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Abstract: In this paper, we study the maximum likelihood estimates (MLEs) of
expected frequencies under a loop order restriction in an I x J contingency table.
Some properties of the MLEs are given and an algorithm for computing the MLEs
is detailed. The proposed methods are illustrated by using the data from Wing
(1962).
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1. Introduction

Consider a 3 x 3 contingency table with observed frequencies m;; and cor-
responding expected frequencies p;;, 7, j = 1,2,3. The local odds ratios ;;
are written as ¢;; = (tij X fit1,j+41)/ (i j+1 X piy1,;) for 4,5 = 1,2. The local
odds ratios are said to obey a loop order if the inequalities 911 < 119 < 199 and
P11 < P91 < Yoo are satisfied. We write this as the loop order by

P11 < P12, P21 < s (1)

The problem is to find the MLE of ;1;; under the above restriction.

Fienberg (1978), Haberman (1974), Simon (1974), Goodman (1979), Agresti
(1987) and others formulate associations based on scores of column and row ef-
fects in contingency tables and obtain estimates of expected frequencies. Loop
order is a particular model in their papers. We consider estimating expected
frequencies under the loop order without assigning the scores of row and column
effects. Darroch and Ratcliff (1972) give an algorithm for generalized scaling
loglinear models when the expected frequencies are restricted by some equalities.
For the case of local homogeneous odds ratios several authors, such as Agresti
(1984) and Yanagawa and Fujii (1990, 1995), consider estimating expected fre-
quencies and give an algorithm to obtain MLEs. For 2 X r contingency tables,
Shi (1991) discusses MLEs when the simple order or loop order of odds ratios
is satisfied. Agresti and Coull (1998) consider the order-restricted inference for
monotone trend alternatives in contingency table. Lemke and Dykstra (1984)
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propose an algorithm of the multinomial maximum likelihood estimates with
multiple cone restrictions. In our paper, based on iterative proportional fitting
(Darroch and Ratcliff (1972)) and isotonic regression, an algorithm to obtain
the estimates under the loop order is presented. Some results about isotonic
regression are given in Section 2. Iterative proportional fitting (IPF) was first
presented by Deming and Stephan (1940), further details on uses of IPF, see
Agresti (1990, pp.185-186), (1984, pp.65-66) and Bishop, Fienberg and Holland
(1975, pp.76-102).

In Section 2 of this paper, isotonic regression is reviewed. Section 3 describes
the existence and uniqueness of the MLE of y;5, 4, j = 1,2, 3 under the loop order
restriction. Section 4 is devoted to the proposed algorithm for computing the
MLEs. In Section 5, we show how the algorithm may be generalized to I x J
tables. In Section 6, an example of the use of the algorithm is presented.

2. Isotonic Regression

We review certain results about isotonic regression which may be found in
Robertson, Wright and Dykstra (1988). In n-dimensional Eucliean space R",
define an inner product with weight w = (wy,...,wy) and a norm as

(Y, 2)w = Z Yiziwi (2)
i=1

for any y,z € R", where w; > 0,7 = 1,...,n, and > ;w; = 1. The vector
0 = (61,...,0,) is said to satisfy the simple loop order if ¢; < 6; < 6, for
i=2,...,n—1. Let G denote the loop order cone G = {6} when 6 satisfies the
loop order.

Definition 1. Let z € R". Then z* = (x7,...,2}) is called isotonic regression of
x on G with weight vector w if z* € G and (z—z*, z—2"),, = mingeg(z—0,x—0),.

Theorem 2.1. If x* is isotonic regression of x on G with weight vector w if
(r —x*,2%), =0 and (x — 2*,y), <0, for any y € G.

Corollary 2.1. For any real function g, we have (x — x*, g(z*)), = 0, where
g9(@*) = (9(z1), ..., 9(z7)).

