Statistica Sinica: Supplement

Spectral Properties of Rescaled Sample Correlation Matrices

Yanging Yin!, Changcheng Li?, Guo-Liang Tian® and Shurong Zheng?*

L Chongqing University and ? Dalian University of Technology
3Southern University of Science and Technology

4 Northeast Normal University

Supplementary Material

The Supplementary Material contains detailed proofs of some theoretical results.

1. Some assumptions
Assumption A. Samples satisfy the following independent component structure
yi=p+Ixi,i=1,..,n,

where Ey; = p, T' = [diag(2)]'/?RY? and x; = (@14, ..., pi) " .
Assumption B. Assume that {z;;,7 = 1,...,p,7 = 1, ..., n} are independent and identically

distributed (i.i.d.) with
Ezji = 0,Ex};, = 1, E(|lzji|* (log(Jz;i])* ")) < o0

for a small positive number € > 0.
Assumption C. The convergence regime is p, = p/n — p € (0, +00).
Assumption D. The functions g1, ..., gk are analytic functions in a domain containing

the support set [a,,b,] of Marcenko-Pastur law in ([2.1]).
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Assumption E. Assume that {z;;,j = 1,...,p,i = 1,...,n} are independent and identically

distributed with
Ezji =0, Ea}; = 1, Eaj, = Bo + 3+ o(1), E(|z;i|*(log(|z5:])*7*)) < 0.

Assumption F. Assume

P P
: —1 3 Tp—1/2 . -1 Tp—1, .3
ag= lim p™ Y > ginen R ey, ar = lim p~ >0 ,_, ex R™eeryy,
p—>o0 k=1h=1 p—r0o0 ’
. —1vp p 4 . -1 2
cg = lim _ _ dr = lim tr(R
9 pﬁoop > k=1 2 he1 9kh> pﬁoop R%),

. -1 P Tp—1 z 2 2
hr = lim p= X% ,_,ex R €rre D Ginins
p—oo ' h=1

where RY/? = (gxn), R = (rxn) and e; is the jth column of p X p identity matrix for j = 1,--- , p.

2. Limiting spectral distribution

Theorem 2.1. Under Assumptions A-B-C, the empirical spectral distribution F, (x) of R 'R,

converges almost surely to the Marcenko-Pastur law with the index p as follows

27r1px (bp*x)(mfap)7 ifap Smgbp’

folz) = (2.1)

0, otherwise,

where a, = (1 —/p)?, and b, = (1+ /p)*.

3. Central limit theorem

Theorem 3.1. Under Assumptions A-C-D-E-F, the random vector (W (g1), ..., W(gk)) weakly

converges to a multivariate Gaussian random vector (X, ,..., Xg, ) with

1
EX,, = —%?igg(z)EM(z) dz

and

1
472

Cov(Xy,, s Xgp,) = — fi 7{2 9 (21) g0, (22) Cov (M (1), M (23)) dzz dzn
1 2
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for £,01,02 € {1,..., K}, where C,Cy, and C; are three contours including [a,,b,], C1 and Ca are
non-overlapping, the contour integral § is anticlockwise, and EM(z) and Cov(M (z1), M(z2))

are calculated as follows:

Ao @ +s(2)]7° Beps(2)s' ()
R TS T R T R T
s'(2)  [10 — 2ar + Bz (4ag +cg — hr)lp (3.2)
[T+ s(2)]? 4
4 S '(z)  [6—2ar + Bz(day —cg — hr)]p
[1+s(2)]? 2 ’
and
ov 2)) = s(z)s'(z2) 1
Cov(M (z1), M(z2)) 2| G) s~ (=) (3.3)
_ s'(21)s(22)
+2(dr Q)p(1 )20+ s
where ’ is the derivative notation, and s(z) is the unique solution to z = —s ™ (2) + p(1+s(z)) 7",

which leads to s'(2) = s%(2)/{1 — ps®(2)[1 + 5(2)]"?}.

4. Proofs of Theorems 2.1 and [3.1]

This part is devoted to the proofs of our main theorems. The main strategy of proving Theorems
and relies on the Stieltjes transformation method. Section lists notations that will
be used below. Section [£:3] provides the proof of Theorem 2.1] Finally, Section [£:4] presents the

proof of Theorem

4.1 Remove the sample mean

First of all, let

Z -m’,

SM—'

where p = Ey;. (1.1) shows that

n

Su=m-1D""> (yi-¥)(y:—y)", R=/[diag(Sn)]""/* diag(S,)[diag(S.)]""/*.

i=1
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We will show that

e Studying the limiting spectral distribution (LSD) of R is equivalent to studying the LSD

of

[diag(8,)]~"/* diag(8,)[diag(8.)] />
e Studying the CLT of LSS of R is equivalent to studying the CLT of LSS of
[diag(8)]~"/* diag(8)[diag(S)]~*/*,
where S = n~! > R1/2X¢X,LTR1/2.

e Notice that 57 has rank one. Combining with Theorem A.43 in Bai and Silverstein
(2010), we know that for large n, the difference between ESD of
Si=mn—-1)""> (yi-y)yi—-9"

=1

in (1.1) and ESD of §,, is neglectable.

Thus, in the proof of Theorem in the next section, we only consider S,

instead of S,,.

e Moreover, by the proof of substitution principle for CLT of LSS of sample covariance
matrix in Zheng, Bai and Yao (2015), we know that the CLT of LSS of S,, is obtained

only through replacing y» = p/n by yn—1 = p/(n — 1) in the CLT of LSS of Sn.

Due to E(y; — u) = 0, without loss of generality, we assume p = 0 (that is,

Ey; = 0) and use
R n
S=n"") yiyi
i=1

to replace Sn
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e By Assumption A, we have

S = [diag(2)]'*n ™" Y R *x,x] R'/?[diag(X)]"/*.

=1

That is, we have

diag(S) = diag (nl Zyiy?) = [diag(X)]"/? diag (nl ZRl/QxixlTRl/2> [diag(2)]"/?,
i=1 i=1

and

" —1/2
[diag(S)]/* = diag <n1 ZRl/QxixiTRW) [diag(3)] /2.

=1

Let S=n"! > Rl/inxiTle, and we have

R = [diag(8)]""/* diag(S)[diag(8)] "/

n

i=1

[diag(S)]~'/*S[diag(8S)] ~'/?,

where Var(R'/?x;) = R.
4.2 Some notation and preliminary results
Let G = RY? = (g;1,) and

o=/, A() =Y onrl - 2L, Ay(2) = A() - wrf,
=1

Ajn(z) = Aj(2) —tari,  Ajwe(z) = Ajp(2) —rerg, for 1 < j k1 <n.

Let Aj(2) = S rir! + 3 #:#] — 21, where ¥j11, ..., ¥, are independent copies of rj;1,...
i<j i>j
and let E; denote the conditional expectation given x1,Xa2,...,X;. Moreover, define

bj(2) = [1+n" (A7 ()7, bij(2) = [1+n" (AL ()]

bij(2) = [L+n" (AL ()] bi(z) = [L+n (AT (2)] 7,

ijk

n —1/2 " —1/2
diag <n_1 Z RI/QXiXZTRl/Q) n! Z Rl/QxixiTRl/2 diag (n_l Z Rl/QxixiTRl/2>
i=1 i=1

(4.1)



Yanging Yin!, Changcheng Li?, Guoliang Tian® and Shurong Zheng*

b(z) = [1+n 'Etr(A7'(2))] 7, B (2) = (L +rf Ajri) ™,
Biiwy (2) = A+l A, Bi(z) = [L+r] A7 (2)r,] 7,
Fi(z) =] A7 (2)r; —n T trAT(2), i (2) =T A (2)ri — n e AL (2),

ik (2) = I‘ZTA;}C (z)r; — nfltrA;j}c(z).

By eqn.(3.4) of Bai et al. | (1998), we have

max(|b; (2)], [bs; (2)1, [6(2)]; 1Bii) (2)]; [Bicim (2)]; 185 (2)]) < |21/ Tm(z), (4.1)

where Im(z) stands for the imaginary part of z. With the notations above, A~'(z) can be

decomposed as

ATN(2) = AT (2) = Bi(2) AT ()rsr) AT (=), (4.2)

see, e.g., the expression above eqn.(2.2) in|Bai and Silverstein | (2004); and 8;(z) can be further

written as

Bj(2) = bj(2) = B (2)b; (=) (2) = b;(2) = 05 (2)7; () + B; ()05 (2)7; (), (4.3)

and

Bigiry (2) = bijr(2) — Bigir) (2)bijr (2)Fi(ir) (2)- (4.4)

(see line 9 on Page 569 of [Bai and Silverstein | (2004)). The matrix A '(2) can be further

decomposed as

A7'(2) = Bi(2) + Ba(2) + Bs(2) + Ba(2), (4.5)
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where

Bi(z) =~ (2~ (n—1)/n-b(2)) "' L,

Ba(2) = b(2) ) (z = (n = 1)/n-b(z)) " (rir] —n"'L)AL (2),

i#1

Bi(2) = ) (Biy(2) = b(2)(z = (n = 1)/n - b(z))"'rixi Aji' (), and

i#1
Bi(z) =n 'b(z)(z — (n— 1)/n-b(2) ") (A (2) — ATH(2),
i#1
=-—n"'b(2)(z = (n—1)/n-b(2)) "' > An'ral AL B,
i#£1

according to eqn.(2.9) of |[Bai and Silverstein | (2004]).
We also note here that throughout this paper, C' and C(.) stand for constants that may

take different values from one appearance to another.

4.3 Proof of Theorem [2.1]

By Lemma 4 in|[Karoui | (2009), we know that || diag(S) —I,|| — 0 and ||[diag(S)] /% —TL,|| — 0
almost surely, where throughout this paper || - || denote the spectral norm of a matrix. Let
X = (%1,...Xn). Therefore, follow the same strategy in the proof of Lemma 1 in the same
article, we know that the LSD of R 'R is the same as that of n~'XXT, which we know is the
specified Marcenko-Pastur law. In fact, notice that |[n™'XX"|| = (1 + /p)? a.s. as n — oo,
we obtain

HR’1/21FA{R’1/2 - rleXTH (4.1)
:HR_1/2 (Idiag(s)]7/* — 1, + L) n 7" RV2XX"RY? ([diag(8)]/* — 1, + I, ) R™/* — n_1XXTH
gHR’l/Q ([diag(S)rlp - Ip) nIRY2XXTRY/? ([diag(S)]*l/2 - I,,) R’l/QH

n HrflxxTRl/2 ([diag(S)rlﬂ - I,,) R’l/QH

n HR’”Q ([oliag(S)]*l/2 - Ip) Rl/zn*xxTH

< a1 1) |7 2] e 1) [ e
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4.4 Proof of Theorem [3.1]

Observe that by Cauchy integral formula, for any function g that is analytic in a domain

containing the interval [A1, A\p], we have

p
Wig) =D 900) ~p [ gla) dFp, (@)
=t (4.1)
1
= —5= P 9(2)Mn(z) dz, where My (2) := p(sn(2) = $5,.(2)),
2wt J,
where s,,, (2) is the Stieltjes transformation of the distribution Fj,, and C is any contour inside

the domain and surrounding the interval [A1, Ap]. Thus to derive the CLT of the LSS of R_lf{,

the analysis of its Stieltjes transformation s, (z) is required.

Truncation, Centralization and Rescaling the variables
Recall that S = n 'GX,, X} G” and
R 'R =R""[diag(S)]/*n 'R’XX"R"/? [diag(8)]"/*.

