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1. Some assumptions

Assumption A. Samples satisfy the following independent component structure

yi = µ + Γxi, i = 1, ..., n,

where Eyi = µ, Γ = [diag(Σ)]1/2R1/2 and xi = (x1i, ..., xpi)
T .

Assumption B. Assume that {xji, j = 1, ..., p, i = 1, ..., n} are independent and identically

distributed (i.i.d.) with

Exji = 0,Ex2
ji = 1, E(|xji|4(log(|xji|)2+2ε)) <∞

for a small positive number ε > 0.

Assumption C. The convergence regime is ρn = p/n→ ρ ∈ (0,+∞).

Assumption D. The functions g1, ..., gK are analytic functions in a domain containing

the support set [aρ, bρ] of Marčenko-Pastur law in (2.1).
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Assumption E. Assume that {xji, j = 1, ..., p, i = 1, ..., n} are independent and identically

distributed with

Exji = 0, Ex2
ji = 1, Ex4

ji = βx + 3 + o(1), E(|xji|4(log(|xji|)2+2ε)) <∞.

Assumption F. Assume

ag = lim
p→∞

p−1
p∑
k=1

p∑
h=1

g3
khe

T
hR−1/2ek, aR = lim

p→∞
p−1∑p

k,`=1 eTkR−1e`r
3
k`,

cg = lim
p→∞

p−1∑p
k=1

∑p
h=1 g

4
kh, dR = lim

p→∞
p−1tr(R2),

hR = lim
p→∞

p−1∑p
k,`=1 eTkR−1e`rk`

p∑
h=1

g2
`hg

2
kh,

where R1/2 = (gkh), R = (rkh) and ej is the jth column of p×p identity matrix for j = 1, · · · , p.

2. Limiting spectral distribution

Theorem 2.1. Under Assumptions A-B-C, the empirical spectral distribution Fn(x) of R−1R̂n

converges almost surely to the Marčenko-Pastur law with the index ρ as follows

fρ(x) =


1

2πρx

√
(bρ − x)(x− aρ), if aρ ≤ x ≤ bρ,

0, otherwise,

(2.1)

where aρ = (1−√ρ)2, and bρ = (1 +
√
ρ)2.

3. Central limit theorem

Theorem 3.1. Under Assumptions A-C-D-E-F, the random vector (W (g1), . . ., W (gK)) weakly

converges to a multivariate Gaussian random vector (Xg1 , . . . , XgK ) with

EXg` = − 1

2πi

∮
C
g`(z)EM(z) dz

and

Cov(Xg`1 , Xg`2 ) = − 1

4π2

∮
C1

∮
C2
g`1(z1)g`2(z2)Cov(M(z1),M(z2)) dz2 dz1
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for `, `1, `2 ∈ {1, ...,K}, where C, C1, and C2 are three contours including [aρ, bρ], C1 and C2 are

non-overlapping, the contour integral
∮

is anticlockwise, and EM(z) and Cov(M(z1),M(z2))

are calculated as follows:

EM(z) =
ρs3(z)[1 + s(z)]−3

[1− ρs2(z)(1 + s(z))−2]2
+
βxρs(z)s

′(z)

[1 + s(z)]3

− s′(z)

[1 + s(z)]2
[10− 2aR + βx(4ag + cg − hR)]ρ

4

+
s′(z)

[1 + s(z)]3
[6− 2aR + βx(4ag − cg − hR)]ρ

2
,

(3.2)

and

Cov(M(z1),M(z2)) = 2

[
s′(z1)s′(z2)

(s(z2)− s(z1))2
− 1

(z2 − z1)2

]
(3.3)

+2(dR − 2)ρ
s′(z1)s′(z2)

(1 + s(z1))2(1 + s(z2))2
,

where ′ is the derivative notation, and s(z) is the unique solution to z = −s−1(z)+ρ(1+s(z))−1,

which leads to s′(z) = s2(z)/{1− ρs2(z)[1 + s(z)]−2}.

4. Proofs of Theorems 2.1 and 3.1

This part is devoted to the proofs of our main theorems. The main strategy of proving Theorems

2.1 and 3.1 relies on the Stieltjes transformation method. Section 4.2 lists notations that will

be used below. Section 4.3 provides the proof of Theorem 2.1. Finally, Section 4.4 presents the

proof of Theorem 3.1.

4.1 Remove the sample mean

First of all, let

S̈n =
1

n

n∑
i=1

(yi − µ)(yi − µ)T ,

where µ = Eyi. (1.1) shows that

Sn = (n− 1)−1
n∑
i=1

(yi − ȳ)(yi − ȳ)T , R̂ = [diag(Sn)]−1/2 diag(Sn)[diag(Sn)]−1/2.
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We will show that

• Studying the limiting spectral distribution (LSD) of R̂ is equivalent to studying the LSD

of

[diag(S̈n)]−1/2 diag(S̈n)[diag(S̈n)]−1/2.

• Studying the CLT of LSS of R̂ is equivalent to studying the CLT of LSS of

[diag(S)]−1/2 diag(S)[diag(S)]−1/2,

where S = n−1∑n
i=1 R1/2xix

T
i R1/2.

• Notice that ȳȳT has rank one. Combining with Theorem A.43 in Bai and Silverstein

(2010), we know that for large n, the difference between ESD of

Sn = (n− 1)−1
n∑
i=1

(yi − ȳ)(yi − ȳ)T

in (1.1) and ESD of S̈n is neglectable.

Thus, in the proof of Theorem 2.1 in the next section, we only consider S̈n

instead of Sn.

• Moreover, by the proof of substitution principle for CLT of LSS of sample covariance

matrix in Zheng, Bai and Yao (2015), we know that the CLT of LSS of Sn is obtained

only through replacing yn = p/n by yn−1 = p/(n− 1) in the CLT of LSS of S̈n.

Due to E(yi − µ) = 0, without loss of generality, we assume µ = 0 (that is,

Eyi = 0) and use

Ŝ = n−1
n∑
i=1

yiy
T
i

to replace S̈n.
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• By Assumption A, we have

Ŝ = [diag(Σ)]1/2n−1
n∑
i=1

R1/2xix
T
i R1/2[diag(Σ)]1/2.

That is, we have

diag(Ŝ) = diag

(
n−1

n∑
i=1

yiy
T
i

)
= [diag(Σ)]1/2 diag

(
n−1

n∑
i=1

R1/2xix
T
i R1/2

)
[diag(Σ)]1/2,

and

[diag(Ŝ)]−1/2 = diag

(
n−1

n∑
i=1

R1/2xix
T
i R1/2

)−1/2

[diag(Σ)]−1/2.

Let S = n−1∑n
i=1 R1/2xix

T
i R1/2, and we have

R̂ = [diag(Ŝ)]−1/2 diag(Ŝ)[diag(Ŝ)]−1/2

= diag

(
n−1

n∑
i=1

R1/2xix
T
i R1/2

)−1/2

n−1
n∑
i=1

R1/2xix
T
i R1/2 diag

(
n−1

n∑
i=1

R1/2xix
T
i R1/2

)−1/2

= [diag(S)]−1/2S[diag(S)]−1/2, (4.1)

where Var(R1/2xi) = R.

4.2 Some notation and preliminary results

Let G = R1/2 = (gkh) and

rj = xj/
√
n, A(z) =

n∑
i=1

rir
T
i − zIp, Aj(z) = A(z)− rjr

T
j ,

Ajk(z) = Aj(z)− rkr
T
k , Ajk`(z) = Ajk(z)− r`r

T
` , for 1 ≤ j, k, l ≤ n.

Let Ăj(z) =
∑
i<j

rir
T
i +

∑
i>j

r̆ir̆
T
i − zI, where r̆j+1, . . . , r̆n are independent copies of rj+1, . . . , rn,

and let Ej denote the conditional expectation given x1,x2, . . . ,xj . Moreover, define

bj(z) = [1 + n−1tr(A−1
j (z))]−1, bij(z) = [1 + n−1tr(A−1

ij (z))]−1

bijk(z) = [1 + n−1tr(A−1
ijk(z))]−1, b̆j(z) = [1 + n−1tr(Ă−1

j (z))]−1,
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b(z) = [1 + n−1Etr(A−1(z))]−1, βi(j)(z) = (1 + rTi A−1
ij ri)

−1,

βi(jk)(z) = (1 + rTi A−1
ijkri)

−1, βj(z) = [1 + rTj A−1
j (z)rj ]

−1,

γ̂j(z) = rTj A−1
j (z)rj − n−1trA−1

j (z), γ̂i(j)(z) = rTi A−1
ij (z)ri − n−1trA−1

ij (z),

γ̂i(jk)(z) = rTi A−1
ijk(z)ri − n−1trA−1

ijk(z).

By eqn.(3.4) of Bai et al. (1998), we have

max(|bj(z)|, |bij(z)|, |b(z)|, |βi(j)(z)|, |βi(jk)(z)|, |βj(z)|) ≤ |z|/ Im(z), (4.1)

where Im(z) stands for the imaginary part of z. With the notations above, A−1(z) can be

decomposed as

A−1(z) = A−1
j (z)− βj(z)A−1

j (z)rjr
T
j A−1

j (z), (4.2)

see, e.g., the expression above eqn.(2.2) in Bai and Silverstein (2004); and βj(z) can be further

written as

βj(z) = bj(z)− βj(z)bj(z)γ̂j(z) = bj(z)− b2j (z)γ̂j(z) + βj(z)b
2
j (z)γ̂

2
j (z), (4.3)

and

βi(jk)(z) = bijk(z)− βi(jk)(z)bijk(z)γ̂i(jk)(z). (4.4)

(see line 9 on Page 569 of Bai and Silverstein (2004)). The matrix A−1
1 (z) can be further

decomposed as

A−1
1 (z) = B1(z) + B2(z) + B3(z) + B4(z), (4.5)
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where

B1(z) = − (z − (n− 1)/n · b(z))−1 Ip,

B2(z) = b(z)
∑
i 6=1

(z − (n− 1)/n · b(z))−1(rir
T
i − n−1Ip)A

−1
i1 (z),

B3(z) =
∑
i 6=1

(βi(1)(z)− b(z))(z − (n− 1)/n · b(z))−1rir
T
i A−1

i1 (z), and

B4(z) = n−1b(z)(z − (n− 1)/n · b(z))−1
∑
i 6=1

(A−1
i1 (z)−A−1

1 (z)),

= −n−1b(z)(z − (n− 1)/n · b(z))−1
∑
i 6=1

A−1
i1 rir

T
i A−1

i1 βi(1),

according to eqn.(2.9) of Bai and Silverstein (2004).

We also note here that throughout this paper, C and C(·) stand for constants that may

take different values from one appearance to another.

4.3 Proof of Theorem 2.1

By Lemma 4 in Karoui (2009), we know that ||diag(S)−Ip|| → 0 and ||[diag(S)]−1/2−Ip|| → 0

almost surely, where throughout this paper ‖ · ‖ denote the spectral norm of a matrix. Let

X = (x1, ...xn). Therefore, follow the same strategy in the proof of Lemma 1 in the same

article, we know that the LSD of R−1R̂ is the same as that of n−1XXT , which we know is the

specified Marcenko-Pastur law. In fact, notice that ‖n−1XXT ‖ → (1 +
√
ρ)2, a.s. as n → ∞,

we obtain

∥∥∥R−1/2R̂R−1/2 − n−1XXT
∥∥∥ (4.1)

=
∥∥∥R−1/2

(
[diag(S)]−1/2 − Ip + Ip

)
n−1R1/2XXTR1/2

(
[diag(S)]−1/2 − Ip + Ip

)
R−1/2 − n−1XXT

∥∥∥
≤
∥∥∥R−1/2

(
[diag(S)]−1/2 − Ip

)
n−1R1/2XXTR1/2

(
[diag(S)]−1/2 − Ip

)
R−1/2

∥∥∥
+
∥∥∥n−1XXTR1/2

(
[diag(S)]−1/2 − Ip

)
R−1/2

∥∥∥
+
∥∥∥R−1/2

(
[diag(S)]−1/2 − Ip

)
R1/2n−1XXT

∥∥∥
≤
∥∥∥([diag(S)]−1/2 − Ip

)∥∥∥2∥∥∥n−1XXT
∥∥∥+ 2

∥∥∥([diag(S)]−1/2 − Ip
)∥∥∥∥∥∥n−1XXT

∥∥∥→ 0 a.s.
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4.4 Proof of Theorem 3.1

Observe that by Cauchy integral formula, for any function g that is analytic in a domain

containing the interval [λ1, λp], we have

W (g) =

p∑
j=1

g(λj)− p
∫
g(x) dFρn(x)

= − 1

2πi

∮
C
g(z)Mn(z) dz, where Mn(z) := p(sn(z)− sρn(z)),

(4.1)

where sρn(z) is the Stieltjes transformation of the distribution Fρn , and C is any contour inside

the domain and surrounding the interval [λ1, λp]. Thus to derive the CLT of the LSS of R−1R̂,

the analysis of its Stieltjes transformation sn(z) is required.

Truncation, Centralization and Rescaling the variables

Recall that S = n−1GXnXT
nGT and

R−1R̂ = R−1 [diag(S)]−1/2 n−1R1/2XXTR1/2 [diag(S)]−1/2 .

Denote X̌ = (x̌ij) with x̂ij = xijI{|xij |<ηn√n}, Š = n−1R1/2X̌X̌TR1/2,

R−1Ř = R−1 [diag(Š)
]−1/2

n−1R1/2X̌X̌TR1/2 [diag(Š)
]−1/2

and W̌ (g) be the truncated version of W (g). As have been proved in Karoui (2009), under the

moment assumption, we shall select a sequence of ηn = (logn)−(1+ε)/2 → 0 as n → ∞ which

satisfies that

P
(
R̂ 6= Ř, i.o.

)
= 0.

Now define X̃ = (x̃ij) with x̃ij = (x̌ij − E x̌ij) /
√

E (x̌ij − E x̌ij)
2. Also define S̃, R̃ and W̃ (f)

as the analogues of S, R and W (f) with Xn replaced by X̃. For large n and any 1 ≤ i ≤ p, 1 ≤

j ≤ n, we have the following estimates
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(1) |E x̌ij | = E |xijI(|xij ≥ ηn
√
n|)| ≤ ηnn−3/2 E |xij |4 = o(n−3/2),

(2)

E (x̌ij − E x̌ij)
2 − 1 = Ex2

ijI(|xij ≥ ηn
√
n|)−

(
ExijI(|xij ≥ ηn

√
n|)
)2

(4.2)

≤ Ex2
ijI(|xij ≥ ηn

√
n|) = o(n−1),

(3)

√
E(x̌ij−E x̌ij)

2−1√
E(x̌ij−E x̌ij)

2
≤ 2

(
E (x̌ij − E x̌ij)

2 − 1
)

= o(n−1).

It follows that as n→∞,

‖n−1X̌X̌T − n−1X̃X̃T ‖ ≤ ‖n−1X̌
(
X̌− X̃

)T
‖+ ‖n−1

(
X̌− X̃

)
X̃T ‖ (4.3)

≤2

(1 +
√
ρn)2

√
E (x̌ij − E x̌ij)

2 − 1√
E (x̌ij − E x̌ij)

2
+ 2n−1/2n|E x̌ij |

 = o(n−1).

Let g` to be the transpose of the `-th row of the matrix R1/2, it can be verified that

max
i≤p
‖gTi

(
1

n
X̌X̌T − 1

n
X̃X̃T

)
gi‖ (4.4)

≤max
i≤p

(
‖ 1

n
gTi X̌

(
X̌− X̃

)T
gi‖+ ‖ 1

n
gTi

(
X̌− X̃

)
X̃Tgi‖

)
= oa.s.(n

−1),

which implies ‖ diag(Š− S̃)‖ = oa.s.(n
−1). Then we get

‖Řn − R̃n‖ (4.5)

≤‖R−1
(

diag(Š)−1/2 − diag(S̃)−1/2
)
n−1R1/2X̌X̌TR1/2 diag(Š)−1/2‖

+ ‖R−1 diag(S̃)−1/2R1/2
(
n−1X̌X̌T − n−1X̃X̃T

)
R1/2 diag(Š)−1/2‖

+ ‖R−1 diag(S̃)−1/2R1/2n−1X̃X̃TR1/2
(

diag(Š)−1/2 − diag(S̃)−1/2
)
‖ = oa.s.(n

−1).