The pool-adjacent-violater algorithm (PAVA) is commonly used to compute
the isotonic regression z* of x on G with weight w. Let M = (M;j,...,M,) be
the subscript set of x after permutating (x2,...,2,_1) in increasing order with
M; =1 and M, =n. Let z = (21,...,2,) where z; = x), for all i. Let © =
(@1,...,0y) be the weight where &; = wyy,. Let Go = {0} where 0 satisfies the
simple order §; < 6y < --- < 6,. Let Ay(B) = > ;e #iwi/ (D ;epwi), where B
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is a subset of 4,...,n. To obtain the isotonic regression z* of z to GGy under the
weight @, one uses the following.

PAVA

Step 1. if z € Gy, then z* = 2.

Step 2. if there exists j that satisfies z; > zjy1, let B = {j,j + 1}, zp =
Av(B), (:JB = (:Jj + (:Jj+1, zZ = (21, sy Zj—15,RByZj 42y - - - ,Zn) and @ =
(@1, , @1, DBy Djgl, - Wn).

Step 3. Repeat Step 2 until the subscripts are partitioned into [ blocks By, ...,
By satisfying Ay (B1) < -+ < Ay(By), then zf = Ay(By), i € By,
t=1,...,1

3. The Model and Some Properties of MLEs

We assume that the data are distributed as the multinomial distribution.
The log-likelihood function is of the form L(u) = Y35_, Z?Zl mi; log pi; + ¢,
where

ggﬂijzzgmm’:m- (3)

Here p = (pij,i =1,2,3;5 = 1,2,3) and c is a constant which does not depend
on the parameters. Now we suppose, in particular, that log 11 = ag + o + af,
log pi2 = ap + of + a5, log piz = ap + of + of, log po1 = ap + o + of, log pos =
o + o + af + 4, log o = ag + ap + a3 + Y1 + Yo, log s = ap + az + af,
log pze = ap + a + a5 + ¥1 + 3, log uss = ap + aj + a5 + 1 + Y2 + Y3 + Ya.

Assume that Y3, o = Z?Zl aj =0, e, a3 = —a] —ay and o = —af — as.
The loop order in our particular case has
Y1 < tha, Py < Yy, (4)

For the convenience, the likelihood function L(u) is denoted by L(c, 1) where
a = (o, af,ah,af,a5) and 1 = (1,99,13,14). 1t is clear that if (a*,¢*) is
the MLE of (a, %) in L(a,) under (3) and (4), the corresponding values {1;},
based on the log-linear model, are the MLEs of {y;;} under (3) and (4). We call
p;; the restricted MLE of p;;. Let

3 3
Fla,g) =YY (mijlog pij — pij) + m. (5)
i=1j=1

The Hessian matrix of F'(a,v) for o and 1 is negative definite, so F'(a, ) is
strictly concave for o and . This implies that there exists a unique point
(a*,4*) satisfying F(a*,¢*) = max,y F(a,1). In Appendix, a proof may be
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found to show that the maximum point (a*,¢*) of F(a,®) under (4) is just
the MLEs of («,%) in L(a, ) under (3) and (4). We introduce the notation
Ay = mao + ma3 + m3z + m33, Ay = maz + ma33, A3 = mgz + ma3, Ag = mgs.
By substituting w; for m;; in A;, we obtain A7, i=1, 2, 3, 4. For instance,
AT = piy + pi3 + w3y + p33.

We need to find the solution (a*,%*) which maximizes F(«, 1) under (3).
The Lagrangian

—F(a,,\) = —=F (0, )+ A1 (Y1 —¥2)+ A2 (VY1 —¥3) + A3 (Y2 —4) + A (3 —14)
3
-

=17

+A3(h2 — ¥a) + A (3 — 1),

where A = (A1, A1, A3, A4) and the ;s are the Lagrangian multipliers. The Kuhn-
Tucker conditions, (see Mokhtar and Shetty (1979) or Anthony, Francis and Uhl
Jr. (1992)) are usually used to deal with such problems. As —F(a, ) is a strictly
convex function, (a*,1*) is the solution if

