extra term 2Ap is produced compared to the bound in Corollary
1.5. It is not a good bound when p is large.

2. Proof of Theorem 1.1

Let Z ~ B(n',p'), where n’ = [(\2/X2) + 1/2] and p' = \/n’. Let A be a
subset of integers and A* = AN{0,1,...,n'}. We have

drv (£(W), £(Z)) = sup(P(Z € 4) = P(W € 4))

= Sflll*p(P(Z € A*)— P(W € A")).

The last equality is due to P(Z > n’) = 0. In light of the above remark, we
just need to bound |E(I(W € A*) — P(Z € A¥))|. By following Barbour, Holst
and Janson (1992, p.188), let f = fa» : ZT U{0,—1} — R satisfy the following
equations

p'(n —x)f(z) —dzf(x—1)=1(x € A*) — P(Z € A"), for 0<z<n/,
FCD) =10, f) = fo0), for a3z
Letting Af(z) = f(z) — f(x — 1), Ehm (1991) proved that
IAf e < Coy. 1)

We shall obtain an upper bound for |P(W € A*) — P(Z € A*)| involving Af.
For simplicity, let W; =3 ,; X; and Wi =321, ; X;. Now,

E(I(WeA") = P(ZeA")) = E@ 0 —=W)f(W)-dWfW -1))
ENf(W) = WfW —1) —pWAF(W)). (2)
We have p' E(WAf(W)) = 3 p'pi E(Af(Wi + 1) X; = 1) and
EQAf(W) =WfW —1))

- Y E(Xif(W-1))
i=1

I
3

@
Il
—

PE(AF(Wit DIX,=1) + 3 pa E(FOV) X =0) — B(f (W) X, =1)).
i=1

I
3

@
Il
—
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Thus, the right hand side of (2) can be rewritten as

sz pi EAfW; +1)]X; =1) +szp —PEQAfWi +1)|X; = 1)

1=1
+sz% Wil Xi = 0) = E(f(Wi)|X; = 1)). (3)
Therefore, to obtain a bound on (2), we need to bound the terms in (3).
Let us first look at the last term of (3). Since
G(P(W; =k|X; =0)—P(W; =k|X; =1))=P(W; =k)— PW, =k|X; =1),
the last term of (3) is equal to

Y pid E(f(W2) — BE(f(Wi)|X; = 1)} (4)
i=1

Following Barbour, Holst and Janson (1992, pp.23-24), let
[,(Jﬂ,] S P) = E(X],] S P‘Xi = 1),

where I' = {1,...,n}, and set V; = 37, ; Jji. Then, the expression (4) and also
the last term of (3) is bounded by

1A lloe Y piEIW; — V. (5)

i=1
Next, the second term of (3) is bounded by ||Af|lccAlp’ — p*| which is equal to
IAfllsop'|A = n'pT|. (6)
Finally, let us look at the first term of (3).

sz pi— P )EAFW; +1)|X; =1) = ZAf ) > (s X;=1,W =k).
= i=1

Thus, to get a good bound on the first term of (3), we express the sum

n

> (pi —p")P(X; =1, W =k)
=1

in terms of the positive terms (p; — p;)?. In fact,

n

> (i —p")P(Xi =1, W = k)
=1

= OV )PPV = k= 1) = 3 (s~ P = LW =)

+Z — pj)PiCov(Xi = X;, Iw, k1)) }- (8)
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This is obtained by applying the fact that

PX;=1,W=k)-P(X; =1,W =k)
= (pi —pj)P(Wij = k‘ — 1) + COV(X,‘ — Xj, I(Wij:k—l))7
where Wi = 37,4, i X;. Next, express the sums on the right hand side of (8) in
terms of (p; — pj)pip;. For simplicity, let ¢;; = P(X; =1,X; =0, W;; =k —1).
Since
plP(Wl] =k — 1)
= P(Xl = 1,W7;j =k-— 1) - COV(Xiaj(Wij:k—l))
tij+(pipj+Cov (X;, X;)) P(W =k+1|X; =1=X;)—Cov (X;, [iw,;=—1))

P(X,-zl,W:k‘) = P(X,-zl,Xj :O,W:k)—l—P(X,-:l,Xj = 1,W:k)
= tij + (pipj + Cov(X;, X)) P(W = k| X; =1 = X}),

the right hand side of (8) is equal to

(2)\)_1{ z:(pz —pj) p,pj )+ Z Cov (Xs, X;)Pi; (k)

