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Abstract: Tracking subjects with disease risks at multiple time points is an impor-
tant objective for disease prevention and preventive medicine. Appropriate statis-
tical tracking models are essential for identifying risk factors that remain persistent
over time and the early detection of subjects with high disease risks. Because
disease risks are often defined by multivariate response variables, we propose a
class of bivariate risk-predictive probability models that quantify the likelihood of
an individual’s future disease risk. These models describe the relationships be-
tween bivariate risk outcomes at a later time point and covariates at an early time
point using a class of conditional quantile-based joint distribution functions. We
develop a simulation-based procedure under the stratified bivariate time-varying
quantile regression framework to estimate the conditional joint distributions and
risk-predictive probabilities. In addition, we use theoretical and simulation studies
to show that the estimation procedure yields consistent estimates, and propose a
statistical quantity that measures the relative risk to identify high-risk individuals.
Finally, we apply the proposed models and procedures to data from the National
Growth and Health Study to identify early adolescent girls who are more likely to
be diagnosed with hypertension at late adolescence.

Key words and phrases: Bivariate longitudinal outcome, conditional joint distribu-
tions, nonparametric regression, quantile regression, time-varying coefficients.

1. Introduction

Longitudinal tracking of disease risk factors over time is important for guid-
ing early preventive interventions in public health (e.g., Wilsgaard et al. (2001));
Obarzanek et al. (2010)). A main objective of preventive medicine is to reduce
the incidence of future disease risks through early intervention to individuals
with high risk factors relative to the population. Thus, an appropriate statistical
model would play a critical role in identifying persistent disease risk factors and
individuals who will develop high disease risks in the future. The past and present

Corresponding author: Hyunkeun Ryan Cho, Department of Biostatistics, University of Iowa, Iowa
City, TA 52242, USA. E-mail: hyunkeun-choQuiowa.edu.


https://doi.org/10.5705/ss.202019.0127
mailto:hyunkeun-cho@uiowa.edu

1416 KIM, CHO AND WU

health status of a subject is likely an important indicator of the development of
a disease. In this study, we develop a class of models for the risk-predictive prob-
ability (RPP), which measures the likelihood of a disease occuring in the future,
given an individual’s current condition. The RPP and its models can serve as
an effective tool for the early identification of persistent disease risk factors by
identifying high-risk groups relative to the population.

This work is motivated by an epidemiological study of pediatric cardiac risk
factors for children and adolescents, the National Growth and Health Study
(NGHS), conducted from 1986 to 1997. This prospective cohort study was de-
signed to explore the trend of cardiovascular risk factors in girls over an adolescent
period. Various characteristics, including systolic and diastolic blood pressure
(SBP, DBP), race, height, and body mass index (BMI), were measured annu-
ally for 2,379 African American and Caucasian girls, up to 10 times. Kavey et
al.| (2003); Thompson et al.| (2007)); Obarzanek et al.| (2010) studied the NGHS,
raising the following important question: What features in early adolescent girls
affect the presence of hypertension at late adolescence? Normal and abnormal
levels of blood pressure (BP) for children and adolescents are defined jointly by
the SBP and DBP percentiles (Flynn et al. (2017)). Thus, a major obstacle to
answering this question is the lack of an appropriate statistical model that de-
scribes the joint distributions of the bivariate longitudinal outcomes, SBP and
DBP at late adolescence, conditioning on their values and other covariates at
early adolescence.

Disease risk factors defined by bivariate (or, more generally, multivariate)
longitudinal outcomes are common in biomedical studies. For example, in biom-
arker studies of human immunodeficiency viruses (HIV), the bivariate outcome
formed by CD4 cells and HIV viral load (HIV-RNA) in blood is often used as
a prognostic measure on HIV progression (Thiébaut et al.| (2002, 2005); Ghosh,
Branco and Chakraborty| (2007))); in cardiovascular studies, Barter et al.| (2007)
showed that risks for cardiovascular events may be jointly affected by the levels
of high-density lipoprotein (HDL) cholesterol and low-density lipoprotein (LDL)
cholesterol.

Using a conditional distribution-based longitudinal analysis, Wu and Tian
(2013alb) and |(Tian and Wu (2014) considered a statistical quantity, the “rank-
tracking probability” (RTP), to measure the tracking abilities of disease risk
factors over time. However, their statistical framework is limited to univariate
longitudinal outcomes. It cannot be applied to joint distributions with bivariate
outcomes because of the complexity of the time-varying nonparametric model-
ing structures that are both clinically meaningful and mathematically flexible
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(Wu and Tian (2018, Sec. 12.2 and Sec. 12.6)). Most statistical methods for
multivariate longitudinal data have been studied under frameworks of conditional
means and variance-covariance structures. Examples of multivariate longitudi-
nal analyses include those of |Rochon| (1996)); Chaganty and Naik| (2002)); Fieuws
and Verbeke/ (2006)); Kim and Zimmerman| (2012); Xu and Mackenzie| (2012)); |Xi-
ang, Qiu and Pu (2013)); [Verbeke et al.| (2014)); |Cho| (2016)); [Kohlia, Garcia and
Pourahmadi (2016), among others. These works model conditional means and
variance-covariance structures based on concurrently observed multivariate out-
comes and covariates. Kwak| (2017a.b); Kuriim et al. (2018) considered several
copula-based models for evaluating conditional distribution functions with mul-
tivariate longitudinal data. However, these models do not describe the dynamic
relationships between the past and future variables formed by the multivariate
outcomes and covariates.