Mw

(myjlog pij — pig) —m+ A1(h1 — P2) + A2(1 — ¥3)

Il
—

1 <3, Y3 <y,

N >0, i1=1,2,3,4,
oF 3 3
" Jag :_szw pi) =—m+y > ui; =0,

i=1j=1 i=1j=1

TBar (e = T TR F My — g =0, i=1.2,
oF . § _

"9 @ T T +plhytmes —pis =0,  j=12,
OF * * * *

_3—¢1|(a*,w*) —(mag+maz+maa+mas— o — Moz — Haa — Haz) T A1+ A2 =0,
8F * *

_3—% (a* %) = —(ma3 +ma3 — pa3 — p133) — A1 + A3 =0,
8F * *

" 9s lr ) = —(m32 + m33 — P39 — p33) — A2 + Ay =0,
OF )

_8—1/}4 (Ot* w*) - _(m33 - H33) - A3 - )\4 = 07

)\1(¢2 - ¢1) = 07

)\2@3 - ¢1) = 07

A3(Yg —92) =0,

Ai(s —3) =0
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The above equations correspond to

(A) 91 <93, ¥3 <Y,

B

Mtj = [y js j=123

Ap = A7 (1)

Al 4+ As > AT+ A5 (x2)

A+ Az > AT+ A5 (x3)

Al + As+ A3 > AT + A5+ A (%4)

(C)q A1+ Ao+ A3+ Ay = AT+ A5+ A5+ A} (%D)

7 ="holds in (x1) if 7 <5 and o] <3
(x2) if ¢f <93 and ¢35 < 9]

7 ="holds in (x3) if ] <5 and i < ¥}
(x4)

if 3 <¢j and ¥ <.

” =”holds in (%2

” = ”holds in (4

Finally, we have the following theorem.

Theorem 3.1. (a*,%) is the unique point satisfying F(a*,¢*) = max(q y)ea
F(a,v) if (A), (B) and (C) hold.

4. The Iterative Algorithm

In this section, we propose an iterative algorithm based on Theorem 3.1 to
compute the MLEs of p;; under the loop restriction. In step (n,1) and (n,2),
similar to IPF, we mainly want to assure that the sum of expected frequencies
in every row and column is that of observation frequencies. In Step (n,3), our

main thought is to place weights on the f;; in order to assure the loop order. Let
(0,3)
ij

steps, we go to the stage where Step (n—1,1), Step (n—1,2) and Step (n—1,3)

the starting point p be m;; for i =1,2,3, 5 =1,2,3. As one cycle has three

are satisfied.

1,3)

Step(n, 1) Mg.”) _ Mg;— mz’+/u§i_1’3)

fori=1,2,3, j=1,23.

(n2) _  (n1)

Step(n,2) pf;? = pif Y for i =1,2,3, j=1,2,3.
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A~

5;1’3) = 5;1’2) X %,for t=1or j=1,
(n) A
(n,3) _  (n,2) ay t i 1—t
Hag = = Hoo ( (n—1,3) ) X (An ) ’
(n) (n) A
(n,3) _  (n,2) @9 t ay t i 1-2t
a3 = Ha3 X ( gn_Lg)) X ( gn_Lg)) X (An) )
Step(n, 3) (n) (n) i
(n,3) _  (n,2) as ¢ ay t i 1-2¢
Haa = = 3y = X ( gn_173)) X ( (n—1,3)) X (An) )
(n) (n) (n)
(n,3) _ (n,2) ay ¢ a3 t ay ¢
Mgz = = Mgz = X ( (n—1,3) X (n—1,3) X ( (n—1,3)
n) 4 . V3 (G
! t i 1—4t
() % ()

where t = 1/9 and A= E?’:l my; + Z?:g m1 + 8/9mas + 7/9ma3 + 7/9mso +
5/9m33.