Denote X = (£:5) with Z;; = xij]{|xij|<nn\/71}’ S = n_lRI/ZXXTRl/Q,

R'R =R [diag(S)] *n 'RV?XXTR"? [diag($)]

and W (g) be the truncated version of W (g). As have been proved in [Karoui | (2009), under the

—(+€)/2 _, 0 as n — oo which

moment assumption, we shall select a sequence of 7, = (logn)
satisfies that

p (ﬁ ” R,i.o,) = 0.
Now define X = (Z,;) with Z;; = (&; — Ediy) /\/E (#; — E#:;)?. Also define S, R and W(f)
as the analogues of S, R and W(f) with X,, replaced by X. For largen and any 1 < ¢ < p,1 <

j < n, we have the following estimates
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(1) |Edij| = E|zyI(|ziy > nav/nl)| < nan” 32 Elaij|* = o(n™*/?),
(2)

E (i — E#i)? — 1= Eab1(jzi; > navnl) — (Ezil(jzg > nav/nl))? (4.2)

<Ex}I(lzi; > nav/nl) = o(n™"),

3) \/;gv(;i;;);l <2(E(#; —E#y)? —1) =o(n ™).

It follows that as n — oo,

. . ~ ~ - - ~\T - ~\ ~
' XXT — 0 'XXT|| < In X (x - x) |+ fIn (x - x) X7 (4.3)
\E (&5 — Biy)® —1
<2 | (14 vpn)? 420 n|Bagl | =o(n ).

E (& — Bdij)”
Let g to be the transpose of the /-th row of the matrix R'/2, it can be verified that

1
n

max g (%XXT - >~Q~(T> &l (4.4)
< (1% (%= X) "l + ! (X - X)X al) = o (07,
which implies || diag(s - §)|| = oals‘(nfl). Then we get
IR — Ra (4.5)
<R (diag(S)_1/2 - diag(g)_l/z) nTRY2ZXXTRY? diag(S) V2
+ R diag(8)"/*R? (nT'XXT — n XX ) RY ding(S) |
+ |R" diag(S)"/2R"2n ' XX R /2 (diag(S)*l/2 - diag(é)*”) | = 0a.s.(n™1).

Combining the estimates above, we finally obtain for large n

< Mp||Rn — Rul| = 0a.5.(1), (4.6)

A (R) = Mk (ﬁn)

W(g) — V~V(g)) <MY
k=1
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where M is a bound on |f’(z)|. Therefore, we shall assume in the following that the underlying
variables in the data matrix X are all truncated at 7,+/m, centralized and rescalized to have

unit variances.

Decomposing the Stieltjes transformation of the ESD of R 'R

We now decompose the Stieltjes transformation of the ESD of R 'R into several terms. Denote

n—1

1
D =R '?[diag(S) - LRY?, D; =R '? |diag EZsj -
i#j

1 R1/2
n P )

L = R "?[diag (S)]"/?R [diag (S)]"/*R™V?,  H(z) =R ?SR™ /% — ;L.
Reorganize
1/2%3 1/2 -t 1
psn(z) = tr (Rf PRRYV? — zlp) =tr (H '(2)L).
Moreover, by the identity
Aj' —By'=A ' (By— Aog)Bg! (4.7)
for any invertible matrices Ao and Bo, we have

H'(z) =A™ (2) + zH ' (2) (L~ L,) A" (2)

(4.8)
=A'2)+2A7 ' (2) (L-T,) A ' (2) + 2’ H '(2) [(L-1,) Afl(z)} 2
Hence, it follows that
psn(z) =tr [Hfl(z)] + tr [Hfl(z) (L-1,)]
=tr (A_l(z)) + tr [A_l(z) (L-1,)] +ztr [A_Q(z) (L-1,)]
+2tr[ATN2) (L—T,)]" + 22t [A72(2) (L— L) A" (2) (L — I,,)] (4.9)

+ 224 {H_l(z) (L-T,) [A7}(2) (L— 1,,)]2}

428 tr{H_l(z) [(L— Ip)A_l(z)]g}.

The following steps of proof will be focused on the analysis of the terms above.
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Choosing the contour C

Recall (4.1), an integral contour should be determined. We choose the contour C as

C=CiUCyUCpUC,, where
Co={z+ivg:z € xe,zr]}, Co={ze+iv:|v|<w}
Co={z—ivo:x € xe,zr]}, Cr={ar+iv:|v]|<w}
(26,20) 5 (1= /B (1 + vB)?),
and vo > 0 is to be determined. Let C, = C N {z : |¥2| > n~?}. Moreover, for an ¢ > 0

sufficiently small so that

ze+e<(l—yp)P—e<(1+yp)’+e<a —e,

define

B ={(1—p)° =& < duin(XX" /1) < Amax(XXT /1) < (14 /p)* + ¢}

By Theorem 5.9 in [Bai and Silverstein | (2010), we have that P(B,) = o(n™") for any given

t > 0. Let

M, (z), if 2 € Cp,
My(ze +in~?), ifRz=1x,3z€ [O,n_z]
Mn(2) = ¢ My (z; —in~?), if Rz =a,9z € [-n"2,0)

M, (zr +in~?), ifRz=x.,32¢€[0,n7

Mp(zr —in~2), if Rz =2z,,32z € [-n"20).

Observe that on event B,, when Rz equals either z¢ or z,, we have |M,(z)| < 1/e, hence

p yf 9(2)(Mn(2) — Mn(2)) dz| = |p jé 9(2) (Mo (2) — n(2)) d

¢ C\Cn

P
< Ko5-1/e=o(1).
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Therefore, in order to establish the limit for p § g(z) Mn(z) dz, it suffices to study p § 9(2) M, (2) dz.
c c

Furthermore, since (z) can be chosen to be arbitrarily small, the contribution from the seg-

ments Cy and C) can be made small as well. This allows us to focus only on z € C, UCs in the

following.

CLT of LSS of the sample correlation matrix

We are here in a position to establish the CLT for the LSS of the sample correlation matrix.

Indicated by (4.1), the limit of the process My, (z) = p(sn(2) — s,, (2)) should be derived. Recall
that by (4.9), we have
M, (z) =trA™ ' (z) — E (trA_l(z)) + tr [A_l(z) (L-1,)] — Etr [A_l(z) (L-1,)]

+2tr [A7?(2) (L — I,)] — 2Etr [A7%(2) (L — 1)]

(4.10)
+E (trAfl(z)) — ps,, (2) + Etr [Afl(z) (L—-1,)] + 2Etr [AfZ(z) (L-1,)]
tz- I+ 2% I+ 2% 11T+ 2° - IV.
The analysis of M, (z) will be carried out by conducting the following steps.
Z: Derive the limit of I = tr [Afl(z) (L — IPH2 and I = tr [(Afl(z) (L — Ip))2 Afl(z)];
T7: Show that
11T = tr {H*l(z) (L-T,) [A™'(z) (L - Ip)]2} = 0,(1), (4.11)
and
- -1 _ “1,13 ) = . (4.12)
IV =tr {H (2) [(L-T,) A~ (2)] } = 0p(1);
T17T: Derive the limit of
Vi=trA"'(z) - E [trA_l(z)] + tr [A_l(z) (L-1,)] — Etr [A_l(z) (L-1,)]
(4.13)

+ ztr [A_2(z) (L-1,)] — zEtr [A_Q(z) (L-1,)];
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ZV: Derive the limit of

VI :=Etr [Afl(z)] — psp, (2) + Etr [Afl(z) (L-1,)]
(4.14)

+ zEtr [A_Q(z) (L-1,)];
V: Combining the steps above to derive the limit of M, (z) and consequently the CLT of the

LSS of R.

‘We now process these steps one by one. It is worth pointing out that some repeating calculation

will be omitted in order to reduce the length of this paper.

Step Z. In this step, we derive the limit of I and I, which is further divided into the following

substeps.

Z.1: Decompose term I as

1+o(1)]1+ 1+o(1)12+ 1+0(1)I3+ 1+O(1)I4+ 1+o(1)]5+ 1+4+0(1)

I=— 4 2 4 4 16

Is

to be specified below and show that Is + Is + Is = 0p(1);

7.2: Prove that

[ —E() |+ [I2 = E2) |+ {5 —E(I3) | = 0p(1);

Z.3: Prove that E(I1), E (I2) converge to the same limit

1 1EL .
S . lim - .
22(1 + s(2))? ( pt b oo 1 ;;gk]
and E (I3) converge to

1 1 Tyt ) LA
Sy O B[R e (248 Y b ) |

h=1



Yanging Yin!, Changcheng Li?, Guoliang Tian® and Shurong Zheng*

Z.4: Combining the aforementioned results, we obtain that

P

1 1 -
= Ere (Wﬁz s ZZ%‘) (@15

k=1j=1
! Ly TR-! 2 - 2 2
T T s Ay D B ek R e ( 2+ B > gingin ||
- k=1 h—=1

Z.5: Repeating the steps as done in [.1-1.4, we similarly get

2[]L>i£ _ by 20 + B i lzp:zp: 4
? 2 0z \ 22(1 + s(2))? P e e ki | -

k=1 j=1

‘We now process these substeps one by one.
Step Z.1 It is apparent that from Lemma

ID|| =250 and max|D;| < 0. (4.16)

J
Using the Taylor formula as x — 1
1 1 1 2

VE=14 2= 1) (1 +0(1) =1+ 3 (o= 1) = £(e = 1)* (1+o(1)),

one finds that

L=I,+R /2 {[diag(S)]1/2 - Ip} R/2 4+ R'/? {[diag(S)]1/2 - Ip} R /2

TRV? {[diag(S)]1/2 - Ip} R {[diag(S)]l/2 - Ip} R/

1,4 %D n %DT 1 +80(1)D2 1 +80(1) (DT>2 n 1+T0(1)DDT' (4.17)
This implies
1= 0 (a4 @)+ W (a7 ep?)” + 2 (a7 (DA (D7)
+ 15200 (a7 @pa(pD”) + 5 MWk (A7 (:D" A~ ()DD")
Lt o) :

= (A—l(z)DDT)
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:1+o(1)[1+ 1+0(1)I2+ 1+0(1)13+ 1—|—0(1)I4+ 1+o(1)[5+ 1+0(1)

Is.
4 4 2 4 4 6 °

In the following, we will show that |I4| + |Is| + |Is] = 0p(1). Define g to be the transpose

of the /-th row of the matrix RY/? and e¢ to be the ¢-th column of the matrix I,. It is obvious

from (4.2)) that
Ii =1 3" tr[(diag(S;) - ,) RV?DT A~ ()DDT A ()R ?]
1y ; 1/2977 A —1 T A —1 —1/2
:EZ;tr [(diag(s,) — 1,) R'/?D" A} ()DD" A} ()R]
_*Zb’] [dlag( i) = Ip)Rl/QDTAJ-_l(Z)DDTAJ-_l(z)rjr]TAj_l(Z)R—I/Q]
- Zﬂf tr [(ding(S,) - L) RY/?DT A} (2)r,x7 A} (:)DDT A ()R]
By (4.16) and Lemma one finds that

Z Bi (= [ diag(S;) — I, RI/QDTA]-_I(z)DDTA]-_l(z)r]-roA]-_l(z)R_l/z]

- 25] [dlag( i) - Ip)RWDTA;l(z)rjrngl(z)DDTA*(z)R*l/Q]

o(1 )
o)y B [rfrj || diag(S;) — IPH]
Jj=1
o(1) ¢ 12 (T \2 =1/2 |1 1: )
ST;E (‘“m) EY?||diag(8S;) — L,||* = o(1).

