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Abstract: We establish a central limit theorem and an invariance principle for
stationary random fields, with projective-type conditions. Our result is obtained via
an m-dependent approximation method. As applications, we establish invariance
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1. Introduction

Markos ([910) proved a central limit theorem for a two-state Markov chain.
That initiated one of the longest histories in probability theory, the central limit
theorem for stationary processes. One successful approach is the martingale
approximation method, first applied by Gordin (I969) and then developed by
many other researchers. Along this line, Maxwell'and - Woodroofé (2000) proved
the following result. Let {X}}rez be a stationary process with X = f o T* for
all k € Z, where f is a measurable function from a probability space (2, .A,P)
to R, and 7' is a bimeasurable, measure-preserving, one-to-one and onto map on
(©,A,P). Consider

Su(f) =D foT* (1.1)
k=1
Let {Fi}rez be a filtration on (2, A, P) such that T-'F, = Fi,1 for all k € Z.

Suppose [ f2dP < oo, [ fdP =0, f € Fo (i.e., the sequence is adapted), and
E(f | Ngez Fr) = 0. Maxwell and Woodroofe proved that if

S B | Rl (1.2
k=1

1372 < 00,

then 02 = lim,,_,o, E(S2)/n exists, and

Sn(f)

NG = N(0,0%).
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Here ‘=’ denotes the weak convergence of the random variables (convergence
in distribution), and the L? norm |||, is with respect to the measure P. Note
that (I2) is implied by

— |[E(f o T* | Fo)l2
> 7 <00, (1.3)
k=1

Condition () is referred to as the Maxwell-Woodroofe condition. Later

on, Peligrad and Utey (2005) showed that (I2) also implies the invariance prin-
ciple. Indeed, let {B(t)};c[0,1) denote the standard Brownian motion. Then, (I2)

implies
Vn

where |z] denotes the largest integer smaller or equal to z € R and ‘=" is un-
derstood as the weak convergence in C]0,1]. Furthermore, Peligrad and Utev
showed that (I2) is the best possible (among conditions that only restrict the
size of ||E(Sn(f) | Fo)lly). See also Dedecker, Merlevéde, and Volny (2007) and
Durieu and Volnyi (2008) for comparisons of Conditions (I2) and (I=3) with other
sufficient conditions for central limit theorems. For non-adapted sequences (i.e.,

= JIB(‘):

f ¢ Fo), a similar condition guaranteeing the invariance principle is established
by (2007). Other important references on central limit theorems by mar-
tingale approximation include Gordin and Tifsid (T97R), Kipnis and Varadhan
(986), Woodroofd ([992), Wi and Woadroofd (2004), Dedecker, Merlevede, and
Volny () [Peligrad, Utev and Wu (2007), among others, and Merlevéde!
Peligrad, and Utevi (2006) for a survey. The martingale approximation can also
be applied to establish invariance principle for empirical processes, see for ex-
ample Wil (2003, 2008), and for random walks in random environment, see for
example Rassoul-Agha and Seppalainen (2005, 2O07).

In this paper, we establish a central limit theorem and an invariance principle

for stationary multiparameter random fields. We briefly mention a few results in
the literature. Bolthansen (T982), Goldie and Morrow (I'986) and Bradley (989)
studied this problem under sultable mixing conditions. Basu and Dorea (T979),
([995), and Poghosyan and Reelly} (T998) considered the problem for
multiparameter martmgales Another important result is due to Dedecked (T998,
2001), whose approach was based on the Lindeberg method. As a particular case,
Cheng and Hd (2006) established a central limit theorem for functionals of linear
random fields, based on a lexicographically ordered martingale approximation.
Here, we aim at establishing the so-called projective-type conditions such that
the central limit theorem and invariance principle hold. Such conditions, often in-

volving conditional expectations as in (I2) and (I=3), have recently drawn much
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attentions in central limit theorems for stationary sequences (see e.g., Dedecker]
Merlevede, and Volny (2007)). In particular, such conditions are easy to verify
when applying such results to stochastic processes from statistics and economet-
rics (see e.g., Wai (2011)). However, central limit theorems for stationary random
fields based on projective conditions have been much less explored.

This problem is not a simple extension of a one-dimensional problem to
a high-dimensional one. An important reason is that, the main technique for
establishing central limit theorems with projective conditions in one dimension,
the martingale approrimation approach, does not apply to (high-dimensional)
random fields as successfully as to (one-dimensional) stochastic processes. This
obstacle has been known among researchers for more than 30 years. For example,
Bolthausen (T987) remarked that ‘Gordin uses an approximation by martingales,
but his method appears difficult to generalizes to dimensions > 2.’

Our result, with a condition similar to (I=3), is a first attempt of extending
central limit theorems with projective-type conditions to the multiparameter
stationary random fields. The result is obtained by a different approximation
approach, namely, approximation by m-dependent random fields.

To state our main result, we start with some notations. We consider a product
probability space (2, A,P), a Z%indexed-product of i.i.d. probability spaces in
form of

(Q.AP) = (R™, BY, PP,

Write e;(w) = wp, for all w € RZ" and k € Z%. Then, {€k}pezae are ii.d. random
variables with distribution P. On such a space, we define the natural filtration

{Frtreza by
Fri=o{e: 12 k1e€Z, forall keZ. (1.4)

Here and in the sequel, for all vector € RY, we write = (z1,...,24) and for
all ke R% let I < k stand for [; < k;,i=1,...,d.