By substituting {ME;L’Q)} for m;; in A and A;, we obtain A" and AE"), by

substituting {ug-l_l’g')} for p;; in 1);;, we obtain the corresponding wi(n_l’g). For
example, gn—1,3) = ng—m) X ugg_l’g)/(ugg_l’g') X ugf_l’g')). The isotonic regres-

sion of z(™ = (a:l(-n), i =1,2,3,4) onto G with the weight vector w® = (wi(n),
() i=1,2,3,4)

i =1,2,3,4) is denoted by @™ = P (™|G), where @™ = (a,
and G is the convex cone formed by the loop order restriction (4). Note that, in

the above algorithm, the weights wgn) are Al(n), 1=1,2,3,4, and a:l(n) is denoted

by Aisz(”_l’?’)/Al(”), i =1,2,3,4. The /,LZ(-;L’I) satisfy /,LZ(-Z’I) = m;4 for all ¢, and
the ,ug-m) satisfy ,ugf]?l) = my; for all j. Furthermore, we have wzgng) = wz-(n’l) =
"B and Y = (pi" @) (AR ) AV i = 1,2,3,4.
Now, we explain Step(n,3). We propose Step(n,3) for Conditions (A) and
(C). First, since (a(n) i = 1,2,3,4) is the isotonic regression of z(™ onto G,
)

(n) < agn). Thus 1#1(”’3) satisfies 1/J§n’3) < wén’g'), wén’g') <

Y
(n) (n
we have a; ’ < ay 7, ay

in"g), that is, the above algorithm assures the loop order restriction in each step.

(n,2) N *
ij - ANOW oo
only exists in AJ, p35 exists in both A7 and A3, u54 exists in both A} and A3, and
whs exists in all AY, ¢ =1,2,3,4, allowing Step(n, 3). The weight ¢ in Step(n, 3),
satisfies 0 < 4t < 1, the exponents of agn) / wz-(n_l’g) are all the same and the sum
(n,3)
ij

Furthermore, for Condition (C), we want to place weights on g

of exponents of weights in every u is 1. In our algorithm, without loss of

generality, we set t = 1/9.
Proposition 1. If Zle pi > Zle r;, where p;,r; > 0, for all i, then Zle p; log
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(pi/ri) > 0. Furthermore, Zlepi log(pi/ri) = 0 if and only if p; = riy, 1 =
1,...,k (See Lemke and Dykstra (1984)).

In order to guarantee that this algorithm sequence converges to the MLE,
we need some lemmas. Proofs of Lemmas 1, 2 and 3 are given in the Appendix.

Lemma 1. For any n > 1, we have ZZ 123 1u§] )<mcmd21 123 1M2;z1)
Z 12] luz] )_m

Let W1 =7 1mz+log(ml+/uli 13)) W2 Z] 1M 1og(m+]/u(” 13)),
W?E (1/9)ZZ | A; log(al (n) /w(n 1,3) )-|—Alog(A/A”) and m(™2) — 12] )

(n,2)

Hyj " =m.
Lemma 2. W.(n) >0 fori=1,2 or3.

Theorem 4.1. Z 12] 1myj log ,U,Z( s) s increasing in n and converges for

fized s, s =1,2,3, that is, the likelihood functz'on converges.
Proof. We have W(") =53, 23 1 Mij log(uw / (n=1.3) ) WQ(H) =53, Z?Zl

Mg IOg(HU /Hz] ) and W(n Zz 1 Z] 1 My lOg(MU /:u‘(n ) )

2, Z —1 Z —1 m;jlog ,ugj ) is i increasing in n for any fixed s, where s = 1,2,3. By

Lemma 1 and Proposition 1, we have Y35, ZJ 1Mj log(mw/,u(n 8)) > 0. Then

DA ijl mij log(ugj )) is bounded by 323, Z] 1 myjlogmy; for s =1,2,3. So
(n,s)

?:1 22:1 mgj log p;;" converges, that is, the likelihood function converges for
any fixed s, where s = 1,2, 3.

So by Lemma

Lemma 3. If all m;; (i = 1,2,3, j = 1,2,3) are positive, then lim, 4
@™ Y =1, =1,2,3.