Here

2
E ||diag(S;) — L,|* = , nax E (X;nggij - 1) <C. (4.18)
i p
Hence, we get from (4.16]) and (4.18)

1 — _ _ _
Li=—Y [(diag(8;) — I,) RV/*D" A7 (:)DD” AT ()R ™/?] + 0,(1)
j=1

:% S [(diag(s;) ~ 1,) RV/*DJ A} (=)D, D] A} ()R]
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+ % zn:tr [(diag(sj) -1,) R1/2D§-FA],*1(Z)DJ_R1/2 (diag(S;) — 1) R71/2A;1(Z)R—1/2]
j=1

+ % itr [(dlag(S]) — Ip) Rl/QD?AJ_—l(z)R—l/2 (dlag(S]) _ Ip) R1/2DTAJ-_1(Z)R_1/2]
j=1

o S tr [(ding(S,) ~ T,) R (ding(S,) ~ L) R4 (-)DDT AT ()R 2] +0,(1)
j=1

:% zn:tr [(diag(Sj) -1,) R1/2DJTA;1(Z)DijTA;l(Z)Rfl/z] +o,(1).
j=1

Define M (z) = Rl/QDjTAj_l(z)DijTAj_l(z)Rfl/Q. It follows from 1)

EIL[ = Y Bl ((ding($;) — 1) My()]* + o(1)

1 n P
= Z Z E [(Xjrgkgng - 1) (XjrggggTXj - 1) ef M, (z)ere; M;(2)e;| + o(1)
j=1k,l=1
o(1) - T 2 - T T 2
<SSEY D |2 (gk gz) +Y (ehgkgz eh) = o(1).
J=1k,e=1 h=1

Consequently, we conclude
Iy = 0p(1). (4.19)
Using the same method, it can be verified that
Is + Is = 0p(1),

which completes this substep.

Step Z.2 In this substep, three terms I, Iz and Is will be shown to converge in proba-

bility to their means, say
|1 —E(I1) |+ I2 = E(I2) |+ [Is = E(I3) | = 0p(1).
We start with I; — E (I1) = 0,(1). By (4.2)), we obtain that

L —E()
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—tr (A"'(2)D)* - E (rA"'(2)D)’
=D (B~ By (tr (A7 (2)D)” —tr (Aj_l(z)Dj)2)

Z(Ej —Ej-1) [ —2B;(2)r] A (2)D; A (2)D; A (2)r;

+ (8T A DA () )

N

+
| 2o

o+

=

(A7 (2R (diag () - L) RY* A} ()D;)

Bi(=)] A7 (2)D, A ()R (diag (S;) — 1) R A (), )

—+

N TN

v A (2R (diag (S5) — L) RY?AT (2)r;x] A (2)D,A ()1 )

J J

R
=X
I3
)

_|_
o I e FIv IIe 3

2
- 2 |Bond (A7 R sy - )R] A7 G|
1 T A —1 —1/2 . 1/2 A —1 2
+ 5 (B,r] AT (R (ding (S)) — L) R?A; ()1
= Z(—Q.le + Pjg + 2Pj3 — 4Pj4 + 2Pj5 + Pj6 — 2Pj7 + Pjg).
j=1

We now devote to investigating those terms. Firstly, by (4.3), one gets

n

> P == D8 - By (6208 (29 ()] A7 (2D, A7 (2)D, AT () )

j=1

= _ _ _ 1 _ _
+YE {bj(z) <roAj '(2)D;A; (2)DA (2)r — ~tr (A; ’(2)D;A; 1(Z)Dj))} .
j=1
Denote E¢jy = E(-| ;) and
]'—]' = O'{I‘l7 e, 1, i1, 7I‘n}.

It follows that from (4.16]) and Lemma

n 2

> (8 — B (0s(2)8,(2)%, ()] A7 (=)D, A7 ()D; A7 ()1 )

j=1

ngn:E
j=1

E

2

35:) (1 A7 (DA GID,AT (s — Lor (A2 ()D;AT (9D )
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+—QZE|7J (2)D;A; (2)D;) |
chE[ng rTAT (2)D; A7 (2)D, AT (2)r; — ltr (A72(z)D,A;(=)D;) '
< B2 [5,(2)" | + CZE [ID5 1 Eqjy 14 ()] < SZE 1D, || =0,
and

E gE] [bj(z) (r]A (2)D;A; ' (2)D;A;  (2)r; — ftr(A *(2)D;A; (2 )DJ))} 2
gczn:E r; A7 (2)D;A; (2)D;AT  (2)r; — ~tr (A;?(2)D;A; ' (2)D;) ’
<Oy BID,) o

Zn:le = 0p(1). (4.20)
Secondly, we deal with é Pjs. By (4.3), we have
- Z (E; — Ej1) [W) (T AT DA () — b (Aﬂ(zmj))r
+2 Z [zﬁ( )(rJTA]-_l(z)DjAj_l(z)r]- - %tr (Aj_2(z)Dj))tr (A;Q(Z)Dj)}

+zZ(Ej—Ej1( VBEVE T AT DA ()’

+Z ) (5B AT A ()DjAf(z)rj)Q.

For the first term of the righthand side of the above equality, it yields that from Lemma

2
n B B 1 _ 2
B> (B —E;1) {bj(z) (r]TA]- '(2)D; A (2)r — —tr (A; 2(Z)Dj))}
Jj=1
S T A —1 -1 1 -2 : 077;11 - 4
< C’ZE r; A7 (2)D;A (2)r; — Etr (Aj (z)Dj) < TZEHDJH — 0.

j=1 j=1
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Other terms are similar. Hence, one gets
> Pjr = o0,(1). (4.21)
j=1

Thirdly, we prove that > Pjs = op(1). Define g to be the transpose of the I-th row of
j=1

the matrix G. It follows from (4.16| that
<C Z E
j=1

gcz Z Z E [eZRWAjl(z)DjAjl(z)R1/2e21e$2R1/2Aj1(z)Dj

j=101=1¢5=1

1y 1 1
X A I(Z)R 1/2952 (I‘;'TgélgeTl r; — E) (I‘J'Tgezgg;rj - n)]

C - _ _ _ 1.
gﬁz >N E[eZRl/QAj '(2)D;A; ' (2)R ™ ?es e, RVA 1 (2)D;

Jj=1£41=142=1

2
_ _ 1
i3 ZeTRWA (2)D,; A (2)R™V2e, (rfgegfrj - n)‘

2 P
x A7 (2R ey, (2 (ngZZ) + Be Zefgzlgflehefggzgﬁeh> ]

h=1

C n
SE ZE IDy[* — 0.

Jj=1

This shows that

ing = Op(l), (4.22)

Next, combining (|4.16]), Lemma and Lemma we have

r] A7 (2)D;A; (2)RTY? (diag (S;) — L) RY2 A (2)r;

j4_

c T T T
< lezrgang (1D, e v (X e X, —1]]

I‘I‘]

— Z max E |:||D] HEl/2

(J) )X] gfgf j 1‘ :|

C
<C S BID, | 0.

j=1

Therefore, it yields that

in4 Iop(l). (423)
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Using the same methods, we can get

n

ST (Pis + Pz + Pis) = 0,(1). (4.24)

j=1

Now we deal with Pjs. Denote
M, = gngT = (mith =1,2,3,4,
then one finds that for any positive number ¢
efMyer >0 and tr(M,)" = 1.

By the proof of Lemma [see Bai and Silverstein | (2010)], we can get

4 P
2 q g
| | E : (27,5 — 1) mi, | +E | | E : LlgiThqi Mk,

q=11l4=1 qzllq;ékq:l

+n" Z Z Z ( lq1 tn) ?;zltu

q1#q2=11lg;=11lgy=1

2 4 P
+ Z Z Z( lqllql) (m?{izqz) +CHE1/4 Z Qflqjl‘kqjm?qkq

q1#q2=11g;=1lgy=1 q=1 lg#kq=1

o|1/4
tr (M, M)

E wzg—l mllmllmllmll

P 4
4 2 1.2 3 4 2
<Cmpn Z mymymymy + Cnpn + H

=1 q=1

P
4 2 1 2 3 4 2
<Cnpn E mymymymy + Cnyn.
=1

By Cauchy-Schwarz inequality and the above inequality, it yields that

36

j=1

p p
1 1 _ _
S 3 (el - 1) (Feaghe - L) b RA R e
l1=143=1

2
X eZTQRl/zAJ-_1 ()R~ ey,
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n g
1 1 1
=> > E[ (rfgelgiﬂrj - g) (rfgzzgﬁrj - 5) <rfge3g§%rj - E)

J=11£1,02,£3,4=1

1 _ _ _ _
X (r?g54g2rj — ;) eng Rl/zAJ- 1(Z)R 1/2eg2e[TQR1/2Aj 1(z)R 1/2€g1

x egTsleAjl(z)R1/2eg4eg;Rl/2Ajl(z)R1/2e53}

Cnn L
4
E , E E mkkmkkmkkmkk

J=141,4o,03,04=1 k=1

Cnin - T 1p1/2 A —1 -1/2 T—1/2A-1/\1/2
+3 ZE > e RVAT (2R ene,R7V?A; (2)R ey,
Jj=1 £1,0=1
<CnZ = 0.
Consequently, it follows that
> " Pis = 0,(1). (4.25)
j=1
Together with (4.20))-(4.25)), we conclude that
Iy —E(I) = o0p(1). (4.26)

Similar to the proof of (4.26)), we shall prove Io — E (I2) = 0p(1) and Is — E (I3) = 0p(1).

Step Z.3 We now deduce the limit of the expectation of I;. Rewrite

L = tu(A™'()D)’ = %Zn:tr (A7 (2)DA™ (2)R~V/*(ding(S;) ~ T,)R"?]
- = Ztr [ (2)DA; ! ()R~ /2 (diag(S,) — Ip)RW}
-2 Z Bi(z (x)DAT" (z)R™'/?(diag(S;) — L, R A" (2)r;
+= Zﬁ] (2)DA; ! (z)r;r] A7 (2)R ™ (diag(S;) — I,)R'?A; ! (2)r;
= hLh1-2xI11.2+ 1.3, (4.27)

where the fourth equation holds due to the decomposition of A™%(z) in (4.2)).
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To begin with, we prove that E(I1.2) = o(1). Note that
E(I,.2) =E (ﬂl(z)rlTAl_l(z)D1A1_1(z)R_l/Q(diag(Sl) - Ip)R1/2A;1(z)r1) + %E(&(z)
x i AT (z)R7Y2(diag(S1) — L) RY?AT (2)R™/?(diag(S1) — Ip)Rl/QAfl(z)m)
=E (I,.2.1) + E(I,.2.2).
Using and Lemma we get

|E (11.2.1)]
p
ganE rTAT!
<C’nZE
—1 —1/2 1

x A7 ()R ey rT gggg r, — —
EY2|,
<CnZE|: &)

x AT (2)R™?%e

_ _ _ 1
DA ()R V266l RV2AT () <rfggg{r1 - E)‘

<r1TA (2)D1AT (2) R 2eef RY?AT (2)r) — %elTRl/QAfz(z)Dl

+CZE[||D1|

=1

1
rlgege 1”
n

1
AT (2)DIAT ()R 2eref RY2AT (2)r) — ﬁelenAfQ(z)Dl

2 p
+C S E|DE

=1

1/2
E(l)

T T 1 T T 1
rygege Tl — n ry gege Tl — n

<CE|D:]|| — 0.
By Lemma and Lemma [6.3] it follows that

C .
[B(1.2.2) S=E (rlTrl || diag(S1) — 1,,||2)

<Opv2 (+12)) B2 diag(s)) - 1, "
n
4
Sg max EY/2 (XTgkgkX 1) < 0773 — 0.
n k=1,---,p

These two inequalities show that
E(I1.2) = o(1).