'7]’

+2 Z —Pj p] COV(X“ I(sz—k: 1))} (9)

where Pj(k) = PWW =k+1|X; =1=X;) - P(W =k|X; =1 = Xj). Thus,
combining (7), (8) and (9), the first term of (3) is bounded by

VA0 = pins )
’Z Af(k — pj)*Cov(X;, Xj)Pz‘j(k)’
J
+2\Z A7) Y (v — p)piCov(Xi, Lgw,—k-1)|}. (10)

Observe that the first term on the right hand side of (10) is bounded by
2AF oo i — p)pips = H1Afllso (X030 - (3 52),
0,] i i
the second term of (10) is bounded by

2|Aflloe D (pi — p;)?|Cov(Xs, X;)I,

i?j
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and the last term of (10) is equal to

2\2 =~ p)pip; (B(AF(V +1) = E(AF(W + 1)),

where VZ; = >_14i.j Jii, which is bounded by 4[| A f |l 32, ; [Pi—p; |pl~ij\Vi3-—Wij|.
Thus, we conclude that (10) is bounded by

A S oo (88 = A1 92)2) + A Ao 3 (pi — p)*ICov(X;, X,)
i i irj
F2A YA S lloo D lpi = pilpiny BV — Wi (11)
(2]
Combining (2), (3), (5), (6), (10) and (11), we have
|[E(I(W € A*) — P(Z e A")|

S!IAfHoo(2(pr’ o)+ - n'p*|)

A fllocA™ Z )?|Cov(X;, X;)|

+||Af||ooZpiE\Wi — Vil +20)7 D b — pj|piij\Vi§' — Wil
i=1 ,J

Utilizing (1), (a) of Theorem 1.1 is proved.
To prove (b) of Theorem 1.1, observe that for j € ;" :

0 S piE‘Xj — Jﬂ‘ = plE(Jﬂ — X]) = E(XZX]) —pipj = COV(XZ',X]').
Similarly for j € I';, 0 < p; E|X; — Jj;| = —Cov(X;, X;). Thus,

piE|W; = Vi| = piE‘ DX =T+ > (X = T+ D (X

jery jer; jer?
< Y |Cov(X, X))+ > (mipj + E(XiX;)).
jETUr; JET]
Similarly,
pEIVE =Wl < Y [Cov(Xn, X))+ Y. (mim+ B(X:X)).
lerfur; i) 1ery I#j

In addition, we note that

At Z Ipi — pjlp; Z |Cov(X;, X;)|
i,J

lETf UL 1]

= A pid piepl Y. 1Cov(X, Xa)|<rd o Y [Cov(Xp, X)),
7 7

lETFUr; I#£j i lerfury
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where 7 = pmax — Pypjp- Thus, Theorem 1.1(b) follows from Theorem 1.1(a).

3. Some Applications

When applying Theorem 1.1 in a specific situation it is necessary either to
construct an efficient coupling defining the partition of I'; and the J's or to know
the existence of a suitable one. Consider the following examples.

Example 1. (Hypergeometric distribution)

Suppose a random sample of size n is taken from a finite population contain-
ing N elements of two different types, of which m are of type A and N —m(# 0)
are of type B. Let the random variable W be the number of type A elements in
the sample. Clearly W has the hypergeometric distribution H (N, n,m) where,
for max(0,n +m — N) < k < min(n,m),

- (20

Barbour, Holst and Janson (1992, p.113) remarked that the distribution of W
can be approximated by a binomial distribution via Stein’s method together with
the coupling technique. In this example, we approximate £(1/') by two binomial
distributions using different representations of W. Firstly, W can be represented
as W =3"1" | X; where X; =1 if the ith element in the sample is of type A and
X; = 0 otherwise. We then have P(X; =1) =mN ' =p, A = E(W) =nmN !,
E(X;X;) = P(X; = 1)P(X; = 1|X; = 1) = mN~*(m — 1)(N — 1)~!. Consider
the following coupling. If X, = 1, set J; = X;. If X, = 0, interchange the kth
element in the sample with a randomly chosen element of type A and then, for
1 # k, set J; = 1 if the ith element in the sample is of type A, J;x = 0 otherwise.
By construction, this coupling satisfies the hypothesis of Corollary 1.5. We have

drv(L(W), B(n,p))

Crpn(n — Dp(mN~t = (m —1)(N —1)71)

g 1= p" = "N —m)(n - )(N(N - 1))~
(n—1)(N —1)"1=0(1), if n = o(N).