We focus on mean-zero stationary random fields, defined on a product prob-
ability space. Let {T}},cz¢ denote the group of shift operators on RZ’ with
(Thw); = wiyy, for all k1 € 7% w € RZ?, Then, we consider random fields in
form of

{f 0 Tk }peza » equivalently {f(epss: 1l € Z%)}yepa
where f is in the class £ = {f € LP(Fw), [ fdP = 0},p > 2, with Fys =
Vieza Fi-

Throughout this paper, we consider a sequence {V,, },en of finite rectangular

subsets of Z¢,

d
Vo =[[{1....m{"} € N?, forall n € N, (1.5)
i=1
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(n)

with m, "’ increasing to infinity as n — oo for all ¢ =1,...,d. Let
Sulf) = S(Va /)= foTy (1.6)
keV,

denote the partial sums with respect to V;,. Moreover, write for ¢ € [0, 1], V,,(t) =
1,0, m{™t] ¢ R? and Ry, = [T, (k; — 1, k] € R? for all k € Z4.
We write also

Boi(f) =By, (/) = > AVa(t) N Ry)f o Ty, (1.7)

keNd

where ) is the Lebesgue measure on R¢, and consider the weak convergence in
the space C[0,1]%, the space of continuous functions on [0, 1]¢, equipped with
the uniform metric. Recall that the standard d-parameter Brownian sheet on
[0,1]¢, denoted by {B(t) }+c[o,1)¢, is @ mean-zero Gaussian random field with co-
variance E(B(s)B(t)) = [, min(s;, t;), s, ¢ € [0,1]% Write 0 = (0,...,0),1 =
(1,...,1) € Z%. 1In parallel to (I3), our projective-type condition involves the
term

Ragl) = Y LT LT (15)

d 1/2
keNd Hi:l ki

and our main result is the following.

Theorem 1. Consider a product probability space described above. If f € L2,
f e Fo and Aga(f) < oo, then

2
o2 — fim BT _
n—oo |Vn‘

Sn(f)
|Vn‘l/2

exists and

= N(0,0%).

In addition, if f € L5 and Ad,p(f) < 0o for some p > 2, then

By,.(f)
|Vn|1/2

= oB(+) (1.9)

in C[0,1]¢.

For the sake of simplicity, we will prove Theorem 1 in the case d = 2 in
Sections 3 and 4.

We develop two applications of the main result. First, we obtain a central
limit theorem for orthomartingales, a special class of multiparameter martingale
(see e.g., Khoshnevisan (2002)), defined on a product probability space. To the
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best of our knowledge, assuming the product structure of the probability space,
this result is more general than existing central limit theorems for multiparameter
martingales (Basn_and Dorea (1T979), Nahapetian (T995) and Poghosyan and
Reelly (T998)). We provide a detailed discussion in Section 5. In particular, we
demonstrate that one should not expect a central limit theorem even for general
orthomartingales, without extra conditions on the structure of the underlying
probability space.

Second, we obtain an invariance principle of functionals of stationary causal
linear random fields in Section 6. This result extends the work of MW (2002)
in the one-dimensional case. Another central limit theorem for functional of
stationary linear random fields has recently been developed by [Cheng and Ha
(2006), following the approach of Ho and Hsing (T997) and Cheng and Hd (2005)
in the one-dimensional case. We provide simple examples where our condition is
weaker.

Remark 1. After we finished this work, EI Machkouri, Volny, and Wu (2013)
obtained a central limit theorem and an invariance principle for stationary ran-
dom fields, in the similar spirit as ours. They took also an m-approximation
approach, based on the physical dependence measure introduced by MWai (2005).
Their results are more general, in the sense that they established invariance prin-
ciple for random fields indexed by arbitrary sets instead of rectangle ones. Their
conditions are not directly comparable to ours. However, in the application to
functionals of linear random fields, their condition on the coefficients is weaker
(see Remark 9).

The paper is organized as follows. In Section 2 we provide preliminary re-
sults on m-dependent approximation. We establish the central limit theorem in
Section 3 and the invariance principle in Section 4. Sections 5 and 6 are devoted
to the applications to orthomartingales and functionals of stationary linear ran-
dom fields, respectively. In Section 7, we prove a moment inequality that plays
a crucial role in proving our limit results. Some other auxiliary proofs are given
in Section 8.

2. m-Dependent Approximation

We describe the general procedure of m-dependent approximation in this
section. In this section, we do not assume any structure on the underlying prob-
ability space, nor the filtration structure. Instead, we simply assume f € L2 =
{f € L*(Q,A,P), [ fdP =0}, and {T}},cze is an Abelian group of bimeasurable,
measure-preserving, one-to-one and onto maps on (2, A, P).

The notion of m-dependence was introduced by Hoeffding and Robbins
(I948). We say a random variable f is m-dependent, if f o Ty, f o T; are in-
dependent whenever |k — | := max;—; __q|ki — ;| > m. The following result
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on the asymptotic normality of sums of m-dependent random variables is a con-
sequence of Bolthansen (T982) (see also Rosén (T969)). Recall {V,}nhen given
at (I3).

Theorem 2. Suppose f,, € L3 is m-dependent and write

07271 = Z E[fm(fm o Tk)] - (2.1)

kezd

Sn(fm)
’Vn‘l/Q

Then,

= N(0,02).

Now, consider the function f € L(P) and define

EXGIY

£l = limsup
n—00

We refer to the pseudo norm defined by |-y, as the plus-norm.

Lemma 1. Suppose f, f1, f2,...€ L4(P) and f,, is m-dependent for all meN. If

i ([~ fully, =0, (23
then
Tr}gnoo Om = n%gnoo [fmlly 4 =10 <o (2.4)
exists, and
Sn(f) 2
TALE = N(0,07). (2.5)

Proof. It suffices to prove (24). We will show that {02 },,en forms a Cauchy
sequence in R. Observe that since f,,, is m-dependent with zero mean,

_ iy 150(fm)ll2

It then follows that

‘0_ - ’ < limsup ||Sn(fm1 - fmg)”?
mi ma| =

Vi + [ fma = fllvie,

which can be made arbitrarily small by taking mj, ms large enough. We have
thus shown that {02},en is a Cauchy sequence in R .