In contrast to existing multivariate longitudinal methods, we propose a class
of conditional distribution-based models to evaluate the “tracking” relationship
between the bivariate response vector at a later time point and the response and
covariate values at an earlier time point. Let (Y1(t), Y2(t)) be a bivariate vector
of real-valued responses Yi(t) and Ya(t), and let Z(t) = (X ()T, Y1(t), Y2(t))" be
a vector of covariates and responses at any time point t € T, where X (¢) is a
p > 1 dimensional vector of covariates and the time range 7 is a bounded subset
of [0,00). For any two time points u < v in T, our goal is to model and estimate
the conditional distribution function and the functional of (Y;(v),Y2(v)), given
Z(u) = z(u). Here, z(u) = (z(u)T,y1(u),y2(u))? represents the known “health
status” for a subject at time w, which, in general, includes both the covariate
and the response variables. As useful special cases of z(u), we may consider the
situations “without covariates,” that is, z(u) = (y1(u),y2(u))”, and “without
outcomes,” that is, z(u) = x(u). Note that u represents an early time point
of interest. Therefore, it is often used to denote an individual’s current age or
the most recent time point when the health status z(u) is measured. Then, v
represents a later time point of interest, so it is used to denote a specific future
time, such as 10 years after u; that is, v = u 4 10.

In general, a completely unstructured nonparametric model of the condi-
tional distribution functions of (Y7 (v), Y2(v)) given Z(u) is not mathematically
tractable or biologically interpretable. Therefore, we propose a class of structured
nonparametric regression models for the RPPs (Section 2.1) based on conditional
quantiles. In order to focus on the main objective of tracking the multivariate
outcomes across the time range 7, our nonparametric quantile regression models
link the outcomes and covariates at time points (u,v) through linear structures
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with bivariate functional parameters. This differs from the longitudinal quan-
tile regressions in the literature, such as those of Kim and Yang| (2011)); Cho,
Hong and Kim| (2016). There are two main advantages to using this conditional
quantile-based modeling approach to evaluate the RPPs in order to track mul-
tivariate longitudinal outcomes. First, the RPPs and the related conditional
distributions can be estimated simply based on the nonparametric estimators of
the functional quantile regression parameters using a simulation-based procedure.
Second, nonparametric conditional quantile models have natural interpretations
for applications in which health status is classified based on conditional quantiles,
such as the abnormal levels of blood pressure defined in Flynn et al.| (2017)).

In the main results, we first demonstrate that the joint condition distribu-
tion functions can be estimated using a simulation-based procedure constructed
based on Lemma 1 of Wei| (2008) and a class of quantile regression models with
bivariate time-varying coefficients. Then, we show that the RPP estimators ob-
tained from the simulation-based procedure are consistent under the bivariate
time-varying coefficient models. For the practically interesting objective of de-
termining whether an individual who was “unhealthy” in the past is more likely
to have a high future disease risk, we propose a statistical inference procedure
based on resampling-subject bootstrapping. The inference procedure compares
the RPP with the unconditional joint probability of the response variables at any
v, without knowing their values at any u < v. In our application to the NGHS
data, we estimate the RPPs of preadolescent girls with various BP and BMI lev-
els developing abnormal levels of BP at later adolescent years. Furthermore, in
a simulation study, we demonstrate the consistency of the RPP estimators by
comparing them with those obtained without imposing any modeling structures.

2. Methodology
2.1. Risk-predictive probability models

In this section, we introduce the RPP and present a simulation-based proce-
dure for estimating the RPP. For any sets of events A;(v) C R and As(v) C R
on the real line at time v, we define the RPP as

RPP{A;(v), A2(v)[2(u)} = P{Y1(v) € A1(v),Y2(v) € A2(v)|Z(u) = 2z(u)},
(2.1)
which is the conditional joint probability of Y;(v) € Aj(v) and Ya(v) € Aa(v),
given an individual’s health status, that is, the outcomes and covariates, at time
u, Z(u) = z(u), where u < v. For any given covariate values, the RPP defined in
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is a function on the bivariate time scale (u,v). Consequently, the estimator
of is a bivariate curve on (u,v), which allows the investigator to evaluate
the risk-predictive ability at any time point pairs within the range of interest.
The statistical objective is to estimate the RPP based on a flexible and clinically
meaningful structured nonparametric model. The RPP measures how likely it is
that a subject with health status z(u) at a earlier time u belongs to the event
{Y1(v) € Ai1(v),Ya(v) € Aa(v)} at a later time v. Thus, it provides a direct
statistical index that tracks subjects who are likely to have the event in the
future.

In practice, proper choices of Aj(v) and As(v) are determined by the study
objectives. For example, for the study of adolescent BP levels, the probability
of having an “abnormal BP level defined by the 95th percentiles” (Flynn et al.
(2017)) at time v, given the subject’s BP and other covariates at time u, is

RPPabnormal BP(U|U) = 1_RPP{(_007 Q.95{Y1(U)})7 (—OO, Q.95{Y2(U)})’Z(u)}’
(2.2)
where RPP{(—o00, Q.95{Y1(v)}), (—00, Q.95{Y2(v)})|2(w)} is the probability of not
having an “abnormal BP level” at time v, given z(u), Y1(t) and Ya2(t) denote the
SBP and DBP, respectively, at time ¢, and Q. {Yx(¢)} is the 7 x 100th quantile
of Yi(t), for k = 1,2. Note that, in this example, A;(v) and Ay(v) are defined
using percentiles of the response variables, but, in general, they can be defined
using predetermined values. For adult BP studies (Chobanian et al. (2003))),
the RPP of having hypertension can be defined as RPP, 1, .01 gp(v|u) =
1 — RPP{(—00, 140), (—00,90)|2z(u)}.
Comparing the RPP with the unconditional joint probability

P{A1(v), A2(v)} = P{Y1(v) € A1(v), Ya(v) € Az(v)},

we can examine how the occurrence of the event at time v is influenced by the
observed health status at time u. Suppose that a subject is classified as having a
“high disease risk” at time v if the bivariate outcomes are in the event {Yi(v) €
A1(v),Ya(v) € Aa(v)}. If the subject’s RPP{A;(v), A2(v)|z(u)} is greater than
P{A;(v), Aa(v)}, the subject is more likely to have a “higher disease risk” than
that of the population of interest because of his/her health status z(u) at time
u. The magnitude of the increased disease risk is quantified by the ratio of the
RPP to the benchmark P{A;(v), Aa(v)}

RR{A (), a0z} = 10 R AL,

(2.3)
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which we refer to as the relative risk (RR). Note that a subject with RR > 1 is
more likely to have “higher disease risk” than that of the population of interest.