Combining the estimates above, we finally obtain for large n

∣∣∣W̌ (g)− W̃ (g)
∣∣∣ ≤M p∑

k=1

∣∣∣λk (Řn

)
− λk

(
R̃n

)∣∣∣≤Mp‖Řn − R̃n‖ = oa.s.(1), (4.6)
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where M is a bound on |f ′(z)|. Therefore, we shall assume in the following that the underlying

variables in the data matrix X are all truncated at ηn
√
n, centralized and rescalized to have

unit variances.

Decomposing the Stieltjes transformation of the ESD of R−1R̂

We now decompose the Stieltjes transformation of the ESD of R−1R̂ into several terms. Denote

D = R−1/2 [diag (S)− Ip] R
1/2, Dj = R−1/2

diag

 1

n

∑
i 6=j

Sj

− n− 1

n
Ip

R1/2,

L = R−1/2 [diag (S)]1/2 R [diag (S)]1/2 R−1/2, H(z) = R−1/2SR−1/2 − zL.

Reorganize

psn(z) = tr
(
R−1/2R̂R−1/2 − zIp

)−1

= tr
(
H−1(z)L

)
.

Moreover, by the identity

A−1
0 −B−1

0 = A−1
0 (B0 −A0)B−1

0 (4.7)

for any invertible matrices A0 and B0, we have

H−1(z) =A−1(z) + zH−1(z) (L− Ip) A−1(z)

=A−1(z) + zA−1(z) (L− Ip) A−1(z) + z2H−1(z)
[
(L− Ip) A−1(z)

]2
.

(4.8)

Hence, it follows that

psn(z) = tr
[
H−1(z)

]
+ tr

[
H−1(z) (L− Ip)

]
= tr

(
A−1(z)

)
+ tr

[
A−1(z) (L− Ip)

]
+ z tr

[
A−2(z) (L− Ip)

]
+ z tr

[
A−1(z) (L− Ip)

]2
+ z2 tr

[
A−2(z) (L− Ip) A−1(z) (L− Ip)

]
(4.9)

+ z2 tr
{

H−1(z) (L− Ip)
[
A−1(z) (L− Ip)

]2}
+ z3 tr

{
H−1(z)

[
(L− Ip) A−1(z)

]3}
.

The following steps of proof will be focused on the analysis of the terms above.
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Choosing the contour C

Recall (4.1), an integral contour should be determined. We choose the contour C as

C = C` ∪ Cu ∪ Cb ∪ Cr, where

Cu = {x+ iν0 : x ∈ [x`, xr]}, C` = {x` + iν : |ν| ≤ ν0}

Cb = {x− iν0 : x ∈ [x`, xr]}, Cr = {xr + iν : |ν| ≤ ν0}

(x`, xr) ⊃
(
(1−√ρ)2, (1 +

√
ρ)2
)
,

and ν0 > 0 is to be determined. Let Cn = C ∩ {z : |=z| > n−2}. Moreover, for an ε > 0

sufficiently small so that

x` + ε ≤ (1−√ρ)2 − ε ≤ (1 +
√
ρ)2 + ε ≤ xr − ε,

define

Bn = {(1−√ρ)2 − ε ≤ λmin(XXT /n) < λmax(XXT /n) < (1 +
√
ρ)2 + ε}.

By Theorem 5.9 in Bai and Silverstein (2010), we have that P (Bn) = o(n−t) for any given

t > 0. Let

M̂n(z) =



Mn(z), if z ∈ Cn

Mn(x` + in−2), if <z = x`,=z ∈ [0, n−2]

Mn(x` − in−2), if <z = x`,=z ∈ [−n−2, 0)

Mn(xr + in−2), if <z = xr,=z ∈ [0, n−2]

Mn(xr − in−2), if <z = xr,=z ∈ [−n−2, 0).

Observe that on event Bn, when <z equals either x` or xr, we have |Mn(z)| ≤ 1/ε, hence

∣∣∣∣∣∣p
∮
C

g(z)(Mn(z)− M̂n(z)) dz

∣∣∣∣∣∣ =

∣∣∣∣∣∣∣p
∮
C\Cn

g(z)(Mn(z)− M̂n(z)) dz

∣∣∣∣∣∣∣
≤ K

p

n2
· 1/ε = o(1).
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Therefore, in order to establish the limit for p
∮
C
g(z)Mn(z) dz, it suffices to study p

∮
C
g(z)M̂n(z) dz.

Furthermore, since =(z) can be chosen to be arbitrarily small, the contribution from the seg-

ments C` and Cr can be made small as well. This allows us to focus only on z ∈ Cu ∪ Cb in the

following.

CLT of LSS of the sample correlation matrix

We are here in a position to establish the CLT for the LSS of the sample correlation matrix.

Indicated by (4.1), the limit of the process Mn(z) = p(sn(z)−sρn(z)) should be derived. Recall

that by (4.9), we have

Mn(z) =trA−1(z)− E
(
trA−1(z)

)
+ tr

[
A−1(z) (L− Ip)

]
− Etr

[
A−1(z) (L− Ip)

]
+ ztr

[
A−2(z) (L− Ip)

]
− zEtr

[
A−2(z) (L− Ip)

]
+ E

(
trA−1(z)

)
− psρn(z) + Etr

[
A−1(z) (L− Ip)

]
+ zEtr

[
A−2(z) (L− Ip)

]
+ z · I + z2 · II + z2 · III + z3 · IV.

(4.10)

The analysis of Mn(z) will be carried out by conducting the following steps.

I: Derive the limit of I = tr
[
A−1(z) (L− Ip)

]2
and II = tr

[(
A−1(z) (L− Ip)

)2
A−1(z)

]
;

II: Show that

III = tr
{

H−1(z) (L− Ip)
[
A−1(z) (L− Ip)

]2}
= op(1), (4.11)

and

IV =tr
{

H−1(z)
[
(L− Ip) A−1(z)

]3}
= op(1); (4.12)

III: Derive the limit of

V :=trA−1(z)− E
[
trA−1(z)

]
+ tr

[
A−1(z) (L− Ip)

]
− Etr

[
A−1(z) (L− Ip)

]
+ ztr

[
A−2(z) (L− Ip)

]
− zEtr

[
A−2(z) (L− Ip)

]
;

(4.13)
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IV: Derive the limit of

V I :=Etr
[
A−1(z)

]
− psρn(z) + Etr

[
A−1(z) (L− Ip)

]
+ zEtr

[
A−2(z) (L− Ip)

]
;

(4.14)

V: Combining the steps above to derive the limit of Mn(z) and consequently the CLT of the

LSS of R̃.

We now process these steps one by one. It is worth pointing out that some repeating calculation

will be omitted in order to reduce the length of this paper.

Step I. In this step, we derive the limit of I and II, which is further divided into the following

substeps.

I.1: Decompose term I as

I =
1 + o(1)

4
I1 +

1 + o(1)

4
I2 +

1 + o(1)

2
I3 +

1 + o(1)

4
I4 +

1 + o(1)

4
I5 +

1 + o(1)

16
I6

to be specified below and show that I4 + I5 + I6 = op(1);

I.2: Prove that

|I1 − E (I1) |+ |I2 − E (I2) |+ |I3 − E (I3) | = op(1);

I.3: Prove that E(I1), E (I2) converge to the same limit

1

z2(1 + s(z))2

(
2ρ+ βx lim

n→∞

1

n

p∑
k=1

p∑
j=1

g4
kj

)

and E (I3) converge to

1

z2(1 + s(z))2
lim
n→∞

1

n

p∑
k,`=1

E

[
eTkR−1e`rkl

(
2r2
kl + βx

p∑
h=1

g2
khg

2
`h

)]
;
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I.4: Combining the aforementioned results, we obtain that

z · I → 1

2z(1 + s(z))2

(
2ρ+ βx lim

n→∞

1

n

p∑
k=1

p∑
j=1

g4
kj

)
(4.15)

+
1

2z(1 + s(z))2
lim
n→∞

1

n

p∑
k,`=1

E

[
eTkR−1e`rkl

(
2r2
kl + βx

p∑
h=1

g2
khg

2
`h

)]
;

I.5: Repeating the steps as done in I.1-I.4, we similarly get

z2II
p−→z2

2

∂

∂z

(
1

z2(1 + s(z))2

)
·

(
2ρ+ βx lim

n→∞

1

n

p∑
k=1

p∑
j=1

g4
kj

)
.

We now process these substeps one by one.

Step I.1 It is apparent that from Lemma 6.2

‖D‖ a.s.−−→ 0 and max
j
‖Dj‖

a.s.−−→ 0. (4.16)

Using the Taylor formula as x→ 1

√
x = 1 +

1

2
(x− 1) (1 + o(1)) = 1 +

1

2
(x− 1)− 1

8
(x− 1)2 (1 + o(1)) ,

one finds that

L =Ip + R−1/2
{

[diag(S)]1/2 − Ip
}

R1/2 + R1/2
{

[diag(S)]1/2 − Ip
}

R−1/2

+ R−1/2
{

[diag(S)]1/2 − Ip
}

R
{

[diag(S)]1/2 − Ip
}

R−1/2

=Ip +
1

2
D +

1

2
DT − 1 + o(1)

8
D2 − 1 + o(1)

8

(
DT
)2

+
1 + o(1)

4
DDT . (4.17)

This implies

I =
1 + o(1)

4
tr
(
A−1(z)D

)2
+

1 + o(1)

4
tr
(
A−1(z)DT

)2

+
1 + o(1)

2
tr
(
A−1(z)DA−1(z)DT

)
+

1 + o(1)

4
tr
(
A−1(z)DA−1(z)DDT

)
+

1 + o(1)

4
tr
(
A−1(z)DTA−1(z)DDT

)
+

1 + o(1)

16
tr
(
A−1(z)DDT

)2
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:=
1 + o(1)

4
I1 +

1 + o(1)

4
I2 +

1 + o(1)

2
I3 +

1 + o(1)

4
I4 +

1 + o(1)

4
I5 +

1 + o(1)

16
I6.

In the following, we will show that |I4|+ |I5|+ |I6| = op(1). Define g` to be the transpose

of the `-th row of the matrix R1/2 and e` to be the `-th column of the matrix Ip. It is obvious

from (4.2) that

I4 =
1

n

n∑
j=1

tr
[
(diag(Sj)− Ip) R1/2DTA−1(z)DDTA−1(z)R−1/2

]

=
1

n

n∑
j=1

tr
[
(diag(Sj)− Ip) R1/2DTA−1

j (z)DDTA−1
j (z)R−1/2

]

− 1

n

n∑
j=1

βj(z)tr
[
(diag(Sj)− Ip) R1/2DTA−1

j (z)DDTA−1
j (z)rjr

T
j A−1

j (z)R−1/2
]

− 1

n

n∑
j=1

βj(z)tr
[
(diag(Sj)− Ip) R1/2DTA−1

j (z)rjr
T
j A−1

j (z)DDTA−1(z)R−1/2
]
.

By (4.16) and Lemma 6.3, one finds that

E

∣∣∣∣∣ 1n
n∑
j=1

βj(z)tr
[
(diag(Sj)− Ip) R1/2DTA−1

j (z)DDTA−1
j (z)rjr

T
j A−1

j (z)R−1/2
]

+
1

n

n∑
j=1

βj(z)tr
[
(diag(Sj)− Ip) R1/2DTA−1

j (z)rjr
T
j A−1

j (z)DDTA−1(z)R−1/2
] ∣∣∣∣∣

≤o(1)

n

n∑
j=1

E
[
rTj rj ‖diag(Sj)− Ip‖

]

≤o(1)

n

n∑
j=1

E1/2
(
rTj rj

)2

E1/2 ‖diag(Sj)− Ip‖2 = o(1).

Here

E ‖diag(Sj)− Ip‖2 = max
k=1,··· ,p

E
(
XT
j gkg

T
k Xj − 1

)2

≤ C. (4.18)

Hence, we get from (4.16) and (4.18)

I4 =
1

n

n∑
j=1

tr
[
(diag(Sj)− Ip) R1/2DTA−1

j (z)DDTA−1
j (z)R−1/2

]
+ op(1)

=
1

n

n∑
j=1

tr
[
(diag(Sj)− Ip) R1/2DT

j A−1
j (z)DjD

T
j A−1

j (z)R−1/2
]
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+
1

n2

n∑
j=1

tr
[
(diag(Sj)− Ip) R1/2DT

j A−1
j (z)DjR

1/2 (diag(Sj)− Ip) R−1/2A−1
j (z)R−1/2

]

+
1

n2

n∑
j=1

tr
[
(diag(Sj)− Ip) R1/2DT

j A−1
j (z)R−1/2 (diag(Sj)− Ip) R1/2DTA−1

j (z)R−1/2
]

+
1

n2

n∑
j=1

tr
[
(diag(Sj)− Ip) R (diag(Sj)− Ip) R−1/2A−1

j (z)DDTA−1
j (z)R−1/2

]
+ op(1)

=
1

n

n∑
j=1

tr
[
(diag(Sj)− Ip) R1/2DT

j A−1
j (z)DjD

T
j A−1

j (z)R−1/2
]

+ op(1).

Define Mj(z) = R1/2DT
j A−1

j (z)DjD
T
j A−1

j (z)R−1/2. It follows from (4.16)

E |I4|2 =
1

n2

n∑
j=1

E |tr [(diag(Sj)− Ip) Mj(z)]|2 + o(1)

=
1

n2

n∑
j=1

p∑
k,`=1

E
[(

XT
j gkg

T
k Xj − 1

)(
XT
j g`g

T
` Xj − 1

)
eTkMj(z)eke

T
` Mj(z)e`

]
+ o(1)

≤o(1)

n2

n∑
j=1

p∑
k,`=1

[
2
(
gTk g`

)2

+

p∑
h=1

(
eThgkg

T
` eh

)2
]

= o(1).

Consequently, we conclude

I4 = op(1). (4.19)

Using the same method, it can be verified that

I5 + I6 = op(1),

which completes this substep.

Step I.2 In this substep, three terms I1, I2 and I3 will be shown to converge in proba-

bility to their means, say

|I1 − E (I1) |+ |I2 − E (I2) |+ |I3 − E (I3) | = op(1).

We start with I1 − E (I1) = op(1). By (4.2), we obtain that

I1 − E (I1)
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=tr
(
A−1(z)D

)2 − E
(
trA−1(z)D

)2
=

n∑
j=1

(Ej − Ej−1)
(

tr
(
A−1(z)D

)2 − tr
(
A−1
j (z)Dj

)2)

=

n∑
j=1

(Ej − Ej−1)

[
− 2βj(z)r

T
j A−1

j (z)DjA
−1
j (z)DjA

−1
j (z)rj

+
(
βj(z)r

T
j A−1

j (z)DjA
−1
j (z)rj

)2

+
2

n
tr
(
A−1
j (z)R−1/2 (diag (Sj)− Ip) R1/2A−1

j (z)Dj

)
− 4

n

(
βj(z)r

T
j A−1

j (z)DjA
−1
j (z)R−1/2 (diag (Sj)− Ip) R1/2A−1

j (z)rj
)

+
2

n

(
β2
j (z)rTj A−1

j (z)R−1/2 (diag (Sj)− Ip) R1/2A−1
j (z)rjr

T
j A−1

j (z)DjA
−1
j (z)rj

)
+

1

n2
tr
(
A−1
j (z)R−1/2 (diag (Sj)− Ip) R1/2

)2

− 2

n2

[
βj(z)r

T
j

[
A−1
j (z)R−1/2 (diag(Sj)− Ip) R1/2

]2
A−1
j (z)rj

]
+

1

n2

(
βj(z)r

T
j A−1

j (z)R−1/2 (diag (Sj)− Ip) R1/2A−1
j (z)rj

)2
]

=

n∑
j=1

(−2Pj1 + Pj2 + 2Pj3 − 4Pj4 + 2Pj5 + Pj6 − 2Pj7 + Pj8).