Remark 2. The idea of establishing the central limit theorem by controlling the
quantity || f — fm||v+ dates back to Gordinl (I969), where f,,, was selected from a
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different subspace. In the one-dimensional case, when V,, = {1,...,n}, Zhaoand
Woaodroofd (2008) named ||-[[y,, the plus-norm, and established a necessary and
sufficient condition for the martingale approximation, in term of the plus-norm.
See Peligrad (2010) and Gordin and Peligrad (2011) for improvements and more
discussions on such conditions.

In the next section, we establish conditions under which (2=3) holds.

3. A Central Limit Theorem

From this section on, we focus on stationary multiparameter random fields
defined on product probability spaces. On such a space, any integrable function
has a natural L2-approximation by m-dependent functions, and there is a natural
commuting filtration.

For the sake of simplicity, we consider only the 2-parameter random fields
in the sequel and simply say ‘random fields’ for short. We prove a central limit
theorem here and an invariance principle in the next section. The arguments
can be generalized easily to d-parameter random fields, and the result has been
stated in Theorem 1.

We start with a product probability space with i.i.d. random variables
{€ij} i )ezz- Recall that {T;;}; jyez2 is the group of shift operators on RZ
and write Foo 0o = 0(€; : (i,5) € Z?). We focus on the class of functions
Lh = {f € [P(Feoo) : Ef = 0},p > 2. For all measurable function f € L3,
define, for all m € N,

fm =E(f|Fpmy)  with  Fpy =o(ej:j € {-m,... ,m}?). (3.1)

Clearly, fm € L3, ||f — fmly, = 0 as m — oo and {f, o T} jyez> are m-
dependent functions.

Now, recall the natural filtration {.7:¢7j}(,~7j)ezz defined by Fi; = o(e;; : 1 <
k,j <1). This is a 2-parameter filtration, i.e.,

./T"Z"j C ]:lc,l if i< k,j <lI. (32)

Also,
T—i,—jfk,l = Fk+i,l+j ,V(’i,j), (kv l) € Z2 : (33)

The notion of commuting filtration is of importance to us.

Definition 1. A filtration {F;;}(; jyez2 is commuting if for all Fj, ;-measurable
bounded random variable Y, E(Y|F; ;) = E(Y|Fink,jnt)-
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Since {e€k,i}(x)ez2 are independent random variables, {F;;}; j)ez2 is com-
muting (see Proposition 2 in Section 8). This implies that the marginal filtrations

Fico=\Fij and Fuj=\/Fi (3.4)
§>0 i>0

are commuting, in the sense that for all Y € L!(P),
E[E(Y[Fio0)|Foo,j] = BIE(Y [Foo ) Fico] = E(Y | Fij) - (3.5)

For more details on the commuting filtration, see Khoshnevisan (2002).
For all Fpo-measurable function f € Eg, write

H=Y. foTiy. (3.6)

i=1 j=1

Thanks to the commuting structure of the filtration, by applying twice the max-
imal inequality in Peligrad, Utev, and Wu (2007), we can prove the following
moment inequality with p > 2:

HSmn(f)Hp < le/an/zA(m,n),p(f> (3.7)
with
~x— [ESki(f) | Fr)llp
Am, n)p Z:l ; k3/2l3/2 )

In fact, we will prove a stronger inequality without the assumptions of product
probability space and the Fyo-measurability of f. See Section 7, Proposition 1
and Corollary 2.

Recall that

[E(f o They | F1,1)llp
Doyl Z k1/211/2 ' (3.8)
k=1 I=1

Now we prove a central limit theorem for adapted stationary random fields.

Theorem 3. Consider the product probability space above. Let {V,}nen be as
in (IH) with d = 2. Suppose f € L3, f € Foo, and define fy, as in (BX). If
Aga(f) < oo, then

nli_lgloo If— meV,+ =0

Thus, o = limy,—e0 || fimlly . < 00 exists and S (£)/Val'? = N(0,62).
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Proof. The second part follows immediately from Lemma 1. It suffices to prove
|f = finlly4 — 0 as m — oco. First, by the fact that

k l
IE(Sk(f) | F1,1) ZZ [E(f o Tij | Fia)ll2
=1 :1

and Fubini’s Theorem, we have A (o o) 2(f) < 9&272(1"). So, by (E22) and (B72),
it suffices to show

Roolf = f) = ZHE f—=fm) oDk | Fiallle o (3.9)

1/271/2
k=11=1 k/l/

as m — oo. Clearly, the summand in (BH) converges to 0 for each k,! fixed,
since (B) implies || f — fmlly = 0 as m — oo and ||E[(f — fin) © Tk | Fralll2 <
| f = fimll2- Moreover, observe that

E(fm o Ty | F11) =E[E(f o Tiy | T, —1(Fimy)) | Fr]
=E[E(f o Try | Fr1) | T—pe—i(Fimy)]

where in the second equality we can exchange the order of conditional expecta-
tions by the definitions of 771 and Ty, _;(Fyy) (see Proposition 2 in Section 8
for a detailed treatment). Therefore,

[E[(f = fm) 0 Ty | Fralllz < [[E(f o Tha | Fra)llz + [[E(fim © Thu | Fr)ll2
<2E(f o Thy | Fia)ll2-

Then, the condition AZQ( f) < oo combined with the Dominated Convergence
Theorem yields (B9). The proof is thus completed.

Remark 3. An ‘extension’ of Maxwell-Woodroofe condition (I2) to high di-
mension remains an open problem. Namely if we replace 82,2( f) < oo by
A(oo,00),2(f) < oo in Theorem 3, do we have the same conclusion? The latter
condition is weaker than the former one.