Next we show that E(I;.3) = o(1). Note that

E (I1.3)
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=E (gf(z)r{Afl(z)DlAfl(z)rlr}“Afl(Z)R*I/Q(diag(sl) - Ip)Rl/ZA;l(z)rl)
+ LB (BT AT R (diag(81) ~ L)RVZAT () )

=E(,.3.1) + E(11.3.2).

Due to (.16 and Lemma[6.1] it implies that

(13.0)] <08 [ (<7r1) 1D (iag(1) - 1)

<C max E{||D1||Ez{)2 rir
=1, p

4 2
Bl X el x|
SCEHDl H —0
and

B(132) <8 [(+Tn)’ I(@es) - 1))

= (1)

c
<— max E {EI/Q rlTrl
n =1, ,p

4 4
Bl X el x|
<CnZ = 0.
Hence, we have E(11.3) = o(1).

Now we analyze E(I;.1). Noting that gf gr = 1, we have that

n 2
E(,.1) :% > B ((ding(8,) - L,)RY2A; ()R 1/2)
j=1

1 - _ _ - -
“Iyy E[ezRI/QAj 2RV el RVZAT ()R e

j=1k,e=1

x (X] gegi X; — 1)(X] grgi X, — 1)}

P
_1 > E{ele/zAfl(z)R*WegeZRl/?A;l(z)R*Wek
n k,t=1
x (X7 gegi X; — 1)(X] grgi X — 1)]
Further note that
P
B ((XTges? Xo — )(XTgrgi Xi = 1) = 8. gyl + 2, (4.28)

j=1
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where 5, = E (Xfl) — 3 and rge = gggg. Therefore

Ly (m S bl + 2>

klll

x E (e}{R”ZA;l(z)R*1/2e4e5R1/2A51(z)R*Wek) .

Using the decomposition of A7*(2) in (4.5, we then get

E(I1.1) :% (z - 16(2)) B <2p+ Ba iig@)

k=1j=1

(e (n- /n b(z Z Z (2 +Pe ng3> E (eleﬂBm(z)R*l/Qek)

k1m2

2rie + Ba ];1 glijgl?j » 4 . .
+ > S S B[R Bu(:)Reel RBu()R e ]

n
kfl=1u=2v=2

::E(Il,l.l) + E(]1.1.2) =+ E(Il.l.?)).

We first have that

P

20n 4 Ban ™" X2 D gk

Jj=1

E(f1.1.1) =

k=1
22(1 + 5(2))2 +o(1)

by (2.17) of |Bai and Silverstein | (2004).

Next we show that both E(/;.1.2) and E(I;.1.3) are o(1). By conditioning on F; we get

E(B2(z)) = 0. Furthermore, by (4.4) and Lemma 6.1} it implies that

1. - -
‘nEZele/QBi’,(z)R 1/2ek . <2 + BI Zg}‘i]> ‘

k=1 j=1
< [ Ba(1y(2) — b(z)) egRl/ngrzTAgll(Z)Ril/Qek]‘
< K [E[(0)(2) — b (@) F R rarf A (IR e
+KZE[|b21(2’)_b(z)|’E(2>e£Rl/ ror} gl (R e |
k=1
< (=031 ()20 (2) + Bar) ()85 (2)F500) ()] ek R *rord Agy! (2)R ™ e | + 0(1)
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P
< K Y [E[Eeam (2] Ast (R Perel R *ra| + B [330) (2)rF As) ()exef ra | + 0(1)
k=1
P
< KZ E ‘E(g) [%(U(z)(rgA;ll ()R 1/2e egRl/Qrg — nflele/QAgll (Z)Rfl/gek)] ‘
k=1
+K Z E ’ )(rs A (2)R™ Y eref R *ry — n tel RY2 AL} (z)Rfl/Qek)’

+— ZE| ’72(1) |+O
= 0(1)7

where K is a constant. Finally, by a similar decomposition to (4.2)) we get that

1 - p
Solawmin e (£
=1

k=1

< LIS B[R AL () - AT )R]

k=1[i>2
< = Z > E B ()ek RZAG ()il A7 ()R e
k=1 |i>2
K P
< = [,32(1)(z)r§ Azl (2R erefRY 2A§11(z)r2] ‘
.
< Eba(1) (2)B201) (217201 ()73 A ()R el RV A, ()12 + o(1)
Pt
p
< Z Y1) (2)(r2 Agll(Z)Ril/QekegleA;ll(Z) ro—n” e RI/QA ()R 1/2ek)'
k=
K_ .
+—B o) (2)] +0(1)
K & 1
< o ZEUQ rgAQ_f(z)R_l/Qekele/zAgll(z)rg — Eele/zAQ_f(z)R_l/Qek
k=1

XEY2 [Fa01y(2)] + o(1)
= o(1).

To sum up, we proved that F([;.1.2) = o(1).

P
We now show that E(I1.1.3) = o(1). Denoting dg; = 273, + Bz . ginga,, we have
h=1

p
1 > duEel R'/’Bs(2)R™*ere{ R'*Ba(2)R ™/ %ey
k,0=1
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K| © T T - T T T S
< o Z Z diE [ele/Q(riri —n DA R ee] Rl/g(rjrj -n 1I)AjllR I/Qek]
k,=11,j=2
p
< K|Y duE [e{Rl/Q(mg —n ') ASR Y 2ee] RV (rord — n‘ll)A;fR‘l/Qek]
k=1
p
+En | duE [eZR”Q(rzrzT —n DA R el RV 2 (rarl — n*ll)A;fR*Wek]
k=1
K p P
Tp1l/2 T -1 -1 T -1 —1/2 T 1/2
< o Z dii + Kn Z dsz[ﬁz(gl)ﬁ:s(m)ekR/ (rors —n 'I)Agirsrs Az R %eef RY
k=1 k,0=1
x(rars — n_ll)A3_211rgrgAg;lR_l/Qek}
P
< Kn| Y dME[52(31)53(21)e£R1/2(r2r§ — T AR rsrT A R 2eel RY/?
k=1
X (rsra — n_ll)A3_211r2rgA§211R_I/Qek] + o(1).
Note that
Ba(31)(2) = bs21(2) — Bacs) (2)bs21(2)Y2(31) (2)
and

53(21)(3) = b321(2’) - /33(21)(Z)b321(2)373(21)(2)~
Using (1.15) of Bai and Silverstein | (2004) many times, we have for each k,l =1, --- | p,
E [bgm(z)egRl/z(rzrg — n_ll)A;211r3l‘gAg2ll R_l/QegegRl/z(rgrg — n_ll)Ag;lrgrgAg;l R_l/Qek]
= E [b%m(z)r§A§211r2rgA5211R7I/Qeke£R1/2 (rord — nill)Ag;lrgrgA;;lR*I/QeZeERl/Qrg]
1
*EE [bgm(Z)rgAgzllRil/Qeke?Rl/QAsii1'2 (r§A§221R71/2e£e£R1/2r2 - "719{R1/2A§221R71/29£)]
_ 1y _ _ 1 _
= E |:b§21(z) (rgA3211r2rgA3211R V26, eF RY2(rord —n DAL rs — EeZle(rgrQT —n~)
_ 1y 1o 1 1y
~A32%r2rgA3211R 1/29k> . <r§A3211R 1/2egezR1/2r3 — ;e?Rl/QA?)zllR I/QeZ)]
1 1 1
+EE |:b§21 (2) (rgAgflrg - ﬁtr (Ag;l)) (rgAg211R71/2eke£R1/2r2 - ﬁegleAg;lR*l/Qek)
1o 1 _ 1y 1
TRY2ALR 1/294 + B {bgm(z)tr (A3221> el R/2A; R/ 26T RV/2A LR 1/294

1 _ _ _ _
—ME[b@uz)e;{RlﬂAg;R Vool RYZAZLR /}
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1 o _ o 2
fﬁE [bgzl(z) <rgA3221R 1/QegegRl/Qrg -n 1e{Rl/QAS;R 1/26[> }

_ 1 _ - 1 _
E |:b§21(z) (rgA&llrgrgAS;lR I/QekeEle(rgrg -n 1I)A3211r3 — EegRl/Z(rgrg —n7)

_ _ _ _ _ 1 _ _
~A3221r2r2TA3211R 1/2ek> . (r3TA3211R l/zeZeERl/zrg - feépRl/2A3211R 1/2e2) ]
+0(n 3)

1 _ _ _ _ _ _
EE bgm(z)(rgAS;lR I/Qeke{Rl/Q(mrg‘fn 1I)A3221R 1/QegegR1/2A3211r2

—HgA;leR’1/2eke£Rl/2(r2r2T — n*II)A3_211R*I/zegegRlﬂA;;lrg
P
+Be Z e,q;A;Qllrgr%ﬂAgzllR’l/Qekeleﬂ(rgrg - n1I)A3211ehe,7;A3211R1/2egegR1/zeh>:|
h=1

+0(n~3)

1E
n2

- 1 1
b201(2) <2 (rgAmllR 1/2¢,eFRY ?ry — 5e£R1/2A3211R 1/2ek)
2 _ 1 3
. (r2TA3221R 1/2ege{R1/2A3211r2 - ;ele/2A3231R 1/2eg)

p
1 1o 1 1
+Be E e{ASzllR l/zegegRl/th (rgAs;lR 1/Qeke£R1/2r27Ee{Rl/QAS;lR 1/Qek>
h=1

1
—1 —1 -2 —
. (rgASmehe;{ASerg - ;e,}{ABMeh) >:| + O(n 3)

o(n™3).

By Lemma [6.1] it follows that for each k,l=1,--- ,p,

E [ele/Q(rgrQT - n_IIp)A:;QllrgrgA;zllR_l/?’egeZRI/Q (rgrg - n_llp)A3_211r2
'f2TA3_211R_1/29k5231(Z)bszl(Z)%(gl)(Z)]

< KE

~ 1y 1 1y
72(31)(2:) (I‘?;A3211R 1/2e[egR1/2r3 _ Ee{Rl/zAg,gllR 1/29[)

T A —1 TA—1p—1/2 Tyyl1/2 r 1 -1
‘(1‘3 Agprar; Asy R / erey R / (rory — EIP)A321TS

1 1 _ _ _
—Ee{Rl/z(rzrg - EIp)A3221r2rgA3211R 1/29k) ‘
K_ | TA—1. Tr-1p-1/2 Tpl/2 r 1 1
+XE Fa(31)(2) (rs Agzirar; Ap R exer R/ (rary — ng)A321r3

1 1 _ 1y
—Eele/Q(rgrg — EIP)A3221r2r§A3211R I/Qek>

K _ |+ _ _ _ _
+EE 72(31)(z)r2TA3211R 1/Qekele/Q(rzrgT —-n 1I)A3221r2‘
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K_ | 1y _ 1
+;E Fo(s1)(2)r3 Az R Y2enel RV Agrs (r§A3211R Ve,

_ _ 1 _ T A 1y
~e£R1/2(r2r2T —n ')A — Ee£R1/2(I‘21‘g —n 'I)ALL AR 1/2e2)

+%E Faany (2)r3 A RV 2erel RYZ A raef R (rory — n ') ARV e,
< %E ’72(31)(Z)I‘2TF2GER1/2(1’21‘2T - %IP)QR_I/Q%
+%E *72(31)(z)r2Tr2\/ele/Q(rgrg —n~1I)2R~1/2¢,
< E Fagen () = 02,
Furthermore, for each k,l =1, --- ,p,

E[egRl/2 (rors — nfle)Ak;Qllr3r§A§211R71/2e4e5TR1/2 (rary —n L)AL o

'r2TA§211R71/2ek5321(Z)b321(Z)’AYs(zl)(Z)] =0(n~°?)

and

E [ele/Q(rgrg - nillp)Aggll rgrgAg;lR*lmegeeTRl/2(r3rg - nillp)Ag;lrg

'r2TA5211R71/26kﬁ321(2)5231(2)5321(2)’73(21)(Z):Yz(:m(z)] =0(n"?).