We now devote to investigating those terms. Firstly, by (4.3), one gets

n∑
j=1

Pj1 = −
n∑
j=1

(Ej − Ej−1)
(
bj(z)βj(z)γ̂j(z)r

T
j A−1

j (z)DjA
−1
j (z)DjA

−1
j (z)rj

)

+

n∑
j=1

Ej

[
bj(z)

(
rTj A−1

j (z)DjA
−1
j (z)DjA

−1
j (z)rj −

1

n
tr
(
A−2
j (z)DjA

−1
j (z)Dj

))]
.

Denote E(j) = E (· | Fj) and

Fj = σ{r1, · · · , rj−1, rj+1, · · · , rn}.

It follows that from (4.16) and Lemma 6.1

E

∣∣∣∣∣
n∑
j=1

(Ej − Ej−1)
(
bj(z)βj(z)γ̂j(z)r

T
j A−1

j (z)DjA
−1
j (z)DjA

−1
j (z)rj

)∣∣∣∣∣
2

≤C
n∑
j=1

E

∣∣∣∣γ̂j(z)(rTj A−1
j (z)DjA

−1
j (z)DjA

−1
j (z)rj −

1

n
tr
(
A−2
j (z)DjA

−1
j (z)Dj

))∣∣∣∣2



Yanqing Yin1, Changcheng Li2, Guoliang Tian3 and Shurong Zheng4

+
C

n2

n∑
j=1

E
∣∣γ̂j(z)tr (A−2

j (z)DjA
−1
j (z)Dj

)∣∣2
≤C

n∑
j=1

E

[
E

1/2

(j)

∣∣∣∣rTj A−1
j (z)DjA

−1
j (z)DjA

−1
j (z)rj −

1

n
tr
(
A−2
j (z)DjA

−1
j (z)Dj

)∣∣∣∣4

× E
1/2

(j) |γ̂j(z)|
4

]
+ C

n∑
j=1

E
[
‖Dj‖4 E(j) |γ̂j(z)|2

]
≤ C

n

n∑
j=1

E ‖Dj‖4 → 0,

and

E

∣∣∣∣∣
n∑
j=1

Ej

[
bj(z)

(
rTj A−1

j (z)DjA
−1
j (z)DjA

−1
j (z)rj −

1

n
tr
(
A−2
j (z)DjA

−1
j (z)Dj

))]∣∣∣∣∣
2

≤C
n∑
j=1

E

∣∣∣∣rTj A−1
j (z)DjA

−1
j (z)DjA

−1
j (z)rj −

1

n
tr
(
A−2
j (z)DjA

−1
j (z)Dj

)∣∣∣∣2

≤C
n

n∑
j=1

E ‖Dj‖4 → 0.

Hence, we have

n∑
j=1

Pj1 = op(1). (4.20)

Secondly, we deal with
n∑
j=1

Pj2. By (4.3), we have

n∑
j=1

Pj2

=

n∑
j=1

(Ej − Ej−1)

[
bj(z)

(
rTj A−1

j (z)DjA
−1
j (z)rj −

1

n
tr
(
A−2
j (z)Dj

))]2

+
2

n

n∑
j=1

(Ej − Ej−1)

[
b2j (z)

(
rTj A−1

j (z)DjA
−1
j (z)rj −

1

n
tr
(
A−2
j (z)Dj

))
tr
(
A−2
j (z)Dj

)]

+2

n∑
j=1

(Ej − Ej−1)
(
bj(z)

√
βj(z)

√
γ̂j(z)r

T
j A−1

j (z)DjA
−1
j (z)rj

)2

+

n∑
j=1

(Ej − Ej−1)
(
bj(z)βj(z)γ̂j(z)r

T
j A−1

j (z)DjA
−1
j (z)rj

)2

.

For the first term of the righthand side of the above equality, it yields that from Lemma 6.1

E

∣∣∣∣∣
n∑
j=1

(Ej − Ej−1)

[
bj(z)

(
rTj A−1

j (z)DjA
−1
j (z)rj −

1

n
tr
(
A−2
j (z)Dj

))]2
∣∣∣∣∣
2

≤ C

n∑
j=1

E

∣∣∣∣rTj A−1
j (z)DjA

−1
j (z)rj −

1

n
tr
(
A−2
j (z)Dj

)∣∣∣∣4 ≤ Cη4
n

n

n∑
j=1

E‖Dj‖4 → 0.
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Other terms are similar. Hence, one gets

n∑
j=1

Pj2 = op(1). (4.21)

Thirdly, we prove that
n∑
j=1

Pj3 = op(1). Define g` to be the transpose of the l-th row of

the matrix G. It follows from (4.16) that

E

∣∣∣∣∣
n∑
j=1

Pj3

∣∣∣∣∣
2

≤C
n∑
j=1

E

∣∣∣∣∣
p∑
`=1

eT` R1/2A−1
j (z)DjA

−1
j (z)R−1/2e`

(
rTj g`g

T
` rj −

1

n

)∣∣∣∣∣
2

≤C
n∑
j=1

p∑
`1=1

p∑
`2=1

E

[
eT`1R1/2A−1

j (z)DjA
−1
j (z)R−1/2e`1eT`2R1/2A−1

j (z̄)Dj

×A−1
j (z̄)R−1/2e`2

(
rTj g`1gT`1rj −

1

n

)(
rTj g`2gT`2rj −

1

n

)]

≤ C
n2

n∑
j=1

p∑
`1=1

p∑
`2=1

E

[
eT`1R1/2A−1

j (z)DjA
−1
j (z)R−1/2e`1eT`2R1/2A−1

j (z̄)Dj

×A−1
j (z̄)R−1/2e`2

(
2
(
gT`1g`2

)2

+ βx

p∑
h=1

eThg`1gT`1ehe
T
hg`2gT`2eh

)]

≤C
n

n∑
j=1

E ‖Dj‖2 → 0.

This shows that

n∑
j=1

Pj3 = op(1). (4.22)

Next, combining (4.16), Lemma 6.1, and Lemma 6.3, we have

E

∣∣∣∣∣
n∑
j=1

Pj4

∣∣∣∣∣ ≤Cn
n∑
j=1

E
∣∣∣rTj A−1

j (z)DjA
−1
j (z)R−1/2 (diag (Sj)− Ip) R1/2A−1

j (z)rj

∣∣∣
≤C
n

n∑
j=1

max
`=1,··· ,p

E
[
‖Dj‖rTj rj

∣∣∣XT
j g`g

T
` Xj − 1

∣∣∣]

≤C
n

n∑
j=1

max
`=1,··· ,p

E

[
‖Dj‖E1/2

(j)

∣∣∣rTj rj

∣∣∣2 E
1/2

(j)

∣∣∣XT
j g`g

T
` Xj − 1

∣∣∣2 ]

≤C
n

n∑
j=1

E‖Dj‖ → 0.

Therefore, it yields that

n∑
j=1

Pj4 = op(1). (4.23)
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Using the same methods, we can get

n∑
j=1

(Pj5 + Pj7 + Pj8) = op(1). (4.24)

Now we deal with Pj6. Denote

Mq = gqg
T
q = (mq

kj), q = 1, 2, 3, 4,

then one finds that for any positive number t

eTkMqek ≥ 0 and tr (Mq)
t = 1.

By the proof of Lemma 6.1 [see Bai and Silverstein (2010)], we can get

E

[
4∏
q=1

(
xTj Mqxj − tr (Mq)

)]

=E

 4∏
q=1

p∑
lq=1

(
x2
lqj − 1

)
mq
lqlq

+ E

 4∏
q=1

p∑
lq 6=kq=1

xlqjxkqjm
q
lqkq


≤C

∣∣∣∣∣E
[

p∑
l=1

(
x2
lj − 1

)4
m1
llm

2
llm

3
llm

4
ll

]
+ η2

nn

4∑
q1 6=q2=1

p∑
lq1=1

p∑
lq2=1

(
mq1
lq1 lq1

)3

mq2
lq2 lq2

+

4∑
q1 6=q2=1

p∑
lq1=1

p∑
lq2=1

(
mq1
lq1 lq1

)2 (
mq2
lq2 lq2

)2

∣∣∣∣∣+ C

4∏
q=1

E1/4

∣∣∣∣∣∣
p∑

lq 6=kq=1

xlqjxkqjm
q
lqkq

∣∣∣∣∣∣
4

≤Cη4
nn

2
p∑
l=1

m1
llm

2
llm

3
llm

4
ll + Cη2

nn+

4∏
q=1

∣∣∣∣tr(MqM
T
q

)2
∣∣∣∣1/4

≤Cη4
nn

2
p∑
l=1

m1
llm

2
llm

3
llm

4
ll + Cη2

nn.

By Cauchy-Schwarz inequality and the above inequality, it yields that

E

∣∣∣∣∣
n∑
j=1

Pj6

∣∣∣∣∣
2

=

n∑
j=1

E

∣∣∣∣∣
p∑

`1=1

p∑
`2=1

(
rTj g`1gT`1rj −

1

n

)(
rTj g`2gT`2rj −

1

n

)
eT`1R1/2A−1

j (z)R−1/2e`2

× eT`2R1/2A−1
j (z)R−1/2e`1

∣∣∣∣∣
2
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=

n∑
j=1

p∑
`1,`2,`3,`4=1

E

[(
rTj g`1gT`1rj −

1

n

)(
rTj g`2gT`2rj −

1

n

)(
rTj g`3gT`3rj −

1

n

)

×
(

rTj g`4gT`4rj −
1

n

)
eT`1R1/2A−1

j (z)R−1/2e`2eT`2R1/2A−1
j (z)R−1/2e`1

× eT`3R1/2A−1
j (z̄)R−1/2e`4eT`4R1/2A−1

j (z̄)R−1/2e`3

]

≤Cη
4
n

n2

n∑
j=1

p∑
`1,`2,`3,`4=1

p∑
k=1

m`1
kkm

`2
kkm

`3
kkm

`4
kk

+
Cη2

n

n3

n∑
j=1

E

 p∑
`1,`2=1

eT`1R1/2A−1
j (z)R−1/2e`2eT`2R−1/2A−1

j (z̄)R1/2e`1

2

≤Cη2
n → 0.

Consequently, it follows that

n∑
j=1

Pj6 = op(1). (4.25)

Together with (4.20)-(4.25), we conclude that

I1 − E (I1) = op(1). (4.26)

Similar to the proof of (4.26), we shall prove I2 − E (I2) = op(1) and I3 − E (I3) = op(1).

Step I.3 We now deduce the limit of the expectation of I1. Rewrite

I1 = tr
(
A−1(z)D

)2
=

1

n

n∑
j=1

tr
[
A−1(z)DA−1(z)R−1/2(diag(Sj)− Ip)R

1/2
]

=
1

n

n∑
j=1

tr
[
A−1
j (z)DA−1

j (z)R−1/2(diag(Sj)− Ip)R
1/2
]

− 2

n

n∑
j=1

βj(z)r
T
j A−1

j (z)DA−1
j (z)R−1/2(diag(Sj)− Ip)R

1/2A−1
j (z)rj

+
1

n

n∑
j=1

β2
j (z)rTj A−1

j (z)DA−1
j (z)rjr

T
j A−1

j (z)R−1/2(diag(Sj)− Ip)R
1/2A−1

j (z)rj

:= I1.1− 2× I1.2 + I1.3, (4.27)

where the fourth equation holds due to the decomposition of A−1(z) in (4.2).
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To begin with, we prove that E(I1.2) = o(1). Note that

E (I1.2) =E
(
β1(z)rT1 A−1

1 (z)D1A
−1
1 (z)R−1/2(diag(S1)− Ip)R

1/2A−1
1 (z)r1

)
+

1

n
E

(
β1(z)

× rT1 A−1
1 (z)R−1/2(diag(S1)− Ip)R

1/2A−1
1 (z)R−1/2(diag(S1)− Ip)R

1/2A−1
1 (z)r1

)
:=E (I1.2.1) + E (I1.2.2) .

Using (4.16) and Lemma 6.1, we get

|E (I1.2.1)|

≤Cn
p∑
`=1

E

∣∣∣∣rT1 A−1
1 (z)D1A

−1
1 (z)R−1/2e`e

T
` R1/2A−1

1 (z)r1

(
rT1 g`g

T
` r1 −

1

n

)∣∣∣∣
≤Cn

p∑
`=1

E

∣∣∣∣∣
(

rT1 A−1
1 (z)D1A

−1
1 (z)R−1/2e`e

T
` R1/2A−1

1 (z)r1 −
1

n
eT` R1/2A−2

1 (z)D1

×A−1
1 (z)R−1/2e`

)(
rT1 g`g

T
` r1 −

1

n

) ∣∣∣∣∣+ C

p∑
`=1

E

[
‖D1‖

∣∣∣∣rT1 g`g
T
` r1 −

1

n

∣∣∣∣
]

≤Cn
p∑
`=1

E

[
E

1/2

(1)

∣∣∣∣rT1 A−1
1 (z)D1A

−1
1 (z)R−1/2e`e

T
` R1/2A−1

1 (z)r1 −
1

n
eT` R1/2A−2

1 (z)D1

×A−1
1 (z)R−1/2e`

∣∣∣∣2E
1/2

(1)

∣∣∣∣rT1 g`g
T
` r1 −

1

n

∣∣∣∣2
]

+ C

p∑
`=1

E‖D1‖E
∣∣∣∣rT1 g`g

T
` r1 −

1

n

∣∣∣∣
≤CE‖D1‖ → 0.

By Lemma 6.1 and Lemma 6.3, it follows that

|E (I1.2.2)| ≤C
n

E
(
rT1 r1 ‖diag(S1)− Ip‖2

)
≤C
n

E1/2
(
rT1 r1

)2

E1/2 ‖diag(S1)− Ip‖4

≤C
n

max
k=1,··· ,p

E1/2
(
XT
j gkg

T
k Xj − 1

)4

≤ Cη2
n → 0.

These two inequalities show that

E(I1.2) = o(1).

Next we show that E(I1.3) = o(1). Note that

E (I1.3)
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=E
(
β2

1(z)rT1 A−1
1 (z)D1A

−1
1 (z)r1r

T
1 A−1

1 (z)R−1/2(diag(S1)− Ip)R
1/2A−1

1 (z)r1

)
+

1

n
E
(
β1(z)rT1 A−1

1 (z)R−1/2(diag(S1)− Ip)R
1/2A−1

1 (z)r1

)2

:=E (I1.3.1) + E (I1.3.2) .

Due to (4.16) and Lemma 6.1, it implies that

|E (I1.3.1)| ≤CE

[(
rT1 r1

)2

‖D1(diag(S1)− Ip)‖
]

≤C max
`=1,··· ,p

E

[
‖D1‖E1/2

(1)

∣∣∣rT1 r1

∣∣∣4 E
1/2

(1)

∣∣∣XT
1 g`g

T
` X1 − 1

∣∣∣2]
≤CE‖D1‖ → 0

and

|E (I1.3.2)| ≤C
n

E

[(
rT1 r1

)2

‖(diag(S1)− Ip)‖2
]

≤C
n

max
`=1,··· ,p

E

[
E

1/2

(1)

∣∣∣rT1 r1

∣∣∣4 E
1/2

(1)

∣∣∣XT
1 g`g

T
` X1 − 1

∣∣∣4]
≤Cη2

n → 0.

Hence, we have E(I1.3) = o(1).

Now we analyze E(I1.1). Noting that gTk gk = 1, we have that

E(I1.1) =
1

n2

n∑
j=1

Etr
(

(diag(Sj)− Ip)R
1/2A−1

j (z)R−1/2
)2

=
1

n2

n∑
j=1

p∑
k,`=1

E

[
eTkR1/2A−1

j (z)R−1/2e`e
T
` R1/2A−1

j (z)R−1/2ek

× (XT
j g`g

T
` Xj − 1)(XT

j gkg
T
k Xj − 1)

]
=

1

n

p∑
k,`=1

E

[
eTkR1/2A−1

1 (z)R−1/2e`e
T
` R1/2A−1

1 (z)R−1/2ek

× (XT
j g`g

T
` Xj − 1)(XT

j gkg
T
k Xj − 1)

]
.