2.2. Nonparametric dynamic conditional quantile models

When the sample size is very large, we can estimate the RPP using a smooth-
ing method without imposing any modeling structures. However, an unstructured
smoothing for the RPP is usually infeasible in practice because of the well-known
“curse of dimensionality”; see Wu and Tian| (2018, Sec. 1.3.3). A useful alterna-
tive is to consider a modeling structure for the RPP that is sufficiently flexible.
Using a structured nonparametric approach, we consider a class of time-varying
coeflicient quantile regression models with some structural assumptions between
(Y1(v),Y2(v)) and Z(u).

The following lemma of Wei (2008) describes a useful relationship between the
marginal, conditional, and joint distributions of multivariate random variables.
This lemma suggests that in order to estimate the conditional distributions of
(Y1(v), Ya(v)) given Z(u), we need to model the conditional distributions of Y7 (v)
given Z(u) and Ya(v) given (Z(u), Y1 (v)).

Lemma 1. Suppose that (Y1,Y2) is a pair of random variables with absolute
continuous joint distribution Fy,y,, and let Uy and Us be independent random
variables uniformly distributed on (0,1). Then

(B, (Uh), Fyyjp, (U2|U0)) ~ Fy, s,

where Fy, (A1) is the marginal distribution of Y1, and Fy,)y, is the conditional
distribution of Ya, given Yi.

The inverse function of a cumulative distribution function (CDF) is a quantile
function. Therefore, Lemma 1 ensures that a bivariate random sample generated
sequentially from Q-{Y1(v)|Z(u)} and Q-{Y2(v)|Z(u),Y1(v)} follows the condi-
tional distribution of (Y7(v),Y2(v)), given Z(u). By imposing a linear modeling
structure with coefficients as time-varying curves, we propose the following dy-
namic models for Q-{Y1(v)|Z(u)} and Q-{Y2(v)|Z(u),Yi(v)}, such that

QAY1(v)|Z(uw)} = arp(v]u) + ZT(U>()£7—72('U’U,) and (2.4)
Q-{Y2(v)|Z(w), Y1(v)} = Bra(v]u) + Z7 () Br2(v]u) + Br3(v[u)Yi(v), (2.5)
where a1 (v|u), ar2(viuw), Br1(v|w), Br2(v|u), and Br3(v|u) are unknown coeffi-

cient functions of both w and v. Intuitively, (2.4)) shows that, for any 0 < 7 < 1
and a pair of time points (u,v), the 7th quantile of Yj(v) depends on Z(u)
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through a linear relationship with the time-varying regression quantiles a1 (v|u)
and a;2(v|u). Because the functional coefficients can vary with two distinct time
points, the above models can be used to explore the dynamic relationship be-
tween the bivariate response variables and covariates measured at different time
points across the quantiles. In addition, these functional parameters determine
the conditional quantiles and, hence, the conditional distribution functions. Con-
sequently, the estimates of these functional parameters can be used to estimate
the conditional distribution functions.

2.3. Estimation of the dynamic conditional distributions

If the dynamic conditional quantiles of models (2.4) and (2.5 are available,
Lemma 1 suggests that RPP{A;(v), A2(v)|z(u)} can be estimated using the fol-
lowing simulation-based procedure:

1. Draw ¢; from a uniform distribution on (0,1), and obtain the conditional
q1th quantile of Yj(v) given z(u), denoted by Y;"(v), from an estimated

model of (2.4]).

2. Draw ¢ from a uniform random variable on (0, 1), and obtain the conditional
g2th quantile of Y5(v) given z(u) and Y{*(v), denoted by Y5*(v), from an
estimated model of (2.5]).

3. Generate a sufficiently large number of (Y7"(v), Y5 (v)) by repeating steps
1-2 many times.

4. Estimate the RPP by computing the proportion of the simulated pairs
within Y7*(v) € A;(v) and Y5 (v) € As(v).

Note that the bivariate random sample of Y7*(v) and Y5'(v) can also be obtained
by switching the order of Yj(¢) and Ya(¢). Unless there is a natural ordering
between Yi(t) and Ya(t), we can, in practice, simulate the data in both orders
and use the combined data to estimate the conditional joint distribution.
Statistical inferences for the RPP and RR can be constructed using the
resampling-subject bootstrap approach for longitudinal data (e.g., Hoover et al.
(1998)). In addition to the RPP, statistical inferences for the RR have clinical
implications for identifying individuals who are more likely to have “high dis-
ease risks” in the future relative to others in the population. In particular, we
would like to determine if RR > 1 for the time range of interest. Using the
aforementioned bootstrap procedure, we construct the one-sided pointwise confi-
dence interval for the RR. This procedure relies on three steps: (a) generating B
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bootstrap samples by resampling the subjects with replacement; (b) estimating
the corresponding RRs from each of the B bootstrap samples; and (c) computing
the (100 x «)th empirical quantile of the estimated RRs from the B bootstrap
samples as the lower bound of the one-sided a-level confidence interval.

2.4. Estimation of the time-varying regression quantiles

In this section, we propose a novel estimation procedure for the time-varying
regression quantiles in and based on the following longitudinal sample,
which consists of n randomly selected subjects. The ith subject, for 1 < i < n, has
m; > 1 measurements at time points t;;, for j = 1,...,m;, such that (Y15, Y2,;)
and X;; are the bivariate outcome and a vector of p covariates, respectively, at
time tij-

To clarify the relationship between the response and the covariates at dif-
ferent time points, it is convenient to denote the longitudinal observations as
follows. Within each subject ¢, for any j < j', Yij = (Y1,4,Y2,5) is a pair
of future response variables relative to Z;; = (Y;j,Xg;»). The longitudinal data
are then expressed as (Yjj, Zij, tijr, tij), for i =1,...,n, j =1,...,m; — 1, and
j'=7+1,...,m;, so that the future response variables are paired with the past
outcomes and covariates. For example, if the first subject, (i.e., ¢ = 1) is mea-
sured four times, then the subject’s data used to estimate the coefficients in

and ([2.5)) are
(Y2, Z11), (Y13, Z11), (Y13, Z12), (Y1, Z11), (Y14, Z12), (Y14, Z13),

where }/ij’ = (Yl,lj’7Y2,1j’) and Zij = (Yl,ij7Y2,z’j;X£)- Because Zij is the avail-
able observation for the ith subject at time ¢;;, it could include both the covariates
X;; and the bivariate outcomes Y;;. However, for practical reasons, some longitu-
dinal studies may not have observed outcomes at every visit. For instance, if Y79
and Y14 are measured during four visits, while all the covariates are measured at
every visit of subject ¢ = 1, then the subject’s observations are