Theorem 4.2. If all m;; are positive, the sequence {,ugl)} given in the algorithm
converges to the uniquely restricted MLEs of {pi;}.

(n.s)
ij
subsequence, say {n,}, which satisfies lim,—, ,u(nq’ 9 — 1y, s = 1,2,3). By

the proposed algorithm, we have Z] 1 ,ugbq’ ) = miy. Hence pf, = m;y and

i = mej. From ¢ < " {03 < pr08) | one has ot < 3,05 < ¥
This implies that y;; satisfies (A) and (B), and ¢ = (47, 93,3, 4]) falls under
one of nine conditions:

YT =5 =5 =5 ] =5 <y <y ] = by < by < by;
Y <apy =3 <y Yy < by <3 =y YT <3 <5 = y;
Y] =5 =5 <Yy T <y =y = by b < by < by <y

Proof. Since pu is bounded by Lemma 1, for any sequence there exists a
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For the situation ¢} = 95 < ¢ < ¢, we prove that {u;;} satisfies (C'). Since
1/}Z(nq’3) = (w(nq_l 3))8/9( (nQ))1/9 (Ama/ A)H/9 i=1,2,3, then by Lemma 3, lim,_, | o
limg_ 4 o0 """ =
large g satisfying ag 2 < ag 2 <a( )<a(n‘Z) By the PAVA algorithm of isotonic
regression (see Robertson, Wright and Dykstra (1988)), we obtain a:())n‘I) :;rgn‘Z),
ain‘Z) = ( 2 , that is, A;¢; (nq=1,3) /az(.n‘Z) = Agn‘Z), 1=23,4. By Corollary 2.1 where
glax) = (1 0/a1"q ,...,1.0/a{"), we have "4, A"t jg{me) = 524 qlna),
Then A qpl”q 1.3) / (nq + A w(nq 1.3) /agnq) = Agnq) + Agnq) and ;rgnq) > a&nq),
that is, Agn‘I) gnq) <A wlnq b, Furthermore, we have

w(nq—1,3)

P =limg— 4o agn‘I). So there exists a sufficiently

. gnq—13 Al/}(nq 1,3)

Ap+ Ay — (A] + A3) = lim ( ) — (A7 + 43)

q—+00 (nq) (Ignq)
=, Jim (A4 AT) (A1 4 47 =0
g—-+oo
(nq) (nq)
A — A=A — lim A("‘I) il y = Ay — lim A("‘I) x4
g—+oo ¢lnq g——+o00 1/}1
gnq—l,?))
> — 1 _— = — = 0.
= Al qBI-iI—loo Al pr Al A1 0

By Lemma 3, we have Ay — A} = Ay — limg— 4 A(n‘I) = Ay —limg_ 40 Ay %

(W /(")) = Ay — Ay = 0. Similarly A3 — A% = 0. So we have A; > A%,
Ay + Ay = AT + A5, Ay + A3 > AT+ A5, AL+ Ag + A3 = AT + A5 + A3,
A1+ Ag + Az + Ay = AT+ A5 + A3 + Al

The remaining eight situations are proved by the same method. So {HZ}}
satisfy (C) of Theorem 3.1, that is, {u;;} are the MLE of {y;;} under (4).

5. A Generalization of the Algorithm for an I x J Table

Now we show that the algorithm and the results in Section 4 are also suitable
for an I x J table. Here the loop order is

¢z’j < Yy for i+7<k+L (6)

The following algorithm will provide us with a useful tool for computing the MLE
of the expected frequencies under the loop order. Fortunately, the theorem for
convergence in Section 4 is also suitable for the present algorithm. Notations are
similar to those in Section 4.

Start the algorithm with ,ug.)’g')

= m,; for all ¢ and j.

1,3) (n—1,3)

Step(n, 1) ,ug.l’l) = ,ugl_ miy/piy ", for all i and j.
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Step(n,2) u (n,2) _ ugl l)mﬂ/uﬂ for all ¢ and j.