Hence, we conclude that
P P

1 > duEei R"’By(2)R™ el RV’Ba(2)R™?ex| < Kn Y dii+o(1) = o(1).

™= k=1
Similarly, we have

P
% 3 duE [e}{R”QBu(Z)R—l/Qegele/QBv(z)R—”Qek} =o(1), for u,v=2,3,4.
k=1

Combining the estimates above we get the desired convergence that

1A & 4
2Pn+/3x; > Gkj

k=1j=1

2(1+5(2))?

E(Iy) +o(1) (4.29)
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1
T <2”+Bz == ZZQ’”)'

k=1 j=1

Repeating the proof of (4.29), it implies that

1
E (I2) - AT <2p+ﬂz hmZngj>

k=1j=1

and

= L3 Eu[A] (:)D7AT ()R (diag(8;) - L)RY] +o(1)

n p
= i2 Z Z E [QER_IMA?(Z)R_l/Qeze?leAj_l(z)Rl/Qek
n

j=1k,e=1

(XTgiel X, — 1) (XTegl X, — 1) } +o(1)

1 - o “1y2 - - _
= = Z E[efR 1/2Aj 2R 1/Qege[TRl/zAj L(z)R %y,
j=1k,0=1
2r%) + Be nghg£h> } +o(1)
h=1
1 1 & , P
. -1 2 2 2
— W nllﬁﬂgo " kgl E [ek R errw <27"kz + e }; gkhgeh> ] .
Step Z.4 By Step Z.1-Z.3, we conclude that
1
2l —————— 20+ s hm — g (4.30)
s DWW
1 P
T—1 2 2 2
+ 22(1+3(2)° nh—>Holo E ;1 Eler R “erru <2Tkl + Bz ; gkhgeh>:| .
Step Z.5 Since
=191
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it is apparent that

22 I
2 P p
p Z 6 1 . 1 N
16z <z2(1 +§(z))2) <2p+51 m ;;gk1> (4.31)
22 9 1 1 & S 5 LA
Tz \2assne ) A2 B 2 . :
* 4 0z (22(1 +§(Z))2) e kgl ex R err | 27 + B ;gkhgéh

which is similar to the proof of (4.30).

Step Z7 In this step, we are going to showing that
[T+ IV = o,(1).

Firstly, it can be verified that from Lemma (6.2

Using (4.15)) and Lemma [6.4] one has
[II1+ V| <C|[H ' (2) (L - L))| | tr (A7'(2) (L - L,))”
<C|L-1I,|| £ C|DJ|| — 0 in probability.
Therefore, we conclude that

IIT+ 1V = 0,(1). (4.32)

Step ZZZ . In this step we derive the CLT of
V =[trA™ (2) —E (trA7'(2))] + [tr (A7} (2) (L—1,)) — Etr (A7 ' (2) (L — I,,))]
+z[tr (A7%(2) (L— 1)) — Etr (A2(2) (L - L)))]

=V.1+V24+V3.

The outline of this step is as follows:
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I77.1: Prove V.1 = Xn: W;(z) + op(1) where W;(2) = —E; (-£b;(2)7;(z)).

j=1
I77.2: Show that

V2_ZQ11 + op(1)
and

3=z 9 ZQN ) +op(1)

where Q;1(z) = LE;tr (A L(2)R™Y2 (diag(S;) — I,,) R1/2) .

TI77.3: Show that the process indexed by z

<i (W) + @n(a) + 2+ i@ﬂz)))

Jj=1

converges weakly to a Gaussian process.

Step ZZ7.1 According to |[Bai and Silverstein | (2004)) (Page 562), we obtain
Vil=trA"'(z) — Etr (A7( ZW 2) + 0p(1 (4.33)

where W;(2) = —E; (<£b;(2)7;(2)). We note here that |Zheng, Bai and Yao | (2015) also obtain

that trA ™' (2) — ps,, (2) converges to a Gaussian process with the following mean function

ps®(2)(1 +s(2))"° 4 B ps’(2)(1 +5(2))°
(1-ps2(2)(1+5(2))72)" 1= ps?(2)(1+5(2))7?

and the covariance function

0s(z1) Os(z2) 0s(z1) 9s(z2)
9 lel 6z22 1 ﬂzP lel ('?z;
(s

s(z2) —5(21))2 (21— 22)? | T (T+s(20))2(1 +5(22))%

Step ZZ7Z.2 1t follows that from (4.17) that

1+ 0(1)
2

1 +20(1) [tr (A7*(:)D") — Etr (A~} (:)D" )]

V2=

[tr (A_l(z)D) — Etr (A_I(Z)D)]
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1+ o(1)

T

[tr (A’l(z)DDT) — Etr (A*l(z)DDT)} .

Similar to the proof of (4.26)), we see that

1 +40(1) [tr (A7(=)DD”) ~ Eix (A (:)DD”) | = 0,(1).

Hence, one finds that

1+ o(1)
2

1+ o(1)
* 2

V2=

[tr (Afl(z)D) — Etr (Afl(z)D)]

[tr (A_l(z)DT) — Etr (A_l(z)DT)} + op(1)

::1 —&-20(1)‘/.2.1 n 1

+o(1)

V.2.2 + 0,(1).

Using , we obtain that
V.2.1 =tr (Afl(z)D) —-E (trAfl(z)D)
:Z(Ej —Ej-1) (tr (Afl(z)D) —tr (A;l(Z)D]‘))
:% zn:(Ej CEjy)tr (A;l(z)R—1/2 (diag (S;) — Ip)Rl/Q)
) (4.34)
- Z(Ej —E;1) (ﬁj(Z)T?Afl(z)DjAfl(Z)rj)
= L3 — By (BT A R (diag(S)) L) RVPAT (o))

n

= Z (Qj1(2) = Qj2(2) — Qy3(2)) -

We shall show that both > Q;2(2) and Y Qjs(2) are o,(1).
j=1 j=1

We start with > Qj2(z). By (4.3]), we have
j=1

é@jz(Z) = iEj {bj(z) <r]TA;1(z)DjA;1(z)r]- - %tr (A;l(z)DjAf(z)))}

_ Z(E] —E;_1) (b?(z)ﬁj(z)rfAjl(z)DjAjl(z)rj)
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n

+ 30 (B — i) (B(2)8:(2); (2)r] A (DA ()

=1

Using (4.16) and Lemma it follows that

n 2

S OB — Bima) (B (207 ()] A (2)D,A; (2)r,)

Jj=1

E

n 2
<CY B[] AT (D, AT ()|
j=1

1 2

<C Z E [7;(2) (roA;l(z)D]-A;l(z)rj -t (A;Q(Z)Dj))

+ O3 B[R G (A E)D))

gch[E [ R AT (DA (s - S (A%(:)D) ]
i=1
+fiEID 1> < C"“ZEIIDJH + 3 ZEHDJH 0,
j=
and
i B — By 1) ()8 ()3 ()] AT ()D;A7 (2)x; ) | 5 0.
Furthermore,

2

[ (2)rTA; ()DjAgl(z)rjf%tr(A;I(z)DjA;I(z))]

2

IN

DA (e — +x (A7 (:)D,A7(2))

C’ZE

12
EZEHDJH — 0.
Jj=1

IA

That iS7 Z ng(z) = Op(l).
=1
Next we prove that > Qj3(z) = 0p(1). Applying Lemma and Lemma one finds

Jj=1

that

Z [r r; |diag(S;) —Ip||]2
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E'/? |diag(S;) — L|*

C ~pi2 |7 |4
SEZE/‘I'J'TJ'
j=1

<CnZ = 0.

Consequently, it follows that

Y Qi) = op(1).
j=1
Combining the two estimates with (4.34]), we then obtain that

V21—ZQ;1 ) + 0p(1).
j=1

Using the same method of the proof of the above inequality, it yields that

V.2.2:%i(E —E;_1)tr (A L(z)RY? (diag(Sj)—Ip)R_l/Q) + 0p(1)

j=1

_Zle + 0p(1).

Consequently, it follows that

V2= Z Qi1(2) + op(1).
Note that from ({4.28)
2 C n P 2
<5 E (X{gkgij — 1) eI RY2AT ()R %,
j=1 |k=1
C - - T
3 E[(X-gkgkxj 1) (X7 gelx; - 1)]

[ R'/2A;" )R*Weke{Rl/zA;l(z)Rfl/Zel}
C
53 3 w[(<aax 1) (Kasx, 1)

P
E (2% + 8o Z gghgih] <C.

h=1
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Hence, we conclude that
V2=> Q)+ 0(1). (4.35)
j=1

Because V.3 = z%V.Q, we have
V3= zzn: ng(z) + op(1)
pt (925 J p

similar to the proof of (4.35). Combining (4.33]) and (4.35) yields

n

Vo= 3 (W a4 2 50| + o).