4. An Invariance Principle
Recall the space C[0, 1] and the 2-parameter Brownian sheet {B(®) }eefo,12-

Theorem 4. Under the assumptions of Theorem 3, suppose in addition that
[ €Ly and 5271;(]0) < oo for some p > 2. Write Bp(f) as in (IZ0) with d = 2.
Then,
Bn,.(f)
|V |1/2

where ¢ = stands for weak convergence of probability measures on C[0,1]?.

= oB(.),
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Proof. It suffices to show that the finite-dimensional distributions converge, and
{Bn,t(f)/lvn‘1/2}te[0,1]2 is tight;
We first show that, for all £ = (¢, ... t(*)) c [0,1]?,

<Bn,t<1> (f) B, 10 (f)

Buwlf) - Buwlf) WY .. BEOY) —: o
TAECRNTARE ) = o®EV), - BEW) = 0B (41)

Consider the m-dependent function f,, defined in (Bd). The convergence of
the finite-dimensional distributions (B=0) with f replaced by f, follows from the
invariance principle of m-dependent random fields (see e.g., Shashkin (2003)).
Furthermore, by Theorem 3, &272(f) < ﬁzp(f) < oo, sothat ||f — fimlly, . — Oas
m — 0o, and therefore, letting §n7't~(f)/|Vn]1/2 denote the left-hand side of (ET),
En,;(fm — )/|Val'? = (0,...,0) € R¥ in probability. The convergence of the
finite-dimensional distribution (21) follows.
Now we prove the tightness of { By, ¢(f)}iejo,1)2- Fix n and consider

Vn:{l,...,nl}x{l,...,ng}.

Write By, = By (f) and Sy, p = Smn(f) for short. For all 0 <r; <51 <1,0<
r9 < 59 < 1, set

Bn((rla 31} X (T27 32]) = Bn,(sl,SQ) - Bn,(r1,32) - B’n,(S1,7‘2) + Bn,(n,?‘g) .

We will show that there exists a constant C', independent of n,r1,r92,s1 and so,
such that

(n1n2) 2 Bu((r1, 1] % (r2, 82])ll, < CV/(51 —11)(s2 — m2) Do (f) . (4.2)

Inequality (E72) implies the tightness, by Nagai (1974/75), Theorem 1.

Now, we prove (2) to complete the proof. From now on, the constant C' may
change from line to line. Write m; = |n;s;| — [nirs |, i =1,2. Iif m; > 2,i =1, 2,
then

[1Bn((r1, s1] % (r2; s2])llp < 1Smamolly, + 201Sma 1 llp + 2051.ma llp + 4111115

Here, we first write By, ((r1, s1] X (72, s2]) as the sum of Sy, m, and the partial
sums over boundary regions, and then we simply bound the boundary widths
by 1. Thus, by (81),

IBa((r1ss1] x (ra, sa))llp < Clmima)* Ao, (f) (4.3)

for some constant C. Note that m; > 2 also implies n;(s; — ;) > 1. Therefore,
m; < ni(s;—r;) +1 < 2n;(s; —r;), and (B33) can be bounded by C(nina)'/?[(s1 —
71)(s2 — 72)]/2As ,(f), which yields (222).
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In case m; < 2 or ma < 2, to obtain (E4) requires more careful analysis.
We only show the case with m; = 1, mo > 2, as the proof for the other cases are
similar. Suppose that m; = 1 and we exclude the case niry = [nir1]| = [nir1]
(it is easy to see that this case can be eventually controlled by continuity). We
have nir < [niri1] = [nisi1] < nisi, and then

B ((r1, s1] X (12, s2])lp < na(s1 = r1) ([|S1,msll, + 2/1511]lp)
<Cni(s1 — rl)méﬂ&&p(f) .

Observe that m; = 1 also implies ni(s; — r1) € (0,2). If ni(s; —r1) < 1,
then ny(s; — 1) < [ni(s1 — r1)]Y2. If ni(sy — 1) € (1,2), then ni(s; — 1) <
V2[n1(s1 —r1)]/2. Tt follows that (E=2) still holds.

Remark 4. To prove the invariance principle of stationary random fields, most of
the results require a finite moment of order strictly larger than 2. See for example
RBerkes and Morrow ([[981), Goldie and Greenwood (T986), and Dedecker (2001).
This is in contrast to the one-dimensional case, where the invariance principle
can be established with the finite second moment assumption. One of the key
ingredients missing in high dimensions is a maximal inequality similar to the one
established by Peligrad and Utevi (2005) (see also Peligrad, Utev, and Wu (2007);
Volnyi (2007)).

To the best of our knowledge, the only invariance principle so far for sta-
tionary random fields that assumes finite second moment is due to Shashkin
(2003), where the random fields are assumed to be BL(6)-dependent (including
m-~dependent stationary random fields). In general the BL(f)-dependence is dif-
ficult to check. Besides, Basnand Dorea (T979) proved an invariance principle for
martingale difference random fields with the finite second moment assumption,
but they have different conditions on the filtration (see Remark 6 below). In our
case, it remains an open problem: whether Ago(f) < oo implies the invariance
principle. See also a similar conjecture in Dedecker (2001), Remark 1.

5. Orthomartingales

The central limit theorems and invariance principles for multiparameter mar-
tingales are more difficult to establish than in the one-dimensional case. This is
due to the complex structure of multiparameter martingales. We will focus on
orthomartingales first and establish an invariance principle, and then compare
the results on other types of multiparameter martingales.