Z

ugjns)—,ul(yQA/A”, for i=1 or j=1

Step(n:3) § (3 _ (n.2) i (s apy )1/K(/1
Hij ~ = Hij p,q=1 wn 1,3) An
Pq

where A = Z 2m11+2 2m1]+m11+27, 22 o K = (i —=1)(j —1))my; /K

and K = I(I —1)J(J — 1)/4. If we substitute /,LZ(»j ) for m;; in A, we obtain A(™),

Let @™ = (a( - 1,...,1—1,7=1,...,J — 1) denote the weighted isotonic

iy
regression of z(" = (xgl)) under G, where the weight vector is w( = (wfjn))

YE=G=DE=D)/E - otherwise,

and G denotes the cone consisting of vectors restricted by the loop order(6).
Here we let w(n) Agb), and xgj) is denoted by szp n=13) /AZ(;L) where A;; =

Zp:Z+1 Zq:j+1mpq and AE] Zp Z+1 Zl] J+1/Jz(n ) fOl“ Z = 17_[_ 17 j =

1,...J—1.

Theorem 5.1. If all m;; are positive, the sequence {,ugl)} converges to the MLEs
of {1ij} under the loop order (6).

It is readily seen that the proof of Theorem 5.1 is the same as that of Theorem
4.2.

6. Numerical Example

For illustration, the proposed algorithm is used to study the data given by
Wing (1962) comparing frequency of visits with length of stay for 132 long-term
schizophrenic patients in two London mental hospitals (Table 1).

Table 1. Frequency of visits by length of stay for 132 long-term schizophrenic
patients (Wing (1962)).

Length of stay in hospital

at least at least
Frequency of At least 10 years but 2 years but | Totals
visits 20 years  less than less than

20 years 10 years
Goes home, or visited 3 16 43 62
regularly
Visited less than once 10 11 6 27
a month. Does not go
home
Never visited and 16 18 9 43
never goes home
Totals 29 45 58 132
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These data were analyzed by Haberman (1974), see also Fienberg (1978).
From their models, we see that the odds ratios of the data satisfied ¥ = 1o <
13 = 1y, a special case of the loop order. In their papers, they first assigned
the scores of row and column effects and then obtained the MLE of the expected
frequencies. In this paper, we use a method different from that of Haberman
(1974). If we only assume the loop order, what can we obtain the MLE of
expected frequencies? We can obtain the MLE by the proposed algorithm. The
computed results of estimating the expected frequencies are listed in Table 2.

Table 2. MLE of expected frequencies under the loop order for data in Table 1.

Length of stay in hospital

at least at least
Frequency of at least 10 years but 2 years but
visits 20 years  less than less than

20 years 10 years
Goes home, or visited 2.93 16.22 42.85
regularly
Visited less than once 9.9 11.12 5.95
a month. Does not go
home
Never visited and 16.15 17.64 9.19
never goes home
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Appendix

Remark. The maximum point of F(«, 1) under (3) is just the MLE of (o, %)
in L(a, 1) under (2) and (3), that is, the maximum point of F(«, ) under (3)
satisfies (2).

Proof. Let (a*,¢*) be the maximum point of F(a,1) under (3), u;; is the
corresponding expected frequency, A\ = m/ 2;7’:1 2?21 pi; and pi; = Apg;. Then

3 3 3 3
DD Amijlogpiy — pi} = > > {mijlog pij — iz}

i=1 j—1 i=1 j=1
3 3 3
* *
=AY pi— DD py—mlog A
i=1 j—1 i=1 j—1
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3 3
:(A—l)ZZufj—mlog/\

i=1j=1

3 3
= /\ZZufj{l —1/X —log A}.
i=1j=1

Let f(A) = A(1—1/A—logA), so f(A) <O0and f(1) = 0if and only if A = 1. Then
the maximum point (a*,1*) of F(a, ) under (3) satisfies 325, Z] 1 1y = m,
that is, it satisfies (2).