(Y12, Z11), (Y1a, Z11), (Y14, Z12), (Y14, Z13),

where Z;; = X;;. Similarly, when the covariates are not available at time t;;, we
have Zij = Y;J

Note that model is a special case of model , which depends on
the ordering between Y7(t) and Y2(¢). On the other hand, Yi(v) and Y3(v) in
are exchangeable. Thus, it suffices to present only the estimation and the
asymptotic properties of the quantile regression model . Without loss of
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generality, we suppose that the response and the covariates are measured on each
visit. For any j < j/, Ya,; is a future response variable in view of a predictor
Zijy = (1, ﬁ,ij,yzij,Xfij,Yl,ij'% such that the longitudinal data are expressed
as (Y2,ij’azijj’atij/atij)a for i = 1,. oy, ] = 1,. ey My — 1, and j/ :j+1,.. ., My
The notation can be reconstructed similarly for other cases.

Let 0, (v|u) = (Br1(v|u), Bra(v|u)T, Br3(v|u))T be a vector of functional pa-
rameters that depends on two distinct time points u < v. A local estimator of
0, (v|u), denoted by 0, (v|u), is obtained by minimizing the local linear quantile

regression criterion

(0 (vl), 03 (vlu), 67 (v]))
n m;—1 m;

= argminz Z Z |:p7— (Ygﬂ'j/ — 25],9 — Zgj,{ﬁ* (tz] — u) + 0# (tzg’ — ’U)})

0.670% =1 j=1 j=j+1

tij —u tij — v
K2 Vg 22—
) < b > < b )]

where pr(u) = u{7 — 1(u < 0)} is the check function with an indicator function
1(-), K(-) is a kernel function with bandwidths b; and by, and 6*(v|u) and 67 (v|u)
are the first partial derivatives of f(v|u) with respect to u and v, respectively.
Here, the kernel function assigns more weight to longitudinal observations with
time points (¢;;,t;;:) that are closer to the target time points (u,v). If (t;;, %)
moves away from (u,v), the contribution of this observation to the quantile esti-
mator diminishes, reducing the potential estimation bias.

2.5. Asymptotic properties of kernel estimators

For simplicity, we focus here on the asymptotic properties of éT(v|u) for the
case that the response variables are observed at all measurement times. Similar
derivations, with more tedious calculations, can be extended to those cases in
which the outcome variables not completely observed at all measurement times
for all subjects. The asymptotic properties of éT(v|u) are established under the
following regularity assumptions:

1. For any u,v € T, I'z(u,v) = E{Z(u,v)Z(u,v)T} is positive definite and
differentiable, where Z(u,v) = (1, Y1 (u), Ya(u), X (u)T, Y1 (v))T.

2. Let N =" m;(m; —1)/2. As n — 00, Nbiby — 00, Nbyba(b$ + bS) — 0,
and YOI, mi(1/y/N3biby + (b3 + b3)/N) — 0.

3. The time-varying coefficient function #(v|u) and the bivariate density func-
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tion of (u,v), denoted by p(-,-), are twice continuously differentiable.

4. The kernel function K(-) is symmetric with bounded support and bounded
derivative. Write ux = [u?K (u?)du and ox = [ K?(u)du.

5. Let &0 = Yo,y — Qr (Y2,45:| Zijj). Denote by fe() and Fe(-) the density and
distribution functions of &;;;/, respectively. Here, f¢(-) is bounded, positive,
and twice continuously differentiable on {v : 0 < F¢(v) < 1}.

The above assumptions are comparable to those used in kernel estimations
with longitudinal data (e.g., Hoover et al.| (1998); [Wu and Tian| (2013b))). In
particular, Assumption 2 specifies the necessary conditions with respect to the
number of within-subject measurements and bandwidths. For ease of presenta-
tion, we consider the special case of m; = m, for all 7, such that Assumption 2
reduces to nm?2biby — 0o, nm2b1be (b + 1§) — 0, and

1 b3 + b3
nm4< + 1 * 2>= o + m(b; + b2) — 0.

\/n3mBb1bse nm? v/nbibsy

In particular, if by = O(N~Y%) and by = O(N~%) are used, we have that
nm2b1by — oo and nm2b1ba(bY + b§) — 0 always hold. However, in addition,
m = o(n'/*) is needed to ensure that mb; — 0, mby — 0, and m//nb1by — 0.
Therefore, the data types specified by Assumption 2 include both sparse (i.e., m
is bounded) and some dense (m = n?, for v < 1/4) longitudinal data.

Theorem 1. Let u < v be two fized time points in the interior of T. If Assump-
tions 1 to 5 hold, then, for any given T € (0,1), we have the following asymptotic
normality result for 0. (v|u):

\/m {éT(U|U) — 0, (v|u) + HKE <(9297(v\u) b% + 8297(U|u) b%) }

2 Ou? ov?

(1 = 7)p2
iN(Q ]mrzl(u,u) , (2.6)

d . . . .
as n — 0o, where “= “denotes convergence in distribution.

A direct conclusion of Theorem 1 is that, under the mild regularity condi-
tions, the local linear quantile regression method leads to a consistent estimator of
0, (v|u). If the linearity assumptions on the conditional quantile functions in
and are satisfied, 276, (v|u) is a consistent estimator of the 7th conditional
quantile of Y5(v), given z = (1, z(u)”, y1(y2))?. This consistency result suggests
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that the model-based simulation procedure described in Section 2.1 provides a
consistent estimate of the RPP. Furthermore, if the outcomes are not observed
at every visit, Theorem 1 still holds, but the convergence rate in Theorem 1 is
affected, because NN, the total number of observations used in the estimation,
decreases.