The idea of orthomartingales is due to R. Cairoli and J. B. Walsh. See
e.g., references in Khoshnevisan (2002), which also provides a nice introduction
to the materials. For the sake of simplicity, we suppose d = 2. Consider a prob-
ability space (2, A,P) and recall the definition of 2-parameter filtration at (B=2).
We restrict ourselves to the filtration indexed by N2,
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Definition 2. Given a commuting 2-parameter filtration {F;;} ¢ jjen2 on (€2,
A, P), we say a family of random variables {M; ;}(; jjen2 is a 2-parameter or-
thomartingale on (Q, A, P), with respect to {Fi;} ¢ jene, if for all (i,j) € N2,
M, ; is F; j-measurable, and E(M;41; | Fioo) = E(M; j+1 | Foj) = M; ;, almost
surely.

In our case, for Fpo-measurable function f € E%, Mpn = Smn(f) asin (B0)
yields a 2-parameter orthomartingale if

E(foTit1,; | Fioo) =E(f o Tijt1 | Foo,j) = 0 almost surely, (5.1)

for all (i,7) € N°. In this case, we say {f o T} jjenz are 2-parameter or-
thomartingale differences.

Remark 5. In our case, {M;;}(; jene is also a 2-parameter martingale in the
normal sense, i.e., E(M;; | Fr1) = Mink jai, almost surely. Indeed,

E(M,;

Fi) = E[E(M; ;

Frioo) | Foot] = E(Minkj | Foot) = Mink,jni -

In general, however, the converse is not true, i.e., multiparameter martingales are
not necessarily orthomartingales (see e.g., Khoshnevisan (2007) p. 33). The two
notions are equivalent when the filtration is commuting (see e.g., Khoshnevisan
(2002, Chap. I, Thm. 3.5.1)).

Theorem 5. Consider a product probability space (2, A,P) with a natural fil-
tration {Fij} jenz. Suppose f € L§ and f € Foo. If {f o Tij}ijjenz are 2-
parameter orthomartingale differences (51) holds, then o2 = lim,, oo E(S,(f)?)
/IVa|? < 0o exists, and
Sn(f)
|Vn‘1/2

In addition, if f € L} for some p > 2, then the invariance principle (I9) holds.

= oN(0,1).

Proof. Observe that, (5) implies E(f o T; j | F1,1) =0if ¢ > 1 or j > 1. Then
for f € LE,p> 2,

Ao (f) = IE(f o Tra | Fr)llp = £, < o0

The result then follows immediately from Theorem 1. Note that the argument
holds for the general d-parameter orthomartingales (d > 2) defined in Khosh-

nevisanl (2007).

Remark 6. Our result is more general than those in Basuand Daorea (1979), Na2
hapetian (1995) and Poghosyan and Reelly] (T998) in the following sense. Let be
{€ij} (i )ezz be ii.d. random variables. In Nahapetian (I995), a central limit
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theorem was established for the so-called martingale-difference random fields
{Mi,j}(i,j)€N2 with Mi,j = 22:1 Zgzl Dk,l, such that

E[Djj | o(exy: (k,1) € Z2, (k,1) # (i, §))] = 0, for all (i,j) € N*.

In Basuand Darea (1979) and [Poghosyan and Reelly (T99R), the authors consid-
ered the multiparameter martingales {M; j}(; j)en> With respect to the filtration
.7?2-,]' = o(egy  k < iorl < j). It is easy to see, in both these cases, the as-
sumptions are stronger in the sense that they imply that {Mi,j}(i,j)eN2 is an
orthomartingale with the natural filtration {F;;}(; jjene (). On the other
hand, the results in Basn_and Dorea (T979) and Poghosyan and Reelly (T99R)
only assume that {e;;}(; j)ez2 is a stationary random field, which is weaker than
our assumption.

Remark 7. By assumption, the o-algebra of {7} ;} ;jcz2-invariant sets is P
trivial. Therefore, our results are restricted to ergodic random fields, and exclude
the simple case

Xij=Ye (i,§) € 22,
where Y is a random variable independent of {ei,j}(i,j)€Z2- Clearly, if €gp has
zero mean and finite variance o2, then

1 n n
EZZXM;»YZ,

i=1 j=1

where Z ~ N(0,0?) is independent of Y. For central limit theorems on non-
ergodic random fields, see for example Dedecker (T99R, PIIIT).

Finally, we point out that the product structure of the probability space
plays an important role. We provide an example of an orthomartingale with a
different underlying probability structure. In this case, the limit behavior is quite
different from the case that we have studied so far.

Example 1. Suppose {ex}rez and {ng}rez are two families of i.i.d. random
variables. Define G; = o(¢j : j < i) and H; = o(n; : j < @) for all ¢ € N. Then
G = {Gn}nen and H = {Hy }nen are two filtrations.

Now, let {Y}, }nen and {Z,, }nen be two arbitrary martingales with stationary
increment with respect to the filtration G and H, respectively. Suppose Y,, =
Sow o Di, Zy =" Ei, where {Dy, },,en and {E, }nen are stationary martingale
differences. Then, {D;F};}(; jyen2 is a stationary random field and

m

My =Y Zn: DiEj =Y Zn
i=1 j=1
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is an orthomartingale with respect to the filtration {G; V H;}(; jyenz. Clearly,

Mg _ Yn Zn

where the limit is the distribution of the product of two independent normal

random variables (a Gaussian chaos). That is, M, ,/n has an asymptotically
non-normal distribution.

One can also take M,, , =Y, + Z,, which again gives an orthomartingale,

and {D; + Ej}(i,j)eNQ is the corresponding stationary random field. This time,
one can show that

= N(0,0%) x N(0,0%),

Mnn Yn Zn 2 2

= = —+ — = N(0,0y +0%).