ANVANR VAN

On the other hand, W can be represented as W = >, Y; where ¥; = 1 if
the ith element of type A is in the sample and Y; = 0 otherwise. We have

P(Y;=1)=nN"'=p/, A= E(W)=(nm)N !, E(Y;Y;)=n(n—1)(N(N —1))".

Consider the following coupling. If Y = 1, set J; = Y;. If Y, = 0, interchange
the kth element of type A with a randomly chosen element in the sample and
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then, for ¢ # k, set J;; = 1 if the ith element of type A is in the sample,
Jir = 0 otherwise. As before, this coupling satisfies the hypothesis of Corollary
1.5. Therefore, we have

drv (L(W), B(m, p'))
< Cpm(m —1)p'(nN ™! = (n = 1)(N = 1))
< () A=) = (@) = n)(N =) (m - N
< (m=1)(N-=1)"1=0(1), if m=o(N).

Hence, the hypergeometric distribution H(N,n,m) is well approximated by
the binomial distributions B(n,m/N) or B(m,n/N) depending on whether n =
o(N) or m = o(N) respectively.

Example 2. (Random graphs problem)

Consider a complete graph K, with n vertices and n!/[(n — 2)!2!] edges.
Delete each edge with probability 1 — p (= ¢) independently of the other edges.
Thus, we get the random graph K, ;. Let W be the number of vertices ¢ whose
degree D; in K, , is greater than or equal to m.

Following Barbour, Holst and Janson (1992, p. 97), let X; = I(D; > m) and
W =371, X, Since {X;,1 <i <n} are increasing functions of the independent
edge indicators, they are positively related. Thus, by Corollary 1.5,

dpy (L(W),B(n,m1)) < Cnr, Y Y Cov(X;, X;)
i g
> Cov(Xy, X;) = n(n — 1)pgps, ;.
i i
Here, my = m1(m) = P(Z,—1 > m), pm—1 = P(Zy,—2 = m—1) where Z; ~ B(l,p),
l=n—2orn—1. (Refer to Barbour, Holst and Janson (1992, pp. 97-98) for
the calculation of Cov(X;, Xj;)).

Note that if m = 1, dpy (L(W), B(n,m1)) < np(n —1)¢>" =3 < n?pe=2"P. For
any € > 0, if p = p(n) is such that np > (1 + €) Inn for sufficiently large n, then
n?pe 2" = o(1/nf) as n — oco. In this case, we have a binomial approxima-
tion but since Var (W) ~ 2E(W), the Poisson approximation cannot be good.
(Barbour, Holst and Janson (1992, p.98).)

IN

Example 3. (The classical occupancy problem)

Let n balls be thrown independently of each other into r boxes, with proba-
bility 1/r falling into the kth box. The random variable W is equal to the number
of empty boxes and can be represented as W = 7, X; where X, = 1 if the kth
box is empty and Xj = 0 otherwise. We then have P(X} =1) = (1—-1/r)" =p,
A=EW)=r1-1/r)", BE(X;X;) = P(X; =1=X;) =(1-2/r)". Fol-
lowing Barbour, Holst and Janson (1992, p.123), we introduce the following
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coupling. Throw each of the balls which have fallen into the kth box indepen-
dently into one of the other boxes, in such a way that the probability of a ball
falling into box i(# k) is 1/(n — 1). Then let J;; = 1 if box i is empty, J;; = 0
otherwise, and X;; = X;. Evidently, J;z < X; for i # k, and for each k,
L(Jigy- -y dnk) = L(Xq,...,X,| Xk =1). By Corollary 1.5., we have

dry (L(W), B(n', p'))=drv (L(W), B(r,p))

Cop 33 1Cov(Xs, X)| < Cop 3 57((1 = 1/r)" — (1 = 2/1)")
Py ey
< np(1—g"tH((r +1)g) "

IN

If n = ra,, then
dry (L(W), B(r,p)) < (r/(r + 1)) (ar/(e" = 1))(1 = (1 = *)"*)

giving a binomial approximation throughout the range a, — oc.
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