2.6. Smoothing estimators and cross-validation bandwidths

Similarly to kernel-type local smoothing, the choice of bandwidths plays a
crucial role in the appropriateness of the smoothing estimators. We present here
a “leave-one-subject-out cross-validation” (LSCV) method for selecting the data-
driven bandwidths b; and by for the local smoothing estimators of the time-
varying regression quantiles and RR{A;(v), Aa(v)|z(u)}.

Suppose that the bandwidths by and by have the same order of magnitude. It
follows directly from the asymptotic distribution in Theorem 1 that the optimal
bandwidths, which minimize the mean squared error of ,(v|u), are of order
O(N -1/ 6). Following the bandwidth selection strategy described inYu and Jones
(1998)), the bandwidths are selected as

(1-7) e
b—h[ e {®~ ()}] . i=1,2, (2.7)

where ¢ and ® are the standard normal density and distribution functions, re-
spectively, and hy and hs are bandwidths selected for the corresponding regression

mean estimation, which minimizes

n m;—1 m; 2

S0 D [Yauy — Zpb - 2 (07t —w) + 0% (1 — v}

tij—u tij/—v
(570w, 25

To select the data-driven bandwidths h; and hs, we use the LSCV bandwidths
(Rice and Silverman| (1991))) given by

n m;—1 m;

(h1, he) = argmlnz > {YZU = Zjy 07 (b |t

hihs i1 j=1 j=j+1

am)

where §77(-|-; h%, h3) is the estimator of the mean regression coefficients based on

the remaining data, with all observations of the ith subject deleted.

From (2.3), RR{A:(v), A2(v)|2(u)} depends on P{A;(v), As(v)} as its de-
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nominator. Therefore, we would like to estimate P{A;(v), A2(v)} using the kernel

estimator
i 2ot WYy € Ai(v), Yo € Ao (v) K ((tij — v)/h)
Yy 2oty K((tij —v)/h)

with the same kernel function K(-) as in (2.8) and a bandwidth A > 0. The
data-driven bandwidth of h can be selected using the LSCV procedure, which is

P{Ai(v), A2(v)} =

given by

= argmlnzz [1{1/1 i € A1(v), Yauj € Ag(v)} — P7H{ A1 (v), Ag(v); *} 2,

=1 j=1

where P~{A;(v), A2(v); h*} is the kernel estimator of P{A;(v), A(v)} based on
the remaining data, with all observations of the ith subject deleted. The resulting
estimator of RR{A1(v), Aa(v)|z(u)} is

PTPT’A{Al(v), Ay (v)]z(u)}
P{A1(v), Az(v)}

which is obtained by substituting the corresponding estimators into (2.3)).

RR{A1(v), A2(v)|z(u)} =

9

3. Application to the NGHS BP Data

We apply our estimation and inference procedures to the NGHS to evaluate
the predictive probabilities of the bivariate BP outcomes, SBP and DBP, during
adolescent years, with race, BMI percentile, and height percentile as covariates.
As discussed in the introduction, the NGHS is a prospective cohort study of
the cardiovascular risk factors of 1,166 Caucasian and 1,213 African American
girls. These girls were enrolled in the study at either 9 or 10 years of age and
had up to an annual physical examination until 18 or 19 years old. For further
details and statistical analyses of this study, see|Wu and Tian| (2018, Sec. 1.2 and
13.4). Because some study participants have missing measurements for reasons
unrelated to the study or their health status, it is reasonable to assume that these
data are missing completely at random. Therefore, after deleting the missing
data, our analysis uses the longitudinal observations from 1,164 Caucasian and
1,212 African American girls. The number of repeated measurements has a range
of 1 to 10 with a median of 9.0, a mean of 8.3, and a standard deviation of 2.0.
All covariates and bivariate outcomes are measured at each visit. The girls’ BMI
and height percentiles are computed based on the Centers for Disease Control
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and Prevention (CDC) growth chart, as in Wu and Tian| (2018, Sec. 13.4). Of
the two attempts in the literature to investigate the conditional distribution of a
univariate longitudinal outcome using the NGHS data, Wu, Tian and Yu (2010)
study the time-varying effects of race, BMI percentile, and height percentile on
the SBP, and |Wu and Tian| (2013a)) estimate the time trends of the conditional
distributions of the SBP.

Let Yi(t), Ya(t), X1, Xa(t), and X3(¢) be the SBP, DBP, race, BMI per-
centile, and height percentile, respectively, at age ¢, where X; = 1 if the girl is
African American, and zero if Caucasian. Recall that the probability of having
an “abnormal BP level” is defined as

RPP, bnormal BP(v©)
=1—RPP{(-00,Q.95{Y1(v)}), (00, Qo5{Y2(v)})[Z(u) = 2(v)}, (3.1)

where Z(t) = (X1, Xa(t), X3(t), Y1(t), Y2(t))T and Q-{Y1(t)} and Q,{Y2(t)} are
the (7 x 100)th quantiles of the SBP and DBP at age t. Because all subjects
were enrolled in the study at age 9 or 10 and were followed for nine years, we can
estimate RPP .1, o1 mal BP
of illustration, we analyze RPP 1 ormal Bp (18/10).

We first use the NGHS data for girls whose age is within the interval [17.5,
18.5) and estimate (Qo.o5{Y1(18)}, Qo.05{Y2(18)}) as (Qo.05{Y1(18)}, Qo.o5{Y2
(18)}) = (123,80). Using the kernel smoothing estimators of Section 2.6 with
a Gaussian kernel, the joint probability of having an SBP or DBP above their

(vlu), for 9 < u < v < 19. However, for the purpose

corresponding 95th percentiles at the age of 18 is estimated to be 7.7%; that is,

1 — P{(—00,Qo.05{Y1(18)}), (—00, Qo.o5{Y2(18)})} = 0.077.