\/ﬁ \/ﬁ \/ﬁ ( » VY Z)

Here the limit is a normal distribution, but the normalizing sequence is /n
instead of n.

This example demonstrates that for general orthomartingales, to obtain a
central limit theorem one must assume extra conditions on the structure of the
underlying probability space. For the structure mentioned above, there is no m-
dependent approximation for the random fields. Indeed, the example corresponds
to the sample space 2 = (RZ, RZ) with [T} (€, n)]i; = (€i+k,Mj+1), and if we define
fm similarly as in (B) with

f<m> = O'(Ei,?’/j —m S /ij S m)a

then f and f o T}, are independent if and only if min(k,l) > m. That is, the
dependence can be very strong along the horizontal (the vertical resp.) direction
of the random field.

Remark 8. We thank an anonymous referee for drawing our attention to a
recent paper by Gordin (2009), where conditions are established for sequences
of stationary random fields so that they can be represented as the sum of two
sequences, one a multiparameter martingale and the other a co-boundary. Thus,
one could establish a central limit theorem for stationary random fields through
an approximation by multiparameter random fields.

6. Stationary Causal Linear Random Fields

We establish a central limit theorem for functionals of stationary causal linear
random fields. We focus on d = 2. Consider the stationary linear random field

{Zi,j}(i,j)€Z2 With

Zi,j = Z Z Ay s€i—rj—s = Z Z Qj—r,j—s€r,s (61)

reZ sEL rel sEZL
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where the coefficients {a; ; }(; jyez2 satisfy 3= (; jeze a%j < oo, and the {e€; ;} (i jyez2
are i.i.d. random variables with zero mean and finite variance. We restrict our-
selves to causal linear random fields, that is, a; ; = 0 unless ¢ > 0 and j > 0.
They are also referred to as adapted to the filtration {F; ;} ¢ jez2-

Now, consider the random fields {f o Ty} 1 )ez2 With a more specific form

f=K{Z; }2’0), where h is a fixed strictly positive integer, K is a measurable
function from R" to R and, for all (k,1) € 72,

(Zighh = {Z k—h+1<i<kl-h+1<j<I}

is viewed as a random vector in R" with coordinates lexicographically ordered.
In the sequel, the same definition applies similarly to {xu}il given {z; ;}(; j)ez2-
Assume that

EK({Zi;}9°) =0 and EKP({Z;;})°) < o (6.2)
for some p > 2. In this way,
foT =K{Zi}h. (6.3)

The model (E33) is a natural extension of the functionals of causal linear processes
considered by W (2002).

We introduce a few notations similar to those in Ho and Hsing (I997) and
Wii (2002). Our ultimate goal is to translate Condition (BX) into a condition on
the regularity of K and the summability of {a;;}( jezz. For all (i,5) € Z?, let

U(i,5) = {(r,s) € 2% :r <i,s <j}, (6.4)

and write

Zi:j = Z Qj—r j—s€rs

(r,s) €l (4,5)

= § Qi—rj—s€rs + § Qj—r j—s€rs

(r,s)€l'(i,7)\I'(1,1) (r,s)el’(1,1)
=:Zij+ + Zij— -

Write Wy, = {Zi;_}" and define, for all (k,1) € Z2,
k,l k,l
Kii({zij}y") = EK({Zij+ +zijhy) -
In this way,
E(f o TkJ | f171) = Kk,l({Zi,j,_}z’l) = Kk,l(Wk,l,f) . (65)

Plugging (B3) into (BR), we obtain a central limit theorem for functionals of
stationary causal linear random fields.
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Theorem 6. Consider the functionals of stationary causal linear random fields
(B3). If (B2) holds and

[ Ky (Wi, =),

|
Z Z L1/2]1/2 <0 (6.6)

k=11=1

for p =2, then 02 = lim,_,o E(S2)/n% < 0o exists and Sy /|Vy|'/? = N(0,02).
If the conditions hold with p > 2, then the invariance principle (C9) holds.

Next, we provide conditions on K and {a;;}; ez such that (E8) holds.
For all A C Z2, write

Z Qi €4 —j and AA: Z a%j. (6.7)
(i,5)eA (i,9)eA

In particular, our conditions involves summations of a; ; over the following type
of region:
Ak, 1) == {(i,§) € 2% :i > k,j > 1}, (k,1) € Z°.

For the sake of simplicity, we write Ag; = Ap,). The following lemma is a
simple extension of Lemma 2, part (b), in Wi (2002).

Lemma 2. Suppose that there exist a, 5 € R such that 0 < a <1< 8 < o0 and
E(le|??) < oo. If

| K () — K(y)|

M2 5(W11) < oo with My g(z) =  sup , (6.8)
’ R Ik
then, for all p > 2,
1Kkt (W)l = OCARL ) - (6.9)

The proof is deferred to Section 8. Consequently, Condition (68) can be
replaced by specific ones on Ay, ;.

Corollary 1. Assume there exist o, B E€R as in Lemma 2. Consider the function-
als of stationary linear random fields in form of (623). Suppose (ER) holds and

o AZ/21 hl+1—h

+1-hl+
g g SO < 00. (6.10)
k=11=1

IfE(|e|P) < oo and (632) hold with p = 2, then S,/n = N(0,02) for some o < co.
If E(|e|P) < oo and (B2) holds with p > 2, then the invariance principle (IC9)
holds.
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We compare our Condition (6I0) on the summability of {a; ;}; jez2, to the
one considered by Cheng and Hd (2006). They only established central limit
theorems for functionals of stationary linear random fields, so we restrict to the
case p = 2. Cheng and Hgd (2006) assumed

ii la; j|'/? < o0, (6.11)

i=0 j=0

and supy 72 EK?(x + Z)) < oo for all z € R with Z defined in (E22), and that
for any two independent random variables X and Y with E(K2(X) + K2(Y) +
K*(X+Y)) <M < oo,

E[(K(X +Y) - K(X))’] < CE(Y?)]" (6.12)

for some v > 1/2. In general, Cheng and Hg (2006)’s condition and ours on the
regularity K are not comparable and thus have different ranges of applications.
We focus on the simple case that h = 1 and K is Lipschitz, covered by both
works. This corresponds to @« = f = 1 in (B8) and v = 1 in (E12). In the
following two examples, our (E10) is weaker than (B-IT).