Further note that

E
(

(XT
1 g`g

T
` X1 − 1)(XT

1 gkg
T
k X1 − 1)

)
= βx

p∑
j=1

g2
`jg

2
kj + 2r2

k`, (4.28)
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where βx = E
(
X4

11

)
− 3 and rk` = gTk g`. Therefore

E(I1.1) =
1

n

p∑
k=1

p∑
`=1

(
βx

p∑
j=1

g2
`jg

2
kj + 2r2

k`

)

× E
(
eTkR1/2A−1

1 (z)R−1/2e`e
T
` R1/2A−1

1 (z)R−1/2ek
)
.

Using the decomposition of A−1
1 (z) in (4.5), we then get

E(I1.1) =
1

n

(
z − n− 1

n
b(z)

)−2
(

2p+ βx

p∑
k=1

p∑
j=1

g4
kj

)

− 2

n (z − (n− 1)/n · b(z))

p∑
k=1

4∑
m=2

(
2 + βx

p∑
j=1

g4
kj

)
E
(
eTkR1/2Bm(z)R−1/2ek

)

+

2r2
k` + βx

p∑
j=1

g2
kjg

2
`j

n

p∑
k,`=1

4∑
u=2

4∑
v=2

E
[
eTkR1/2Bu(z)R−1/2e`e

T
` R1/2Bv(z)R−1/2ek

]

:=E(I1.1.1) + E(I1.1.2) + E(I1.1.3).

We first have that

E(I1.1.1) =

2ρn + βxn
−1

p∑
k=1

p∑
j=1

g4
kj

z2(1 + s(z))2
+ o(1)

by (2.17) of Bai and Silverstein (2004).

Next we show that both E(I1.1.2) and E(I1.1.3) are o(1). By conditioning on F1 we get

E(B2(z)) = 0. Furthermore, by (4.4) and Lemma 6.1, it implies that

∣∣∣∣∣ 1nE

p∑
k=1

eTkR1/2B3(z)R−1/2ek ·

(
2 + βx

p∑
j=1

g4
kj

)∣∣∣∣∣
≤ K

p∑
k=1

∣∣∣E [(β2(1)(z)− b(z)
)
eTkR1/2r2r

T
2 A−1

21 (z)R−1/2ek
]∣∣∣

≤ K

p∑
k=1

∣∣∣E [(β2(1)(z)− b21(z)
)
eTkR1/2r2r

T
2 A−1

21 (z)R−1/2ek
]∣∣∣

+K

p∑
k=1

E
[
|b21(z)− b(z)|

∣∣∣E(2)e
T
kR1/2r2r

T
2 A−1

21 (z)R−1/2ek

∣∣∣]
≤ K

p∑
k=1

∣∣∣E[−b221(z)γ̂2(1)(z) + β2(1)(z)b
2
21(z)γ̂2

2(1)(z)]e
T
kR1/2r2r

T
2 A−1

21 (z)R−1/2ek

∣∣∣+ o(1)
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≤ K

p∑
k=1

[
E
∣∣∣E(2)γ̂2(1)(z)r

T
2 A−1

21 (z)R−1/2eke
T
kR1/2r2

∣∣∣+ E
∣∣∣γ̂2

2(1)(z)r
T
2 A−1

21 (z)eke
T
k r2

∣∣∣]+ o(1)

≤ K

p∑
k=1

E
∣∣∣E(2)

[
γ̂2(1)(z)(r

T
2 A−1

21 (z)R−1/2eke
T
kR1/2r2 − n−1eTkR1/2A−1

21 (z)R−1/2ek)
]∣∣∣

+K

p∑
k=1

E
∣∣∣γ̂2

2(1)(z)(r
T
2 A−1

21 (z)R−1/2eke
T
kR1/2r2 − n−1eTkR1/2A−1

21 (z)R−1/2ek)
∣∣∣

+
K

n

p∑
k=1

E
∣∣[γ̂2(1)(z)]

2
∣∣+ o(1)

= o(1),

where K is a constant. Finally, by a similar decomposition to (4.2) we get that∣∣∣∣∣ 1n
p∑
k=1

E

[
eTkR1/2B4(z)R−1/2ek ·

(
2 + βx

p∑
j=1

g4
kj

)]∣∣∣∣∣
≤ K

n2

p∑
k=1

∣∣∣∣∣∣
∑
i≥2

E
[
eTkR1/2(A−1

i1 (z)−A−1
1 (z))R−1/2ek

]∣∣∣∣∣∣
≤ K

n2

p∑
k=1

∣∣∣∣∣∣
∑
i≥2

E
[
βi(1)(z)e

T
kR1/2A−1

i1 (z)rir
T
i A−1

i1 (z)R−1/2ek
]∣∣∣∣∣∣

≤ K

n

p∑
k=1

∣∣∣E [β2(1)(z)r
T
2 A−1

21 (z)R−1/2eke
T
kR1/2A−1

21 (z)r2

]∣∣∣
≤ K

n

p∑
k=1

∣∣∣Eb2(1)(z)β2(1)(z)γ̂2(1)(z)r
T
2 A−1

21 (z)R−1/2eke
T
kR1/2A−1

21 (z)r2

∣∣∣+ o(1)

≤ K

n

p∑
k=1

E
∣∣∣γ̂2(1)(z)(r

T
2 A−1

21 (z)R−1/2eke
T
kR1/2A−1

21 (z)r2 − n−1eTkR1/2A−2
21 (z)R−1/2ek)

∣∣∣
+
K

n
E
∣∣γ̂2(1)(z)

∣∣+ o(1)

≤ K

n

p∑
k=1

E1/2

∣∣∣∣rT2 A−1
21 (z)R−1/2eke

T
kR1/2A−1

21 (z)r2 −
1

n
eTkR1/2A−2

21 (z)R−1/2ek

∣∣∣∣
×E1/2

∣∣γ̂2(1)(z)
∣∣2 + o(1)

= o(1).

To sum up, we proved that E(I1.1.2) = o(1).

We now show that E(I1.1.3) = o(1). Denoting dkl = 2r2
k` + βx

p∑
h=1

g2
khg

2
`h, we have∣∣∣∣∣∣ 1n

p∑
k,`=1

dklEeTkR1/2B2(z)R−1/2e`e
T
` R1/2B2(z)R−1/2ek

∣∣∣∣∣∣
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≤ K

n

∣∣∣∣∣∣
p∑

k,`=1

n∑
i,j=2

dklE
[
eTkR1/2(rir

T
i − n−1I)A−1

i1 R−1/2e`e
T
` R1/2(rjr

T
j − n−1I)A−1

j1 R−1/2ek
]∣∣∣∣∣∣

≤ K

∣∣∣∣∣∣
p∑

k,`=1

dklE
[
eTkR1/2(r2r

T
2 − n−1I)A−1

21 R−1/2e`e
T
` R1/2(r2r

T
2 − n−1I)A−1

21 R−1/2ek
]∣∣∣∣∣∣

+Kn

∣∣∣∣∣∣
p∑

k,`=1

dklE
[
eTkR1/2(r2r

T
2 − n−1I)A−1

21 R−1/2e`e
T
` R1/2(r3r

T
3 − n−1I)A−1

31 R−1/2ek
]∣∣∣∣∣∣

≤ K

n2

p∑
k,`=1

dkl +Kn

∣∣∣∣∣
p∑

k,`=1

dklE
[
β2(31)β3(21)e

T
kR1/2(r2r

T
2 − n−1I)A−1

321r3r
T
3 A−1

321R
−1/2e`e

T
` R1/2

×(r3r
T
3 − n−1I)A−1

321r2r
T
2 A−1

321R
−1/2ek

]∣∣∣∣∣
≤ Kn

∣∣∣∣∣
p∑

k,`=1

dklE
[
β2(31)β3(21)e

T
kR1/2(r2r

T
2 − n−1I)A−1

321r3r
T
3 A−1

321R
−1/2e`e

T
` R1/2

×(r3r
T
3 − n−1I)A−1

321r2r
T
2 A−1

321R
−1/2ek

]∣∣∣∣∣+ o(1).

Note that

β2(31)(z) = b321(z)− β2(31)(z)b321(z)γ̂2(31)(z)

and

β3(21)(z) = b321(z)− β3(21)(z)b321(z)γ̂3(21)(z).

Using (1.15) of Bai and Silverstein (2004) many times, we have for each k, l = 1, · · · , p,

E
[
b2321(z)e

T
kR

1/2(r2r
T
2 − n−1I)A−1

321r3r
T
3 A−1

321R
−1/2e`e

T
` R

1/2(r3r
T
3 − n−1I)A−1

321r2r
T
2 A−1

321R
−1/2ek

]
= E

[
b2321(z)r

T
3 A−1

321r2r
T
2 A−1

321R
−1/2eke

T
kR

1/2(r2r
T
2 − n−1I)A−1

321r3r
T
3 A−1

321R
−1/2e`e

T
` R

1/2r3

]
−

1

n2
E
[
b2321(z)r

T
2 A−1

321R
−1/2eke

T
` R

1/2A−1
321r2(r

T
2 A−2

321R
−1/2e`e

T
kR

1/2r2 − n−1eTkR
1/2A−2

321R
−1/2e`)

]
= E

[
b2321(z)

(
rT3 A−1

321r2r
T
2 A−1

321R
−1/2eke

T
kR

1/2(r2r
T
2 − n−1I)A−1

321r3 −
1

n
eTkR

1/2(r2r
T
2 − n−1I)

·A−2
321r2r

T
2 A−1

321R
−1/2ek

)
·
(
rT3 A−1

321R
−1/2e`e

T
` R

1/2r3 −
1

n
eT` R

1/2A−1
321R

−1/2e`

)]

+
1

n2
E

[
b2321(z)

(
rT2 A−2

321r2 −
1

n
tr
(
A−2

321

))(
rT2 A−1

321R
−1/2eke

T
kR

1/2r2 −
1

n
eTkR

1/2A−1
321R

−1/2ek

)

·eT` R
1/2A−1

321R
−1/2e`

]
+

1

n4
E

[
b2321(z)tr

(
A−2

321

)
eTkR

1/2A−1
321R

−1/2eke
T
` R

1/2A−1
321R

−1/2e`

]

−
1

n4
E

[
b2321(z)e

T
kR

1/2A−3
321R

−1/2eke
T
` R

1/2A−1
321R

−1/2e`

]
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−
1

n2
E

[
b2321(z)

(
rT2 A−2

321R
−1/2e`e

T
kR

1/2r2 − n−1eTkR
1/2A−2

321R
−1/2e`

)2
]

= E

[
b2321(z)

(
rT3 A−1

321r2r
T
2 A−1

321R
−1/2eke

T
kR

1/2(r2r
T
2 − n−1I)A−1

321r3 −
1

n
eTkR

1/2(r2r
T
2 − n−1I)

·A−2
321r2r

T
2 A−1

321R
−1/2ek

)
·
(
rT3 A−1

321R
−1/2e`e

T
` R

1/2r3 −
1

n
eT` R

1/2A−1
321R

−1/2e`

)]
+O(n−3)

=
1

n2
E

[
b2321(z)

(
rT2 A−1

321R
−1/2eke

T
kR

1/2(r2r
T
2 − n−1I)A−2

321R
−1/2e`e

T
` R

1/2A−1
321r2

+rT2 A−1
321R

−1/2eke
T
kR

1/2(r2r
T
2 − n−1I)A−1

321R
−1/2e`e

T
` R

1/2A−2
321r2

+βx

p∑
h=1

eThA
−1
321r2r

T
2 A−1

321R
−1/2eke

T
kR

1/2(r2r
T
2 − n−1I)A−1

321ehe
T
hA
−1
321R

−1/2e`e
T
` R

1/2eh

)]
+O(n−3)

=
1

n2
E

[
b2321(z)

(
2

(
rT2 A−1

321R
−1/2eke

T
kR

1/2r2 −
1

n
eTkR

1/2A−1
321R

−1/2ek

)
·
(
rT2 A−2

321R
−1/2e`e

T
` R

1/2A−1
321r2 −

1

n
eT` R

1/2A−3
321R

−1/2e`

)
+βx

p∑
h=1

eThA
−1
321R

−1/2e`e
T
` R

1/2eh

(
rT2 A−1

321R
−1/2eke

T
kR

1/2r2 −
1

n
eTkR

1/2A−1
321R

−1/2ek

)

·
(
rT2 A−1

321ehe
T
hA
−1
321r2 −

1

n
eThA

−2
321eh

))]
+O(n−3)

= O(n−3).

By Lemma 6.1, it follows that for each k, l = 1, · · · , p,

E
[
eTkR1/2(r2r

T
2 − n−1Ip)A

−1
321r3r

T
3 A−1

321R
−1/2e`e

T
` R1/2(r3r

T
3 − n−1Ip)A

−1
321r2

·rT2 A−1
321R

−1/2ekβ231(z)b321(z)γ̂2(31)(z)
]

≤ KE

∣∣∣∣∣γ̂2(31)(z)

(
rT3 A−1

321R
−1/2e`e

T
` R1/2r3 −

1

n
eT` R1/2A−1

321R
−1/2e`

)
·
(

rT3 A−1
321r2r

T
2 A−1

321R
−1/2eke

T
kR1/2(r2r

T
2 −

1

n
Ip)A

−1
321r3

− 1

n
eTkR1/2(r2r

T
2 −

1

n
Ip)A

−2
321r2r

T
2 A−1

321R
−1/2ek

)∣∣∣∣∣
+
K

n
E

∣∣∣∣∣γ̂2(31)(z)
(
rT3 A−1

321r2r
T
2 A−1

321R
−1/2eke

T
kR1/2(r2r

T
2 −

1

n
Ip)A

−1
321r3

− 1

n
eTkR1/2(r2r

T
2 −

1

n
Ip)A

−2
321r2r

T
2 A−1

321R
−1/2ek

)∣∣∣∣∣
+
K

n2
E
∣∣∣γ̂2(31)(z)r

T
2 A−1

321R
−1/2eke

T
kR1/2(r2r

T
2 − n−1I)A−2

321r2

∣∣∣
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+
K

n
E

∣∣∣∣∣γ̂2(31)(z)r
T
2 A−1

321R
−1/2eke

T
` R1/2A−1

321r2

(
rT3 A−1

321R
−1/2e`

·eTkR1/2(r2r
T
2 − n−1I)A−1

321r3 −
1

n
eTkR1/2(r2r

T
2 − n−1I)A−1

321A
−1
321R

−1/2e`

)∣∣∣∣∣
+
K

n2
E

∣∣∣∣∣γ̂2(31)(z)r
T
2 A−1

321R
−1/2eke

T
` R1/2A−1

321r2e
T
kR1/2(r2r

T
2 − n−1I)A−2

321R
−1/2e`

∣∣∣∣∣
≤ K

n2
E

∣∣∣∣∣γ̂2(31)(z)r
T
2 r2e

T
kR1/2(r2r

T
2 −

1

n
Ip)

2R−1/2ek

∣∣∣∣∣
+
K

n2
E

∣∣∣∣γ̂2(31)(z)r
T
2 r2

√
eTkR1/2(r2rT2 − n−1I)2R−1/2ek

∣∣∣∣
≤ K

n2
E1/2

∣∣γ̂2(31)(z)
∣∣2 = O(n−5/2).

Furthermore, for each k, l = 1, · · · , p,

E
[
eTkR1/2(r2r

T
2 − n−1Ip)A

−1
321r3r

T
3 A−1

321R
−1/2e`e

T
` R1/2(r3r

T
3 − n−1Ip)A

−1
321r2

·rT2 A−1
321R

−1/2ekβ321(z)b321(z)γ̂3(21)(z)
]

= O(n−5/2)

and

E
[
eTkR1/2(r2r

T
2 − n−1Ip)A

−1
321r3r

T
3 A−1

321R
−1/2e`e

T
` R1/2(r3r

T
3 − n−1Ip)A

−1
321r2

·rT2 A−1
321R

−1/2ekβ321(z)β231(z)b2321(z)γ̂3(21)(z)γ̂2(31)(z)
]

= O(n−5/2).