Jj=1

Step Z77Z.3 Next we show that

n

> |:W]'(Z) +Qj1(2) + 2+ %le(z)}

j=1

converges weakly to a Gaussian process in z.

nie2

j=1t=1 k=1

For any z1,...,2, € C4, au1,...,a, € R and any € > 0, we have
n s 2 s
ZE < ZazQﬂ(Zz) I < Zalel(Zl) > E))
j=1 =1 =1
1 n s 4
< ;2213 > uQi(ze)
Jj=1 =1
1 n T 4
_ ) -1 —1/2 / 3; ‘ 1/2
- - ;E ;agE]tr (Aj (z)R™/2 (diag (S;) — )R )
1 n r p 4
T1/2 A —1 —1/2 T T
= i3 ZE ZagEj ZekR / A7 (z)R ey, - (X; grgr X5 — 1)
=1 le=1 k=1
C n r p 4
S @ Z Z Oc;% - K Ej ZegR1/2A;1(Zg)R71/2ek . (X?gkgng' - 1)
j=1 =1 k=1
C n s p 4
< O3 YatE ‘X? (S el w2 com el ) %, - it )

C T
< ?ZOK? '77:11 = o(1),
=1

where the second to the last inequality hold due to Jensen’s inequality, and in the last inequality

we used the bound (9.9.6) on Page 271 of |Bai and Silverstein | (2010) applied with ¢ = 4 and
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the fact that
P P
tr ( Z gke;;FRl/QAj_l(zg)R_l/Qekgg> = Z e - e{Rl/QAj_l(zz)R_l/Qe;C
k=1 k=1

P
=> eiR?A; (z)R Ve, = tr (Rl/zA;l(z@)R_lm) = tr(A; ' (20)).
k=1

The other terms have the similar results.
Next we derive the limit of the quadratic variation process, which is a sum involving the

following six processes:

;Ea‘—l(wj(zl)w ZE; 1(Qj1(21)Qj1(22)) ZEJ— <8Qg);zl)8Q§ZiZ2))7

and

0Qj1(22 0Qj1 (22
Db 0e@nte LB (Wi ) 3m (e PG,
In fact we only need to derive the limits of the following terms
ZEJ 1(Qj1(21) ZEJ 1(Q51(21)@j1(22)) -

First we have
> B (Qii(21)Qi1(22))
j=1
- - T T T 1
1/2 -1 —1/2
= Sm| EE (R R e (el - L))
Jj=1 k=1
& 1
.ZE]‘ (egRl/QAj*l(zz)Rflﬂee <r?gzg41‘j — E)) :|
=1
- Z Es (ele/QAj_l(Zl)R_l/Qek) E; (eeTRl/QAj_l(@)R_l/Qeg)

E; rr Tr._l rr Tr._l
j—1 i Bk8k Ty n B8 Iy n
nop

T o Ej (ezRWA?l(Zl)R*”Qek) E; (eeTRl/QAgl(zz)R*/?eg)
Jj=1k,l=1

p 2
. <gz (egRl/QekeTRl/zeh) + 21";%@)
h

=1
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P, 1 . 2 5 ,Bz P . 2
7 izt )1+ 5(22)) e (n“R + (ehRen) >

h=1

(4.36)

where in the last equation we used (4.28]), and the last convergence is due to Lemma 6.2. of
Zheng| (2012).

Secondly,
ZEj—l (Qj1(21)W;(22))
j=1
9 n _ 1__ .
— ~ %% {Zl Ej_1 {Ej (trA]- 1(21);R 2 (diag(S;) — IP)R1/2)
=

.Ej (b](ZQ) (I‘JTAj_l(ZQ)I‘j — trAi;(ZQ))>:| }

| - -
= —{ Ej_1 |:e£R1/2Aj 1(21)R 1/29k <rJTgkg£rj — Tll>
J

bj(22) (r?A_;l(ZQ)rj — itrAj_l(zg)>:| }

Observe that

1 < 1, «—
E < (r?gkggrj - n) (r;‘rAj Yz)ry — EtrAj 1(22))

2 pi_  — 2 py_
:Eg,zAj Yz2) gk + % (ele/Qek) egAJ Y(z2)en.
h=1

ri,...,rj—1,r541,... ,I‘n)

Then we see that
> B 1 (@i (21)W(22))
j=1
1 9 o <
= e {b(zz) Z z E;j 1 [ele/zAjl(zl)Rl/zek - (2ng.A]71(22)gk

7? 822 =1 k=1
} +o(1)

e;;FRl/zAjfl(zl)Rfl/zek - <2g£Af1(zz)gk

P
+Bs Z (ez:Rl/Qek)z ezAj_l(&)eh)

h=1

1 0 = &
— TL2~8ZQ{225(22)ZZEJ'1

j=1k=1
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} +0(1)

+ Bz Ep: (eZRl/zek)2 egAj_l(ZQ)eh>

h=1

N g—C M))

(Zp + nh_)rrolo — Z ey, Reh>

h=1

_ 1 9 1 .
— 21(1 + s(21)) Oz2 (1 +§(z2)) (24 Bz) p,

where by and some computation, we have |b;(z) —b(z)| < Kn~' and |b(z)—zs(z)| < Kn™'.
Moreover, s(z) is the Stieltjes transformation of the Méenko-Pastur law, s(z) = —(1 — p)z~ ' +
ps(z) and z = —s~1(2) + p(1 + ().

Combining the results above and by the martingale CLT and Lemma 2.14 of |Bai and Sil-

verstein | (2010) we then obtain that the process

Z[ 9+ Q) + 2 Q)

converges weakly to a Gaussian process with mean zero and covariance functions

’U(Zl, Zz)

-2 ((,((>},(<)>) e = >) ot ai (ﬁ) ai (%,())

(pﬁztG + ILm %trRQ)
+z122(1 + (1)) (1 + s(22))

2z (pﬂzt(; + lim gtrR2> (W) ' 3%2 (W)

9
0z1
i o (vt
(1+321 0z 1+ s(22))
1 0

z2(1 4 s(22)) 37( )

0 1 0 1
(0B +2p)2 67< (14 s(z1) >.8722(1+§(22)>

0

—(pBe + 2p)22 87<1+S )ai(@)

2 1 1
+(pBeta + hm ftrR )21 o ( a —l—s(zl))) . 20T 3

_(pﬁz + 2:0)

_(pﬁw + 2:0)
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. 2 2 1 0 1
Hobete + lim DURDZ TG 0m (zm +§<22)))

_ s'(z1)s'(z2) 1 5'(21)8'(22)
- 2((( 2) — 5(1))? (22—21)2)+(1+§(21))2(1+§(22))2

. (pﬂztg + nh—>H;o %trR2 — pPe — 4p> . (4.37)

Step ZV Now we derive the limit of the term VI defined in (4.14]). Firstly,Zheng, Bai and

Yao | (2015) proved that

EtrA™"(2) — ps,, (2) —
Then it follows that from (4.17))

Etr (A~ () (L - L,,)) :%Etr (A~'(z)D) + %Etr (A=)

S m (a7 o) - Wpe (a7 DY) 13

_ 1+80(1)Etr (A_l(z) (DT)2) .

We begin with the third term of the righthand side of . It is apparent that
Etr (A DDT) ZEtr( ()R (diag(S;) — L) RWDT)
:% Z Etr (A;l(,z)rrl/2 (diag(S;) — I,,) R (diag(S;) — I,) R’1/2)
¥ - ZEtr ( 2R (diag(S;) — 1) R1/2Df)
- ZE (@ (2)rT A7 (2)R™Y2 (diag(S;) — I,,) R1/2DTA;1(z)rj) .

By conditioning on F; one sees that the second term equals 0. Applying (4.16]) and ( , We

get
LS B (BT AT R (diag(S,) ~ ) RV*DT AT (2)r,)
j=1
o(1) & 0(1) & 2
<% E (r r; ||diag(S;) — Ip||) < % ZE1/2 (r?rj) = o(1).
j=1 j=1
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Therefore, we see that from (4.28)

Etr (A_l(z)DDT)

:ni S B (A7 (2R /2 (diag(S;) — T,) R (diag(S;) — L) R™/) + o(1)
1 - _ _ _
== Z Z E ((nggggTXj — 1) (ngkgng — 1) e Rerel R 1/2Aj (2)R 1/2eg) +0o(1)

Z Z (51 > gingin + 27“u> E (egRekegRilmA;l(Z)R71/2ee) + o(1)

j=1k,l=1

1 1 < & _
- ———— lim — Z <,Bz Zg?hgih + 27”;@) (efRekefR leg) , (4.40)

2(1+5(2)) n=oe k,e=1 h=1

where the proof of (4.40]) is similar to those of (4.36). It can also be verified that

Etr (A7'(2)D?) — e s( ) <51 Jim ; hzl gen + 2p> (4.41)
and
Etr (A_l(z) (DT)Q) = 72(1%&)) (51 Jim = ; hzl gin + Qp) (4.42)
Next, using we have
Etr (A"'(2)D) = % zn: Etr (A*l(z)R*”2 (diag(S;) — 1)) R1/2)

I~ _ _
n > D E (GERWA YR e (XT grgi X5 — 1))

k=1j=1

I _ _
S B (eFRVA (R e (X gl X, — 1))

k=1j=1

—fZZE( z)rTA R_I/Qekele/QAj_l(z)rj(X]TgkngXj—1))
k=1 j=1
P
LSS B (0T A R el RY2A; (), (X gl X, - 1))
n

k=1 j=1

By the decomposition (4.3) of 3,(z) and (9.9.6) of |Bai and Silverstein | (2010]), we have

Etr (A™'(z)D)
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P n

1 _
_ _EZZE( TAT'R ™ %erel RY2A (2)r; (X grgl X, — 1))+ o(1)
k=1 j=1
1 & i _ 1 _ _
= —= ZE{bj(z) <roAj 'R 2eref RY?A; ! (2)r; — ~efR'?A*(2)R 1/2ek) (X7 grgr X, — 1)}
nk:lj:l n
1 o oTRY/2 —1/2
ZZE FRYVZAT ()R e (X] grgh X5 — 1)) + o(1).
k=1 j=1

= VI21+VI22+0(1).

By conditioning on F; one sees that the second term equals 0. Furthermore, one has

Viat = = E SIS (R A G A R
k=1 j=1
p
+B: Y ginen Ay 'R PerefRYPAS l(z)eh) +o(1)
h=1
§(Z) i 1 p 5 TR P s TR,1/2 i
S T A 2 (2o Re + 0. 3 ghel R e ), (444)

k=1 h=1

where the proof of (4.44]) is similar to those of (4.36). Similarly, we get

Etr (A*l(z)DT)

ZZE[ <2eTR*1/2A (2)grgh A; ' (2)RY ey,

k=1 j=1
P
+82 ) ginen A7 'RY QekefR—“““A,;l(z)eh) 1 o(1)
h=1
- R li 2e{Rey + i inen R (4.45)
Z(l +§(Z))2 ngI;on € ek z 9kn€h e ). .

k=1 h=1

Combining (4.39)-(4.45), we see that
Etr (A7'(z) (L - 1,))

— %(2p+ﬁx lim 7Zngheh RV ek>

k=1 h=1
1 P
r 2 2 2
s ik 3 e (5.3 a2

k=1 h=1

1
TR Ts) < S Z Z G + 2p> (4.46)

k=1h=1

(4.43)
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It follows that the limit of the third term of the term VI defined in (4.14)

0 s(z) .l 3 1 —1/2
=gz (o) (2””% i, 7 2 2 gmnen R e

k=1 h=1
0z \4z(1 + 5(z)) ) n>oon k €Tkl © th9kh ke
k=1 et
0 1 1 P P
; 4
+ag (42(1+§(2))> (5,5 Jim éggkh +2p> . (4.47)

Combining (4.13)), (4.38), (4.46) and(4.47), the limit of the term VI defined in (4.14)) is

(
(
s(2) 0 s(2) . Il G 3 Tr—1/2

Jerte o Grrta)] g et en

k=1
P

P P
2 2 2 .1 4
(51 Z gengrn + 27“ke> <5z Jim Z Z Ikh + 2/’)

h=1 k=1 h=1

. (4.48)

Step 7V We are finally ready to establish the CLT of LSS of the matrix R™'R.