Example 2. Let a;; = (i +j + 1)79 for all 4,5 > 0 and some ¢ > 1. Then,
A=37202"50 aj; < oo and

A=Y Gk +1+4)7% = O((k +1)>29).
j=1

Here (B10) is bounded by, up to a multiplicative constant,

N (k1) > f(1—q)/2 =2 1(1-q)/2

e 2
ZZ TRL2p1/2 Z E1/2 Z 11/2 §<Zkiq/2>‘

k=1 =1 k=1 =1 k=1

Therefore, (B10) requires ¢ > 2, while (61) requires g > 4.

Example 3. Let a; ; = (i +1)79(j +1)79, for all ¢, j > 0 for some ¢ > 1. Then
A=377202"%0 aj; < oo and

A _ZZ% ~(20-1)1=Qa=1)y | (6.13)

i=k j=I

One can thus check that (610) requires ¢ > 3/2 while (B requires ¢ > 2.
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Remark 9. For the central limit theorem for functionals of linear random fields,
the weakest condition known is due to EI Machkouri, Volny, and Wu (2013)
(Example 1 and Theorem 1), who showed that it suffices to require K to be

Lipschitz and

Z \ai7j| < 00.

7:7j
Furthermore, this result and the one of Cheng and Hd (2006) do not assume the
linear random field to be causal.

7. A Moment Inequality

We establish a moment inequality for stationary 2-parameter random fields
on general probability spaces without assuming the product structure. We first
review the Peligrad—Utev inequality, a maximal LP-inequality in dimension one,
with p > 2. Recall the partial summation in (I) and the related probability
space. Let C denote a constant that may change from line to line. It is known
that for all f € LP(Fu) with E(f | F_s) =0,

| max 181l < On'? (\E(f | Folll, + If —E(f | Fo)ll,

1<k<n
o3 I | Foll, | I18:0) (S !me) )

3/2 3/2
k=1 k/ k=1 k/

This inequality was first established for adapted stationary sequences in [Peligrad
and Ufev (2005), then extended to LP-inequality for p > 2 in Peligrad, Utev]
and Wil (2007). The case p € (1,2) was addressed by Wiand Zhad (2008). The
non-adapted case for p > 2 was addressed by Volny (2007).

For the sake of simplicity, we simplify the bound in (1) by regrouping the
summations. Observe that [E(Sk(f) | Fo)llp < [E(Sk(£) | F0)lps IECS | Fo)ll, =
IE(SL(F) | )l and [1f —E(f | Fo)llp = [S1(F) — E(S1(f) | F1)l- Thus, we
find that

| max 18k
" ||E(S F " S —E(S Fi
) CnW(ZH (S0 Py, $= 1960) = B3| k>||p>. 7
k=1 k=1

Now consider a general probability space (2,4, P), and suppose there exists
a commuting 2-parameter filtration {}—z‘,j}(z',j)ew and an Abelian group of bimea-
surable, measure-preserving, one-to-one and onto maps {Ti,j}(i,j)€Z2 on (Q, A P),



THE INVARIANCE PRINCIPLE FOR STATIONARY RANDOM FIELDS 1691

such that (B3) holds. Define Foo oo = \/(i’j)ezg Fijr Fooooo = Niez Fi,oor and
Foo,—00 = ﬂjeZ Foo,j- Note that when (€2, A,P) is a product probability space,
F 0,00 and Fo _ are trivial by Kolmogorov’s zero-one law.

Recall the definition of S, »(f) in (BM). Given f, write Sy, n = Smn(f) for
the sake of simplicity.

Proposition 1. Let (2, A,P), {T;;} jyez2, and {Fij} i jyeze be as above. Sup-
pose p > 2, f € Lp(]:oo,oo)a and E(f ’ -Ffoo,oo) = E(f ‘ -Foo,foo) =0. Then

dia(f
”Sm n”p < Cm1/2 1/222 k3/2l3/2
k=1 1=1

with
da(f) = [E(Sk | Fr,)llp ) = E(Ska | Fr)llp
HIE(Sk | Foor) — E(Ska | Fr,1)llp
+ Skt = E(Sk | Froo) = E(Sky | Foor) + E(Ska | Fra)llp -

Corollary 2. Suppose the assumptions in Proposition 1 hold.

(i) If f € LP(Foo), then

/2, 1/2 IE(Ska(f) | F1)llp
HSm,n(f)Hp < Cm™*n kz;; k,g/glg/z .

(i) If {f o Tij} (i )ez2 are two-dimensional martingale differences, in the sense
that f € LP(Fop) and B(f | Fo—1) = E(f | F_10) =0, then

1S (F)llp < le/in/QHpr-

The proof of Corollary 2 is trivial. We only remark that the second case
recovers the Burkholder’s inequality for multiparameter martingale differences
established in Fazekas (2005).