Hence, we conclude that∣∣∣∣∣∣ 1n
p∑

k,`=1

dklEeTkR1/2B2(z)R−1/2e`e
T
` R1/2B2(z)R−1/2ek

∣∣∣∣∣∣ ≤ Kn
p∑

k,`=1

dkl + o(1) = o(1).

Similarly, we have

1

n

p∑
k,`=1

dklE
[
eTkR1/2Bu(z)R−1/2e`e

T
` R1/2Bv(z)R−1/2ek

]
= o(1), for u, v = 2, 3, 4.

Combining the estimates above we get the desired convergence that

E (I1) =

2ρn + βx
1
n

p∑
k=1

p∑
j=1

g4
kj

z2(1 + s(z))2
+ o(1) (4.29)
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→ 1

z2(1 + s(z))2

(
2ρ+ βx lim

n→∞

1

n

p∑
k=1

p∑
j=1

g4
kj

)
.

Repeating the proof of (4.29), it implies that

E (I2) → 1

z2(1 + s(z))2

(
2ρ+ βx lim

n→∞

1

n

p∑
k=1

p∑
j=1

g4
kj

)

and

E (I3)

=
1

n

n∑
j=1

Etr
[
A−1
j (z)DTA−1

j (z)R−1/2(diag(Sj)− Ip)R
1/2
]

+ o(1)

=
1

n2

n∑
j=1

p∑
k,`=1

E

[
eTkR−1/2A−1

j (z)R−1/2e`e
T
` R1/2A−1

j (z)R1/2ek

·
(
XT
j gkg

T
k Xj − 1

)(
XT
j g`g

T
` Xj − 1

)]
+ o(1)

=
1

n2

n∑
j=1

p∑
k,`=1

E

[
eTkR−1/2A−1

j (z)R−1/2e`e
T
` R1/2A−1

j (z)R1/2ek

·

(
2r2
kl + βx

p∑
h=1

g2
khg

2
`h

)]
+ o(1)

→ 1

z2(1 + s(z))2
lim
n→∞

1

n

p∑
k,`=1

E

[
eTkR−1e`rkl

(
2r2
kl + βx

p∑
h=1

g2
khg

2
`h

)]
.

Step I.4 By Step I.1-I.3, we conclude that

z · I → 1

2z(1 + s(z))2

(
2ρ+ βx lim

n→∞

1

n

p∑
k=1

p∑
j=1

g4
kj

)
(4.30)

+
1

2z(1 + s(z))2
lim
n→∞

1

n

p∑
k,`=1

E

[
eTkR−1e`rkl

(
2r2
kl + βx

p∑
h=1

g2
khg

2
`h

)]
.

Step I.5 Since

II =
1

2
· ∂I
∂z
,
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it is apparent that

z2 · II

p−→z2

4

∂

∂z

(
1

z2(1 + s(z))2

)
·

(
2ρ+ βx lim

n→∞

1

n

p∑
k=1

p∑
j=1

g4
kj

)

+
z2

4

∂

∂z

(
1

z2(1 + s(z))2

)
· lim
n→∞

1

n

p∑
k,`=1

E

[
eTkR−1e`rkl

(
2r2
kl + βx

p∑
h=1

g2
khg

2
`h

)]
,

(4.31)

which is similar to the proof of (4.30).

Step II In this step, we are going to showing that

III + IV = op(1).

Firstly, it can be verified that from Lemma 6.2

‖H−1(z)‖ ≤ 1

=z a.s.

Using (4.15) and Lemma 6.4, one has

|III + IV | ≤C
∥∥H−1(z) (L− Ip)

∥∥ tr
(
A−1(z) (L− Ip)

)2
≤C ‖L− Ip‖ ≤ C ‖D‖ → 0 in probability.

Therefore, we conclude that

III + IV = op(1). (4.32)

Step III . In this step we derive the CLT of

V =
[
trA−1(z)− E

(
trA−1(z)

)]
+
[
tr
(
A−1(z) (L− Ip)

)
− Etr

(
A−1(z) (L− Ip)

)]
+ z

[
tr
(
A−2(z) (L− Ip)

)
− Etr

(
A−2(z) (L− Ip)

)]
:=V.1 + V.2 + V.3.

The outline of this step is as follows:
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III.1: Prove V.1 =
n∑
j=1

Wj(z) + op(1) where Wj(z) = −Ej
(
d
dz
bj(z)γ̂j(z)

)
.

III.2: Show that

V.2 =

n∑
j=1

Qj1(z) + op(1)

and

V.3 = z · ∂
∂z

n∑
j=1

Qj1(z) + op(1)

where Qj1(z) = 1
n

Ejtr
(
A−1
j (z)R−1/2 (diag(Sj)− Ip) R1/2

)
.

III.3: Show that the process indexed by z

(
n∑
j=1

(
Wj(z) +Qj1(z) + z · ∂

∂z
Qj1(z)

))

converges weakly to a Gaussian process.

Step III.1 According to Bai and Silverstein (2004) (Page 562), we obtain

V.1 = trA−1(z)− Etr
(
A−1(z)

)
=

n∑
j=1

Wj(z) + op(1), (4.33)

where Wj(z) = −Ej
(
d
dz
bj(z)γ̂j(z)

)
. We note here that Zheng, Bai and Yao (2015) also obtain

that trA−1(z)− psρn(z) converges to a Gaussian process with the following mean function

ρs3(z)(1 + s(z))−3

(1− ρs2(z)(1 + s(z))−2)2 +
βx · ρs3(z)(1 + s(z))−3

1− ρs2(z)(1 + s(z))−2

and the covariance function

2

[
∂s(z1)
∂z1

∂s(z2)
∂z2

(s(z2)− s(z1))2
− 1

(z1 − z2)2

]
+

βxρ
∂s(z1)
∂z1

∂s(z2)
∂z2

(1 + s(z1))2(1 + s(z2))2
.

Step III.2 It follows that from (4.17) that

V.2 =
1 + o(1)

2

[
tr
(
A−1(z)D

)
− Etr

(
A−1(z)D

)]
+

1 + o(1)

2

[
tr
(
A−1(z)DT

)
− Etr

(
A−1(z)DT

)]
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+
1 + o(1)

4

[
tr
(
A−1(z)DDT

)
− Etr

(
A−1(z)DDT

)]
.

Similar to the proof of (4.26), we see that

1 + o(1)

4

[
tr
(
A−1(z)DDT

)
− Etr

(
A−1(z)DDT

)]
= op(1).

Hence, one finds that

V.2 =
1 + o(1)

2

[
tr
(
A−1(z)D

)
− Etr

(
A−1(z)D

)]
+

1 + o(1)

2

[
tr
(
A−1(z)DT

)
− Etr

(
A−1(z)DT

)]
+ op(1)

:=
1 + o(1)

2
V.2.1 +

1 + o(1)

2
V.2.2 + op(1).

Using (4.2), we obtain that

V.2.1 =tr
(
A−1(z)D

)
− E

(
trA−1(z)D

)
=

n∑
j=1

(Ej − Ej−1)
(
tr
(
A−1(z)D

)
− tr

(
A−1
j (z)Dj

))
=

1

n

n∑
j=1

(Ej − Ej−1)tr
(
A−1
j (z)R−1/2 (diag (Sj)− Ip) R1/2

)

−
n∑
j=1

(Ej − Ej−1)
(
βj(z)r

T
j A−1

j (z)DjA
−1
j (z)rj

)

− 1

n

n∑
j=1

(Ej − Ej−1)
(
βj(z)r

T
j A−1

j (z)R−1/2 (diag(Sj)− Ip) R1/2A−1
j (z)rj

)

=

n∑
j=1

(Qj1(z)−Qj2(z)−Qj3(z)) .

(4.34)

We shall show that both
n∑
j=1

Qj2(z) and
n∑
j=1

Qj3(z) are op(1).

We start with
n∑
j=1

Qj2(z). By (4.3), we have

n∑
j=1

Qj2(z) =

n∑
j=1

Ej

[
bj(z)

(
rTj A−1

j (z)DjA
−1
j (z)rj −

1

n
tr
(
A−1
j (z)DjA

−1
j (z)

))]

−
n∑
j=1

(Ej − Ej−1)
(
b2j (z)γ̂j(z)r

T
j A−1

j (z)DjA
−1
j (z)rj

)
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+

n∑
j=1

(Ej − Ej−1)
(
b2j (z)βj(z)γ̂

2
j (z)rTj A−1

j (z)DjA
−1
j (z)rj

)
.

Using (4.16) and Lemma 6.1, it follows that

E

∣∣∣∣∣
n∑
j=1

(Ej − Ej−1)
(
b2j (z)γ̂j(z)r

T
j A−1

j (z)DjA
−1
j (z)rj

)∣∣∣∣∣
2

≤C
n∑
j=1

E
∣∣∣γ̂j(z)rTj A−1

j (z)DjA
−1
j (z)rj

∣∣∣2
≤C

n∑
j=1

E

∣∣∣∣γ̂j(z)(rTj A−1
j (z)DjA

−1
j (z)rj −

1

n
tr
(
A−2
j (z)Dj

))∣∣∣∣2

+
C

n2

n∑
j=1

E
∣∣γ̂j(z)tr (A−2

j (z)Dj

)∣∣2
≤C

n∑
j=1

E

[
E

1/2

(j) |γ̂j(z)|
4 E

1/2

(j)

∣∣∣∣rTj A−1
j (z)DjA

−1
j (z)rj −

1

n
tr
(
A−2
j (z)Dj

)∣∣∣∣4
]

+
C

n2

n∑
j=1

E ‖Dj‖2 ≤
Cη4

n

n

n∑
j=1

E ‖Dj‖2 +
C

n2

n∑
j=1

E ‖Dj‖2 → 0,

and

E

∣∣∣∣∣
n∑
j=1

(Ej − Ej−1)
(
b2j (z)βj(z)γ̂

2
j (z)rTj A−1

j (z)DjA
−1
j (z)rj

)∣∣∣∣∣→ 0.

Furthermore,

E

∣∣∣∣∣
n∑
j=1

Ej

[
bj(z)r

T
j A−1

j (z)DjA
−1
j (z)rj −

1

n
tr
(
A−1
j (z)DjA

−1
j (z)

)]∣∣∣∣∣
2

≤ C
n∑
j=1

E

∣∣∣∣rTj A−1
j (z)DjA

−1
j (z)rj −

1

n
tr
(
A−1
j (z)DjA

−1
j (z)

)∣∣∣∣2

≤ C

n

n∑
j=1

E ‖Dj‖2 → 0.

That is,
n∑
j=1

Qj2(z) = op(1).

Next we prove that
n∑
j=1

Qj3(z) = op(1). Applying Lemma 6.1 and Lemma 6.3, one finds

that

E

∣∣∣∣∣
n∑
j=1

Qj3(z)

∣∣∣∣∣
2

≤ C
n2

n∑
j=1

E
[
rTj rj |diag(Sj)− Ip‖

]2
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≤ C
n2

n∑
j=1

E1/2
∣∣∣rTj rj

∣∣∣4 E1/2 |diag(Sj)− Ip‖4

≤Cη2
n → 0.

Consequently, it follows that

n∑
j=1

Qj3(z) = op(1).

Combining the two estimates with (4.34), we then obtain that

V.2.1 =

n∑
j=1

Qj1(z) + op(1).

Using the same method of the proof of the above inequality, it yields that

V.2.2 =
1

n

n∑
j=1

(Ej − Ej−1)tr
(
A−1
j (z)R1/2 (diag (Sj)− Ip) R−1/2

)
+ op(1)

=

n∑
j=1

Qj1(z) + op(1).

Consequently, it follows that

V.2 = (1 + o(1))

n∑
j=1

Qj1(z) + op(1).

Note that from (4.28)

E

∣∣∣∣∣
n∑
j=1

Qj1(z)

∣∣∣∣∣
2

≤ C
n2

n∑
j=1

E

∣∣∣∣∣
p∑
k=1

(
XT
j gkg

T
k Xj − 1

)
eTkR1/2A−1

j (z)R−1/2ek

∣∣∣∣∣
2

=
C

n2

n∑
j=1

p∑
k,`=1

E
[(

XT
j gkg

T
k Xj − 1

)(
XT
j g`g

T
` Xj − 1

)]

· E
[
eTkR1/2A−1

j (z)R−1/2eke
T
` R1/2A−1

j (z)R−1/2e`
]

≤ C
n2

n∑
j=1

p∑
k,l=1

E
[(

XT
j gkg

T
k Xj − 1

)(
XT
j g`g

T
` Xj − 1

)]

=
C

n2

n∑
j=1

p∑
k,l=1

E

[
2r2
k` + βx

p∑
h=1

g2
`hg

2
kh

]
≤ C.
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Hence, we conclude that

V.2 =

n∑
j=1

Qj1(z) + op(1). (4.35)

Because V.3 = z ∂
∂z
V.2, we have

V.3 = z

n∑
j=1

∂

∂z
Qj1(z) + op(1)

similar to the proof of (4.35). Combining (4.33) and (4.35) yields

V =
n∑
j=1

[
Wj(z) +Qj1(z) + z · ∂

∂z
Qj1(z)

]
+ op(1).

Step III.3 Next we show that

n∑
j=1

[
Wj(z) +Qj1(z) + z · ∂

∂z
Qj1(z)

]

converges weakly to a Gaussian process in z.

For any z1, . . . , zr ∈ C+, α1, . . . , αr ∈ R and any ε > 0, we have

n∑
j=1

E

(∣∣∣∣∣
r∑
`=1

αlQj1(z`)

∣∣∣∣∣
2

I

(∣∣∣∣∣
r∑
`=1

αlQj1(z`)

∣∣∣∣∣ ≥ ε
))

≤ 1

ε2

n∑
j=1

E

∣∣∣∣∣
r∑
`=1

αlQj1(z`)

∣∣∣∣∣
4

=
1

n4ε2

n∑
j=1

E

∣∣∣∣∣
r∑
`=1

α`Ejtr
(
A−1
j (z`)R

−1/2 (diag (Sj)− I) R1/2
)∣∣∣∣∣

4

=
1

n4ε2

n∑
j=1

E

∣∣∣∣∣
r∑
`=1

α`Ej

p∑
k=1

eTkR1/2A−1
j (z`)R

−1/2ek · (XT
j gkg

T
k Xj − 1)

∣∣∣∣∣
4

≤ C

n4ε2

n∑
j=1

r∑
`=1

α4
` · E

∣∣∣∣∣Ej
p∑
k=1

eTkR1/2A−1
j (z`)R

−1/2ek · (XT
j gkg

T
k Xj − 1)

∣∣∣∣∣
4

≤ C

n4ε2

n∑
j=1

r∑
`=1

α4
` · E

∣∣∣∣∣XT
j

(
p∑
k=1

gke
T
kR1/2A−1

j (z`)R
−1/2ekg

T
k

)
Xj − tr(A−1

j (z`))

∣∣∣∣∣
4

≤ C

ε2

r∑
`=1

α4
` · η4

n = o(1),

where the second to the last inequality hold due to Jensen’s inequality, and in the last inequality

we used the bound (9.9.6) on Page 271 of Bai and Silverstein (2010) applied with q = 4 and
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the fact that

tr

( p∑
k=1

gke
T
kR1/2A−1

j (z`)R
−1/2ekg

T
k

)
=

p∑
k=1

gTk gk · eTkR1/2A−1
j (z`)R

−1/2ek

=

p∑
k=1

eTkR1/2A−1
j (z`)R

−1/2ek = tr
(
R1/2A−1

j (z`)R
−1/2

)
= tr(A−1

j (z`)).

The other terms have the similar results.