Combining ([@.9), @30), @31), @11), @12), (4.37) and (@.48), we see that M, (z) con-

verges to a Gaussian process M (z) with the mean function and covariance function as follows

S0 +s()° L B psP(2)(1+5(2))°
EM(2) (1= ps?(2)(1 + s(2))~2)? * 1—ps?(2)(1+s(2))~2
0 25'(2) \ 8= 20m +Bollay —he)lp (440
*( <1+§<z>>2+<1+§<z>>3) 1 (449
e 25'(2) ) (Becy+2)p
((1 T R +§<z>>3) 1
and
Cov(M(z1), M (22))
s'(z)s'(22) 1 s'(21)8'(22) .
=2 (@(zﬂ “a@)E (e )) TP 52?1+ s(z2))? (4.50)

'(/Bm+2dR_ﬂ2_4)'
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The remaining is to prove the tightness, which should have been proved in Step III.
We need to obtain the tightness of trA~"(z) — E (trA™'(z)) and Zn:l Q;1(%). Notice that the
i=
tightness of trA~'(z) — E (trA~'(2)) has been proved by Bai and Silverstein | (2004)), now we
will devote to prove the tightness of f:l Qj1(z).
i=
We want to prove, as a sufficient condition,

2

E ;(Q;‘l(zl) — Qj1(22))
sup = 5 < K.
n,z1,22€Ct |Z1 - ZQ‘
To this end, we only need to prove
2
E _ﬂ(le(Zl) — Qj1(22))
- < K.

sup

n,21,22€Cn, |21 — 222

Apparently, we have

(Qj1(21) — Qj1(22))

n
Jj=1

21 — 22

1 « _ _ _ ,
= =YK [trAjl(zl)Ajl(,zQ)R 12 (diag(S,) — L) RY/?
j=1

n P
_ _ _ 1
DD el RVZE [A7 (20 A (22)] R 2es - (1] gl ey — ).

j=1k=1

Thus we obtain

3

B[ 3 (Qi(21) — Qi (22))I?

Jj=1

|21 — 22|
n P 1 2
= E et RY?E; [A;l(zl)Agl(zg)} R % - (r] grgirj — ﬁ)
j=1k=1
n P 1 2
= DB elRYIE; [A7(21)A] ()| R %ei - (r] grgirs — )
j=1 |k=1
n P
= > > E{efR“QEj [A;'(21)A; " (22)] R/ ?ere; R'/?
j=1k,t=1

_ _ _ 1 1
‘E; [Aj 1(21)A]. 1(22)} R 1/2ee} -E {(r?gkggrj — E)(roggggTr]- — E)]
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1 = & P
< ) Z Z (2rie + B ;gghgih) <K,

J=1k,e=1
where K is a constant and E[A!(z)|” < K. So the tightness is proved.

Following the representation (4.1)), the LSS of sample correlation matrix R 'R is as follows

1

"o

> g —p [o@ b, @ - 9:(x) (RTR—20) ™" —ps,, (2) dz
k=1

for £ =1,...,m, where F,(:) is the LSD of R 'R and F,, is obtained by replacing p by pn.

Thus the random vector

<Zgl<m —p / D (@) dFp (@), > gm(We) = p / gm (@) den<x>> (4.51)
k=1

k=1
converges to an m-dimensional Gaussian random vector Xy, , ..., Xy, with mean functions and

covariance functions as follows

1
EX,, = 5 7{92(2) -EM(z)dz

and

1

Cov(Xg,, Xg;) = —Tﬁ%fg[(:/}l)gj(ZQ)~COV(M(Zl),M(ZQ))le dzs.

We finally complete the proof of Theorem

5. Proof of Corollary 3.1 and Example 3.2

5.1 Proof of Corollary 3.1

Let s(z) = then

1
T 1+/p8>

dz=h(1—¢2)d¢ and z=1+hé+hé ' +h>=]|1+hne?

where |¢| = 1 and h = \/p, because z = —s~'(2) + p(1 + 5(2)) "' (e.g. Wang and Yao | (2013)).

When ¢ runs counterclockwisely the unit circle, z will run counterclockwisely a contour that
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encloses the support interval [a,b] = [(1 — k)2, (1 + h)?]. So now we regard z as a function of &.

Moreover, we have

S +s(2))”

&)= TP - ()
e - pse)] s+ (-
T T s T s@irs] - TP st ae)]

Substitute the above expression into Theorem [3.1} we obtain Corollary 3.1.

5.2 Proof of Example 3.2

Let gi(z) = z, g2(z) = 22, g3(z) = 2, ga(x) = 2, and gs(x) = log(z). It is well known that

the moments of the standard M-P distribution with index p take values

£ ()

From this, it is easy to calculate the centering terms

/ 01(5) fpn 1 (2)d5 = 1 (1) = 1, / 02(@) fr_, (@) = ma(pn_1) = 1+ pu_1,
/ 05(@) for,_+ (@) = ms(pn_1) = 1+ 3pn_1 + p2_1,

/94(96)1‘%71 (z)dz = ma(pn—1) = 1+ 6pn—1+6p5_1 + pr1.

While the centering term [ gs(z)f,,_, (z)dz = "’[‘;;7:1 log(1 — yn—1) — 1, pn—1 < 1, has been

proved in Section 9.12.3 in Bai and Silverstein (2010).
Using Theorem @ now we focus on the expressions of the expectation parameters E X,
of LSS for j = 1,2,3,4,5 and (co)variance parameters Cov(X,,, Xy, ) for j,k = 1,2,3,4,5.

Firstly, we compute EX,. for j = 1,2,3,4. Denoting

J

1 1

2 /
(o) = 50 $96) (~ T ) )
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2ri 1= ps2(2)(1+ 5(2)2)°
1 Be - ps*(2)(1 + 5(2))°
pa(g) = “omi (2) 1= ps2(2)(1 + s(2)) 2 dz,
it follows that
EX, = 1s(9) + Bopua(g) + B2t Sallas “hwdlp, () (Bua 20, ()
By Wang and Yao (2013), one gets
- 1 2 3 _ 1
o) = g, o ened) [t - e
o o 1
paly) = o |£\:1g(|1+h£‘ )ggdé

Similarly, we can show that

1 1)’ 1)* h
w0 = g f o0 (< (1458) +2 (145 )
N _% \5|=1g(‘1 +hel) (h%Q * h22§3) @,
p2(9) = —2%”. \5|=1g(‘1+h£|2) (h% + h22§3) dg.
Note that
L+hel* = 1+ +12(1+8%)°h* + 60" +h* (€74 + &%)
+4(1+ R*)R® (672 + €%) + (4n* + 6(1 + h*)*h?) (672 + &%)
+ (12(1 + A*)h® +4(1 + 1*)%h) (671 +¢),
L+ hel® = (1+8%)°+6h*(1+h%) + (3h(1+ 1% +3h%) (6 +¢71)

+3R2(1+h%) (€ +7%) +h%(E +£77),

1T+ hel* = (1+h)7+20° 201+ 1) (E4+€71) + R (€ +£77).

dg
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Then we have

1 2
= 1 8 - L =
o) == 5 . el (5 + e ) e
_ 1 12(1 4+ W?)h* + 4(L+ k%) _ijé 4h* +6(1 + h*)* de
27 Jigi=1 ¢ i Jig=1 ’

=—4(31+h*)A* + (1 +1*)%) —4(2h® + 3(1 + 1*)?)
=—4(B(1L+pp+ (1+p)°+20+3(1+p)°),

p2(g1) = — 4 (9L + p)p +3(1 + p)* + 20+ 3(1 + p)?) .

p3(ga) =lim ——
11 270 f 1=

8 £ 1
|1+h‘§‘ |:£2—7"72 7E:| dé‘

1+ K2+ he? +h]*
:limi}{ [( +3)§+ §2+ ] d¢
41 2mi Jig12q £3(62 —r—2)
1 (14 h?)* +12(1 + h?)%A% + 6n*
- — d¢
21 le]=1 I3
g LA+ D)E 4 RE + ] i LA P8+ R + B
! EE+r1) eon TH EE—r1) —
4 2 2)\2
rim CEORTAAR)T g 2yt a1 4 p2)2h? — 6t
41 (52 - T_Q) £=0
8 _71)\8
:(1';h) n a 2h) ARt = 6R2(1 4 %) — (1 + h3)* — 12(1 + h2)h? — 61

=6p” + 6(1 + p)*p,
fta(ga) :L% |1+h§|8i3dz:4p2+6(1+p)2p.
2mi Jygj=1 3
Therefore, we get
EX,, =6p° 4+ 6(1 + p)°p+ 28.p [2p+ 3(1 + p)°]
— p[8 = 2ar + Bz(4ay — hr)] [B(1+ p)p+ (1 + p)* + 20+ 3(1 + p)°]
+ p(Bacg +2) [9(1+ p)p +3(1+p)® + 20+ 3(1 + p)°] .
Moreover, we have

1

_ b 6f 1 2
N1(93) = Imi ‘5‘:1|1+h£| <h§2+h2£3> dg
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= —(BA+R)’+30%) —6(1+h%)=-3(1+p)>+3p+2),

p2(gs) = —3(3(1+p)>+5p+2),

_ 6 &€ 1

us(gs) = lrlflllzm. ‘£|:1|1+h§| inrfz 5] dg
- (“;h)ﬁ + U ;h)S —3R3(1+ B%) — (14 h%) = 6h*(1 + h?) = 3p(1 + p),
= — 1+ hel®— de = 3p(1+ p).

pa(gs) 9 m:ll + h¢ & £ =3p(1+p)

Hence, we obtain

3p(Bucg +2)

EXg, =3p(1+ p) + 3B.p(1+p) + 1

(31 +p)® +5p+2)

_ 3p[8 — 2ar + Bu(4ay — hr)]
4

(1+p)*+3p+2).

By Wang and Yao (2013), it yields that

p3(g1) + Bepa(gr) =0,

w3(g2) + Bepra(ge) = p + Bup,

log(1—p) _ Bep

p3(gs) + Papalgs) = —5— = =~ (5.1)
Furthermore, we have
1 2 1 2
= —— 1+h — dé = —1 = -
o) = s f 0P (5 e ) A= 1 o) = -3
(g2) = —om L hel (s + 2 ) de = —2(1+1%) =2 = —2(2 + )
Hrlg2 2mi Jie he? e ’
pa(g2) = —2(4+3p).
Therefore, we have
EX, = _[8_2aR+6w(4a9_hR)]p+3(ﬁxcg+2)l7
4 4
8 — 2ar + Bz (4ay — h . Cq + 2
EXy = p+ﬁmp—[ B ﬂz( g R)}p(2+p)+w(4+3p).
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Note that
§ log(1+h§)%d§:0, log(1+h£71)1d§:0,
gj=1 §
lgi=1
§ log( 1+h§)€2 d¢ = 2mi - h, log(1 + he™! )5—2 d¢ =0,
lgj=1 o
§ log(1+ h&) g dé = —2mi - ih?, log(1+ he™! )g—Sdgfo
1
lei= o
§ log(1+ h&)gr d€ = 2mi - ih®, log(1+ he™! )54 d¢ =0,
lej=1 -
§ log(1+ h{) d¢ = —2mi - Th?, f log(1 4 he™" )—5 d¢ = 0.
le|=1 / 3
lej=1
This yields that
(g5) = —o= ¢ log(1+hel*) (- d€ = 0, pa(gs) = —2
K1(gs = i - g hf2 h2£3 y 2(g5) = .

Together with (5.1]), we have

logl=p)  fop | (Bocy+2)p,

EX,. =
95 2 2 2

Next, we will show the (co)variances of X,, and Xy, , j,k = 1,2,3,4. By [Wang and Yao

(2013), it implies that

_ 9; (11 + h&[*) g (|1 + héa|?)
Cov(Xo;: Xou) = 27r2 e ?{51\ 1 7{52\ 1 (& —7ré2)? derde:
1 gL+ r& %) , ge(I1+ h&l*)
Am? Jig, =1 & & |€a]=1 &3 =

. (Q,Bz + 2dr — 2,quG — 4).