Next, we illustrate how the observed health status at an earlier adolescent
period influences the probability of future abnormal BP levels. To do so, we
estimate the RPP of having an SBP or DBP over the 95th percentile at the age
of 18 under various combinations of height percentile, BMI percentile, and three
BP groups at the age of 10: “medium-BP” (Qo5{Y1(10)}, Qo.5{Y2(10)}), “above
median-BP” (Q0.75{Y1(10>}, Q075{}/2(10)}), and “elevated-BP” (Qog{Y1(10)},
Qo.9{Y2(10)}). These quantiles are estimated using data for girls whose ages fall
within the age interval [9.5,10.5). We compute the kernel smoothing estimators
with the Gaussian kernel using the bandwidths (h1, h2) = (1.0, 1.5) and (hy, he) =
(2.3,1.5) for the following respective sets of quantile regression models at age v:
(a) a marginal quantile model of Y7 (v) and a quantile regression model of Y5(v)
conditioning on Yj(v); (b) a marginal quantile model of Y5(v) and a quantile
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regression model of Y7 (v) conditioning on Ya(v). The models in (a) and (b) differ
in their orders of Yi(v) and Ya(v). These bandwidths are selected using the
LSCV procedure of Section 2.3 and the quantile adjustment given in . In
each order, a bivariate random sample of 1,000 is generated from the proposed
simulation-based procedure.

Figure 1 shows heat maps of the estimated RPP, 1, ..101 gp(18]10). The
color changes gradually from red to green, representing the gradually decreas-
ing estimated RPP.p . 0ma1 Bp(18/10). The colors of the estimated proba-
bility become lighter when their values are closer to the estimated probability
1- ]3{(—00, Qo.95{Y1(v)}), (—o0, Qo.95{Y2(v)})}, which is 0.077 and represented
by white on the heat maps. For the effects of the covariates, we observe in Figure
1 that a 10-year old girl with larger BMI and height percentiles is more likely
to have her SBP or DBP over its 95th percentile at age 18. For the dynamic
effects of BP over time, Figure 1 shows there is a positive dependence between
the BP levels at earlier and later adolescent periods: higher SBP and DBP levels
at age 10 are associated with a higher probability of having an SBP or DBP
over its 95th percentile at age 18. In particular, for any covariate values (i.e.,
race, BMI, and height), the estimated RPP of the SBP or DBP over its 95th
percentile at age 18 for girls with high SBP and DBP levels at age 10 is always
higher than the estimated probability of an SBP or DBP being over its 95th
percentile at age 18 without conditioning on the SBP and DBP levels at age
10. The effects of race show that African American girls always have a higher
estimated RPP 1,1, ormal BP (18/10) than Caucasian girls do under the same BP
levels and height and BMI percentiles at age 10. This suggested race effect is
worth investigating further in pediatric studies.

Next, we estimate the RR at ages (u,v) = (10,18) to quantify the relative
strength of the RPP at these ages over the probability of having abnormal SBP
or DBP levels at 18 years of age. Girls with high RR values (e.g, significantly
greater than 1) can be identified as those with a high risk of developing abnormal
BP levels at young adulthood. Because the BMI is a well-known risk factor for
pediatric hypertension (Obarzanek et al.| (2010])), we estimate the RR values at
(u,v) = (10,18) over a sequence of BMI percentiles {0.05,0.1,...,0.95}, given a
fixed height percentile.

Figure 2 shows the lower bounds of the one-sided 95% confidence intervals
(CI) for the RRs of African American and Caucasian girls, conditioning on the
medium height and the 75th SBP and DBP quantiles at age 10. For both African
American and Caucasian girls, the lower bounds of the Cls increase linearly as
the BMI percentile increases. Except for the Caucasian girls with BMI percentiles
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Figure 1. Heat maps of the estimated RPP of having hypertension at age 18.

below 25, the lower CI bounds of the RRs are all greater than one for both races.
This suggests that the majority of the girls within the given height and BP range
have a higher probability of developing abnormal SBP or DBP levels at age 18.
Similar phenomena are observed for the RRs and their corresponding one-sided
CIs under various other scenarios of covariate values and BP levels at age 10, for
example, the girls with medium height and SBP and DBP values at their medians
and 90th quantiles.
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Figure 2. Lower bounds, marked with x, of one-sided 95% confidence intervals for the
relative risk of RPP with the 50th height percentile and the 75th quantile of SBP and
DBP at age 10.

4. Simulation Study

In order to the performance of the proposed method for the NGHS data, the
simulation setups reflect the NGHS design. We generate longitudinal data for
1,000 subjects from the following bivariate models, for j = 1,...,10:

Yiji(tij) = ao(tij) + on(tij) Xijn + ca(ti) Xije(tij) + as(tij) Xijs(tij) + ei + €ij,
(4.1)

Yijo(tij) = Bo(ti;) + B1(tij) Xij1 + Ba(tij) Xije(tis) + Ba(tij) Xija(tij) + ei + €ij.
(4.2)

We independently generate X1, Xijo(ti;), Xij3(tij), i, and (€5, Ei]‘)T as follows:
Xz’jl ~ Bernoulli(0.5), IOOXZ'jQ(tij) = a; + fij, a; ~ U(5,95), §Z-j ~ U(—5,5),
100X553(tij) = bi + @iz, bi ~ U(5,95), ij ~ U(=5,5), tij ~ U(j + 8,5 +9),
e; ~ N(0,6%), and (e;5,¢;;)T are generated from the bivariate normal distribution
with zero means, and Var(e;;) = 36, Var(e;;) = 64, and Cov(eij,g5) = 14. In
addition, the coefficients are set as ag(t) = 72 + 3t — 0.07t%, ay(t) = —0.1 +
0.06t , as(t) = —3 + 1.3t — 0.03t%, a3(t) = 4 + 1.1cos(nt/6) — 0.3sin(nt/6),
Bo(t) = 15 + 5.27t — 0.15¢2, B1(t) = 1 — 0.1t + 0.007¢2, Bo(t) = 23 — 3t + 0.11¢2,
B3(t) = 3 4 0.85cos(nt/6) — 0.42sin(7t/6).