Proof of Proposition 1. Fix f. Define 507,1 = Z?Zl foTp, . Clearly,

Sm,nZZZfOTi,j—Z(ZfOTOJ)OTzo—ZSOnoTzo (7.3)

i=1 j=1 =1 j=

Fix n. Observe that ]ESQn = 0 and SOn o T;p is a stationary sequence. Fur-
thermore, {F; o }icz is a filtration, TZ’0 Fioo =T 0Fjc0 = Fitjoo and ]E(Son \
F_s0,00) = 0. Therefore, we can apply the Peligrad-Utev inequality (C32) to
obtain

1 Smnllp < Ot/ (37 K2 | E(Sknl Froo) I+ b2 St~ E(Sknl Fioo)ll )

k=1 Ay k=1 Ay
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We first deal with A;. Define gm,O =>", foT;p. Similarly as in (T3), Sk, =
Z?:l S}m() o T()J‘, and

n n

E(Skn | F1,00) = ZE(gk,O 0 Toj | Fie0) = ZE(gk,O 0 To,j | To,—j(F1,00))s
=1 =1

where in the last equality we used the fact that Ty j(Fi o) = Fi o, for all 4, j € Z.
Now, by the identify E(f | F) o T =E(f o T | T~Y(F)), we have

n

E(Sk’n ’ f17oo) = ZE(gk,O | fl,oo) 9] T()J . (74)
7j=1

Observe that (IZ4) is again a summation in the form of (). Then, applying
the Peligrad—Utev inequality () again, we obtain that

Ay < Cn 2 (ST BIE(Sy | Fiioo) | Fooallly
=1

+Zl_3/2||E(Sk,l | Fl,o0) — E[E(Sk | Fi,o0) | foo,l]Hp) :
=1

By the commuting property of the marginal filtrations (83H), this inequality be-
comes

n

M CnM2 (3 I RIE(S k| Fr) b 2Bk | Frioo)E(Sky | FLolp)-
=1 =1
(7.5)
Similarly, one can show

o= S50 B 7o

n

< OnM2 (I E(Sk | Foo) = E(Ska | Fen)lly
=1

ISk~ E(Skt | Frooo) = E(Sha | Foot) + E(Ska | Fioollp) -
=1

Combining (), (H), and (C8), we have thus proved Proposition 1.

8. Auxiliary Proofs

For arbitrary o-fields F, G, let 7V G denote the smallest o-field that contains
F and G.
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Proposition 2. Let (Q,B,P) be a probability space and let F,G,H be mutually
independent sub-o-fields of B. Then for all random variable X € B, E|X| < oo,
we have

E[EX |FVG)|GVH =EX |G) as.. (8.1)

Proposition 2 is closely related to the notion of conditional independence
(see e.g., Chow and Teicher (1978, Chap. 7.3)). Namely, provided a probability
space (2, F,P), and sub-o-fields Gi,Gs, and G3 of F, G; and G are said to be
conditionally independent given Gs if for all A} € Gy, Az € Go, P(A1 N Ay | G3) =
P(A; | G3)P(Az | G3) almost surely.

Proof of Proposition 2. First we show that 7V G and GV H are conditionally
independent, given G. By Theorem 7.3.1 (ii) in Chow and Teichex (I97R), it is
equivalent to show, forall F € F,G € G, P(FNG |GVH) =P(FNG | G) almost
surely. This is true since

P(FNG|GVH) =16E(1r | GVH) =16E(1r | G) =P(FNG | G) as..

Next, by Theorem 7.3.1 (iv) in Chow and Teicher ([Y7R), this conditional inde-
pendence yields E(X | GV H) = E(X | G) almost surely, for all X € F VG,
E|X| < co. Replacing X by E(X | FV G), we have thus proved (BI).
Proof of Lemma 2. Take Wj,; = {Zm}i’l. Define (and recall that) Wy + =
{Zi,j,i}fl’l. Let Wy — be a copy of Wy, _, independent of Wy ; +. Set Wy 1=
Wit + Wiy -

Recall that Ky, ;(Wy; ) = E(K(Wy,) | Fi,1) in (63). Observe that, by (63),
Wi— € LP(Fi1,1), and Wy 4, Wy — are independent of Fy 1. Therefore, E(K(Wy,) |
]:1’1) = E(K(Wk,l)) = 0, and

Kyt (Wig )| = [E(K(Wiy) — K(Wiy) | Fia)| < E(K (W) — K(Wi)| | Fia)-
Observe that by (63),
| K(Wiy) — K(WN/;C71)| < Ma,b’(Wk,l)(\Wk,l,— - Wk,l,—|a + Wi - — Wk,z,—!ﬁ) :

Write Uy = Wy - — Wk,l,—- By Cauchy—Schwartz’s inequality, and noting that
E(|Ma,s(Wia)|* | Fi1) = [Ma,s(Wi)l3 = |Ma,6(Wi,1)[3, we have

| Kt (Wiet, )| < | Ma s (Wi )2 {BI(Ukal® + Uk ?)? | Fral}?,
whence for p > 2,

1Kt (Wit lp < 1Ma s (W) 21T + [Yieal Il
<N Ma s (W) 2l Tsal*llp + 11¥ia 1) -
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Finally, since for all v > 0 and n € N there exists a constant C'(y,n) > 0 such

that and for all vector w = (w1, ...,w,) € R,
w = (Y w?)’ < ctrm (P ul),
i=1 i=1

it follows that for all v > 0,
E(|Ukt?) = B(|Wiy— — Wii— ) = B({Zij— — Zij-}7"1?)

=O[E( Y (Zis-—Ziy )]
k—h<i<k
I—h<j<l
By Wii (2002), Lemma 4, under the notation (62), E(|e|?V?Y) < oo implies that
for all A C Z2, E(]Z5|*) < CA] for some universal constant C. It then follows
that E(|Ug,*") = O(A],1_p141_p)- Consequently, (82) yields

a/2 2
1kt (Wa, I, < 1Mo s (W)l |OCAR o iirn) + O(ALS o iia i)

a/2
- O(Akil—h,l—i-l—h) :

The proof is thus completed.
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