Next we derive the limit of the quadratic variation process, which is a sum involving the

following six processes:

n∑
j=1

Ej−1 (Wj(z1)Wj(z2)) ,

n∑
j=1

Ej−1 (Qj1(z1)Qj1(z2)) ,

n∑
j=1

Ej−1

(
∂Qj1(z1)

∂z1

∂Qj1(z2)

∂z2

)
,

and

n∑
j=1

Ej−1 (Wj(z1)Qj1(z2)) ,

n∑
j=1

Ej−1

(
Wj(z1)

∂Qj1(z2)

∂z2

)
,

n∑
j=1

Ej−1

(
Qj1(z1)

∂Qj1(z2)

∂z2

)
.

In fact we only need to derive the limits of the following terms

n∑
j=1

Ej−1 (Qj1(z1)Wj(z2)) ,

n∑
j=1

Ej−1 (Qj1(z1)Qj1(z2)) .

First we have

n∑
j=1

Ej−1 (Qj1(z1)Qj1(z2))

=

n∑
j=1

Ej−1

[
p∑
k=1

Ej

(
eTkR1/2A−1

j (z1)R−1/2ek

(
rTj gkg

T
k rj −

1

n

))

·
p∑
`=1

Ej

(
eT` R1/2A−1

j (z2)R−1/2e`

(
rTj g`g`rj −

1

n

))]

=

n∑
j=1

p∑
k,`=1

Ej
(
eTkR1/2A−1

j (z1)R−1/2ek
)

Ej
(
eT` R1/2A−1

j (z2)R−1/2e`
)

·Ej−1

[(
rTj gkg

T
k rj −

1

n

)(
rTj g`g

T
` rj −

1

n

)]
=

1

n2

n∑
j=1

p∑
k,`=1

Ej
(
eTkR1/2A−1

j (z1)R−1/2ek
)

Ej
(
eT` R1/2A−1

j (z2)R−1/2e`
)

·

(
βx

p∑
h=1

(
eThR1/2eke

T
l R1/2eh

)2

+ 2r2
k`

)
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p→ 1

z1z2(1 + s(z1))(1 + s(z2))
lim

n→+∞

(
2

n
trR2 +

βx
n

p∑
h=1

(
eThReh

)2
)

(4.36)

where in the last equation we used (4.28), and the last convergence is due to Lemma 6.2. of

Zheng (2012).

Secondly,

n∑
j=1

Ej−1 (Qj1(z1)Wj(z2))

= − ∂

∂z2

{
n∑
j=1

Ej−1

[
Ej

(
trA−1

j (z1)
1

n
R−1/2 (diag(Sj)− Ip) R1/2

)

·Ej

(
bj(z2)

(
rTj A−1

j (z2)rj −
trA−1

j (z2)

n

))]}

= − ∂

∂z2

{
n∑
j=1

p∑
k=1

Ej−1

[
eTkR1/2A−1

j (z1)R−1/2ek

(
rTj gkg

T
k rj −

1

n

)

·b̆j(z2)

(
rTj Ă−1

j (z2)rj −
1

n
trĂ−1

j (z2)

)]}
.

Observe that

E

((
rTj gkg

T
k rj −

1

n

)(
rTj Ă−1

j (z2)rj −
1

n
trĂ−1

j (z2)

)∣∣∣∣∣ r1, . . . , rj−1, r̆j+1, . . . , r̆n

)

=
2

n2
gTk Ă−1

j (z2)gk +
βx
n2

p∑
h=1

(
eThR1/2ek

)2

eTh Ă−1
j (z2)eh.

Then we see that

n∑
j=1

Ej−1 (Qj1(z1)Wj(z2))

= − 1

n2
· ∂

∂z2

{
b(z2)

n∑
j=1

p∑
k=1

Ej−1

[
eTkR1/2A−1

j (z1)R−1/2ek ·
(

2gTk Ă−1
j (z2)gk

+βx

p∑
h=1

(
eThR1/2ek

)2

eTh Ă−1
j (z2)eh

)]}
+ o(1)

=
1

n2
· ∂

∂z2

{
z2s(z2)

n∑
j=1

p∑
k=1

Ej−1

[
eTkR1/2A−1

j (z1)R−1/2ek ·
(

2gTk Ă−1
j (z2)gk
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+βx

p∑
h=1

(
eThR1/2ek

)2

eTh Ă−1
j (z2)eh

)]}
+ o(1)

p→ ∂

∂z2

(
z2s(z2)

z1z2(1 + s(z1))(1 + s(z2))

)
·

(
2ρ+ lim

n→∞

βx
n

p∑
h=1

eThReh

)

= − 1

z1(1 + s(z1))

∂

∂z2

(
1

1 + s(z2)

)
· (2 + βx) ρ,

where by (4.3) and some computation, we have |bj(z)−b(z)| ≤ Kn−1 and |b(z)−zs(z)| ≤ Kn−1.

Moreover, s(z) is the Stieltjes transformation of the Mčenko-Pastur law, s(z) = −(1− ρ)z−1 +

ρs(z) and z = −s−1(z) + ρ(1 + s(z))−1.

Combining the results above and by the martingale CLT and Lemma 2.14 of Bai and Sil-

verstein (2010) we then obtain that the process

n∑
j=1

[
Wj(z) +Qj1(z) + z · ∂

∂z
Qj1(z)

]

converges weakly to a Gaussian process with mean zero and covariance functions

v(z1, z2)

= 2

(
s′(z1)s′(z2)

(s(z2)− s(z1))2
− 1

(z2 − z1)2

)
+ ρβx ·

∂

∂z1

(
1

(1 + s(z1))

)
· ∂

∂z2

(
1

1 + s(z2)

)

+

(
ρβxtG + lim

n→∞
2
n

trR2
)

z1z2(1 + s(z1))(1 + s(z2))

+z1z2

(
ρβxtG + lim

n→∞

2

n
trR2

)
∂

∂z1

(
1

z1(1 + s(z1))

)
· ∂

∂z2

(
1

z2(1 + s(z2))

)
−(ρβx + 2ρ)

1

z1(1 + s(z1))
· ∂

∂z2

(
1

1 + s(z2))

)
−(ρβx + 2ρ)

1

z2(1 + s(z2))
· ∂

∂z1

(
1

1 + s(z1)

)
−(ρβx + 2ρ)z1 ·

∂

∂z1

(
1

z1(1 + s(z1))

)
· ∂

∂z2

(
1

1 + s(z2)

)
−(ρβx + 2ρ)z2 ·

∂

∂z1

(
1

1 + s(z1)

)
· ∂

∂z2

(
1

z2(1 + s(z2))

)
+(ρβxtG + lim

n→∞

2

n
trR2)z1 ·

∂

∂z1

(
1

z1(1 + s(z1))

)
· 1

z2(1 + s(z2))
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+(ρβxtG + lim
n→∞

2

n
trR2)z2 ·

1

z1(1 + s(z1))
· ∂

∂z2

(
1

z2(1 + s(z2))

)
= 2

(
s′(z1)s′(z2)

(s(z2)− s(z1))2
− 1

(z2 − z1)2

)
+

s′(z1)s′(z2)

(1 + s(z1))2(1 + s(z2))2

·
(
ρβxtG + lim

n→∞

2

n
trR2 − ρβx − 4ρ

)
. (4.37)

Step IV Now we derive the limit of the term V I defined in (4.14). Firstly,Zheng, Bai and

Yao (2015) proved that

EtrA−1(z)− psρn(z) → ρs3(z)(1 + s(z))−3

(1− ρs2(z)(1 + s(z))−2)2 +
βxρs

3(z)(1 + s(z))−3

1− ρs2(z)(1 + s(z))−2
. (4.38)

Then it follows that from (4.17)

Etr
(
A−1(z) (L− Ip)

)
=

1

2
Etr

(
A−1(z)D

)
+

1

2
Etr

(
A−1(z)DT

)
+

1 + o(1)

4
Etr

(
A−1(z)DDT

)
− 1 + o(1)

8
Etr

(
A−1(z)D2) (4.39)

− 1 + o(1)

8
Etr

(
A−1(z)

(
DT
)2
)
.

We begin with the third term of the righthand side of (4.39). It is apparent that

Etr
(
A−1(z)DDT

)
=

1

n

n∑
j=1

Etr
(
A−1(z)R−1/2 (diag(Sj)− Ip) R1/2DT

)

=
1

n2

n∑
j=1

Etr
(
A−1
j (z)R−1/2 (diag(Sj)− Ip) R (diag(Sj)− Ip) R−1/2

)

+
1

n

n∑
j=1

Etr
(
A−1
j (z)R−1/2 (diag(Sj)− Ip) R1/2DT

j

)

− 1

n

n∑
j=1

E
(
βj(z)r

T
j A−1

j (z)R−1/2 (diag(Sj)− Ip) R1/2DTA−1
j (z)rj

)
.

By conditioning on Fj one sees that the second term equals 0. Applying (4.16) and (4.18), we

get ∣∣∣∣∣ 1n
n∑
j=1

E
(
βj(z)r

T
j A−1

j (z)R−1/2 (diag(Sj)− Ip) R1/2DTA−1
j (z)rj

)∣∣∣∣∣
≤o(1)

n

n∑
j=1

E
(
rTj rj ‖diag(Sj)− Ip‖

)
≤ o(1)

n

n∑
j=1

E1/2
(
rTj rj

)2

= o(1).
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Therefore, we see that from (4.28)

Etr
(
A−1(z)DDT

)
=

1

n2

n∑
j=1

Etr
(
A−1
j (z)R−1/2 (diag(Sj)− Ip) R (diag(Sj)− Ip) R−1/2

)
+ o(1)

=
1

n2

n∑
j=1

p∑
k,`=1

E
((

Xjg`g
T
` Xj − 1

)(
Xjgkg

T
k Xj − 1

)
eT` Reke

T
kR−1/2A−1

j (z)R−1/2e`
)

+ o(1)

=
1

n2

n∑
j=1

p∑
k,`=1

(
βx

p∑
h=1

g2
`hg

2
kh + 2r2

k`

)
E
(
eT` Reke

T
kR−1/2A−1

j (z)R−1/2e`
)

+ o(1)

→− 1

z(1 + s(z))
lim
n→∞

1

n

p∑
k,`=1

(
βx

p∑
h=1

g2
`hg

2
kh + 2r2

k`

)(
eT` Reke

T
kR−1e`

)
, (4.40)

where the proof of (4.40) is similar to those of (4.36). It can also be verified that

Etr
(
A−1(z)D2)→ − 1

z(1 + s(z))

(
βx lim

n→∞

1

n

p∑
k=1

p∑
h=1

g4
kh + 2ρ

)
(4.41)

and

Etr

(
A−1(z)

(
DT
)2
)
→ − 1

z(1 + s(z))

(
βx lim

n→∞

1

n

p∑
k=1

p∑
h=1

g4
kh + 2ρ

)
. (4.42)

Next, using (4.2) we have

Etr
(
A−1(z)D

)
=

1

n

n∑
j=1

Etr
(
A−1(z)R−1/2 (diag(Sj)− Ip) R1/2

)
=

1

n

p∑
k=1

n∑
j=1

E
(
eTkR1/2A−1(z)R−1/2ek(XT

j gkg
T
k Xj − 1)

)
=

1

n

p∑
k=1

n∑
j=1

E
(
eTkR1/2A−1

j (z)R−1/2ek(XT
j gkg

T
k Xj − 1)

)
− 1

n

p∑
k=1

n∑
j=1

E
(
βj(z)r

T
j A−1

j R−1/2eke
T
kR1/2A−1

j (z)rj(X
T
j gkg

T
k Xj − 1)

)
= − 1

n

p∑
k=1

n∑
j=1

E
(
βj(z)r

T
j A−1

j R−1/2eke
T
kR1/2A−1

j (z)rj(X
T
j gkg

T
k Xj − 1)

)
.

By the decomposition (4.3) of βj(z) and (9.9.6) of Bai and Silverstein (2010), we have

Etr
(
A−1(z)D

)
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= − 1

n

p∑
k=1

n∑
j=1

E
(
bj(z)r

T
j A−1

j R−1/2eke
T
kR1/2A−1

j (z)rj(X
T
j gkg

T
k Xj − 1)

)
+ o(1)

= − 1

n

p∑
k=1

n∑
j=1

E

[
bj(z)

(
rTj A−1

j R−1/2eke
T
kR1/2A−1

j (z)rj −
1

n
eTkR1/2A−2

j (z)R−1/2ek

)
(XT

j gkg
T
k Xj − 1)

]

− 1

n2

p∑
k=1

n∑
j=1

E
(
bj(z)e

T
kR1/2A−2

j (z)R−1/2ek(XT
j gkg

T
k Xj − 1)

)
+ o(1).

:= V I.2.1 + V I.2.2 + o(1). (4.43)

By conditioning on Fj one sees that the second term equals 0. Furthermore, one has

V I.2.1 = − 1

n2

p∑
k=1

n∑
j=1

E

[
bj(z)

(
2eTkR1/2A−1

j (z)gkg
T
k A−1

j (z)R−1/2ek

+βx

p∑
h=1

g2
khe

T
hA−1

j R−1/2eke
T
kR1/2A−1

j (z)eh

)]
+ o(1)

→ s(z)

z(1 + s(z))2
lim
n→∞

1

n

p∑
k=1

(
2eTkRek + βx

p∑
h=1

g3
khe

T
hR−1/2ek

)
, (4.44)

where the proof of (4.44) is similar to those of (4.36). Similarly, we get

Etr
(
A−1(z)DT

)
= − 1

n2

p∑
k=1

n∑
j=1

E

[
bj(z)

(
2eTkR−1/2A−1

j (z)gkg
T
k A−1

j (z)R1/2ek

+βx

p∑
h=1

g2
khe

T
hA−1

j R1/2eke
T
kR−1/2A−1

j (z)eh

)]
+ o(1)

→ s(z)

z(1 + s(z))2
lim
n→∞

1

n

p∑
k=1

(
2eTkRek + βx

p∑
h=1

g3
khe

T
hR−1/2ek

)
. (4.45)

Combining (4.39)-(4.45), we see that

Etr
(
A−1(z) (L− Ip)

)
→ s(z)

z(1 + s(z))2

(
2ρ+ βx lim

n→∞

1

n

p∑
k=1

p∑
h=1

g3
khe

T
hR−1/2ek

)

− 1

4z(1 + s(z))
lim
n→∞

1

n

p∑
k,`=1

eTkR−1e`rkl ·

(
βx

p∑
h=1

g2
`hg

2
kh + 2r2

k`

)

+
1

4z(1 + s(z))

(
βx lim

n→∞

1

n

p∑
k=1

p∑
h=1

g4
kh + 2ρ

)
. (4.46)
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It follows that the limit of the third term of the term V I defined in (4.14)

zEtr
(
A−2(z) (L− Ip)

)
→z ∂

∂z

(
s(z)

z(1 + s(z))2

)(
2ρ+ βx lim

n→∞

1

n

p∑
k=1

p∑
h=1

g3
khe

T
hR−1/2ek

)

− z ∂
∂z

(
1

4z(1 + s(z))

)
lim
n→∞

1

n

p∑
k,`=1

eTkR−1e`rkl ·

(
βx

p∑
h=1

g2
`hg

2
kh + 2r2

k`

)

+ z
∂

∂z

(
1

4z(1 + s(z))

)(
βx lim

n→∞

1

n

p∑
k=1

p∑
h=1

g4
kh + 2ρ

)
. (4.47)

Combining (4.13), (4.38), (4.46) and(4.47), the limit of the term V I defined in (4.14) is

ρs3(z)(1 + s(z))−3

(1− ρs2(z)(1 + s(z))−2)2 +
βx · ρs3(z)(1 + s(z))−3

1− ρs2(z)(1 + s(z))−2

+

[
s(z)

z(1 + s(z))2
+ z

∂

∂z

(
s(z)

z(1 + s(z))2

)](
2ρ+ βx lim

n→∞

1

n

p∑
k=1

p∑
h=1

g3
khe

T
hR−1/2ek

)

−
[

1

4z(1 + s(z))
+ z

∂

∂z

(
1

4z(1 + s(z))

)][
lim
n→∞

1

n

p∑
k,`=1

eTkR−1e`rkl

·

(
βx

p∑
h=1

g2
`hg

2
kh + 2r2

k`

)
−

(
βx lim

n→∞

1

n

p∑
k=1

p∑
h=1

g4
kh + 2ρ

)]
. (4.48)

Step IV We are finally ready to establish the CLT of LSS of the matrix R−1R̂.