In the following, we will compute for j,k = 1,2,3,4

_ 1y gk (|1 + h&|?)
al(gk:gl)—%lrlﬂlj‘iz‘ 1wd§27

1

a2(g;,9x) = o

§. mloea el ds,
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N L g; (|1 + hé*)
as(g;) = %]\{EI 1]672&5-

To begin with, we will compute some integrals. By the residue theorem, it follows that

2\73 23\3
as(9ga) :if 1201+ AN + 41+ ) hds =12(1 4+ h*)h® +4(1 + h*)*h,
211 le|=1 13
az(gs) —if 3h(l + 1)" + 3h° dé = 3h(1+ h?)* + 3h°
I Tomi e ¢ - ’
1 2h(1+h%) . 9
as(g2) =5 7{5\:1 Tdg = 2h(1 + R?),
1
GS(gl) —% e Zd{ h
L log(1+hg) ..
as(gs) =5 jé‘ 1 e dé = h.

Furthermore, we obtain

1 B 1 4(1 4 hH)h?
et <lmon e tamdeting f e e

1 j[ 4h* + 6(1 4 h?)2h?
el=1  E(& —1&2)?
2\1,3 2)\3

+hmi?§ 12(1 + h*)h® 4+ 4(1 + h*)°h
rll 27 |€2]=1 52(61 —T§2)2

_4n* N 12(1 4 p?)A® N 8h* 4+ 12(1 + h?)%h?

& & &

12(1 + h?)h® + 4(1 + h?)3h

&

lim ——
T o

dé2

dé2

and

1 B3 1 3R*(1+h%)
o) =Wngn b e e e M am e e

.1 3h(1 + h%)? 4 3h®
+ lim — 5
rll 271 |€a]=1 {2(61 - Tf?)
3r%  6R2(1+ A%  3h(1+ A%+ 3h°
=7 T 3 + 2 )
'51 51 '51

déa

where the second equality holds because %fl is not a pole as r > 1. By Taylor formula

logl—l—x :Z k 1:10
k=1

(5.2)

(5.3)

(5.4)
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it follows that

i log(1 + hé>) 1 log(1 + h&yt)
;1) =lim — ————=dé + lim — — =2 sy 5.5
(958 =10 3 7\22\:1 (& —r&2)? “t Mo leal=1 (61 —1&2)? < (5:5)
= (1) hE 1 1
=lim R - 4
i k 27 Jigy)=1 E5(& —r€2)? &2
) oo (_1)k71hk 1 d .
=1 _
Mk (ko) dgg—l(& 72) .
_i (G L A )
e GER)

Next, we will show the covariances of X,; and Xg;,j = 1,2,3,4,5. By [Wang and Yao

(2013)), one has

Clov(Xyy, Xg) = ~210g(1 — p) + p (2dr — 4)

Cov(Xg,, Xgs) =2p+ p(2dr — 4).

Using (5.3), we compute that

1

az(g4, gs) =5 fis . a1(g4,&) log(|1 + hé&|?) dé

4h* log(1+ h 12(1 4+ h2H)AK® log(1+h
_ og(1 + 51)d§1+ ( +h ) 7{ og(1 + 51)d£1
[€1]=1

T omi €1]=1 £ 2mi &t

N 8h* + 12(1 + h*)°h* % log(1 + hé1)
[€1]=1

lim & dé:

271 ril
N 12(1 + h*)R® 4+ 4(1 + h%)%h 7{ log(1 + hé1)
2mi [€1]=1 5%

dé
=— 1% +4(1 + h*)?h° — 21" (20° + 3(1 + h*)?)

+4R*(1+h®) (3R> + (1 + h%)?) .
Moreover, it follows from (5.4]) that

oalen00) =g | alos €0 on(11+h6s ) ey

T 2mi

_3h° log(1 + h&1) der + 6h2(1 +. h?) f{ log(1 + hé1) dés
[€1]=1

T 2mi |€1]=1 & 2mi &
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3h(1 + h?)? + 3h° log(1+ h
n 1+ ).+ ?{ og(;r ’51)0151
2mi €1 ]=1 &
=h® —3h* (1 + h®) + 3h° (1 + h*)* + h?).
Applying (5.5), we see that
1 4
a2(92795):f7§ a1(gs, &1)[1 + hé1|" d&
2mi [€1]=1
14 h%)%h + 2h° 1 2h2(1 + h? 1
_(+h7)7h+2h7 )‘+ % dér + (Jf )7{ d&:
2mi =1 §1(& +h) i Jig = &t h
2h2(1+h2)7§ 1 h37§ &
= S A+ o= d
2mi ler1=1 §1(&1+h) S o ej=1 &1+ h o

h® ?{ 1 2 2 4
+ — ———d& =2h"(1+h°)—h".
27 Jie,1=1 £ (& +h) ! ( )

Therefore, we obtain

Cov(Xg,, Xgs5) =2a2(94,95) + as(ga)as(gs)(2dr — 4)
=—2p" +8(1+4p)*p° — 4p°[2p + 3(1 + p)?]
+4p(1+ p)[3p + (1 + p)*)(2dr — 2),
Cov(Xgs, Xg5) =2a2(g3, 95) + as(gs)as(gs)(2dr — Bz — 4)
=2p" — 6p°(1 + p) + 3p[(1 + p)* + p] (2d= — 2),
Cov(Xy,, Xgs5) =2a2(g2, g5) + as(g2)as(gs)(2dr — B — 4)

=—2p" +2p(1 + p)(2dr — 2).

Subsequently, we deduce the covariance of X,,, j = 1,2,3,4. From (5.3]), we see that

1
a2(ga, g4) :7% a1(gs, &)1+ h&|® d&
[€1]=1

2w

_@74 \1+h£1|8d€l+12(1+h2)h3]{ |1+ h&[® dtr
le1]=1 ) le11=1

T 2mi & 2mi &t
N 8h* +12(1 + h*)?h? . f |14 &
[€1]=1

1 d
omi mky g “
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N 12(1 + A%)h® + 4(1 + h®)3h [14 h&|®
2mi =1 &

dé
=4h® + 48(1 4+ h*)*h° + 8h*[2h° 4 3(1 4+ h*)?)?

+ 16h°(1 + h*)*[3h° 4+ (1 + h*)?)?,

a2(gs,ga) = dé

2mi &

8h* +12(1 + h?)?h? hm?{ |1+ h&|° i
271 ™1 Sl =1 f%

L 20+ h2)R® + 4(1 4 h?)3h % |14 h&;[°
2mi [€1]=1 E%

12(1 + h*)R® 7{ |14 hé;[®
[€1]=1

Jr

dé,
=12(1 + R*)R® + 12h* (1 + h*)[2h% + 3(1 + h*)?]

+12h%[3(1 + h*)R? + (1 + h*)?][(1 + h*)* + A7),

4 21272 4
_ 8h" 4+ 12(1 4 h*)°h lim]{ |1+ hé&| dés
[§1]=1

a2(92,94) = 27 ril I3

N 12(1 + A2)h® +4(1 + h?)3h [14 h&|*
2mi [€1]=1 5%

dé,

=4h*[2h% 4 3(1 + h*)?] + 8K (1 4+ h)[3(1 + K*)R* + (1 4+ h*)?,

dé,

12(1 + h?)R® + 4(1 + h®)3h 1+ h&)?
a3 (g1, g1) = (1+h7) _ (1+h%) ?{ | &l
[€1]=1

2mi &2

=4h*[3(1 + h*)h® + (1 + B*)?].
Hence, we get

Cov(Xyg,, Xgs) =2a2(ga, g1) + a3(ga) (2dr — 4)
=8p" + 96p°(1 + p)2 + 160° (2p + 3(1 + p)*)°
+16p(1+p)* (3p+ (1 +p)*)” (2dr — 2),
Cov(Xgy, Xgs) =2a2(g3, 94) + as(g3)as(ga) (B + 2dr — Bz — 4)
=24(1+ p)p” +24p*(1 + p) (20 + 3(L + p)*) + 12p (3(L + p)p + (1 + p)*)

((1+p)%+p) 2dr —2),
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Cov(Xgy, Xgy) =2a2(g2, g1) + az(g2)az(ga) (Bz + 2dr — Bz — 4)
=8p” (2p+3(1+p)*) +8p(1+p) (B(L+ p)p + (1 +p)*) (2dr — 2),
Cov(Xy,, Xg4) =2a2(g1,94) + az(g1)as(g4) (2dr — 4)

=4p 3(1+p)p+ (14 p)°) (2dr —2).
By calculating and (5.4)), one has

1
a2(9g3, 93) ,7?§ a1(gs,&)[1 + h&1|® d&
[€1]=1

T 2mi
3h3?{ [14 h& | 6h%(1 + h?) |1+ h&p)°
=— ——ds+ —— ———d&
2mi Jig = & ' 2mi el=1 &
3h(1+ h%)? + 3h3 1+ h&®
n 1+ ). + }'{ | +2€1| dés
2mi - &

=315 + 18" (1 4+ h%)2 + 9h% (1 + h2)? + 1?)?,

6h%(1 + h?) |1+ hé[*

a2(gz, g3) :7.% ——d&
2mi =1 &
3h(1+ h*)* 4 3h° 14 h&r)?
+ (1+ ) 7{ | 2€1| dé:
2ms =1 &
=6h*(1+ h%) + 6> (1 + 1) (1 + h*)* + 1°),

3h(1+ k)% 4 3h* 14 h&

az(g1,93) = ( ) 7{ %da =3h> (1 +h*)?+17).
2mi =1 &

Consequently, we acquire

Cov(Xgs, Xgs) =202(g3, g3) + ag(f3) (Bz +2dr — Bz — 4)

=6p° +36p>(1+p)* +9p (1 +9)* + )" (2dr — 2),

Cov(Xg,, Xgs) =20a2(g2, g3) + as(g2)az(gs) (Bz + 2dr — Bo — 4)
=12p°(14p) +6p (14 p) (1 +p)* +p) - (2dr — 2),

Cov(Xg,, Xg;) =2a2(g1,93) + as(g1)as(gs) (2dr —4) = 3p (1 + p)* + p) (2dr — 2).
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Finally, from |Wang and Yao | (2013) it can be proved that

Cov(Xg,, Xg,) = p(2dr —2), Cov(Xy,,Xg,) =2p(1+p)(2dr —2),

Cov(X gy, Xga) = 49> + 4p (14 p)? (2dr — 2).

Thus the proof of Example 3.2 is complete.

6. Some Auxiliary Lemmas

Lemma 6.1 (Lemma B.26 in|Bai and Silverstein | (2010)). Let A = (a;x) be an nxn nonrandom
matrix and X = (x1,- -+ , %, )" be a random vector of independent entries. Assume that Ez; = 0,

E|z;|? =1 and E|z;|' < v. Then for p > 1,
E|X*AX — trAf’ < C, [(mrAA*)P/ 2 4 uaptr (AAT)Y/ 2]
where C), is a constant depending on p only.

Lemma 6.2 (Lemma 4 in Karoui | (2009)). Let us focus on S = 2GXX”"G”. When p/n — ¢,

\/elSe; —1

Lemma 6.3. For rectangular matrix A, complex vectors a and b, we have |a*Ab| < ||A|Va*avb*b.

a.s.
we have max;—1,... n — 0.

Lemma 6.4. For rectangular matrices A, B, C, D, |tr (ABCD)| < ||A[|||C|| [tr (BB*)]"/? [tr (DD*)]*/2.
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