Proof of Lemma 1. By Jensen’s inequality, z{* - 252 - - - 2% < ayz1 + agzs +
-+ + apty, where x; > 0,a; >0,i=1,...,n and >} 1a2—1 Thus

(n)

m3) _ 1 (m2) a) 8 (n2) A

Ha9 §§M22 W 9M22 A_

w3 _1 w2 a1y a7 A

Moz S ghos' gy T ghes —oiay TgHes’ g
() (0N

3 1 ) a1 2 oV T o A

< —
H32 ghs2 ¢§n_173) +9 32 wgn_Lg) +9H32 An
(n)

n3) 1 2 a4 L (n2) a3 L (n2) a5
H33 §§M33 ¢(n_173) gHa3 wz())n_Lg) gHa3 ST

(Lo a" 5 12 A
9'u w(n—l,?)) 9 H33 An’
1

By Theorem 2.1, (z — x*,y),, < 0. Thus Z (A(" 5” /¢(" 1,3) ) < Z
where w = (Agn),Ag ),Agn),Afln)), (agn),ag ),a:()) ),afl )) T = (;1:1,;1:2,;1:3,3:4),
where z; = 4 A" /p" ™Y and y = (41,92, s, 3a) where y; = —1/p{" V.S

we have

3 3
o™+ sy Sy +

1 4 AE”)QE”) A 8 (n,2) 7 (n,2) 7 (n.2) 5 (n2)
92 aim T amlghe tgras g+ g

A .
A 8 n,2 7 n,2 7 n,2 ! n,2
ZA¢+F(§M§2 )+§M§3 )+§M§2 )+§M§3 ))-

Hence Y2, S0, p™Y < (1/9) iy Ay + (A/AM) A" = (1/9) T, A+ A =m.
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Proof of Lemma 2. By Corollary 2.1, we have Zle(AﬂpZ(”_l’?’)/ag”)) =

LA =2 _An where w= (A, ASY, A, A, w= (A /AT g

(A AT and @, = (@, d), y = (=176l —1/alM).
Since —log x is a convex function, we have by Jensen’s inequality

() A
Wgn_ ZA log )—I—Alog;l4
4 1 (n—1,3) ~
9 z¢ A
> — 9 + Alog —
;a m— A) Ar
_ i (m — ) i A
=(m— A)log ) An+Alogﬁ,

where m(2) = m,. By Proposition 1, we have WZ.(") >0,1=1,2,3.

Proof of lemma 3. By the expressions given for Wz-(n), we have Z%Zl W,gn) =

Zz 12 1mzy log(ugj )/Ngl ")), By Theorem 1, lim, o Yo Wkn) = 0.

Because W™ is nonnegative, we have limn_>+oo W,E,n) =0k =1,2,3. From

k
Proposition 1, we have lim,_, ZZ_ ZZ_ A;limg, 4 oo A" = A. Fur-
thermore, because S+ A Zl/}i(n L3 / E") =1, AZ(- ), we may have : 3 M > 0,
Vn, 1/11(”_1’3)/ al(-n) < M(i=1,2,3,4). Then for any sequence, there exist a subse-

quence {n;} and a constant a;(i = 1,2, 3, 4) satisfying lim;_, 4o wi(n"_l’g)/agnj) =
aq; limy, 1o W(n] =1/9 Zf_ A; log a_ = (0 and 23:1 Aja; = limj_ 4 o 23:1
Zl/}(nj_13 /a; (nj) = hm]_)_erOZ (n]) = S} | A;. Since —logx is a strictly

convex functlon, by Jensen’s 1nequahty we have

4
0= ZAZ' log a; !
i=1

4 4 4
> = Ailog(d | Aiai/ > Ay)
i=1 i=1 i=1
4 4 4
== Ailog(d_Ai/> A) =
i=1 i=1 =1

Furthermore we have a; = a2 = a3 = a4 = 1, so lim,— 4 wz-(n 13)/(15”) =1,

i=1,23.
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