Combining (4.9), (4.30), (4.31), (4.11), (4.12), (4.37) and (4.48), we see that Mn(z) con-

verges to a Gaussian process M(z) with the mean function and covariance function as follows

EM(z) =
ρs3(z)(1 + s(z))−3

(1− ρs2(z)(1 + s(z))−2)2 +
βx · ρs3(z)(1 + s(z))−3

1− ρs2(z)(1 + s(z))−2

+

(
− s′(z)

(1 + s(z))2
+

2s′(z)

(1 + s(z))3

)
[8− 2aR + βx(4ag − hR)]ρ

4

−
(

s′(z)

(1 + s(z))2
+

2s′(z)

(1 + s(z))3

)
· (βxcg + 2) ρ

4

(4.49)

and

Cov(M(z1),M(z2))

=2

(
s′(z1)s′(z2)

(s(z2)− s(z1))2
− 1

(z2 − z1)2

)
+ ρ

s′(z1)s′(z2)

(1 + s(z1))2(1 + s(z2))2

· (βx + 2dR − βx − 4) .

(4.50)
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The remaining is to prove the tightness, which should have been proved in Step III.

We need to obtain the tightness of trA−1(z) − E
(
trA−1(z)

)
and

n∑
j=1

Qj1(z). Notice that the

tightness of trA−1(z) − E
(
trA−1(z)

)
has been proved by Bai and Silverstein (2004), now we

will devote to prove the tightness of
n∑
j=1

Qj1(z).

We want to prove, as a sufficient condition,

sup
n,z1,z2∈C+

E

∣∣∣∣∣ n∑j=1

(Qj1(z1)−Qj1(z2))

∣∣∣∣∣
2

|z1 − z2|2
≤ K.

To this end, we only need to prove

sup
n,z1,z2∈Cn

E

∣∣∣∣∣ n∑j=1

(Qj1(z1)−Qj1(z2))

∣∣∣∣∣
2

|z1 − z2|2
≤ K.

Apparently, we have

n∑
j=1

(Qj1(z1)−Qj1(z2))

z1 − z2

=
1

n

n∑
j=1

Ej
[
trA−1

j (z1)A−1
j (z2)R−1/2 (diag(Sj)− Ip) R1/2

]
=

n∑
j=1

p∑
k=1

eTkR1/2Ej
[
A−1
j (z1)A−1

j (z2)
]
R−1/2ek · (rTj gkg

T
k rj −

1

n
).

Thus we obtain

E|
n∑
j=1

(Qj1(z1)−Qj1(z2))|2

|z1 − z2|2

= E

∣∣∣∣∣
n∑
j=1

p∑
k=1

eTkR1/2Ej
[
A−1
j (z1)A−1

j (z2)
]
R−1/2ek · (rTj gkg

T
k rj −

1

n
)

∣∣∣∣∣
2

=
n∑
j=1

E

∣∣∣∣∣
p∑
k=1

eTkR1/2Ej
[
A−1
j (z1)A−1

j (z2)
]
R−1/2ek · (rTj gkg

T
k rj −

1

n
)

∣∣∣∣∣
2

=

n∑
j=1

p∑
k,`=1

E

{
eTkR1/2Ej

[
A−1
j (z1)A−1

j (z2)
]
R−1/2eke

T
` R1/2

·Ej
[
A−1
j (z1)A−1

j (z2)
]
R−1/2e`

}
· E
[
(rTj gkg

T
k rj −

1

n
)(rTj g`g

T
` rj −

1

n
)

]
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≤ 1

n2

n∑
j=1

p∑
k,`=1

(2r2
k` + βx

p∑
h=1

g2
`hg

2
kh) ≤ K,

where K is a constant and E|A−1
j (z)|p ≤ K. So the tightness is proved.

Following the representation (4.1), the LSS of sample correlation matrix R−1R̂ is as follows

p∑
k=1

g`(λk)− p
∫
g`(x) dFρn(x) = − 1

2πi

∫
g`(z)

(
R−1R̂− zI)−1 − psρn(z)

)
dz

for ` = 1, . . . ,m, where Fρ(·) is the LSD of R−1R̂ and Fρn is obtained by replacing ρ by ρn.

Thus the random vector(
p∑
k=1

g1(λk)− p
∫
g1(x) dFρn(x), . . . ,

p∑
k=1

gm(λk)− p
∫
gm(x) dFρn(x)

)
(4.51)

converges to an m-dimensional Gaussian random vector Xg1 , . . . , Xgm with mean functions and

covariance functions as follows

EXg` = − 1

2πi

∮
g`(z) · EM(z) dz

and

Cov(Xg` , Xgj ) = − 1

4π2

∮ ∮
g`(z1)gj(z2) · Cov(M(z1),M(z2)) dz1 dz2.

We finally complete the proof of Theorem 3.1.

5. Proof of Corollary 3.1 and Example 3.2

5.1 Proof of Corollary 3.1

Let s(z) = − 1
1+
√
ρξ

, then

dz = h(1− ξ−2)dξ and z = 1 + hξ + hξ−1 + h2 = |1 + hξ|2

where |ξ| = 1 and h =
√
ρ, because z = −s−1(z) + ρ(1 + s(z))−1 (e.g. Wang and Yao (2013)).

When ξ runs counterclockwisely the unit circle, z will run counterclockwisely a contour that
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encloses the support interval [a, b] = [(1− h)2, (1 + h)2]. So now we regard z as a function of ξ.

Moreover, we have

s′(z) =
s2(z)[1 + s(z)]2

[1 + s(z)]2 − ρs2(z)
,

since

z = − 1

s(z)
+

ρ

1 + s(z)
= −−[1 + (1− ρ)s(z)]

s(z)[1 + s(z)]
= −(1− ρ)

[s(z) + (1− ρ)−1]

s(z)[1 + s(z)]
.

Substitute the above expression into Theorem 3.1, we obtain Corollary 3.1.

5.2 Proof of Example 3.2

Let g1(x) = x, g2(x) = x2, g3(x) = x3, g4(x) = x4, and g5(x) = log(x). It is well known that

the moments of the standard M-P distribution with index ρ take values

mk(ρ) =

k−1∑
r=0

1

r + 1

(
r

k

)(
k − 1

r

)
ρk.

From this, it is easy to calculate the centering terms

∫
g1(x)fρn−1(x)dx = m1(ρn−1) = 1,

∫
g2(x)fρn−1(x)dx = m2(ρn−1) = 1 + ρn−1,∫

g3(x)fρn−1(x)dx = m3(ρn−1) = 1 + 3ρn−1 + ρ2
n−1,∫

g4(x)fρn−1(x)dx = m4(ρn−1) = 1 + 6ρn−1 + 6ρ2
n−1 + ρ3

n−1.

While the centering term
∫
g5(x)fρn−1(x)dx =

ρn−1−1

ρn−1
log(1 − yn−1) − 1, ρn−1 < 1, has been

proved in Section 9.12.3 in Bai and Silverstein (2010).

Using Theorem 3.1, now we focus on the expressions of the expectation parameters EXgi

of LSS for j = 1, 2, 3, 4, 5 and (co)variance parameters Cov(Xgj , Xgk ) for j, k = 1, 2, 3, 4, 5.

Firstly, we compute EXgj for j = 1, 2, 3, 4. Denoting

µ1(g) = − 1

2πi

∮
C

g(z)

(
− 1

(1 + s(z))2
+

2

(1 + s(z))3

)
s′(z) dz,
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µ2(g) = − 1

2πi

∮
C

g(z)

(
1

(1 + s(z))2
+

2

(1 + s(z))3

)
s′(z) dz,

µ3(g) = − 1

2πi

∮
g(z)

ρs3(z)(1 + s(z))−3

(1− ρs2(z)(1 + s(z))−2)2 dz,

µ4(g) = − 1

2πi

∮
g(z)

βx · ρs3(z)(1 + s(z))−3

1− ρs2(z)(1 + s(z))−2
dz,

it follows that

EXg = µ3(g) + βxµ4(g) +
[8− 2aR + βx(4ag − hR)]ρ

4
µ1(g)− (βxcg + 2) ρ

4
µ2(g).

By Wang and Yao (2013), one gets

µ3(g) = lim
r↓1

1

2πi

∮
|ξ|=1

g
(
|1 + hξ|2

) [ ξ

ξ2 − r−2
− 1

ξ

]
dξ,

µ4(g) =
1

2πi

∮
|ξ|=1

g
(
|1 + hξ|2

) 1

ξ3
dξ.

Similarly, we can show that

µ1(g) = − 1

2πi

∮
|ξ|=1

g
(
|1 + hξ|2

)(
−
(

1 +
1

hξ

)2

+ 2

(
1 +

1

hξ

)3
)

h

(1 + hξ)2
dξ

= − 1

2πi

∮
|ξ|=1

g
(
|1 + hξ|2

)( 1

hξ2
+

2

h2ξ3

)
dξ,

µ2(g) = − 1

2πi

∮
|ξ|=1

g
(
|1 + hξ|2

)( 3

hξ2
+

2

h2ξ3

)
dξ.

Note that

|1 + hξ|8 = (1 + h2)4 + 12(1 + h2)2h2 + 6h4 + h4 (ξ−4 + ξ4)
+4(1 + h2)h3 (ξ−3 + ξ3)+

(
4h4 + 6(1 + h2)2h2) (ξ−2 + ξ2)

+
(
12(1 + h2)h3 + 4(1 + h2)3h

) (
ξ−1 + ξ

)
,

|1 + hξ|6 = (1 + h2)3 + 6h2(1 + h2) +
(
3h(1 + h2)2 + 3h3) (ξ + ξ−1)

+3h2(1 + h2)
(
ξ2 + ξ−2)+ h3(ξ3 + ξ−3),

|1 + hξ|4 = (1 + h2)2 + 2h2 + 2h(1 + h2)
(
ξ + ξ−1)+ h2(ξ2 + ξ−2).
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Then we have

µ1(g4) =− 1

2πi

∮
|ξ|=1

|1 + hξ|8
(

1

hξ2
+

2

h2ξ3

)
dξ,

=− 1

2πi

∮
|ξ|=1

12(1 + h2)h2 + 4(1 + h2)3

ξ
dξ − 1

πi

∮
|ξ|=1

4h2 + 6(1 + h2)2

ξ
dξ,

=− 4
(
3(1 + h2)h2 + (1 + h2)3)− 4

(
2h2 + 3(1 + h2)2)

=− 4
(
3(1 + ρ)ρ+ (1 + ρ)3 + 2ρ+ 3(1 + ρ)2) ,

µ2(g4) =− 4
(
9(1 + ρ)ρ+ 3(1 + ρ)3 + 2ρ+ 3(1 + ρ)2) .

µ3(g4) = lim
r↓1

1

2πi

∮
|ξ|=1

|1 + hξ|8
[

ξ

ξ2 − r−2
− 1

ξ

]
dξ

= lim
r↓1

1

2πi

∮
|ξ|=1

[
(1 + h2)ξ + hξ2 + h

]4
ξ3(ξ2 − r−2)

dξ

− 1

2πi

∮
|ξ|=1

(1 + h2)4 + 12(1 + h2)2h2 + 6h4

ξ
dξ

= lim
r↓1

[
(1 + h2)ξ + hξ2 + h

]4
ξ3(ξ + r−1)

∣∣∣∣∣
ξ=r−1

+ lim
r↓1

[
(1 + h2)ξ + hξ2 + h

]4
ξ3(ξ − r−1)

∣∣∣∣∣
ξ=−r−1

+ lim
r↓1

4h4 + 6h2(1 + h2)2

(ξ2 − r−2)

∣∣∣∣
ξ=0

− (1 + h2)4 − 12(1 + h2)2h2 − 6h4

=
(1 + h)8

2
+

(1− h)8

2
− 4h4 − 6h2(1 + h2)2 − (1 + h2)4 − 12(1 + h2)2h2 − 6h4

=6ρ2 + 6(1 + ρ)2ρ,

µ4(g4) =
1

2πi

∮
|ξ|=1

|1 + hξ|8 1

ξ3
dz = 4ρ2 + 6(1 + ρ)2ρ.

Therefore, we get

EXg4 =6ρ2 + 6(1 + ρ)2ρ+ 2βxρ
[
2ρ+ 3(1 + ρ)2]

− ρ[8− 2aR + βx(4ag − hR)]
[
3(1 + ρ)ρ+ (1 + ρ)3 + 2ρ+ 3(1 + ρ)2]

+ ρ(βxcg + 2)
[
9(1 + ρ)ρ+ 3(1 + ρ)3 + 2ρ+ 3(1 + ρ)2] .

Moreover, we have

µ1(g3) = − 1

2πi

∮
|ξ|=1

|1 + hξ|6
(

1

hξ2
+

2

h2ξ3

)
dξ
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= −
(
3(1 + h2)2 + 3h2)− 6(1 + h2) = −3

(
(1 + ρ)2 + 3ρ+ 2

)
,

µ2(g3) = −3
(
3(1 + ρ)2 + 5ρ+ 2

)
,

µ3(g3) = lim
r↓1

1

2πi

∮
|ξ|=1

|1 + hξ|6
[

ξ

ξ2 − r−2
− 1

ξ

]
dξ

=
(1 + h)6

2
+

(1− h)6

2
− 3h2(1 + h2)− (1 + h2)3 − 6h2(1 + h2) = 3ρ(1 + ρ),

µ4(g3) =
1

2πi

∮
|ξ|=1

|1 + hξ|6 1

ξ3
dξ = 3ρ(1 + ρ).

Hence, we obtain

EXg3 =3ρ(1 + ρ) + 3βxρ(1 + ρ) +
3ρ(βxcg + 2)

4

(
3(1 + ρ)2 + 5ρ+ 2

)
− 3ρ [8− 2aR + βx(4ag − hR)]

4

(
(1 + ρ)2 + 3ρ+ 2

)
.

By Wang and Yao (2013), it yields that

µ3(g1) + βxµ4(g1) = 0,

µ3(g2) + βxµ4(g2) = ρ+ βxρ,

µ3(g5) + βxµ4(g5) =
log(1− ρ)

2
− βxρ

2
. (5.1)

Furthermore, we have

µ1(g1) = − 1

2πi

∮
|ξ|=1

|1 + hξ|2
(

1

hξ2
+

2

h2ξ3

)
dξ = −1, µ2(g1) = −3,

µ1(g2) = − 1

2πi

∮
|ξ|=1

|1 + hξ|4
(

1

hξ2
+

2

h2ξ3

)
dξ = −2(1 + h2)− 2 = −2(2 + ρ),

µ2(g2) = −2(4 + 3ρ).

Therefore, we have

EXg1 = − [8− 2aR + βx(4ag − hR)]ρ

4
+

3 (βxcg + 2) ρ

4

EXg2 = ρ+ βxρ−
[8− 2aR + βx(4ag − hR)]ρ

2
(2 + ρ) +

(βxcg + 2) ρ

2
(4 + 3ρ).
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Note that

∮
|ξ|=1

log(1 + hξ) 1
ξ
dξ = 0,

∮
|ξ|=1

log(1 + hξ−1)
1

ξ
dξ = 0,

∮
|ξ|=1

log(1 + hξ) 1
ξ2
dξ = 2πi · h,

∮
|ξ|=1

log(1 + hξ−1)
1

ξ2
dξ = 0,

∮
|ξ|=1

log(1 + hξ) 1
ξ3
dξ = −2πi · 1

2
h2,

∮
|ξ|=1

log(1 + hξ−1)
1

ξ3
dξ = 0,

∮
|ξ|=1

log(1 + hξ) 1
ξ4
dξ = 2πi · 1

3
h3,

∮
|ξ|=1

log(1 + hξ−1)
1

ξ4
dξ = 0,

∮
|ξ|=1

log(1 + hξ) 1
ξ5
dξ = −2πi · 1

4
h4,

∮
|ξ|=1

log(1 + hξ−1)
1

ξ5
dξ = 0.