Note that Yj;1, Yije Xij1, Xijo, and X;;3 approximate the SBP, DBP, race,
BMI, and height percentiles, respectively, in the NGHS data, and the coefficients
are set based on the estimates obtained from fitting models and to the
NGHS data. The within-subject correlation is imposed by using subject errors
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e;, and the correlation between the bivariate response variables is considered by
using bivariate normal errors (€;5,€;7). Note that the conditional distribution
(Y1(v), Ya(v)|Z(u)) is not appropriate for generating ordinary longitudinal data
(X (t),Y1(t), Ya(t)) that are measured concurrently.

For 1,000 simulation replicates, we estimate the same RPP in considered
in the NGHS data analysis:

1 — RPP{(—00,Q.95{Y1(18)}), (00, Q.95{Y2(18)})|Z(10) = 2(10)},

where z(10) = (z1,22(10),23(10),y1(10), y2(10)). We evaluate the performance
of the proposed method by computing the RPP for 1 = 0,1, x2(10) = 0.05,. ..,
0.95, and x3(10) = 0.5, with (y1(10),2(10)) = (Qos{Y1(10)}, Qo.5{Y2(10)}).
Because the quantiles of (yi(t),y2(t)) are unknown, they are estimated in the
same manner as in the NGHS data analysis using subjects whose age lies in
[t —0.5,¢t + 0.5). For the estimation of the RPP given z(10), we use stratified
quantile regression models with both orders of the bivariate response variables
and a random sample of 1,000.

Note that it is infeasible to obtain the true value of the RPP because the data
are generated based on models —, while the stratified quantile regres-
sion models f are considered to obtain the RPP. Alternatively, we can
generate a sufficiently large number of subjects (e.g., n = 1,000,000), and evalu-
ate the true RPP without imposing any structure between the bivariate response
variable at time 18 and the predictors at time 10.

Figure 3 displays the unstructured RPP curves and the average, 2.5% per-
centiles, and 97.5% percentiles of the estimated RPP curves. The figure shows
that the average of the estimated RPP curves by the proposed method is quite
close to the unstructured RPP curves. Moreover, the variation of the estimated
RPP curves is reasonably small, even though a smaller longitudinal data sample
is used relative to the NGHS data. Therefore, these simulation results validate
that the proposed estimator of the RPP is consistent, and that the estimated
RPPs for analyzing the NGHS data are reliable.

5. Discussion

The proposed statistical methodology and its application to the NGHS data
provide a useful exploratory tool for evaluating dynamic relationships using mul-
tivariate longitudinal data. We propose using the RPP and its functional as a
natural and direct means to quantify past information on the likelihood of future

health status and disease risks. The dynamic quantile regressions presented in
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Figure 3. The solid lines are the averages of the estimated RPP curves; the dashed lines
are the pointwise 2.5% and 97.5% percentiles of the estimated RPP curves; the dotted
lines are the structured RPP curves.

Section 2 lead to a class of novel and flexible structured nonparametric models
for computing the RPP and its functional. This conditional quantile-based ap-
proach can be applied to a wide range of biomedical studies aiming to discover
which factors have a significant influence on future disease risks. In practice,
statistical estimates and inferences of the RPP and its functional can be used to
identify individuals who are more likely than the general population to develop
unfavorable disease risks.

In some situations, it is possible to consider a “risk score” that combines sev-
eral risk factors into a single univariate outcome variable. For example, one of the
cardiovascular disease risk factors evaluated in |[Redheuil et al. (2014) is the mean
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brachial blood pressure (MBP), which is defined as (2DBP + SBP)/3. However,
as discussed in |Redheuil et al.|(2014]), the MBP is only one of many risk factors
investigated in cardiovascular studies, and is by no means a unique substitute for
the bivariate (SBP, DBP). In their NGHS analysis of hypertension in adolescent
girls, Obarzanek et al. (2010) discuss the clinical implications of abnormal levels
of blood pressure using joint distributions of (SBP, DBP) conditional on age,
height, BMI, and other covariates.

The RPP and the conditional quantile models proposed in this paper differ
from the conditional distribution-based “rank-tracking probabilities” (RTP) in
the literature (e.g., Wu and Tian (2013aljb)) in three important aspects. First,
our RPP and conditional quantile models allow for longitudinal data with bi-
variate outcome variables, while the RTP-based methods can only be applied
to univariate outcomes. Second, unlike the RTP, our RPP defined at any time
points u < v allows for any given outcome and covariate values at the previous
time u, while the RTP requires that the outcome at u belongs to some prespec-
ified set of “events.” Third, our conditional quantile regression models allow for
dynamic dependence of outcomes and covariates at both time points u < v. In
contrast, the currently available conditional distribution-based models for RTP
do not allow the outcomes and covariates to appear simultaneously at both time
points. These three unique features enable our conditional quantile based RPP
and its functional to be more generally applied than the RTP-based methods in
the literature.

Compared with the nonparametric estimation methods for conditional-based
models (Wu and Tian (2013aybl)), the proposed simulation and kernel smoothing
estimation procedure appears to be unique because of the inclusion of the simu-
lation step. This step is appropriate and essential, because the current modeling
framework is based on the conditional quantiles. The application to the NGHS
data suggests that our proposed models and estimation methods lead to clini-
cal conclusions that are consistent with the findings observed in the literature.
The statistical properties established by the simulation study and the asymptotic
development suggest that our simulation and kernel smoothing-based estimation
methods lead to consistent results.

Because the proposed estimation of the conditional distribution of the bivari-
ate outcomes involves a two-dimensional kernel estimation, a sufficient number
of observations is required to obtain reliable estimation results. In order to check
how sensitive the estimation of the RPP is to the sample size, we perform the
simulation studies with the number of subjects n = 1,000, which is substantially
smaller than the NHGS data (n = 2,376). The simulation results suggest that the
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proposed estimator is reliable and consistent. We further note that restructuring
longitudinal data helps to overcome the bidimensional problem by increasing the
number of observations. When the response variables and the covariates are mea-
sured concurrently, the number of observations in the restructured longitudinal
data is nm(m—1)/2, where m = mj; = --- = m,,. This becomes much larger than
the number of observations nm in the original longitudinal data as m increases.