This yields that

µ1(g5) = − 1

2πi

∮
|ξ|=1

log(|1 + hξ|2)

(
1

hξ2
+

2

h2ξ3

)
dξ = 0, µ2(g5) = −2.

Together with (5.1), we have

EXg5 =
log(1− ρ)

2
− βxρ

2
+

(βxcg + 2) ρ

2
.

Next, we will show the (co)variances of Xgj and Xgk , j, k = 1, 2, 3, 4. By Wang and Yao

(2013), it implies that

Cov(Xgj , Xgk ) =− 1

2π2
lim
r↓1

∮
|ξ1|=1

∮
|ξ2|=1

gj(|1 + hξ1|2)gk(|1 + hξ2|2)

(ξ1 − rξ2)2
dξ1 dξ2

− 1

4π2

∮
|ξ1|=1

gj(|1 + hξ1|2))

ξ2
1

dξ1

∮
|ξ2|=1

gk(|1 + hξ2|2))

ξ2
2

dξ2

· (2βx + 2dR − 2βxqG − 4).

In the following, we will compute for j, k = 1, 2, 3, 4

a1(gk, ξ1) =
1

2πi
lim
r↓1

∮
|ξ2|=1

gk(|1 + hξ2|2)

(ξ1 − rξ2)2
dξ2,

a2(gj , gk) =
1

2πi

∮
|ξ1|=1

a1(gk, ξ1)gj(|1 + hξ1|2) dξ1,
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a3(gj) =
1

2πi

∮
|ξ|=1

gj(|1 + hξ|2)

ξ2
dξ.

To begin with, we will compute some integrals. By the residue theorem, it follows that

a3(g4) =
1

2πi

∮
|ξ|=1

12(1 + h2)h3 + 4(1 + h2)3h

ξ
dξ = 12(1 + h2)h3 + 4(1 + h2)3h,

a3(g3) =
1

2πi

∮
|ξ|=1

3h(1 + h2)2 + 3h3

ξ
dξ = 3h(1 + h2)2 + 3h3,

a3(g2) =
1

2πi

∮
|ξ|=1

2h(1 + h2)

ξ
dξ = 2h(1 + h2),

a3(g1) =
1

2πi

∮
|ξ|=1

h

ξ
dξ = h, (5.2)

a3(g5) =
1

2πi

∮
|ξ|=1

log(1 + hξ)

ξ2
dξ = h.

Furthermore, we obtain

a1(g4, ξ1) = lim
r↓1

1

2πi

∮
|ξ2|=1

h4

ξ4
2(ξ1 − rξ2)2

dξ2 + lim
r↓1

1

2πi

∮
|ξ2|=1

4(1 + h2)h3

ξ3
2(ξ1 − rξ2)2

dξ2 (5.3)

+ lim
r↓1

1

2πi

∮
|ξ2|=1

4h4 + 6(1 + h2)2h2

ξ2
2(ξ1 − rξ2)2

dξ2

+ lim
r↓1

1

2πi

∮
|ξ2|=1

12(1 + h2)h3 + 4(1 + h2)3h

ξ2(ξ1 − rξ2)2
dξ2

=
4h4

ξ5
1

+
12(1 + h2)h3

ξ4
1

+
8h4 + 12(1 + h2)2h2

ξ3
1

+
12(1 + h2)h3 + 4(1 + h2)3h

ξ2
1

and

a1(g3, ξ1) = lim
r↓1

1

2πi

∮
|ξ2|=1

h3

ξ3
2(ξ1 − rξ2)2

dξ2 + lim
r↓1

1

2πi

∮
|ξ2|=1

3h2(1 + h2)

ξ2
2(ξ1 − rξ2)2

dξ2 (5.4)

+ lim
r↓1

1

2πi

∮
|ξ2|=1

3h(1 + h2)2 + 3h3

ξ2(ξ1 − rξ2)2
dξ2

=
3h3

ξ4
1

+
6h2(1 + h2)

ξ3
1

+
3h(1 + h2)2 + 3h3

ξ2
1

,

where the second equality holds because 1
r
ξ1 is not a pole as r > 1. By Taylor formula

log(1 + x) =

∞∑
k=1

(−1)k−1 x
k

k
,
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it follows that

a1(g5, ξ1) = lim
r↓1

1

2πi

∮
|ξ2|=1

log(1 + hξ2)

(ξ1 − rξ2)2
dξ2 + lim

r↓1

1

2πi

∮
|ξ2|=1

log(1 + hξ−1
2 )

(ξ1 − rξ2)2
dξ2 (5.5)

= lim
r↓1

∞∑
k=1

(−1)k−1hk

k

1

2πi

∮
|ξ2|=1

1

ξk2 (ξ1 − rξ2)2
dξ2

= lim
r↓1

∞∑
k=1

(−1)k−1hk

k

1

(k − 1)!

d

dξk−1
2

(ξ1 − rξ2)−2

∣∣∣∣
ξ2=0

=

∞∑
k=1

(−1)k−1hk

ξk+1
1

=
h

ξ1(ξ1 + h)
.

Next, we will show the covariances of Xgj and Xg5 , j = 1, 2, 3, 4, 5. By Wang and Yao

(2013), one has

Cov(Xg5 , Xg5) = −2 log(1− ρ) + ρ (2dR − 4)

Cov(Xg1 , Xg5) = 2ρ+ ρ (2dR − 4) .

Using (5.3), we compute that

a2(g4, g5) =
1

2πi

∮
|ξ1|=1

a1(g4, ξ1) log(|1 + hξ1|2) dξ1

=
4h4

2πi

∮
|ξ1|=1

log(1 + hξ1)

ξ5
1

dξ1 +
12(1 + h2)h3

2πi

∮
|ξ1|=1

log(1 + hξ1)

ξ4
1

dξ1

+
8h4 + 12(1 + h2)2h2

2πi
lim
r↓1

∮
|ξ1|=1

log(1 + hξ1)

ξ3
1

dξ1

+
12(1 + h2)h3 + 4(1 + h2)3h

2πi

∮
|ξ1|=1

log(1 + hξ1)

ξ2
1

dξ1

=− h8 + 4(1 + h2)2h6 − 2h4 (2h2 + 3(1 + h2)2)
+ 4h2(1 + h2)

(
3h2 + (1 + h2)2) .

Moreover, it follows from (5.4) that

a2(g3, g5) =
1

2πi

∮
|ξ1|=1

a1(g3, ξ1) log(|1 + hξ1|2) dξ1

=
3h3

2πi

∮
|ξ1|=1

log(1 + hξ1)

ξ4
1

dξ1 +
6h2(1 + h2)

2πi

∮
|ξ1|=1

log(1 + hξ1)

ξ3
1

dξ1
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+
3h(1 + h2)2 + 3h3

2πi

∮
|ξ1|=1

log(1 + hξ1)

ξ2
1

dξ1

=h6 − 3h4(1 + h2) + 3h2 ((1 + h2)2 + h2) .
Applying (5.5), we see that

a2(g2, g5) =
1

2πi

∮
|ξ1|=1

a1(g5, ξ1)|1 + hξ1|4 dξ1

=
(1 + h2)2h+ 2h3

2πi

∮
|ξ1|=1

1

ξ1(ξ1 + h)
dξ1 +

2h2(1 + h2)

2πi

∮
|ξ1|=1

1

ξ1 + h
dξ1

+
2h2(1 + h2)

2πi

∮
|ξ1|=1

1

ξ2
1(ξ1 + h)

dξ1 +
h3

2πi

∮
|ξ1|=1

ξ1
ξ1 + h

dξ1

+
h3

2πi

∮
|ξ1|=1

1

ξ3
1(ξ1 + h)

dξ1 = 2h2(1 + h2)− h4.

Therefore, we obtain

Cov(Xg4 , Xg5) =2a2(g4, g5) + a3(g4)a3(g5)(2dR − 4)

=− 2ρ4 + 8(1 + ρ)2ρ3 − 4ρ2[2ρ+ 3(1 + ρ)2]

+ 4ρ(1 + ρ)[3ρ+ (1 + ρ)2](2dR − 2),

Cov(Xg3 , Xg5) =2a2(g3, g5) + a3(g3)a3(g5)(2dR − βx − 4)

=2ρ3 − 6ρ2(1 + ρ) + 3ρ[(1 + ρ)2 + ρ](2dR − 2),

Cov(Xg2 , Xg5) =2a2(g2, g5) + a3(g2)a3(g5)(2dR − βx − 4)

=− 2ρ2 + 2ρ(1 + ρ)(2dR − 2).

Subsequently, we deduce the covariance of Xgj , j = 1, 2, 3, 4. From (5.3), we see that

a2(g4, g4) =
1

2πi

∮
|ξ1|=1

a1(g4, ξ1)|1 + hξ1|8 dξ1

=
4h4

2πi

∮
|ξ1|=1

|1 + hξ1|8

ξ5
1

dξ1 +
12(1 + h2)h3

2πi

∮
|ξ1|=1

|1 + hξ1|8

ξ4
1

dξ1

+
8h4 + 12(1 + h2)2h2

2πi
lim
r↓1

∮
|ξ1|=1

|1 + hξ1|8

ξ3
1

dξ1
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+
12(1 + h2)h3 + 4(1 + h2)3h

2πi

∮
|ξ1|=1

|1 + hξ1|8

ξ2
1

dξ1

=4h8 + 48(1 + h2)2h6 + 8h4[2h2 + 3(1 + h2)2]2

+ 16h2(1 + h2)2[3h2 + (1 + h2)2]2,

a2(g3, g4) =
12(1 + h2)h3

2πi

∮
|ξ1|=1

|1 + hξ1|6

ξ4
1

dξ1

+
8h4 + 12(1 + h2)2h2

2πi
lim
r↓1

∮
|ξ1|=1

|1 + hξ1|6

ξ3
1

dξ1

+
12(1 + h2)h3 + 4(1 + h2)3h

2πi

∮
|ξ1|=1

|1 + hξ1|6

ξ2
1

dξ1

=12(1 + h2)h6 + 12h4(1 + h2)[2h2 + 3(1 + h2)2]

+ 12h2[3(1 + h2)h2 + (1 + h2)3][(1 + h2)2 + h2],

a2(g2, g4) =
8h4 + 12(1 + h2)2h2

2πi
lim
r↓1

∮
|ξ1|=1

|1 + hξ1|4

ξ3
1

dξ1

+
12(1 + h2)h3 + 4(1 + h2)3h

2πi

∮
|ξ1|=1

|1 + hξ1|4

ξ2
1

dξ1

=4h4[2h2 + 3(1 + h2)2] + 8h2(1 + h2)[3(1 + h2)h2 + (1 + h2)3],

a2(g1, g4) =
12(1 + h2)h3 + 4(1 + h2)3h

2πi

∮
|ξ1|=1

|1 + hξ1|2

ξ2
1

dξ1

=4h2[3(1 + h2)h2 + (1 + h2)3].

Hence, we get

Cov(Xg4 , Xg4) =2a2(g4, g4) + a2
3(g4) (2dR − 4)

=8ρ4 + 96ρ3(1 + ρ)2 + 16ρ2 (2ρ+ 3(1 + ρ)2)2
+ 16ρ(1 + ρ)2 (3ρ+ (1 + ρ)2)2 (2dR − 2) ,

Cov(Xg3 , Xg4) =2a2(g3, g4) + a3(g3)a3(g4) (βx + 2dR − βx − 4)

=24(1 + ρ)ρ3 + 24ρ2(1 + ρ)
(
2ρ+ 3(1 + ρ)2)+ 12ρ

(
3(1 + ρ)ρ+ (1 + ρ)3)

·
(
(1 + ρ)2 + ρ

)
(2dR − 2) ,
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Cov(Xg2 , Xg4) =2a2(g2, g4) + a3(g2)a3(g4) (βx + 2dR − βx − 4)

=8ρ2 (2ρ+ 3(1 + ρ)2)+ 8ρ(1 + ρ)
(
3(1 + ρ)ρ+ (1 + ρ)3) (2dR − 2) ,

Cov(Xg1 , Xg4) =2a2(g1, g4) + a3(g1)a3(g4) (2dR − 4)

=4ρ
(
3(1 + ρ)ρ+ (1 + ρ)3) (2dR − 2) .

By calculating and (5.4), one has

a2(g3, g3) =
1

2πi

∮
|ξ1|=1

a1(g3, ξ1)|1 + hξ1|6 dξ1

=
3h3

2πi

∮
|ξ1|=1

|1 + hξ1|6

ξ4
1

dξ1 +
6h2(1 + h2)

2πi

∮
|ξ1|=1

|1 + hξ1|6

ξ3
1

dξ1

+
3h(1 + h2)2 + 3h3

2πi

∮
|ξ1|=1

|1 + hξ1|6

ξ2
1

dξ1

=3h6 + 18h4(1 + h2)2 + 9h2 ((1 + h2)2 + h2)2 ,
a2(g2, g3) =

6h2(1 + h2)

2πi

∮
|ξ1|=1

|1 + hξ1|4

ξ3
1

dξ1

+
3h(1 + h2)2 + 3h3

2πi

∮
|ξ1|=1

|1 + hξ1|4

ξ2
1

dξ1

=6h4(1 + h2) + 6h2 (1 + h2) ((1 + h2)2 + h2) ,
a2(g1, g3) =

3h(1 + h2)2 + 3h3

2πi

∮
|ξ1|=1

|1 + hξ1|2

ξ2
1

dξ1 = 3h2 ((1 + h2)2 + h2) .
Consequently, we acquire

Cov(Xg3 , Xg3) =2a2(g3, g3) + a2
3(f3) (βx + 2dR − βx − 4)

=6ρ3 + 36ρ2(1 + ρ)2 + 9ρ
(
(1 + ρ)2 + ρ

)2 · (2dR − 2) ,

Cov(Xg2 , Xg3) =2a2(g2, g3) + a3(g2)a3(g3) (βx + 2dR − βx − 4)

=12ρ2(1 + ρ) + 6ρ (1 + ρ)
(
(1 + ρ)2 + ρ

)
· (2dR − 2) ,

Cov(Xg1 , Xg3) =2a2(g1, g3) + a3(g1)a3(g3) (2dR − 4) = 3ρ
(
(1 + ρ)2 + ρ

)
(2dR − 2).
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Finally, from Wang and Yao (2013) it can be proved that

Cov(Xg1 , Xg1) = ρ (2dR − 2) , Cov(Xg1 , Xg2) = 2ρ(1 + ρ) (2dR − 2) ,

Cov(Xg2 , Xg2) = 4ρ2 + 4ρ (1 + ρ)2 (2dR − 2) .

Thus the proof of Example 3.2 is complete.

6. Some Auxiliary Lemmas

Lemma 6.1 (Lemma B.26 in Bai and Silverstein (2010)). Let A = (ajk) be an n×n nonrandom

matrix and X = (x1, · · · , xn)′ be a random vector of independent entries. Assume that Exj = 0,

E|xj |2 = 1 and E|xj |l ≤ νl. Then for p ≥ 1,

E |X∗AX− trA|p ≤ Cp
[
(ν4trAA∗)

p/2
+ ν2ptr (AA∗)

p/2
]

where Cp is a constant depending on p only.

Lemma 6.2 (Lemma 4 in Karoui (2009)). Let us focus on S = 1
n
GXXTGT . When p/n→ c,

we have maxj=1,··· ,n

∣∣∣√eTj Sej − 1
∣∣∣ a.s.−−→ 0.

Lemma 6.3. For rectangular matrix A, complex vectors a and b, we have |a∗Ab| ≤ ‖A‖
√

a∗a
√

b∗b.

Lemma 6.4. For rectangular matrices A,B,C,D, |tr (ABCD)| ≤ ‖A‖‖C‖ [tr (BB∗)]1/2 [tr (DD∗)]1/2 .
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