Appendix

A. Appendix

Proof of Theorem 1. Let w;; = (tij — t1)/b1, vijy = (tijr — t2) /b2, Kijjr = K(uij)
K (vijr),

0 — 97(t2’t1)
Ay e 00 (ta|t1) Zijjr
A= ; = \/ Nblb2 1 8t1 and Jijj/ = Zijj'uij
AZ’E bg 9# _ 897(t2|t1) Zijj’vij’
Oto

Then we can write
Yo — 2550 — Z5500% (tij — t1) + 0% (tiy — ta)} = &ijjr + dijjr — T A/ Nbybo

where dl'jj/ = Zi:gj,{OT(tiﬂtij) - 97(t2|t1) - (tij - t1)897(t2|t1)/8t1 — (tij’ — t2)
90, (t2)t1)/dta}.  Since (éf(t2|t1),é:(tﬂtﬂ,éﬁé(zﬁgltl)) minimizes 4; the re-

scaled vector A minimizes the re-parameterized function of A:

n m;—1 m; JT,A
LA)=>> > {PT (51'3‘;" + dijj — X;Tb)

i=1 j=1 j'=j+1
Pr\ Sigg’ ijj’ Qigg’ ijj’-

Write 055 = Jg;j/A/\/Nblbg. Applying Knight’s identity pr(u — 0) — pr(u) =

—0(1 — 1y<0) + foe(lugs — 1u<0)ds, we can write L(A) = —A, A + I,,, where

n m;—1 my;

1
Ap = \/ﬁ Z Z Z (T — 1dijj’+§ijj’<O>Kijj,Jgj/’

i=1 j=1 j'=j+1
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n m;—1

i iyt
Z Z Kigjmijjr,  Migyr = / (1dz:jj’+§m'§5 - 1d¢jj’+§m"§0)d5'
0

i=1 j=1 j'=j+1

Consider I,,. Since K has bounded support, it suffices to consider |t;; —
t1’ = O<b1> and ‘tij’ — tg’ = O(bg) By Condition 1, |(5¢jj/‘ = Op{(Nble)*l/Q}
and |d;j;:| = Op(b3 +b3) . Since 1557|1216, <600+ disr <165, | WE have

E(Kfﬂ,nm ) = O(pn/N), where p,, = 1/\/Nb1b2—|—b2+b2 By the Cauchy-Schwarz

inequality, we have

m;—1 m;
var(/ Zvar( Z Z Kijj 77m> (A.1)

Jj=1 J’*J+1

Jj=1 j'=j+1

— mjpn ~ 1 bf + b3
o YTl 08 S + S0, (A2)
<i=1 N) {i:1 (\/N3b1b2 N

in view of Condition 2. By d;;; = O, (b? + b3) and simple Taylor’s expansion,

6 ’

33

0
[Fé(s — dijyr) — Fa(—dz’jj')] ds < 6 fﬁ; )v (A.3)

E(nijj|Zij, tij, tijr) = /
0

uniformly for all (4,7,5'). Recall Tz(t1,ts) = E[Z(t1,t2)Z(t1,t2)T]. Note that

m;—1  my

Z Z m’fsm ) = p(tr, t2) ATQ(t1, ) A, (A.4)

=1 j: :

where Q(t1,t2) = diag{T'z(t1,t2), uxTz(t1,t2), ux T z(t1,t2)} is a block diagonal
matrix. By (A.2)—(A.4), we have the convergence in probability:

n m;—1 m;

I = E(In) + 0p(1 Z Z Z (K Bnijy | Zig, tijs tijr)] + op(1)

i=1 j=1 j/=j+1

fe(0)
2

— p(t1, t2) ATQ(t1, ) A.

Recall A = argmins £(A). By the quadratic approximation and convexity

lemma,

A = argmin { — A A+ &p(t ,tg)ATQ(tl,tg)A} +0p(1)
A
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. Q(tl,tg)_lAZ o
— p(t1,t2) fe(0) *orll)

For the 0 components of A, we have

A Ffl(tl tg) L
0-(taltr) — 0, (ta|t)) = —24—-2 —1¢ 0+ Gy
) =0t = o g 2 7 e )
Kijj Zij + Op[(Nble) 2] (A.5)

where Cijj’ = 1§ijj’<0 - 1dijj’+5m/<0' Let R, = (Nble)il Zz 1 Zml_l Z]’_JJrl
GijjoKijj Zij. By the arguments in (A.2)—(A.3) and Taylor’s expansion d;j;; =
{b%u?jBQQT(tﬂtl)/&t%+b%vi2j,8207(t2|t1)/8t%+b1b2uijvij/8297(t2|t1)/(8t18t2)}/2+
O(bf +b3),

n m;—1 m;

Fn) Nb162 Z Z Z B{ Kijjr Zi;E(Gij i)}
i=1 ] 1 j'=j+1
tt 00, (to]tr) o | 0%0:(talt
5 ot ots

(A.6)

and var(R,) = o{(Nbyby)~"/2}. Note that b3 + b3 = o{(Nbyby)~'/?}. Thus, by

(A.5)-(A.9),
\/m{eq-(tﬂtl) . 9 (tg’tl) 2 (a 9 (t2|t1)b2 + 6207’@2“1)[)5)}

1
ot? ot3
T (t1,t2)

"t t)f <>ﬁblbzzgz+"p

(A7)

where 0; = Z;n:lfl Z?}i:j-l-l 0ijj’ with Qijjr = [’T — 1£ijjz<0]Kijj’Zij‘ Note that
E(0ijj:0k) = O(b303) for j # € and j' # €', E(pijjr0kp) = O(b1b3) for j = £ and
§' # ¢, and E(g;jj 0%,) = O(b3bs) for j # ¢ and j' = ¢'. Thus,

n o m;—

1 n
(m?)) - ot 2 S 5 Bl -1, K327

= 1 7=1 j'=j+1

1 31.2 3 2
Nblb2;o m3b2by) + NbleZo 3b1b2)

1 n
O(m*v?h?
+Nb1b2 ; (m;byb3)
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— 7(1 — 7)p(t1, t2) % Tz (t1, t2). (A.8)

The desired result then easily follows from (A.7)) and the independence of gy, ...,
On-
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